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QUASI-STATIC LARGE DEVIATIONS
ANNA DE MASI AND STEFANO OLLA

ABSTRACT. We consider the symmetric simple exclusion with open
boundaries that are in contact with particle reservoirs at different
densities. The reservoir densities changes at a slower time scale
with respect to the natural time scale the system reaches the sta-
tionary state.This gives rise to the quasi static hydrodynamic limit
proven in [I0]. We study here the large deviations with respect to
this limit for the particle density field and the total current. We
identify explicitely the large deviation functional and prove that it
satisfies a fluctuation relation.

1. INTRODUCTION

In usual hydrodynamic limits it is studied the macroscopic evolu-
tion of the conserved quantities of a large microscopic system, under a
space-time scaling such that the time scale is the typical one where the
system reaches equilibrium. When the system is open and connected to
thermal or particle reservoirs, the parameters of these reservoirs give
the boundary conditions for the partial differential equations which
describe the macroscopic evolution of the conserved quantities.

In this paper we consider the case in which the parameters of the
boundary reservoirs (for example the particle density or the tempera-
ture) are not constant but change in time on a slower scale than that
of relaxation at equilibrium. Rescaling the time at this slower scale
give a quast static macroscopic evolution for the conserved quantities:
at each macroscopic time the profile of the conserved quantity is equal
to the stationary one corresponding to the given boundary condition
at that time. When these stationary profiles are of equilibrium, this
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2 ANNA DE MASI AND STEFANO OLLA

limit models the thermodynamic quasi static transformations, where
the Clausius equality holds, i.e. the work is done by the boundaries.

In [], [15] and [14], quasi static transformations are obtained from
a time rescaling of the macroscopic diffusive equation.

In [I0] we studied, for various stochastic particle systems whose
macroscopic evolution is described by a diffusive equation, the direct
hydrodynamic quasi static limit by rescaling properly space and time
in the microscopic dynamics,

We study here the large deviation for one of these models, the sym-
metric simple exclusion process.

The system we consider is composed by 2N + 1 sites (denoted by
—N, ..., N) where particles move like symmetric random walks with
exclusion. We add birth and death processes at the left and right
boundaries that describe the interaction with reservoirs. These reser-
voirs have densities p_(t) on the left and p,(¢) on the right, that are
time dependent. The time scale at which these density pi change
defines the macroscopic time scale. 1f the particles jump and are cre-
ated and destroyed at rate N2, the macroscopic density profile evolves
following a linear diffusive equation with boundary conditions pi(t).
This is the usual hydrodynamic limit and for p. constant this result is
known since the ’80’s, [11].

In the quasi static limit particles jump (or are created and destroyed
at the boundaries) with rate on order N*™ with o > 0. As proved in
[10], at each time ¢, the empirical density converges, as N — oo, to
the solution of the stationary heat equation with boundary conditions

p(t):

pt,9) = 5loe) —p- Oy + 5 o)+ -], we[-11], (11

and the total current through any bond will converge to

ﬂwz—A§M@ww4Mw. (1.2)

Thus the quasi-static limit gives the evolution of macroscopic profile,
completely driven by the boundary conditions.

In [I0] it is also proven that the distribution of the process is close
to a product Bernoulli measure with parameter p(¢,y). Stronger re-
sults are proved by controlling the correlation functions with the same
techniques used in [9]. First order corrections have been studied in [§].

Observe that if p,(t) = p_(t) then the above result says that the
stochastic process at any macroscopic time is close to equilibrium but
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the order parameter changes in time thus performing a quasi static
transformation.

We study in this article the joint large deviations of the density
and the current with respect to this quasi-static limit. We prove that
the probability to observe a density profile p(¢,y) that satisfies the
boundary conditions py (t) and a total current J(t) is asymptotically
P(p,J) ~ e N0 where

/ / 1) + (1)) dy dt. (1.3)

(Y[ —p(t,y)]

See section [l for a precise statement. Notice that J(t) is space constant:
in the quasi static limit the total current must be homogeneous in space.
Notice also that I does not depend on the initial configuration.

We also prove that I statisfies the fluctuation relation

T
1.0~ 1dp) = [ OG0 - =) 1
0
where z;(t) = log £ ()t) There are two interesting consequences of
(T4): the first one 1s that the difference I(J,p) — I(—J, p) does not
depend on p (as long as p satisfy the boundary conditions). The other
is that, since I(J, p) =0,

I(~7.7) = / Sl (t) — p- (D)2 (1) — = (1) di

-; / [Hp1 (1), p— (1)) + H(p— (), 2 (1)) dt,

where H(p,v) = plog £ + (1 — )log . Thus the cost to invert the
Fick’s law is explicetely computable in terms of the boundary condi-
tions.

