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1 Introduction

Duality is an important concept of modern quantum field theory. Examples of the duali-
ties include: Kramers-Wanier duality of 2D Ising model, duality between sine-Gordon and
Thirring models (bosonization), electric-magnetic duality in supersymmetric gauge theo-
ries, AdS/CFT correspondence etc. Known for many years, this phenomenon still looks
rather mysterious and deserves further studies. In many important cases the duality maps
the weak coupling regime of one theory to the strong coupling regime of the dual theory.
It allows to study the theory in a wider range of the coupling constant region. The phe-
nomenon of integrability plays an important role in justification of the dualities. In this
paper we introduce and study the duality between two classes of integrable quantum field
theories. The former corresponds to integrable deformation of the O(/NN) non-linear sigma
model [1-4], while the other to integrable QFT with Toda like interaction. For N = 3 this
duality relates the so called sausage sigma-model [1] with special integrable perturbation
of Sine-Liouville conformal field theory (see [5] for review of this CFT and its integrable
perturbations). The N = 4 cousin of this duality has been introduced and studied in [2, 6].
Here we provide a generalization for N > 4.

One can explain the origin of the duality studied here using the S-matrix formalism.
Integrability in two-dimensional QFT puts strong constraints on scattering. In particular,



it implies the property of factorization of multi-particle processes into the product of two-
particle ones. The two-particle amplitudes are further constrained by integrability, global
symmetries and conditions of unitarity and crossing. In particular, the S-matrix is forced
to obey the Yang-Baxter equation. There are so called trigonometric solutions to the YB
equation, which depend on a continuous parameter A. At some value of this parameter
A = Apee the S-matrix becomes the identity matrix. It is natural to assume that there is
a Lagrangian theory which describes the behavior near this free point. But it can be also
another point A = Apy¢, where the S-matrix becomes the rational one. Usually, rational
S-matrices with properly chosen CDD factors correspond to sigma-models on symmetric
spaces. Near the point A = ;s the theory can be considered as a deformations of these
sigma-models.

In these notes we consider trigonometric solutions to the YB equation related to the
quantum affine group Uy(s0(N)). Corresponding scattering matrix has both limits men-
tioned above. In one limit it tends to the rational one and coincides with the exact
S—matrix for the O(N) sigma-model [7]. On the other hand the same S-matrix de-
generates to the identity matrix in another limit. The main result of this paper is the
construction of the Lagrangian theory whose perturbative expansion describes the vicinity
of this free point.

As we will see below, the later theory can be interpreted as a perturbed CFT. The
corresponding CFT is governed by a certain W-algebra. Its universal enveloping algebra
has a Cartan subalgebra which consists of an infinite number of local Integrals of Motion
of odd spins. This system of Integrals of Motion is inherited in perturbed theory. In
particular, it opens the possibility to study the finite volume spectrum using the conformal
perturbation theory. On the other hand this CFT has a Lagrangian description which can
be used to compute important characteristics of CF'T called the reflection amplitudes.

The deformed sigma model can be studied within RG approach [8]. One can use this
approach to compare with the data obtained from the Bethe Anzatz method from scattering
theory. The agreement of both methods is another justification of the duality. One can
study the short distance behavior within this approach and compute classical version of
reflection amplitudes and compare them to the limit of exact expressions.

The paper organized as follows. In section 2 we introduce and study CFT of Toda type,
which has hidden Lie algebraic structure. In particular, using free-field representation we
compute reflection amplitudes in this theory. In section 3 we introduce QFT which can be
treated as certain integrable perturbation of CFT studied in section 2. We claim that this
theory describes scattering of particles with U,(s0(N)) trigonometric S-matrix and hence
it can be considered as a dual theory for the deformed O(N) sigma-model. In section 4
we make this relation more precise and derive the exact relation between the parameters
of the Lagrangian and S—matrix. In section 5 we study sigma-models using RG approach
and present solutions to Ricci flow equation corresponding to the deformed sigma-models.
In section 6 we perform computations in the so called minisuperspace approximation to
confirm the identification of the deformed sigma-models with factorized scattering theory.



2 Conformal field theory, reflection amplitudes

In this section we consider CFT which has hidden Lie algebra symmetry and can be de-
scribed by 2m massless bosonic fields

{907 qb} = {(901a s 7()0771)7 (¢17 RRE) Qbm)}
and parameters a and b, satisfying the condition
a? —b* = 1. (2.1)

We introduce two m—dimensional vectors p and p;, which are the halves of sum of the
positive roots of b(m) and d(m)

13 2m —1
p—<2,2,..., 5 ), p1=(0,1,2,....m—1) (2.2)

and the dilaton field

Ba= (0 9)+ (o1 6) = (Q- ) +ilQs - 6).

Then m pairs of “screening fields” {Vi1,V1,-1},{V_12 V2 2}, . {V_(m-1)ms Vim,—m}:

{nexp(bpr +iag), pexp(bpr —iadr)}, {pexp(—bp1 + iags), pexp(bps — iads)},

. . (2.3)
oo dpexp(=bpm—1 + iaon,), pexp(bpy, — tapm)}
define CFT with the action
1
Aorr = [ <87T((3w 0up) + (00 0,0)) + U™ (0,6 + Rm) ?r,(24)

where U™ (¢, ¢) = Vi1 + Vi 1+ V_12+ Vo o+ -+ V_(u_1)m+ Vin,—m, and Ry is the
two dimensional scalar curvature of the world sheet. The central charge of this CFT is
(2m —1)(2m+1) (m—l)(2m—1)>

= 2 —_
c m( + 202 22

(2.5)

and the primary fields are the exponential fields

Vap =exp((A-¢)+i(B-9))

with the conformal dimensions

A(A,B) = % (“A2+2(A Q) +B%—2(B-Q)).

