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Résumé. Processus cińetiques liés aux deformations quadripolaires de la fonction de distribution d’un plasma,
notamment les mécanismes d’anisotropisation de pression, peuvent être décrits dans un modèle fluide qui inclut
l’évolution du tenseur de pression complet [1]. Dans ce contexte, nous montrons que l’anisotropie en moment
dans un écoulement fluide avec cisaillement de vitesse peut se transférer dans une anisotropie de pression, à
cause de l’action du tenseur des stress (en particulier, à cause de sa partie symmétrique) sur le moment fluide
d’ordre deux (tenseur de pression) de l’équation de transport [2]. Ce mécanisme, purement dynamique, induit
l’anisotropisation d’un tenseur de pression initialement isotropique sur des temps de l’ordre de l’inverse de l’échelle
caractéristique des gradients de vitesse, quand cette échelle devient non négligeable par rapport à la fréquence
cyclotronique. L’anisotropie generée par ce mécanisme est soit gyrotropique que non-gyrotropique et peut expliquer
des observation dans le vent solaire ou dans simulations de turbulence Vlasov [3]. En particulier, le cisaillement
de vitesse associé aux nappes de vorticité, permit aussi d’interpréter la correlation, observée dans les simulations,
entre anisotropie de pression et vorticité fluide [4]. La génération d’anisotropie non-gyrotropique correspond à une
perte de conservation du moment magnétique moyen des particules, pour lequel on écrit l’équation d’évolution
dans une description fluide.

Abstract. Kinetic processes related to quadrupolar deformations of a plasma distribution function, notably
mechanisms of pressure anisotropisation, can be described by a fluid model which retains the full pressure tensor
dynamics [1]. In this framework we show that the momentum anisotropy in a shear flow can be transferred to a
pressure anisotropy due to the action of the stress tensor (and in particular of its symmetric part) on the second
order velocity moment of the transport equation (i.e., the pressure tensor) [2]. This purely dynamical mechanism
induces the anisotropisation of an initially isotropic pressure tensor on a time scale of the order of the inverse of the
velocity gradients, when this becomes non-negligible with respect to the cyclotron frequency. Pressure anisotropy
this way generated is both gyrotropic and non-gyrotropic and can explain direct observations made in the solar
wind or in simulations of Vlasov turbulence [3]. In particular, the velocity shear associated to vorticity sheets
allows us to interpret [4] the correlation between pressure anisotropy and fluid vorticity which has been observed
in numerical simulations. The generation of non-gyrotropic anisotropy corresponds to a loss of conservation of the
average particle magnetic moment, for which we provide an evolution equation in a fluid description.

1 Introduction

We consider a fluid, collisionless plasma model obtained by integrating the first three velocity moments
of Vlasov equation for each species α (see Ref.[1], Appendix A). The equations read

∂nα

∂t
+ ∇ · (nαuα) = 0, (1)

∂uα

∂t
+ uα ·∇uα = Ωα

(
cE

B
+ uα × b

)
− 1

mαnα
∇ ·Πα, (2)

∂Πα

∂t
+∇ · (uαΠα) + (∇uα) ·Πα + ((∇uα) ·Πα)T +∇ ·Qα = Ωα(Πα × b + b×Πα). (3)

where, for each specie of charge qα (qα = −e for electrons) and mass mα, Ωα ≡ qαB/(mαc) are the ins-
tantaneous cyclotron frequencies, c being the light velocity and B expressing the magnetic field intensity
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according to B = Bb, and the density, fluid velocity and full pressure tensor are respectively nα, uα,
Πα. Here each pressure tensor Πα is defined with respect to the random particle velocity in each own
species rest frame. Matrix transpose is indicated by T . Whenever needed, the heat flux tensor Qα is for
simplicity “closed” by making the simplifying assumption ∇ ·Qα = 0. Even if this restriction is a priori
not justified, it is reasonable in the limit of spatial gradients perpendicular to the magnetic field, which
we mostly consider in the following, and it does not affect (unless specified, next) the reasoning that we
are going to develop [1,2]. The electric field E in Eq.(2) is coupled to the magnetic field B and to the
current density J ≡ qeneue + qiniui by Maxwell’s equations, for which we assume the quasi-neutrality
condition, qene + qini = 0, in turn consistent with neglecting the displacement current in Ampère’s law :

∂B

∂t
= −c∇×E, ∇×B =

4π

c
J . (4)

In the cold electron massless limit considered in Refs.[1,2,4], by neglecting me/mi � 1 corrections and
by dropping the i index for ion fluid quantities, equations (2) can be combined to respectively give the
momentum equation of MHD and, by using the first of Eqs.(4), the Hall-MHD induction equation :

∂u

∂t
+ u∇ · u = Ωi

J × b

nqic
− 1

min
∇ ·Π,

∂B

∂t
= ∇×

((
u− J

ne

)
×B

)
. (5)

The ion pressure tensor in the first of Eqs.(5) evolves according to Eqs.(3) for α = i.