The formula (L3]) looks similar to the fundamental formula of the
Macroscopic Fluctuation Theory [1] [3], but differs in some important
points. In the usual hydrodynamic scaling, i.e. for o = 0, the proba-
bility to observe a density profile p(¢,y) (satisfying the boundary con-
ditions p(t,+1) = ps(t)) and a current field J(¢,y), which must be

related by the conservation law O,p(t,y) = —0,0,J(t,y), behaves like
e~ NIo(9) with

(9 (t,y +0yp(t y)) !
/ / oLyl —plty)] dt+/_1H(p (O’y)’yo((?j)g)dy‘
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The second term on the right hand side of (L7]) is due to the large
deviations of the initial profile, if the initial distribution of the process
is an inhomodeneous Bernoulli distribution with 14(y) as macroscopic
profile of density.

Formula (LH) appears first in [I], while a time homogeneous version
was previously introduced in [6]. More precisely, in the case p4 constant
in time and a = 0, the probability to observe a total and time averaged
current % = %f_ll J(T,y)dy = 2q behaves like e~ N780(9) with

N N RO
loo(a.pvp-)= Wl 3 /_1 -

In [6] such large deviations behaviour is obtained under the assump-
tion that the optimal density profile to obtain the total current ¢ is
independent of time. This is true in the symmetric simple exclusion
case but not in all dynamics, and the existence of time dependent op-
timal profile is related to the existence of dynamical phase transitions
(cf. [2] [7]). Notice that if we look at the large deviation such that
O J(t,y) = 2q (for all t and y), then the minimizing density must sat-
isfy the continuity equation and consequently it is constant in time.
For these space-homogeneous deviations of the current field, Igp gives
the right rate function.

In the quasistatic case, @ > 0, the current field J(¢,y) has to be
constant in y: we cannot have large deviations where the intensity of
the current is not constant in space, see (2.I0). Consequently there is
no continuity equation to be satisfied between J(t) and p(t,y).

This gives a direct connection with the Bodineau-Derrida functional
Ipp: minimising the rate function I(.J, p) defined in (IL3]) over p(t,y)
in order to obtain the large deviation in the quasistatic limit of the
current J we have (cf. (B.28)) at the end of section [])

1(7) = / Ton (J'(8), pa (1), p_ (1)) dt. (L.7)

For simplicity we have restricted our attention to the symmetric
simple exclusion, but in principle the result can be extended to other
dynamics (like weakly asymmetric exclusion, zero range, KMP mod-
els etc.). Since in the symmetric simple exclusion Ipp(J) is convex,
we do not expect in the quasi static case the existence of dynamical
phase transitions (cf. [I], [2]). In the other dynamics this remain an
interesting question to be investigated.

The main scheme of the proof goes along the lines of [13] and [5],
but with the further feature of controlling also the deviations of the
current. Using a variational characterization of I, for deviations such
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that I1(J,p) < 400, it is possible to find suitable regular approxima-
tions J. and p. such that I(J.,p.) — I(J,p). For regular J, p, it is
possible to construct the weakly asymmetric exclusion dynamics as de-
scribed above such that the corresponding quasi-static limit is given by
J and p and whose relative entropy with respect to the original pro-
cess converges to I(J, p). This takes care of the lower bound. For the
upper bound we use suitable exponential martingales that control also
the current, and a superexponential estimate adapted from the original

idea in [13].

2. SIMPLE EXCLUSION WITH BOUNDARIES

We consider the exclusion process in {0,1}*¥, Ay := {—N,.., N}
with reservoirs at the boundaries with density py(t) € [a,1 — a] for
some a > 0. We assume that p.(t) € CL.

Denoting by n(x) € {0,1} the occupation number at x € Ay we
define the dynamics via the generator

Lns = N*[Leye + Ly, t>0, a>0 (2.1)

where for a given v > 0,

Lece (1 -723( (wat) mﬂzzgfvmﬂﬂm (2:2)

n@¥) is the configuration obtained from 7 by exchanging the occupation
numbers at x and y, and

Losf(n Zp )T = )V = F] (23

where n®(z) = 1 —n(x), and n*(y) = n(y) for x # y.
We recall the quasi-static hydrodynamic limit proven in [10]:

Theorem 2.1. For any o > 0 and for any macroscopic time t > 0 the
following holds. For any initial configuration ny, for any y € [—1,1]
and for any local function

Jlim By, (Bvgge(m)) =< o) >p00= 2o 1) (24)

where [] denotes integer part, 6 is the shift operator, < - >, is the
expectation with respect to the product Bernoulli measure of density p,
and

Lo+ p-®)],  yel-11 (25)

Sloa(t) — (Ol +

ply,t) = 5
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1s the quasi-static profile of density at time t. In particular for any
t>0 and any y € [-1,1]

Jim By, [n([Ny))] = p(y.1) (2.6)
In the following we will use the notation

¢(p) = p(1—p). (2.7)
Define the following counting processes: for x = —N —1,.... N

h. (t,z) = {number of jumps z — x + 1 up to time ¢},
h_(t,z) = {number of jumps x + 1 — x up to time ¢}, (2.8)
h(t>$) = h+(ta ZL’) - h—(t>$)
When & = —N —1 the corresponding h, (t, =N —1) is the number of
particles that enters on the left boundary, and h, (¢, N) is the number

of particles that exit at the right boundary.
The conservation law is microscopically given by the relation

n(x) —no(x) =h(t,z — 1) — h(t, z), r=-N,...,N (2.9)

Furthermore we have that forx = —N,...,N — 1:

h(t, z) = YN+ / (1o(x) — nao + 1)) ds + M(2)

where M (t) is a martingale.
For y € [—1, 1], define

1

hw(t,y) = Fah(® [VY]).