These fields are normalized by the condition

<VA,B (x)VgQ_Angl_B 0)) = ‘x’—4A(A,B)'

We note that the Lagrangian of the theory (2.4) as well as its perturbation (see below)
is not real valued for m > 1. So, it does not define an unitary QFT. This non-unitarity will



show up in the dual picture as a necessity of an introduction of a purely imaginary B-field
in the sigma-model representation. However, we believe that these non-unitary theories
are still deserved to be studied in the context of various dualities in integrable QFT’s.

In the space of the fields VA g one can define the action of the Weyl group w,, of the
Lie algebras b(m)(c(m)). It acts as Vap — RsVqisa—q)B, Where Rg is the reflection
amplitude. In CFTs admitting bosonization one can compute these amplitudes exactly
using the Coulomb gas representation. They contain important information about the
structure of the theory. In the dual description one has to be able to reproduce these
results in order to check the coincidence of both theories. Two point correlation function
which coincides with the “maximal” reflection amplitude (a — —a):

(Varaq,+b(2)Vara-b(0) = R(a, b)lz| 2
in the CFT (2.4) can be calculated using the integral relation [9, 10]

n n+m+2 n+m+2

/D T TT e =t d*a = H @+ py) [[ 18 — ;P T2Pt2es
=1 j=1 1<j
m n+m+2
/ Pm lyi — £ %G, (2.6)
= 1 J= 1

where

v) = ] lai — 251,

1<j

T'(z) n+m+2
d’z, = - 'dej, v(x) :m and Z pj =-—n—1.

To describe it we introduce the notations: e, are the positive roots of ¢(m), e, =
2eq/(€q - €q) are the dual roots, e; the simple roots, and the vectors w; satisfying the
condition (w; - e;) = (5; Then the function R(a,b) can be represented in the form

A(—a,b)

b) =——F— 2.
Ra.b) =~ 7. (27)
where
T omp O\ @9 LD (L 4 obag + aby) 1
A(a,b) = () [(=b(a-ex))'| — —(a-e,)
Jl;[1 (ej - €5)b? EF(Q—a]nLab H b
(2.8)
The general reflection amplitude can be written as
A(5(a),b)
- = _ 2.
Ryfa,b) =47 (29)

We note that the reflection amplitudes play an important role for the calculation of vacuum
expectation values of the exponential fields and UV asymptotics in the perturbed CFTs.



At the end of this section we note that the symmetry algebra of CFT considered above
can be extended by the introduction of additional field ¢;,+1, and the additional term to
the action (2.4)

1
crr = Acrr +/ <87T(au¢m+1 : au¢m+1)> &’z (2.10)

In next section we will consider integrable perturbed QFT’s which can be viewed as per-
turbed CFT’s (2.4) and (2.10).

3 Integrable perturbed CFT

In this section we consider QFTs, which can be derived from CFTs (2.4), (2.10) by ne-
glecting the dilaton and adding the affine terms. Namely we denote

UL (9,0) = U™ (,0) + pexp(—bpm — iagm),

UL (9, 0) = U™ (g, 0) + pexp(—bom + iadmi1) + exp(—bpm — iadmi1)).
The notations are related with the property that Ugﬁ (¢, ®) and Ug;l) (¢, ¢) correspond
to QFT’s dual to the deformed O(n + 2)—models with odd n = 2m — 1 and even n = 2m.
As the non-local integrals of motion and S—matrices for these cases are slightly different

(3.1)

we consider them separately. We give examples of local Integrals of Motion in appendix B.
We note also, that the Lagrangians (3.1) inherit the non-unitarity of the corresponding
conformal field theories.

3.1 Thecasen=2m—1

In the case m = 1, the potential U(()z)d(go, ¢) is special. It has the form

Uggd(ap, @) = 2uexp(by) cos(ap) + 2 exp(—by) cos(adp)

The QFT with the action

A= / <817r((6“¢ ) + (- 0u)) + Uiy (2 </>)> d*z. (3.2)

is known to be dual to the deformed O(3) sigma-model, or the sausage sigma-model. We
note that this action, contrary to the general case m > 1, is real and corresponds to unitary
QFT. The scattering theory, TBA analysis and the metric of the corresponding deformed
0O(3)-sigma model can be found in [1, 6]. Besides the local Integrals of Motion this QFT
has the non-local ones generated by the non-local fields

T = eF900¢p + iade); i = /P (b + iade)

where ¢ and <Z> are the chiral parts of fields ¢ and ¢. To develop the perturbation theory
for small b with the action (3.2) it is convenient to use 2D Mandelstam-Coleman corre-
spondence [11, 12] between bosons and fermions

1 _ _ ) _
58@8@ — 0y 0ub; b — g hYh, e = (1 + 50, (3.3)



and rewrite (3.2) in the form

A:/dQJJ (L + Lpp + Lp), (3.4a)
where
1 [/ - b? My -
Lp = o (W0 — gy ) )i Lpp = 7 b cosh(bp);
T 2(1402) A7 (3.4D)
. 1 Mg . 2 MO . '
Lp = o <(8u907 Iup) + 2 sinh (W)) ; el

Here the last term in Lp is the usual counterterm, which cancels the divergences coming
from the fermion loops.