2 Double adiabatic limit and first order corrections for ω/|Ωα| � 1

A formal closure around a double-Maxwellian distribution for the temperatures parallel and perpen-
dicular to the magnetic field can be obtained by restricting to small frequencies with respect to |Ωα|.
This leads to the well-known “double adiabatic” or CGL-closure (after Chew, Goldberger and Low [5]), in
which, using a tensor notation with subscripts i, j, k = x, y, z, a form Πα,0

ij = Pα,0⊥ δij + (Pα,0|| − P
α,0
⊥ )bibj

of each pressure tensor is maintained for the lowest order solution of a power expansion of Eq.(3) in terms
of ω/|Ωα| � 1, that is Πα

ij = Πα,0
ij + Πα,1

ij + ... with |Πα,n+1
ij |/|Πα,n

ij | ∼ ω/|Ωα|. By also introducing for the
heat flux tensors Qα (meant to evolve according to some further dynamics equation −see, e.g., [6]) the
gyrotropic form Qαijk = qα⊥(τijbk + τjkbi + τkibj) + qα|| bibjbk with τij = δij − bibj , and by defining the total

time derivative comoving with each specie bulk velocity, d/dtα ≡ ∂/∂t+ uα ·∇, the general form of the
double-adiabatic equations for each specie obtained from (3) can be written as (see, e.g., [7], Appendix
A) :

dPα||

dtα
+ Pα||∇ · uα + 2Pα||∇uα : bb = −∇(qα||b) + 2qα⊥∇ · b, (6)

dPα⊥
dtα

+ 2Pα⊥∇ · uα − Pα⊥∇uα : bb = −∇(qα⊥b)− qα⊥∇ · b. (7)

When ideal MHD is assumed (no J contribution in the second of Eqs.(5)) and heat fluxes are neglected,
in the cold electron limit with me/mi = 0 and dropping again the α apex, the ion pressure equations can
be combined with Eqs.(5) to get the more customary form [5] :

d

dt

(
P||B

2

n3

)
= 0,

d

dt

(
P⊥
nB

)
= 0. (8)

By naming P̃α|| and P̃α⊥ the scalar pressure components defined with respect to the average bulk plasma
E ×B-velocity U and by retaining warm electrons in an ideal MHD closure while neglecting heat fluxes
again, identical equations to (8) can be shown to hold for P̃ e|| + P̃ i|| replacing P||, for P̃ e⊥ + P̃ i⊥ replacing

P⊥, and for d/dtU ≡ ∂/∂t+Uα ·∇ replacing d/dt (see, e.g., [8]). Eqs.(8) respectively express the average
fluid conservation of two adiabatic invariants : the “action” of an infinitesimal fluid element of extension
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δl along a magnetic line constituted by particles moving with velocity v|| parallel to B, and the average
magnetic moment 〈µ〉 (see again Ref.[8] for a discussion).

A “generalization” of Eqs.(8), valid for each specie in non-ideal MHD, can be obtained by rewriting
Eqs.(6-7) while eliminating ∇·uα by means of the continuity equations (1) and the∇uα : bb contribution
by means of the equations for the evolution of B and of b, which can be obtained from the curl of Eqs.(2).
In particular, for α = e, i we find :

dB

dtα
= B (∇uα : bb)−B∇ · uα + b · F α,

db

dtα
= b ·∇uα − b (∇uα : bb) + (F − b(b · F )) , (9)

where

F α ≡ − B

Ωα
fα ≡ − B

Ωα
∇×

(
duα

dtα
+
∇ ·Πα

nαmα

)
. (10)

From the first of Eqs.(9), we write

(∇uα : bb) =
1

B

dB

dtα
− 1

nα
dn

dtα
+

b · fα

Ωα
, (11)

which, substituted in Eqs.(6-7), gives[
d

dtα
+ 2

b · fα

Ωα

](
Pα|| B

2

(nα)3

)
=

B2

(nα)3

(
−∇(qα||b) + 2qα⊥∇ · b

)
, (12)

[
d

dtα
− b · fα

Ωα

](
Pα⊥
nαB

)
=

1

nαB
(−∇(qα⊥b)− qα⊥∇ · b) . (13)