Notice that, for any x,2’ € {—=N,..., N}, by (29) we must have
|h(t,x) — h(t,2')] < 2N, that implies

2
‘hN(tvy)_ hN(tvy/)‘ S Wa vyvy, € [_171] (210)
It follows that

ﬁﬂ% (h(t’x)) - ﬁ%%( > h(t,x’)> +O(N™)
N

11
_ —E (,}/N2+a /
Nltagpn 0 0

= 2, ([ 0u-N) =m0 d5) + 0 )

t N-1

> (@) = (@’ + 1)) + O(N )

/=
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Thus from (2.6))

dn By (b)) = 5O = =2 o) —p- (s (211)

Observe that the total current depends on « while the quasi-static
profile does not. In the sequel we will set v = 1.

3. THE RATE FUNCTION

We denote by M = {p(t, y) measurable,t € [0,T],y € [-1,1],0 < p(t,y) < 1}.
We endow M of the weak topology, i.e. for any continuous function
GelC(0,T] x [-1,1]), p fOT dt f_ll dyp(t,y)G(t,y) is continuous on
M. Note that M is compact under this topology.

Let p(t,y) € M and J(t) € D([0,T],R), with J(0) = 0. The rate
function is defined by:

o=, {ctrap= [ i [ ay,m0.0)? 060t}
(3.1)
where
L(H; J,p) = 1)+ [ de( om0~ [ ottty
F@H(E 1)y (1) — ,H(E, ~1)p <>>) (32

Observe that if 9,p and .J’ exist and are regular enough and p(t, £1) =
p+(t), then I(J,p) is given by

1 /T /1 (J'(t) + 0,p(t.y))”
= - dy dt, 3.3
iy L sy (33)
and the maximum is reached on the function
() + Oyp(t,y')
H(t / Y dy'. 3.4
CO=3 L sty Y o

Define
", = clos{H(t,y) € C2((0,T) x [~1,1]), H(-,~1) =0 -

1 = [ e [y @, ot < +oc .
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and the dual space
H_ = clos{H(t,y) e CH([0,T] x [~1,1]) :
T 1 )
1= [ at [ ay@,0.0)7 o0 < 4o},
0 -1

Proposition 3.1. If I(J,p) < oo then the weak derivatives J'(t) and
Oyp(t,y) exists in H_ and p(t,£1) = pi(t), furthermore

/ / (F(t +aypt)y)) dy dt. (3.5)

Proof. Choose H(t,y) = z(t)(1 4+ y) for a given smooth function z(t)
on [0, 7] in the variational formula (8.1)). Then defining

Q)= _sup {2z<T>J<T>— / (22 ()T (2)dt + =(0) (o1 (1) = p- (1))

zeC1(]0,17)
/ p(t y))dy}

—ap {E(J, 2 - / =2 [ olt, )y

(3.6)

we have that Q(.J, p) < I(J, p) < +o0. It follows that
T 1
LR £400p) [t 0? [ olptt. )iy
0 -1

This means that z — L(.J, 2) is a bounded linear functional on the
Hilbert space N, where

N = clos {z e C([0,7)) : ||2])? = /OTz(t)qu(t)ﬂdt}

where ¢(t) = f_ll o(p(t,y))dy. Applying Riesz representation theorem,
there exists a function g(t) € N, such that

L(J.2) = / o()=(t)B(1)dt.

This implies the existence of the weak derivative J'(t) such that 2.J'(t)+

(,021 (t) — p-(t)) € N_. Furthermore g(t)o(t) = 2J'(t) + (p+(t) — p-(t))

Q) = 5 / 270 + (o () — p- (D6 dt. (3.7)
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The linear functional £(H; J, p) defined in (3.2)) is bounded by

L(H: T, ) < 41(J, p) / dt / Ay QD) (). (33)

and it can be extended to a bounded linear functional on H . By Riesz
representation there exists a function G' € H, such that

L(H: T, p) = / dat / O, H(E9)0,G) Splt). (39)

Since we have already proven that I(J,p) < +oo implies the exis-
tence of the weak derivative J'(t) € N_, we can rewrite the variational
formula (3.1]) as

I(J,p) =400 if J(t) is not differentiable.

I(J,p)=  sup D,{ /0 dtH(t, 1) (1)

Hecl2([0,T)x[~1,1
H(-,—1)=0

+ /T dt (9, H(t,1)p4(t) — O, H(t, —1)p_(1))
- /0 dt /_ 1 dy [ayyH(t,y)p(t,yH(8yH(t,y))2¢(p(t,y))}}

—oup {090~ [t [ ay @) o000}
o (3.10)

Notice that we can rewrite

£t ) = = [ el [ o) 0+ o) dy
FOH(E1) (o (1) + J'(5) = O, H(t, ~1) (- (1) = (1))

Let us first show that I(.J, p) < oo implies that p(t, £1) = p(t), in the
sense that, for any continuous function g(¢) on [0, 77,

1 T —146 T
jim < [t / dyp(t,y)g(t) = / p_(D)g(t)dt,
0 1 0

6—0

lim - [ /l_édypa,y)g(t): / o4 (D)g(t)dt.