For odd n = 2m — 1 > 1 the theory with m “compact” fields ¢ and m “non-compact”
fields ¢ is described by the action

A= [ (g2 (@ 0u) + 0,0 8,0)) + Ulid(.6) ) P (35)

It possesses the non-local integrals of motions generated by the fields
Jo = o~ i(=61—92)/a (601 + iady) ,
Ji = e 100u0)/% (ba; —iadgiyr), i=1,...,m—1, (3.6)
T = €0/ (bdip,, + 100y

and
Ip = /% (b1 + iadgr)
Ii == 6(¢i+1_¢i)/b (b&piﬂ - ia@qﬁiﬂ) 5 1= 1, N 1, (37)
I = e @mtom—1)/b (bagpm + iaf)gf)m) .
We note that the Integrals of motion J; constructed from the fields Js; have the spins
Ag = a%, s = 0,1,...,”7_17 and A, = ﬁ The integrals Ji,...,Jm» form the Borel
subalgebra of the quantum group b (m) " with ¢ = €27/ @* The integral Jy adds the affine
generator. It looks very natural that QFT (3.5) possesses affine b (m) o Symmetry.
It is useful to rewrite the action (3.5) in the form convenient for the perturbation
theory, using the boson-fermion correspondence (3.3). We denote v+ = %(1 + 75), then

A:/(LF+LFB+LB)d2x, (3.8a)
where
1 (- i
Ly = . 2 <Z¢k’7ua,uwk 21 + b2) (wk’}/uwk) >7
M, - = - T —bom T
Lpp = 47? (66@11#11/)1 + Z(e_b%_lwz‘%ﬂ/% + iy 1) + e b@m¢m7¢m>
i=2
1 M
Lp= 871_((6/180 BMSO) ( 2btp1+2 Z (pi—pi-1 —|—€b(<'0m Pm— 1)+ eb(‘f’m""pm 1)))

(3.8b)



The potential term in this equation is the usual counterterm, which cancels the divergences
coming from fermion loops. The term Lpg is the Toda theory with the affine Lie algebra
dual to affine b(m), which we call b(m). The spectrum of this Toda theory for small b? is

M, = 2Mjsin (@) +0M?*),2<a<m+1, Myuy1 = M+ O(b?). The particle @,
and 2m fermionic particles ;, ¥}, i = 1,...,m form the 2m + 1 = n + 2 multiplet which
permits us to construct the scattering theory with the affine b(m), symmetry.

The scattering theory for QFT with the action (3.8) contains n + 2 particles of the
same mass M, which we denote {A4;(0)} and m — 1 “bound states” M, which disappear
from the spectrum (as we will see later) for finite b2. The parameter @ in the scattering
amplitudes is the difference of the rapidities of the colliding particles. The theory (3.8)
has the U(1)™ symmetry 1; — e™ith;, 1F — e~ ip* and the C symmetry 1; — 9} (and
hence the PT-symmetry). It is convenient to numerate the particles A; = ¢;, i = 1,...,m,
Apts—i = Ay =A; =¢F and Ay = M1

We denote as j = n + 3 — j. The particles {4, Az}, form U(1) doublets, while the
particle A, is neutral. Factorized S—matrix with the affine b(m), symmetry and with
C, PT and crossing invariances has the form

SEEO=SELO), IR0 =SIE0), S0 =S Gr -0 = 52 (r -0,
(3.9)
and can be derived from the results of V.Bazhanov paper [13]. This S-matrix depends
on a continuous parameter . It can be expressed in term of the unitarizing factor F' ()
satisfying the conditions

F(0)F(-0) =1, F(ir —0) = F(0 Sinh(%w)“nh@k(@_wﬁ 3.10
OO =1, Flim=0) = FO) 0 = 2 simh a@ —im))” 0
and the functions
i (n
1O) = — smn (2)\9)i2ﬂ |
sinh (2\(0 — 27)
7“( . —iSin(ﬂ)\)

~ sinh (2A(0 — 2iT))’

—sin (7A) sin (77)\%) .

0) = . .
) sinh (2A(0 — 2T)) sinh (2A(0 — im))
Namely up to the symmetries (3.9) the S—matrix has the following amplitudes

SE=F(0),i#m+1; Spiiml = F(0) (t(0) + R(0)); for i#ji#]:
S =F(0)t(0); S = Flim — 0); S = F (0)r (6) "™*; ST = 5] (im — 0);

ij 312 44
SH=S=F(0)R(0); 5% =5 ()" + 51 (in— )i <. (3.12)
The function k;; = Kij = —Kji = —Kjj, K11 = Kim41 = 018 defined as: k;; = i — j —

gsgn(i —j), 4,5 <m+1; kimyr =m+1—i.



The solution of unitarity and crossing symmetry equations (3.10) in terms of the pa-
rameter p = % has the form

oo dw cosh <W) sinh (M> sin wé
—F(0) = exp (i6np (0)) = oxp | 4 / (3.13)

oo w cosh ( ) sinh (Wp)

The comparison with perturbation theory gives p = % =140b%+ ... In the limit p — oo
the scattering matrix tends to the S—matrix of the O(n + 2)—sigma model.

3.2 The case of n-even, n = 2m

For even n = 2m the theory with m + 1 “compact” fields ¢ and m “non-compact” fields ¢
can be described by the action

A= [ (g2 (@ 0u) + 0,0-8,0)) + U (.6) ) P (3.14)
It has the non-local integrals of motions generated by the fields

Jo = e*i(*%f(i;z)/“ (bOyp1 + iadgy) ,
Ji = e 1®i=0e)/0 (030, — iadis1), i =1,...,m, (3.15)
Jmt1 = e_i($m+q3m+1)/a(b8<pm + ia0Pm+1),

and X
Ip = /b (b1 +iadgr)

Ii = e(¢i+l_¢i)/b (balerl - iaa¢i+1) ) = 17 cees MMy, (316)
I, = e¢m/b (basom + ia6¢m+1) .