These equations, which are just a rewriting of the double adiabatic equations (6-7), state the evolution
of CGL-like adiabatic invariants of each specie when heat fluxes at the zeroth ω/|Ωα| contributions are
retained (r.h.s. terms) and full-two fluid effects are considered (the ∼ b · fα/Ωα l.h.s. terms). These
latter contributions, when written by using (10), must be consistently power-expanded in order to retain
the proper Finite-Larmor-Radius (FLR) corrections. At first order in ω/|Ωα|, FLR effects related to the
components of the next order solution Πα,1 of the power expansion of Eq.(3) enter in the equations for
P⊥ only (7,13) −see, e.g., Eqs.(A15-A20) of [7]. In this notation, Eq.(A15) of Ref.[7] rewrites as Eq.(13)
to which a further r.h.s. term (∇uα : Πα,1)/(nαB) must be added, which expresses first order FLR
corrections that depend on the components of the strain tensor ∇uα (see also Sec.3.2.1 of Ref.[4]).

2.1 Comparison with magnetic moment conservation in gyrokinetic theory

In order to make connection with gyrokinetic theory, let us focus on the equation for Pα⊥ and to the
associated fluid adiabatic invariant, 〈µ〉. We can relate it to the single particle magnetic moment

µ ≡ (vα⊥ − V α
⊥)2

2B
, (14)

where ⊥ stands again for the component perpendicular to B, vα⊥ is the total particle velocity and V α
⊥ is

some reference velocity. Depending on whether V α
⊥ is zero, it is the guiding-center velocity, the E ×B

speed or the fluid velocity uα⊥, “different kinds” of magnetic moment can be defined. In the case of
single particle motion, their differences and conservations have been recently discussed in [9]. In the fluid
description discussed here we are interested in three cases, which we respectively label : µαtot when V α

⊥ = 0 ;
µα

T
when V α

⊥ = uα⊥ and the magnetic moment is thus related to perpendicular thermal contributions
only ; and µα

D
when V α

⊥ = E × B/B2. When B is constant and uniform and E does not depend on
space, µα

D
coincides with the definition of µα

G
referred to the gyrocenter velocity and used in gyrokinetic

theory [9]. Introducing now the brackets 〈...〉 to express average over the particle velocity according to
〈A〉 ≡ (1/nα)

∫
Afαd3vα, we can relate the averages of the magnetic moments above defined to Pα⊥ :

Pα⊥
2nαB

= 〈µα
T
〉 = 〈µαtot〉 −

mα(uα⊥)2

2B
. (15)
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Then, when a sufficiently strong magnetic field is considered, consistently with the ω/|Ωα| � 1 assump-
tion, to the lowest order of the ω/|Ωα| power expansion we have uα⊥ = E ×B/B2 for both α = e, i, and
therefore 〈µα

T
〉 = 〈µα

D
〉. In this latter case d/dtα ' d/dti and bα · fα/|Ωα| ' b · (∇ ·Πα)/(nαmαΩα) for

both α = e, i. From Eqs.(7,13) one then recognizes the contributions of two-fluid non-ideal effects to the
non-conservation of the averaged magnetic moments considered above. In the following we focus on the
violations of the conservation of 〈µ...〉, which are due to the gradients of the fluid velocity uα. In the
reduced double adiabatic theory at ω/|Ωα| � 1 they enter as O(ω/|Ωα|) contributions related to the first
order FLR corrections to Eqs.(7,13), which violate the gyrotropic symmetry of the pressure [10].

We now discuss in deeper detail this issue at the varying of ω/|Ωα|, when the full pressure tensor
equation (3) is considered instead of its lowest order solution for ω/|Ωα| � 1. We emphasize in this
regard the radical difference which has been evidenced for the modelling of both some linear modes
[1] and pressure-driven instabilities [11] between a description which retains the full pressure tensor
dynamics and a reduced description in which the non-gyrotropic degrees of freedom in the evolution
of Πα are suppressed because of a gyrotropic or polytropic assumption. This difference reflects in the
improper dispersion provided by FLR corrections to a CGL closure for the perpendicular propagation
of magnetoacoustic waves (see discussion in Ref.[1] and references therein), and in spurious threshold
conditions for the onset of Weibel-type modes when polytropic closures for a diagonal pressure tensor are
assumed instead of letting all the pressure tensor components evolve according to Eqs.(3) [11].