5—0 &
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In fact assume that these boundary conditions are not satisfied, and
choose the functions H (s,y) such that

l—y
O,H(ty) = A (1= —= ) 1a-su(y)9(t)

This function is not smooth, but it can smoothened up by some con-
volution without changing the argument. On this function we have

T

£t dp) = =5 [dtat) [ dy oy o)+ A [ a)ont) + 7)) d

= %Aé /OTg(t)J'(t)dt ~ A/OT dtg(t) <5‘1 /1; dy p(t,y) — p+(t)>

/0 it / Ay (O H (1)) 9(p(t,y)

= A? /OT dt g(t)z/l; dy (1 - %)2 S(p(t,1)) (3.11)
< CA’TS.

while we have

Then if the boundary condition in y = 1 is not satisfied, one can
construct a sequence of functions H such that I(J,p) = +oo. The
other side is treated in a similar way.

Thus I(J,p) < oo implies that the boundary conditions must be
satisfied and that there exist the weak derivative 0,p(t,z) and from
B3) we can identify 9,G(t,x)d(p(t,x)) = J'(t) + Oup(t, x).

Notice that, from this identification we can rewrite I as

¢(p( )
1 / : p+()(1 — p_ (t)))
+= J'(t) log ( dt
2 )y 7O a0
that proves that J and p are in H_, since p4(t) are assumed bounded
away from 0 and 1. U

(3.12)

Proposition 3.2. If I(J,p) < oo, there exists an approzimation by
bounded functions J.(t) and x-smooth p.(t,z) of J and p, such that

pe(t, £1) = p(t) and
hI%I(Jaape) = I(J. p). (3.13)

Proof. We follow a similar argument used in [3].
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We proceed in two steps. We first define an approximation p. (¢, z)
bounded away from 0 and 1 such that ¢(p.(¢,)) > Ce? and I(J, p.) —>
I(J, p). Then assuming that ¢(p(t,z)) > a > 0, we construct a smooth
approximation p.(¢,z) such that I(J, p.) — I(J,p). The conclusion
follows then by a diagonal argument.

For the first step, define (recall (2.3))

Notice that p.(t,+1) = p+(t) and

A(pe(t, 7)) = €* (p- (1) A p4 (1)) (1 = (p-(8) V p(1)))-

Notice that I(.J, p) is convex and lower semicontinuous in p since it is
a sup of continuous and convex functions of p. Consequently we have

I(J,pe) < (L=e)I(J,p) +el(J,p) — 1(J:p), (3.15)
while by lower semicontinuity

liminf I(J, p=) = 1(J, p), (3.16)
E—

that concludes the first approximation step.
Now assuming that ¢(p(t,x)) > ¢(a) > 0, ie. a < p(t,z) <1 —a,
we construct a smooth approximation p.(t,z) such that

peltsx) —rpty),  pe(t,£1) = p(t).

and such that I(J, p.) — I(J, p).
Let Ap be the laplacian on [—1, 1] with Dirichlet boundary condi-
tions, and

Rel)(x>y) = (I - EAD)_l (x,y)

Then define
1

pelt ) = pit,z) + / RP(x,) (plt, ) — plt ) dy.  (3.17)

-1

We next prove that there exist a, > 0 such that

P(pe(t, x)) = ¢(a). (3.18)

In fact notice that 0 < p(t,z) — f_ll RP(z,y)p(t,y)dy < 1, that
implies
1

1
pit) = [ ROty o [ ROy >,

1 -1

for some positive a’ < a.
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Similarly we have
1

1= pa(tix) =1 pit,z) - /_1RD<xy><1— (t, y)dy +

R? —p(t,y))dy

[ me
Zf_le(x,y)u_ o(t,y))dy > 1—a/ RP(z,y)dy > (1 — d").

1 1

Then choosing a, = a’ A a” we obtain (B.I8).
Since p. is smooth, by (B1), we have:

1(J,.) = / it / dy (J'() + Oypo(t, 1) 6(p. ()™ (3.19)

Let RN(z,y) = (I —eAy)"" (z,y) the resolvent for the laplacian
with Neumann boundary conditions, then we have the property that
0. RE (2,y) = —0,RY (z,y), (3.20)
that implies
1

1

because RY (z,vy) is a probability kernel: f_ll RN (z,y)dy = 1.
Since RY(z,y) < 1 and symmetric, by convexity we have

(J(0) + 0,pu(t, ) < / RY () (J'(t) + Buplt, 2))% de
. (3.22)

< [ 0+ duplt.0)) e < 102p)

1
Then we have

(J'(t) + 0ypelt.y))” 1
Ope(ty)  ~ dla)

Then by dominated convergence we have

IimZ(J,p:) = Z(J,p).
e—0

1(J, p) (3.23)

It remains to prove the J" approximation by bounded functions. Let
us define

Ju(t) = /t T(s) ARV (k) ds (3.24)

0
and let us assume that p(t, z) is smooth in z and bounded away from
0 and 1. Then it is clear that

(J'(t) Nk V (=k) + 9yp(t,y))*
¢(p(t,y))
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is not decreasing in k for k large enough. Then by monotone conver-
gence I(Jy,p) — I(J, p). O

~ Notice that the minimum of I(J, p) is correctly achieved for J'(t) =
J'(t) = =5 [p+(t) = p—(t)] and p(t,y) = p(t. y).