The Integrals of motion [Js; constructed with fields Js; have the spins A; = a% 5 =

0,1,...,m 4+ 1. The integrals Ji,...,Jn+1 form the Borel subalgebra of the quantum
group d(m + 1), with ¢ = ¢i?r/a®  The integral Jy adds the affine generator. It means
that QFT (3.14) possesses affine d(m + 1), symmetry. We use eq. (3.3) to rewrite the

action (3.14) in the form convenient for the perturbation theory

where

1 m+1 o bQ

Lr= - ; (Zillmuambk ] (Vi) ) ,
M, . bt - - by, T

Lrp = 47? (eb%%% + Z(e PP iyt + PP hy_by) + e W’”¢m+1¢m+1> , (3.17b)
i—2

Lp= i (00 - Ou0) + %g e2ber 2%&(%*%4) + e 2bem

sw \ \HE )T 2 |



The last term in equation (3.17b) is the usual counterterm, which cancels the divergences
coming from fermion loops. The term Lpg is the Toda theory with the affine Lie algebra
¢(m). The spectrum of this Toda theory for small b* is M, = 2Mpsin (22) + O(b?),
1 < a < m. The fermionic particles 1;,¢; i = 1, ..., m+1 form the 2m+2 = n+2 multiplet
which permits us to construct the scattering theory with the affine d(m + 1), symmetry.
We again denote j = n + 3 — j and numerate the particles 4; = ¢;,i = 1,...,m = 1,
Apts—i = Ay = 9f. The scattering theory consistent with the perturbation theory, with
U(1)™*! and C,PT invariances and with the affine d(m + 1), symmetry is

Sit=F(0); S =F(O)0),i#]; S%=Flir—0); for i#j#]
S = F(O)r(0)e™™; St = Sli(im — 0); S}f = SmHMH = F(0)R(0);

J m+1m—+1
11 Im+1 i i—1i—1 i—1i—1(; :
Sip = S%ZL =F(O)R(0); S5 =5",",(0) + 5271?271(7“ —0),i# 1,n. (3.18)
The function ki; = K5 = —Kji = —kKy;, K11 = Kim+1 = 0; kij = 1 — j — gsgn(i — j),

i,7 < m+ 1. The function F'(0) is given by the same expression (3.13), where p = %

4 Non-perturbative consideration

In this section we consider the cases of odd and even n in the same way. To derive the exact
relations between the parameters of the action and of the scattering theory it is important
to calculate the observables using both approaches. Our QFTs possess U(1) (5] symmetry
generated by the charges Q; = [ Yjida. One can add to the Hamiltonian of our QFT
the terms —A;Q; with different parameters A; (chemical potentials). The simplest way to
calculate the ground state energy using BA approach is to consider the configurations of
the chemical potentials A; which lead to condensation of particles, which have the simplest
scattering amplitudes, namely the pure phases. In our scattering theories it corresponds to
the case when only one kind of particles is condensed. This configuration corresponds to
A1 = A and all other A; = 0. When A > M we can neglect in the actions (3.8) and (3.17)
all terms containing massive parameter My and only the particle ¥; will condense. It means
that for calculation of the density of ground state energy we can put all ¢; with 7 > 1 equal
to zero. The action in this case coincides with the action of massless Thirring model:

2

1 — b _
Arm = 47r/ <W)1W8/ﬂ/’1 - 2(14‘52)@1%%)2) d*x (4.1)

At A — oo the ground state energy £(A) approaches the ground state energy of massless

Thirring model with the coupling constant g = —ﬁ

A2 (1+ b?) A2

E(A) Pund Etm = —%(1 +g9) = o (4.2)

We calculate now the same quantity from the BA approach. For A > M we have the sea of
particles 11 (0) which fill all possible states inside some “Fermi interval” —B < § < B. The
distribution of particles €(f) within this interval is determined by their scattering amplitude



SH(0) = —F,(0). The specific ground state energy has the form

B
E(A) — £(0) = —% [ cosn(0)e(6)ap. (4.3)

where the non-negative function €(f) satisfies inside the interval —B < 6 < B, the
BA equation

B ~
/ R(0— 0)e(0')d0 = A — M cosh @ (4.4)
—-B

and the parameter B is determined by the boundary condition e¢(+B) = 0. The kernel
K () in this equation is related to the 111 scattering phase dy, ,(0) (3.13) as

~ 1 d 1 d

K(9) = — ——log(F = — 5= 720n,p(0). 4.
(6) = 8(6) ~ 5 - 108(F(0)) = 5(0) — 5 5,,(0) (4.5)
The Fourier transform K (w) of this kernel has the form
sinh (%) cosh (W)
K(w) = (4.6)

cosh(%) sinh (™22)

The main term of the asymptotics of the function £(A — o) can be expressed explicitly
through the kernel K (w) by the relation [1]

A2 pA2
A =— =— . 4.
EA =) =0~ 2 (47)
Comparing (4.2) and (4.7) we find that
1
p=r5= (1+b?) = d?, (4.8)

in agreement with perturbation theory. It means that for (1+b%) > % the particles M, dis-
appear from the spectrum. We see that at b — oo, A — 0 and the S—matrix (3.12), (3.18)
tends to the scattering matrix of O(n + 2)— sigma model [7]. So it is natural to call our
QFT as the dual theory to deformed O(n + 2)— sigma model.