3 Full pressure tensor dynamics and role of shear flows

In Ref.[2] the deformations induced by the different terms acting on Πα have been discussed. Beside
of rigid rotations around the local direction of B which are due to the r.h.s. term of Eq.(3), three kinds of
deformation of the pressure tensor can be induced by the gradients uα : isotropic compressions/expansions
related to∇·uα, rigid rotations around the axis of the local vorticity ωα =∇×uα, and volume-preserving
deformations without rotations due to the traceless rate of shear Dα, which in a full 3D geometry is
defined as Dα ≡ (1/2)(∇uα + (∇uα)T )− (∇ · uα)I/3. All of them are contributed by the components
of the gradient tensors ∇uα. Naming Pα1 , Pα2 and Pα3 the eigenvalues of Πα, which identify the length
of its principal axes, we see that Dα only can modify their relative amplitude being therefore capable to
make an initially isotropic pressure tensor anisotropic. This anisotropisation is, in the most general case,
agyrotropic, in the sense that all three eigenvalues Pα1 , Pα2 and Pα3 can change their value independently.
This, in general, occurs at a rate τ−1

an ∼ |∇uα| and the extent of the attained anisotropisation depends
in a non trivial way (also due to the nonlinear plasma response to the deformation, which is described
by the full set of Eqs.(1-4)) on the amplitude of ω/|Ωα|, the limit ω/|Ωα| → 0 converging of course to
the double-adiabatic, gyrotropic, solution Πα,0 previously discussed. In this regard, we note that the
gyrotropic anisotropy allowed by the different evolution of Pα|| and Pα⊥ in the double adiabatic closures

(6-7) is also related to the action of Dα. In this case, however, it depends on the compression contribution
only, ∇ ·uα, contained in the ∇uα : bb terms which are differently weighed for Pα|| and Pα⊥ (see Ref.[4]).
It is worth stressing that the gyrotropic anisotropisation in a CGL-type closure is here permitted by the
rupture of the spatial isotropy of the charged particle motion, which is determined by the presence of a
magnetic field, but it is not caused by it : it is the different fluid compression parallel and perpendicular to
B which in a CGL closure determines the gyrotropic anisotropy. When the full pressure tensor evolution
is retained, it is then the rate of shear Dα which in general causes both a non-gyrotropic and a gyrotropic
anisotropy with respect to the principal axes of the matrix Dα.

3.1 Agyrotropisation induced by shear flows : evolution of the gyrotropic and
non-gyrotropic anisotropy in a 2D coordinate dependence

It is possible to provide a relatively simple, rigorous analytical treatment of this anisotropisation
mechanism [2] in a geometrical setting in which, in the mass-less electron limit me/mi → 0, the ion
vorticity vector is locally aligned to the magnetic field at any time, ωi × B = 0. This occurs in a 2D
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geometry in which an initial magnetic field is aligned, say, along z, and all fluid components depend just
on x, y, and time. The need to restrict to the me/mi = 0 case, which in this geometry prevents the
generation of in-plane magnetic fluctuations (cf. Eqs.(2,5)), is due to the fact that, for the moment, a
linear analysis of the system equations (1-4) has been carried out and checked against Vlasov-Maxwell
theory only for this case, in which a spurious branch has been evidenced for velocity fluctuations along
the magnetic field component [1]. The condition ωi ×B = 0 allows to get rid of these problems. A more
complete linear analysis for an arbitrary propagation angle is in course of development. For simplicity, we
also close now the heat flux tensor by assuming ∇ ·Qi = 0. Even though the heat fluxes are expected to
oppose to the pressure anisotropisation, their role is assumed to be secondary in this geometry in which
there are no gradients along the magnetic field, and this ansantz is comforted by the fact that the results
obtained under all the hypotheses above have proven (see Ref.[4]) to be in quite good agreement with
kinetic and hybrid kinetic simulations [3]. We finally note that these hypotheses on the geometry are also
consistent with a fluid description of the drift-kinetic electrostatic turbulence in tokamaks, for which a
reduced gyrokinetic Vlasov-Poisson modelling is usually adopted (see, e.g., Ref.[12]).

Let us drop again the apex α = i. We assume the initial pressure tensor to be diagonal with respect
to the cartesian axes. In this 2D geometry we can then focus only on the evolution of the in-plane
components of Π, which we indicate with the 2 × 2 matrix Π⊥, and on the evolution of the parallel
component to B, Πzz = P||. By construction, also the gradient tensor is now a 2 × 2 matrix, as well as
it is the strain rate tensor, which in this case is defined as D⊥ ≡ (1/2)(∇u⊥ + (∇u⊥)T − (∇ · u⊥)I⊥),
the ⊥ index denoting here the components in the x, y plane for both matrices and vectors. By using a
polar coordinate representation [2] we introduce the angles θ and φ which measure the instantaneous
orientation of the principal axes of Π⊥ and of D⊥ with respect to the cartesian axes x and y, defined
so that Πxy = ((P1 − P2)/2) sin 2θ and Dxy = D⊥ sin 2φ. Here ±D⊥ are the eigenvalues of D⊥, and
Ang provides a measure of the local agyrotropy, that is of the non-gyrotropic pressure anisotropy, which
is related to the eigenvalues P1 and P2 of Π⊥ (when the principal axes are chosen so that P3 = P||)
according to