Furthermore, from (3.12), we have that for any given p, I(J, p) is a
quadratic function of J’. In particular we have the following Gallavotti-

Cohen type of symmetry:
p+ ()1 —p-(1))

H—Lp)=I@LM-jA SO kos N T o)

The rate function for hy alone is obtained, by contraction principle
(cf. [16]), minimizing over all possible p satisfying the given boundary
conditions:

dt, (3.25)

I(J) = inf I(J,p), (3.26)

p(ty):p(t,£1)=p+ (t)
and also satisfy the symmetry relation

Ihﬂzﬂﬂ—Agﬂm%tgg:Zgyt (3.27)

Since in ([3I2) there is no relation between J(t) and p(t,y), it is
possible to exchange the inf, with the time integral and obtain

_ [ i V() + p(y)?
I(J)_/o dtp(y):p(ﬂf:pm)/_l o(p(y)) 4y, (3.28)

that proves (7).

4. THE LARGE DEVIATION THEOREM

Let us define the empirical density profile
N-1

71-N(ta y) - Z nx(t)l[x,x+1)(Ny)> Yy e [_1’ 1] (41)

that has values on M, so that the couple (hy(1),7x) has values on
=E=D(0,7],R) x M.

Theorem 4.1. Under the dynamics generated by (1)), starting with
an arbitrary configuration n, the couple (hx(1),7mn) satisfy a large de-
viation principle with rate function I1(J, p), i.e.

e For any closed set C' C =

lim sup = log Py ((hn(1),7n) € C) < — ot I(J,p),  (42)
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e For any open set O C =

1
>
hNIILIOICl)f Nita logP, ((hn(1),7n) € O) > (Jl;lgol(J 0), (4.3)

5. THE SUPEREXPONENTIAL ESTIMATE

One of the main steps in the proof of Theorem [.I] is a super-
exponential estimate which allows the replacement of local functions
by functionals of the empirical density. Define

N-1
Vie(t,n) = Y G(t,2/N) (n(x)(1 = n(x +1)) = ¢(iiv-(x/N)))
r=—N
(5.1)
The local averages are defined in the bulk as
_ 1 /
NNe(z/N) = Va1 > @), 2| <N(1-¢), (5.2)
|a/—x|<eN
and at the boundaries as
Ine(r/N) = t x> N(1-—¢),
iv(w/N) = p(0) (1-2) .

Mve@/N) = p_(t)  x<-N(1-¢).

Notice that Vi .(t,n) depends on ¢ not only by the function G(t,y)
but also by the special definition (B.3]).

In the following we use as reference measures the inhomogeneous
product measures

won =TT o(5e) s (2] ™ )

Observe that, since p4(t) are uniformly away from 0 and 1, there is

C > 0 so that

sup sup g (n) > e . (5.5)
tom

Proposition 5.1. For any 6 > 0 and initial configuration n

T
/ VN,s(tvnt>dt
0

Proof. By (5.3, it is enough to prove (B5.6) for the dynamics with initial
distribution given by u. By exponential Tchebychev inequality we
have for any a > 0:

T
]P)uo ( / VN,a(tant)dt' > N(;) < e—N1+a6aEuO <eaNa|f0T VN,s(t,T]t)dt|)
0

1
hmhmsup Nita log P, ( > Né) =—o00. (5.6)

e—0
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By using that el*l < e® + 77, all we need to prove is that there exists
K < 400 such that for all a € R

lim sup lim sup —— Nita
e—0 N—o00

lOg EHO (eN& fOT aVN,s(tmt)dt) < KT

To simplify notations, denote V(t,1) = N®aVy.(t,n). Consider the
equation

Osu(n, s) = Ly r—su(n, s)+V(T—s,nu(n,s),  u(n,0)=1, 0<s<T.