The term £(0) in (4.3) is the bulk vacuum energy of QFT (3.8), (3.17). It can be
expressed through the kernel K (w) by the relation

£(0) = —Af (K(w) cosh (%) |w=i> o " 1(\4;) Ziir; ((’;:(lnl)> (4.9)

For small b the bulk vacuum energy will be

M?n  M?
D42 cot (%) +O(b). (4.10)

£(0) = 8mh? 8

2
nMg

557 The second term comes from the renormalization of M = My(b
n

The first term here is the contribution of Toda potential term in (3.8), (3.17) and gives
%) and from the

contribution of the vacuum energies of [”T*Q] free Dirac fermions and [%1] bosonic Toda

~10 -



particles with masses M, described above. The contribution from fermions and bosonic
Toda particles can be easily calculated (we note that (for odd n) Toda particle has mass
M and cancels the 1/2 of the contribution of one fermion). It is

0€(0) = —];4; [:Zii:] 4 sin® ( a) log (%2) = —];4; S 4 sin® (7['%) log (4 sin? (71’%))

(4.11)
The exact relation between the physical mass M and the parameter My in the La-
grangian (3.8) can be calculated by the BA methods [14, 15] and has the form

7}(;32 e ) :Mo<1+(w(i)_¢(1)_(1+(_1)n)log4>b2+...>.

n

(4.12)
It is easy to derive from (4.10), (4.11), (4.12) the agreement with the perturbation theory
and the sum rule

o (oot (D) +2 (0 (3) w0 - @+ comoea) ), @)

where ¢(z) = I'(z)/T'(z). This simple calculation confirms the general fact that after
introduction of the Toda potential counterterm our QFTs do not have the UV divergences.
For b — oo we rewrite
M?sin (22 M?
£(0) = () TR —(cot(m/n) + cot(mwb?/n)).
8sin (ﬁ) sin <%) 8

The second term oscillates around zero with period n/b?. It is reasonable to define the bulk
ground state energy as the mean value over some interval much bigger then this period.
With this definition we derive that bulk ground state energy of O(n + 2)-sigma model:
£(0) :MTz cot(m/n), which agrees with the large n expansion.

The integral BA equation can be studied using the generalized Wiener-Hopf

method [16]. We can go further in the UV (% > 1) analysis of the function £(A). In

. . 2wsj
particular the UV corrections to (4.7) have the form (%) ") where the exponents v, are

defined (with the factor 1/7) by the nearest zero to the real axis (for each series of zeroes)
of the kernel (4.6) in the upper half-plane. The zeroes at wy = ink, (v = n) correspond
to the exponents independent on b%. We call these exponents “non-perturbative”. The

zeroes at wy, = i%, (v = W) we call the perturbative ones. For small b

the corresponding exponents 2vyj = appear after summation of logarithms in

n
(p+n/2—1)
the perturbative series. As a result the UV expansion has the form

E(A) — £(0) = —£(0) — ”2’*: 3 (Aj)m F® (f) , (4.14)

k=0
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. .. 2
where the functions f (k)(%) are regular series in (%) =

00 ___dn____
M M\ G+n/2=D)
k(22 = (k) (22
(A) ;:0 f; <A> : (4.15)

The generalized WH method gives an iterative procedure for calculation of the coefficients
f](k) in the UV expansion. All these coefficients can be expressed through the residues
amy, and by of the function p(w) = N(w)/N(—w), where N(w) is the function analytical
in the lower half plane which factorizes the kernel K(w) = (N(w)N(—w))~'. Namely
A, = 1€8P (W) |w=w,, and by = resp (w) |w, -

Before considering the UV-asymptotics let us comment on non—perturbative terms
which disappear in the UV. The first such term 6;E(A) is — fo (X )2n. To under-
stand the origin of this term we consider our action (3.5) or (3.14) with Ugﬂ(go, ¢) or

gT)(go, ¢). The external field A couples to the current jo = {91 = 01¢1. One can find
the first “non- perturbative correction to the function £(A) expanding path integral near
the massless point p = 22, The first correction is of order A? ( v )2n. It corresponds to
the minimal conﬁguratmn of the exponents of the free massless fields (¢, p) which gives
a non-zero expectation value. The calculation of these contributions to £(A) reduces to
the evaluation of the Coulomb-like integrals which can be calculated explicitly. Comparing
this contribution with 6;£(A) derived from the BA equation we derive the exact relation
between the parameters My and M (4.12).

For % > 1, the non-perturbative terms do not contribute and

o= (1o (2) so((2)")

219

where f(©) (%) has regular expansion in (%) , 2V

- (p+n72—1)

219 4vg
()= o () () )

For example the first coefficient is
2 —1 1 2,
(2p—n+1T ()T (&) (3 + &) (F( Lyr( 1)> 0
12 1 - 1 (1 ’
b T @) L T
where p’ = p+mn/2 — 1. The next coefficients also can be found. The calculation simplifies
o8 (4r)
P

1
drastically in the scaling limit p — o0, log (%) — oo with
forp>1

[a—
+

=~

SRS

fixed. For example

24 n—logd+ 2nlog(2tL 1
0 - g1 Enz et mboa Y (1))
2p p?

In this limit the BA equations simplify and admit the exact solution. Corrections to the

scaling behavior also can be systematically developed. Here we quote the scaling limit of
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E(A) together with leading correction

lo (1-¢*)p 9
pA%21—gq 24 g( n log”p
A A\=————|14+-——————= 4.1
n InN\ 3
where ¢ = (%F(”T‘H) (#) ) . The main term
pA%21—gq pA? n M
A)=————+-..=——tanh | —1 — 4.1
£(4) 27 1—|—q+ or 1 2p e\ 4 ten (4.17)

corresponds to one loop sigma-model metric. The next term should appear in the two-loop
approximation. In the limit p — oo we recover the result of [17] for O (n + 2) sigma model.