Ang ≡ P1 − P2

P1 + P2
=

√
(tr[Π⊥])2 − 4 det[Π⊥]

tr[Π⊥]
. (16)

The amount of gyrotropic pressure anisotropy is then quantified as

Agyr ≡ 2P3

P1 + P2
=

2P||

tr[Π⊥]
. (17)

It can be shown [2,4] that the two anisotropies evolve according to

dAng

dt
= 2D⊥ [(Ang)2 − 1] cos[2(θ − φ)],

dAgyr

dt
= 2D⊥A

gyrAng cos[2(θ − φ)], (18)

meaning that the rate of shear acts as a source of agyrotropy, which is generated with a maximum rate
τ−1
an ∼ D⊥ when the principal axes of Π⊥ and D⊥ are dephased by an angle π/2 (first equation), and that

with a similar mechanism a gyrotropic anisotropy develops as soon as a non-zero agyrotropy is generated
(second equation).

3.2 Non conservation of the average magnetic moment induced by planar shear flows

We can relate the results above to the evolution of the average magnetic moments defined by (15). To
this purpose we can define an instantaneous “perpendicular pressure” as P⊥ = (P1 + P2)/2 = tr[Π⊥]/2,
whose evolution is obtained by taking the trace of (3) after projection on the x, y plane. Using tr[D⊥Π⊥] =
2AngD⊥P⊥ cos[2(θ − φ)] (see also Ref.[4]) we write :

dP⊥
dt

= −2AngD⊥P⊥ cos[2(θ − φ)]− 2(∇⊥ · u⊥)P⊥. (19)
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The equation for 〈µ
T
〉 in this geometry is obtained by substituting the (first) definition of Eq.(15) into

(19). We can then elimiminate dn/dt by using (1) and dB/dt with the equation obtained from the curl
of Eq.(5) in the me/mi = 0 limit. In this 2D configuration in which B = Bez, the latter equation reads

dB

dt
+B∇⊥ · u⊥ +

c

4πe

(
B

n2
(∇⊥ ×B) ·∇⊥n−

1

n
(∇⊥ ×B) ·∇⊥B

)
= 0, (20)

which corresponds to the 1-fluid rewriting of dB/dte = −B∇⊥ · ue⊥. We finally get

d〈µT 〉
dt

= 〈µT 〉
{
−2AngD⊥ cos[2(θ − φ)] +

c

4πe

[
1

n2
(∇⊥ ×B) ·∇⊥n−

1

nB
(∇⊥ ×B) ·∇⊥B

]}
. (21)

The contributions in brackets are due to inhomogeneities of the plasma density and of the magnetic field
(they come from the Hall-term in Ohm’s law, i.e., from the ∇× (J/(ne)×B) contribution of the second
of Eqs.(5)), and are not related to the shear-induced anisotropization process. Instead, the generation
of plasma agyrotropy stated by Eq.(18) determines a corresponding violation of the conservation of the
averaged thermal magnetic moment, which is described by the first contribution in curl parantheses. Using
this equation, analogous equations can be deduced for the other definitions of 〈µ...〉 given by (15) or by
considering further possible definitions of the particle magnetic moment (see e.g., Ref.[9]). This result is
relevant to studies of 2D turbulence in which relatively large values of the shear rate, |D⊥| ∼ |ωz|, are
encountered near vorticity sheets [4] generated by the nonlinear dynamics.

4 Conclusion

In reviewing some recent results about the mechanism which, in a fluid framework, generates pressure
anisotropy because of the action of the rate of shear on the full pressure tensor components [2], we have
discussed the role played by non-ideal effects on the evolution of the double-adiabatic invariants in a
CGL-type closure. By introducing an average particle magnetic moment related to the perpendicular
fluid adiabatic invariant, P⊥/(nB), we have provided an equation for its evolution, which applies to
2D slab geometries relevant to the interpretation of kinetic simulations of plasma turbulence [4]. In
particular, this analysis is of potential interest to studies of electrostatic drift-kinetic turbulence in a 2D
slab geometry perpendicular to a background magnetic field. This extended fluid description may provide
an interesting complementary description to a Vlasov modelling by making it possible to keep trace of
nonlinear non-gyrotropic effects, usually excluded from a standard gyrokinetic approach.
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