(5.7)
By Feynman-Kac formula
u(n,T) = B, (el Vo) (5.8)
Then
d1 1 dpr—s
s 2 Zu(m $)*pr—s(n) = §ZU L(n)
1
+3 (. ) Lar—suln, s) + V(T = s,mu*(n.s)) per-o()
(5.9)
and, since d“TTs _4(n), this is bounded by

< (CN+T(s)> uln,s)pr—s(n),
where, setting || f||? = >, f(n Vur—s(n),

I'(s) = i 1{2‘/ — s, 0)f*()pr—s(n) + Zf(n)LN,T—sf(n)uT_s(n)}-
n (5.10)
By Gronwall inequality and (5.9]) we have

Z u(n, T)zlio(ﬁ) < ¢? J T(s)ds+TCN Z u(n, 0)2NT(77> _ 62f0 ()dt+TCN
K n
(5.11)
Then using Schwarz inequality we get

E,, ( olo V(n(t))dt> < elo TWAFTON (5.12)
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The Dirichlet forms associated to the generator are

Dot f Zpl 1 (1= p)" [ (") = fF)Ppe(n), x=+£N

gext Z Z :c:c-i—lf Mt(ﬁ) (513)

and we define

Qt(f) = Q—N,t,p,(t) (f) + QN,t,er(t)(f) + Qex,t(f)'
Observe that

Zf( )(LNtf>( ) N2+az Z Vﬂcw+1f mm—l—l(f,u/t)(n)
- N2+a (QN,t,p+(t)(f) + ,D—N,t,p,(t)(f))
(5.14)
and
DD Veurt S Vawni(fudm) =Y D (Vawraf) muln)
+Z Z f mm—l—l xw+1f( ) :B:B+1,ut( )
—2D..(f) + %BN@ + ONY) (5.15)
where
Bu(t) = Y O Vi f(n) (1) =l + 1)) B, ()
and
xo P(%:t) el

where ¢ > 0 since p4(t) are uniformly away from 0 and 1. By an
elementary inequality we have:

Be)] <)+ TS A ) =t + 1) B )

n x=—N

N 1 «—
< §©ex7t(f)+ﬁ Z B Zf )

rz=—N
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Since py(n®* ) = F(x, ) +(n) with F(x,t) a uniformly bounded func-
tion of p(£,t) and p(%,t) and 7, using (G.I6) we get

=

Dulf)+C < Yo, +C (5.17)

’BN(t)‘ < 5

2
From (514)), (5I5) and (BI7) we get

['(s) < Sup {Naaz Ve(T = s,0) f2(n)pr—s(n) — N2+a%©T_s(f)} + N'teC

n

< Nt Sup{ ZVNa — s, m) () pr—s(n) — N%QT—s(f)} +N'Feo

(5.18)

Then we are left to prove that for any a and any t > 0:

im sip imsup sip { 7 2 Vel ) o) = gzw)} <c

e—0 N—o00
(5.19)
This follows by proving that, for a suitable constant C'
limsuplimsup  sup Z Vne(t,n) f(mu(n) <0 (5.20)

e—0 N—oo D4(f)<CN-1 N

The rest of the proof is identical as in theorem 3.1 in [10] (see pages
1051-2). O

With a similar argument follows also the super-exponential control
of the densities at the boundaries:

Proposition 5.2. For any § > 0 we have

T +N (1)
lim sup lim su log P, — T) — )Y >0 =—0
50T Nesoa NH g /0 eN x:Xi:N @) = palt)) 2

(5.21)

6. THE EXPONENTIAL MARTINGALES

We use the following notations: for x = —N,..., N — 1

o—(n,x) =n(z+ (L =n(@)), ¢+(nz)=n)1-nlz+1)), (6.1)
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and at the boundaries

¢-(n, =N = 1,1) := (1 = p_(£))n(=N

¢4 (0, =N = 1,1) := p_())(1 = n(=N)) 62)
¢—(n, N, t) == pi(t)(1 = n(N)) '
¢+ (1, N, ) := (1 = py(£))n(N).

Given two functions 24 (t,y), we associate the following exponential
martingales, forx = -N —1,... N

Eil(zg,x,T) =
T T
exp {/ 2 (t,x/N) dhi(t, z) — / N (e BN — 1) g (g, ) dt}
0 0

= exp {zi(T, x/N) he(T,z)

_ /T [ath:(t, o/N)ha(t, ) + N#*e (020 — 1) qbi(m,x)] dt}
0 (6.3)

We now choose a smooth function H (t,y),y € [—1, 1] such that H(¢t,—1) =
0 and we set

(6.4)
and at the boundaries

i (t—1— 1/N) = %@H(t,—l), (1) = %&U,H(t,l). (6.5)

The martingales defined by (63)) are orthogonal, consequently taking
the product we still have an exponential martingale equal to

H H Elzgy 2, T) =

r=—N—-10=%

N T

eXp{ 3 [z+(T, 2/N) h(T,z) — / Bz, (t, x/N)h(t, z)dt
z=—N-1 0
T

. N2+a/ ((ez+(t,x/N) o 1) ¢+(nt’x) + (6—z+(t,x/N) . 1) Cb—(ntax)) dti| }

0

(6.6

For large N we use Taylor approximation, for x = —N,..., N — 1,

(¢ 1) 6 () + () 1) ()

= =z (t,2/N) (m(z + 1) —m(x)) + %z+(t, o/N)*(¢+(n, ) + ¢ (0, @) + Oz (t, 2/ N)?).
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and on the boundaries

(e +(t,—1-1/N) _ )¢+(77t7 N —1,8)+ (e—z+(t,—1—1/N) _ 1) ¢_(n,, —N — 1,1
= =24 (t, =1 = 1/N) (n(=N) = p-(t))

+%Z+(t>—1—1/N)2(¢+(77t>—N )+ -, =N = 1,1)) + O(24(t, =1 = 1/N)?).