The function £(A) can be also calculated for n > 1, p > 1 with £ fixed, and arbitrary
4> 1 [14]. In this case it can be written in the parametric form

2 n 2p 2p
E(A) = €(0) = - % <1 —2X -2 (X(1 ~X)1-X"(1 X)_n>> :
%2 = 4X@(1 — X)_@. (4.18)

A2

For % > 1, weak coupling, we derive from these relations

£(A) — £(0) = —p;: ((1 - i‘g)m - ]\jjlog <ﬁ+ <J\/; - 1)1/2)> +0(%).

This function corresponds to almost free fermionic ground state energy. In the strong
coupling limit £ > 1 we derive

) — 0y 24 (L2 o (m)),
-0 =5 [z vo ()

that coincides with scaling approximation.

5 Ricci flow

The non-linear sigma models (SM) in two space-time dimensions are widely used in QFT
as well as in relation with string theory. They are described by the action

A[G] = % /Gij<X>8HXiaMde21‘ + ... (5.1)

where X° are coordinates in d—dimensional manifold called target space and symmetric
matrix G;;(X) is the corresponding metric. The terms denoted by ... can include topo-
logical terms, dilaton, B field and higher forms consistent with the metric.

The standard approach to two dimensional SM is the perturbation theory. If the curva-
ture is small one can use the following renormalization group (RG)-evolution equation [8].
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Let t be the RG time (the logarithm of the scale) which tends to ¢ — —oo in the UV limit
and t — oo in the IR. Then the one loop RG evolution equation reads

d
7 Gij = —Rij + O(R?) (5.2)

where R;; is the Ricci tensor for the metric Gj;. In the case when the theory is not P
and T invariant but only PT invariant this equation contains additional terms, related
with B-field.

The analysis of this equation [18] is known to show instability. Typically, the curvature
develops singularities after finite time evolution. This is why UV stable solutions, i.e. those
which admit continuation to the region ¢ = —oo, such that the curvature remains small
everywhere, are so important. It is hard to find such solutions. Only few explicit examples
are known. From the other side, UV stable solutions correspond to asymptotically free
QFT. If the corresponding QFT is integrable, then it is natural to expect to be able to
find an exact solution to (5.2). It means that we have a deep connection between exact
solutions to Ricci flow equation and integrable sigma-models. In this section we consider
examples of such exact solutions, corresponding to the deformed spheres S2, $% and S*. In
our notations they correspond to the cases n =1 (sausage model [1, 5]), n =2 and n = 3.
As we will see, starting from n = 3 one has to introduce non-trivial B—field in order to
satisfy the Ricci flow equations. We also should emphasize that all considered solutions
can be obtained from the general construction [3, 4]. The cases n = 1 and n = 2 appeared
in [1, 6] long before nice general construction of [3, 4] has been formulated.

The case n = 1. It is convenient to use coordinates different from the ones used in [1, 5].
These coordinate are more convenient for study the cases S? and S® on the same footing.
In the first case the target space is two dimensional and we introduce coordinates X' = ¢,
where —7/2 <9 < 7/2 and X? = x, 0 < x < 27. The metric which solves the Ricci flow
equation (5.2) in these coordinates has the form

2 _ tanh(u) 1

ds 3
v 1 — tanh® wcos? ¥

((d9)? + sin® ¥(dx)?) (5.3)

Here and later u = v(ty — t) and v plays the role of deformation parameter. For small v
we can use the perturbation theory in renormalization group (RG) equations. Here we use
the main order approximation which is valid for small v. At v — 0 our metric tends to the
metric of S2. For u > 1 the surface with the metric (5.3) embedded into three dimensional
space looks like a long sausage [1].

The case n = 2. In this case we introduce the coordinates X! = ¢, where 0 < ¢ < 7
and X? = y1, X3 = x2,0 < x1,2 < 2m. The metric corresponding to the solution to (5.2)
in these coordinates has the form [6]

_ tanh (2u) (dv)? cos?V(dx1)?  sin?I(dy2)? (5.4)
B v (1 —k?sin?9)(1 — k?cos?29) 1 —kfsin?d 1 — k% cos?d '

S

where k3 = 2czisnhh22$. At v — 0 this metric tends to the metric of S®. At u > 1 the manifold

with the metric (5.4) looks as the product of the sausage and the circle of radius /1/v.
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The case n > 2. Starting from n = 3 the theory lacks P and T' symmetry, but has only
PT symmetry. It means that the non-zero B-field should obligatorily appear in the action.
As an example, consider the case of n = 3, which corresponds to the deformed sphere S*.
We introduce the coordinates X' =1, X? = ¥J5, where —7/2 < Y12 < m/2 and X3 =x1,

X4 =y9,0< X1,2 < 2m. Then the metric and the B-field are given by
ds? = & L (a9 + sin® 91 (dx1)?)
v|(1—k2cos?d)

cos? ¥

1 — K2 cos* U1 cos? ¥ ((d62)2 + sin” da(dx2)?) |, (5.5)

and

iKk2 sin Y9 cos ¥ cos* ¥y
v(1 — k2 cos* 91 cos? 95)
We note that the B—field is purely imaginary, which reflects the non-unitarity of our QFT
for n > 2. The metric (5.5) and the B—field (5.6) satisfy modified Ricci flow equations

1
4
provided that the vector V; and the one-form w are given by

B=-— ds A dyo. (5.6)