(e = 1) ¢ (i, N) + (700 = 1) 6 (s, )

= —24(6, 1) (p4 (1) = n(t, N)) + %Z+(t, 1*(¢+ (e, N) + ¢— (10, N)) + O(2 (£, 1)%).

We can rewrite the exponential martingale (6.0]) as

H Hgg(zo,x,T):
exp{ 3 [z+(T,9:/N) h(T,z) — / Oy (t, o/ N)h(t, z)dt]
r=—N-1 0 (6.7)
4 N 0 S [z+(t,x/N)(m(sc+1)—nt(x))

- ;w, /N (64, ) + 6 (m, @) | dt + O(N®) }

where in the above expression we set the convention 7, (N +1) := py(t)
and (=N — 1) := p_(¢).

After a summation by parts we have

N

exp{ Z [z+(T /N h(T, z) / By (t, 2/ NI(E, )]

n N2+a/ ( :1:;] 1) — 24 (t, %)) m(z)
. §z+(t 2 /N (b (my, ) + <f>—<mx>>] dt

+N2+a/0 (24 (8, D (t) = 24 (£, —1 = 1/N)p_ (1)) dt + O(N®) |
(6.8)
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Using (2.9) and the special expression for z, , we have for the logarithm
of @)
N

Y H(T.x/N) [nr(x) = no(«)]

r=—N

+ {H(T, 1)+ %@,H(t, 1)] h(T, N) + %@H(T, _DR(T, =N — 1)
- [ 3 ottt/ o) = mioa

' O H(t,1 108H )| h(t, N 180H 1)h N-1)) d
- [ (|orte. v + o, e )+ Gad, Db N - 1) a

N [OS [t S+ (0,10 5) 04000+ 6]

z=—N-1
N [0,H(E V)p (1) — ,H(t, ~1)p_(£)] )dt + O(N®)
Since we are interested only in the terms that have order N1+, we can

forget all terms of order N in the above expression, and the exponential
martingale has the form:

exp [N“’Q{H(T, hy(T,1) — /T O H (t, 1)hy(t, 1) dt

/ <% :g;_l&yyH Jne(x) + 0, H(t, 1)p(t) — 0,H(t, —1)p_(t)
+% :_ZN_l (%H(t,%))z(m(m,x)+¢_(m,z))>dt+0( aM))}l

(6.9)

After the superexponential estimate proved in the previous section,
that also fix the densities at the boundaries, it follows the variational
formula for the rate function given by (B.1]).

7. THE UPPER BOUND

7.1. Exponential tightness. The following proposition uses stan-
dard arguments and we give a proof for completeness in Appendix

A:
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Proposition 7.1. There exist a sequence of compact sets K, inD([0,T],R)
such that

. : 1 .
lim lim Nire logP, (hy(1) € K7) = —o0. (7.1)

L—o00 N—oo

7.2. Proof of the upper bound. By (6.9) we can rewrite the expo-
nential martingale defined by (6.7) as

T
MY =exp [N L H(T Dhw(T 1) - / OH(t, 1)h (£, 1) dt
0

- /0 (/_1 7 (t, y) Dy H (t, y)dy + 0, H (t, 1) p(t) — 8, H (t, —1)p_(t)

1
N

tor 3 (0H %)) 6ulmw) + 6o, w) )i+ O L]
p=—N-1 (7.2)
where

lim E™ (O(N~")) = 0.

N—oo

After applying the superexponential estimates of section [B, we have

T
MY =exp [N L H(T Dhw(T 1) - / OH(t, 1)h (£ 1) dt
0

- /0 (/_1 7 (t, y) Dy H (t, y)dy + 9, H (t, 1) p.(t) — 8, H (t, —1)p_(t)

1

+[R@Hmwfwmwumm&ﬁ+@w+0W““”H-

1

Then for every set A C = we have
1= E]P’n (M]Ig) > €N1+a supgy inf (7 ,yca I(H,J,p)IEp77 ((hN(1)7 7TN) c A)

where

I(H, J,p) =H(T,1)J(T) — /T O,H (t,1)J(t) dt

_/0 (/_ p(t,y)0y, H(t,y)dy + 0, H (t,1)p.(t) — O, H(t, —1)p_(t)

+ [ @) oty

Using the lower semicontinuity of I(.J, p) and a standard argument (see
[16], lemma 11.3 or [I2] lemma A2.3.3) we have for a compact set
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ccez:
1
li —logP, ((hy(1),7x) € C) < — inf I(J,p).
im sup 7 log n ((hy(1),my) € C) < ot (4, p)

The extension to closed set follows from the exponential compactness
proved in (1), see [12] pag.271.