. 1 .
RZ‘J’ — HZ'lejkl +ViVj +VjV; == *Gij, Hkiij — §VkHzl; +Viw]' *iji = *Bij, (57)

ik cos? ¥ sin® ¥y

v, = 2% sin 91 cos 1 (1 — cos? 91 cos? ¥a) 0,00), w= dxo.
(1 — K2 cos? 1) (1 — K2 cos* 91 cos? 9s) (1 — K2 cos* ¥ cos? 93)
and the coupling k = k(t) satisfies differential equation
= 3v(k% - 1). (5.8)

Differential equation (5.8) has a solution £ = tanh 3u. We note that acting with ¢-dependent
diffeomorphism and making the gauge transformation, one can always reduce modified Ricci
equation (5.7) to the more standard form where the vector V; and the one-form w vanish.
In the limit v — 0 the metric (5.5) approaches the metric of the round four-sphere, while
the B—field, the vector V; and the one-form w tend to zero.

It is interesting to apply T —duality transformation to the xo isometry direction. The
B—field will vanish, while the metric become complex and will take the form
o K [d97 +sin® 91 (dyq)?

T v (1—~kZcos?¥)

ds + 0082 ’191 (dﬁ2)2

1 — k2 cos* ¥ cos? ¥y

2i cos? 91 cot Yadidad dx2)?|, 5.9
+ 21c08” V1 cot vadvadX2 + 12 cos2 Uy sin2 Uy (dx2) (5.9)
This metric satisfies
. 1 .
Rij +2ViV;¥ = —Gyj,  |[VU] = CAV = —¥, (5.10)
with the dilaton field
1 (1 — K2 cos? ¥1)?
U= —1 —7X9. 5.11
9 08 (I{,(l — K2) cos? 1 sin? Vg e (5:11)

We note that the metric (5.5)—(5.6) and the dual metric (5.9) appear also in [19, 20]. The
metric in [19, 20] has been derived from the general construction suggested in [3, 4].
For general n > 3 the solution to Ricci flow equations look very similar.
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6 Minisuperspace considerations

The methods of integrable QFTs allow one to compute some off-mass-shell observables
on the base of factorized scattering theory. In the UV region these observables should be
compared with that which follow from SM (5.1). If they match non-trivially, it naturally
suggests the chosen FST as the scattering theory of integrable SM. Moreover, one can use
the FST as a non-perturbative definition of the SM.

Here we perform such calculations to support the identification of our QFT’s described
by the SM’s (5.3), (5.4) and (5.5)—(5.6) with the FST’s (3.12), (3.18). First we study
the infinite volume specific vacuum energy £(A) in the constant external field A. The
action (5.1) is invariant with respect to global axial rotation X? — X2 + ¢ for n = 1 and
n = 2. It means that we can couple our QFT’s with constant field A by transformation
0y — 0y — tA. This field introduces the scale and we can assign

0o (), vion(2).

To ensure the validity of our one loop action we go to the scaling limit v — 0, % — 00
with the scaling variable u = v log (%) fixed. The ground state energy £(A) is equal to the
minimum of the density of the action (5.1) with 9y — 0y — iA. This minimum is achieved
at ¥ = 0 and is equal to

2
En(A) = —A—tanh(nu), for n=1,2. (6.1)

4y

The same result is valid for all n. The next (two-loop) correction is of relative order v logv.
Comparing this result with (4.16) and (4.17) derived from BA equations we find that
in the scaling limit they coincide and

1 1 1

YT T 20+ 242

and we see that loop expansion is the strong coupling expansion for our QFT’s.

The second observable that we consider is the energy levels E;(R) of our SMs at the
circle of length R. It introduces the scale (tgp —t) = log (ﬁ) In the UV scaling regime:
—log(RM) — oo, v — 0 such that u = —v log(RM) is finite, our one-loop approximation
is exact up to O(vlogv). In this approximation we can use minisuperspace approach
to calculate the UV corrections to Ground State Energy FEy(R), effective central charge

Eo(R) = —grc(R) and to the energies E;(R) of the exited states. It was in shown in [1]
that these values can be expressed through the eigenvalues of the covariant operator h

. 1 - (R

h=-V2+ JRe b= GZ(G )\I/i (6.2)

where V? is the Laplace operator and R; is the scalar curvature in the SM metric renor-
malized at the scale R. Then with the accuracy vlogv

rlei(R) — co(R))

C(R) =2 eo(R), EZ(R) = EO(R) + R

(6.3)
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Operator h is self-adjoint with respect of scalar product with the SM metric
(U, Vs) = /\If{\llgx/det Gdz' ... da"",

where coordinates z’ can be considered as the zero modes of fields X?. It is easy to see
that operator h depends only on the scaling variable u = —vlog(RM). It means that the
eigenvalues e;(R) scale as ve;(u). Here we consider the cases n = 1,2 separately.

The case n = 1. We can search for the solution ¥ = ™2™, . After the substitution

)
sin” v = an(z].s), UVm =/ sn(z]s) Uy,

1 — tanh® u cos2 ¢

with the modulus of elliptic Jacobi function s? = tanh? u the minisuperspace equation can
be written in the Lamé form

<d2 B en?(z|s)dn?(z|s) n m?2 > b = S Kan,j

dz? 4sn?(z|s) sn?(z|s) 6

Vm, (6.4)
where €, j(R) = vk j(u) and the boundary conditions for the solutions are: 1y, ~ Zmta
at z = 0,0, ~ (K — z)m‘% at z — K, where K (32) is the real period of Jacobi functions.
For arbitrary u or s? = tanh?u this equation can be solved numerically but for small and
large u it admits analytical solution.