8. THE LOWER BOUND

The proof of the lower bound follows a standard argument, conse-
quently we will only sketch it here, since all the ingredients are al-
ready proven. It is enough to prove that given (J,p) € = such that
I(J, p) < oo, then for any open neighbor O of it we have

lim inf

minf 7 log P ((hy (1), uv) € O) = —I(J;p). (81

By proposition B2, we can assume J and p such that J'(t) exists and
is bounded, p bounded away from 0 and 1, and J,p(t,y) exists and is
bounded. Then we consider the weakly asymmetric exclusion dynamics
with drift given by

_ LJ(@t) + 9yp(ty)
2 o(p(ty)

more precisely, recalling the definition of z(¢, y) given by (G4]) and (G3),

the jump rate from z to z + 1 at time ¢ is taken to be N?te(t:2/N),

and from z + 1 to z is given by N2t@e=#t:2/N) while at the boundaries

the birth rates are given by N2+aendHEED and the death rates by

N2+a€—%0yH(t,il)

ayH(t> y)

(8.2)

We call Qn the law of this weakly asymmetric process that start
with the same initial condition 7. The Radon-Nykodyn derivative ‘il%’”

is given by (6.0).
The quasi static limit for this process is the following:

Proposition 8.1. Let Qy the law on = of (hy (1), 7y) under Qy, then
QN — (SU”D) (83)

Proof of proposition[81]. By (Q.) we can extend the superexponential
estimates contained in section Bl to Q. In fact we have that

1/2
P dQN 2 / ch+a
E™ 7P <e
n

and by Schwarz inequality
Qn (Ane) <Py (Aye) e
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where Ay, = { fOT Vne(t,m)dt > Nd}, and (5.06) extends immediately
to Qn. At this point the proof of the quasi-static hydrodynamic limit
follows similar to the one in [10]. O

We then write

dP,

dQN hN 7rN EO)

Since O contains (J, p), by Proposition Bl under @y the probability

of the event (hx(1),7y5) € O is close to one. By Jensen inequality

1 1 dQx 1
_TRON _
¢ log]P)n ((hN(l)’ﬂ-N) < O) Z E (Nl—i-a lOg d]P)n ) N N1t

P, ((hy(1),7n) € O) = ]EQN(

H(QNHP)W)
where H(Qn|P,) is the relative entropy of @y with respect to P,,.

The lower bound is then a consequence of the following Proposition.

Proposition 8.2. Let H(Qy/|P,) = E@~ <log dQN) the relative entropy
of Qn with respect to P,,. Then

lim
N—oo N1+

H(Qn[Py) = I(J; p), (8.4)

The proof of proposition is a direct consequence of (6.6) and of
Proposition Rl

9. APPENDIX A: THE EXPONENTIAL TIGHTNESS

We prove here proposition [[.J] The arguments used here are just
slight variations of the standard ones (e.g. section 10.4 in [12]). Slnce
M is compact, we have only to control that the distribution of hy(1,t)
is exponentially tight. This is consequence of the following 2 proposi-
tions.

Proposition 9.1.

1
lim lim log P, ( sup |hy(t,1)] > L) = —00. (9.1)

L—00 N—oo N1+ 0<t<T

Proposition 9.2. For any ¢ > 0:

0—0 N—oo N1+ \t—s|§5

1
lim lim log P, ( sup |hy(t, 1) —hy(s,1)] > 5) = —o00. (9.2)
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Proof of Proposition[1l . Since the difference between hy (¢, 1) and hy (¢) :=
s >, hw(t, ©/N) is uniformly small, we have just to prove it for hy(t).
For § € R, consider the exponential martingale (6.6]) with 2, (t,z) =

%, r=-—N,...,N—1and z,(t,—N — 1) = 0. This is given by

My =exp {NHQ (8 hn(t) — An(8,1)) }

AN(ﬁvt) :N/O Z ((eﬁ/N - 1)¢+(7]87 flf) + (e_B/N - 1)¢—(n37 flf)) ds

Notice that, by expanding the exponentials and using the explicit form
of ¢4, we have that 0 < Ay (8,t) < CT(|B| + B?) for some constant C.
Then for any # > 0 we have, by Doob’s inequality,

E (s v 0] 2 1) <P, (s J1og ] > N (51— 075+ )
0<t<T

0<t<T

<P, < sup log M; > N'* (8L — CT(8 + 52)0

0<t<T

=P, ( sup M, > eN““(ﬁL—CT<ﬁ+B2>))
0<t<T

< o~ N'te(BL-CT(8+5%))

— Y

that concludes the proof. O

Proof of Proposition[9.2 . Since
m5-1)
{ sup |hy(t) —hy(s)] = 6} -y { sup  |hy(t) = hy (k)| = 5/4}
|t—s|<6 oo | BE<t<(k+1)8

Since

log I, < sup |hy(t) — hy(s)] > E) < m]?uxlogIP)T7 ( sup  |hy(t) — hy (k)| > 5/4)

|t—s|<6 k6 <t<(k+1)s

+log([T571))

By the same estimate made in (@3] we have

log P, ( sup  |hy(t) — hy(k8)| > 5/4> < N (Be/4—CS(B+ B7))

ko <t<(k+1)5
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and with a proper choice of 3 we get the following bound with a con-
stant C” independent of k:

! log P S lhn(t) — hy (k6| >e/4 | < et
— u — -
Nt 08T k5§t§(5+1)5 N N - )
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