For small u, s ~ u, K ~ T, the equation (6.4) can be easily solved: 1, =
(sin z)Y/ ZPJ-(m) (cos z), where P](m) are the Legendre spherical functions. We derive
3G+ +1/2,

m ;

Emj

el o~
j > m and eg(R) = vEmo = m. This asymptotic is universal for all

spheres S with d > 1
o(R) = d— gd/ log(1/RM) + O (log (log (1/RM)) / log®(1/RM)) . (6.5)

It is interesting to calculate the first corrections to the levels at small u

Fmg _ JG+D+1/2 200+D) -GG +1) —3m?)

_ : . u—+ O u3,
Koo _ 1 2 3 5
i 2u 135u + O(u?)

We see that three first levels (corresponding to three particles in IR) with the quantum
numbers j = 1, m = %1, split moving to UV.

We consider now another limit u > 1, s> — 1, K ~ u+log2. In this limit the potential
V(z) in the Lame equation with exponential accuracy looks as

——ﬁ-i—chotth 0<z< K,

S1n z (67)
—f+m200th2zl 0O<snn=K—-z< K.

sinh” 22
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Rm,n

We parametrize = m? 4 4p?. Then in the middle one can neglect the potential term
and v, is the plane wave solution. At the left and right ends z ~ 0,z ~ K the equation

can be solved exactly in terms of hypergeometric functions F'(A, B, C, z)

Y = Ny (p,m) (tanh z)m+% (cosh 2)*P F (A, A,m + 1, tanh*2)
m+1—2ip

W) =W (z),  where A= 5 (6.8)
The constant N;(p, m) = N,(p, m) is chosen from the condition
Pl ~ 27 4 Rl(d) (p,m)e™ 2% ) o 2021 L RD(p m)e2P51 5> 1.
The corresponding solutions (6.8) are specified by the reflection amplitudes
T2 (1™l
Rl(cl) _ R&Cl) _ F(l + 2Zp)r ( 2 /Lp) (69)

T(1 - 2ip)T2(2m 4 ipy

Matching the solutions in different domains with a plane wave in the middle we derive

1 o, T+ 1)? 1Y _ m+1
Eﬁm,n =m- + m +0 <u5> 5 Tm = ¢(1) - (2) . (6'10)

In particular, the effective central charge ¢(R) =2 — eg(R) is
3m2b?
(log (575) + b*4log 2)2

c¢(R)=2—ep(R) =2—6rrop(u) =2 —

2
The relative correction to ¢(R) is of order 1°§2b . The comparison of the scaling function

ko,0(w) derived from the numerical solution of equation (6.4) with the same scaling function
derived from TBA equations [1] gives an excellent agreement.

The case n = 2. In this case we can search for the solution U = ei®2mitizams Wonyme -

After elliptic substitutions the minisuperspace equation for the function ¥y, m, =
1

sn(z|s')2 W, m, has a form

d? Sk
(_d22 + Unams (Z|S/2)> Yimamy = %md’mlmm (6.11)
where the potential term Uy, m, (2]52) is
_cn2(z|s’)dn2(z|s’) (- s"?)sn?(z|s") m? m3dn?(z|s’)
4sn?(z|s’) 4en?(z|s)dn?(z]s') — sn2(z|s) cn?(z|s')

with the modulus of elliptic Jacobi function s’ = tanh?2u. We note that the potential
Upims (2]8%) is invariant under z — z + 1 K (s™), m1 — mo.
s

For small u, s’ ~ 2u, K ~ 7, the equation (6.11) can be solved

Ymym, = sin™ (z) cos™? (Z)P](ml’mZ)(cos(Qz)) + O(u?)
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and with J = 2j + |mq| + |ma|

Kpmag  J(J+2)+3/2  J(J +2) = 6(m? +m3)

- u+ Oud),
6 5 Z“ 6 (6.12)
koo o 8 3 5
6 a1 TOW)

In this case due to the symmetry of the potential we have no the splitting of the levels with
quantum numbers j = 1, m; = +1, mo = 1.

We consider now the limit u > 1, s — 1, % ~ u+ %log 2. In this limit the potential
Upnyms, (2]8™) in the Lame equation with exponential accuracy looks as

K
Ul(z):—W—i-m%cotﬁz—i-m%, O<z<<§,
sinh” 2z e . (6.13)
Ur(zl):_m—Fm%COthQZl—{—m%, 0<21:5—Z<<§.
1
We parametrize “2* = m? + m3 + 4p®. Then in the middle one can neglect the potential

term and ¥, m, is the plane wave solution. At the left and right ends 2z ~ 0, z; ~ % the
equation can be solved exactly in terms of hypergeometric functions

¥ = Ny(p,m1)(tanh z)™*2 (cosh 2)¥PF(Ay, Ay, my + 1, tanh? 2), (6.14)

mima2

where A; = w and the solution wﬁﬁmQ = Qj)frlllml (z1). These solutions are specified

by the reflection amplitudes

gl _ DO 2T (5 —ip) g T(1+ 2ip) T (25— ip)
Lora -2l gy T (1 = 2ip) T2 (el )

(6.15)

Matching the solutions in different domains with a plane wave in the middle we derive

H;nth:j ? (j + 1)2

2 2
=mi+m;+ . 6.16
6 ! 2 4(” + %(Tml + T'm, + log 2))2 ( )

In particular, the effective central charge ¢(R) = 3 — eg(R) is
3m2b?

c(R) =3 — 6vk u) =3 —
(R) 0,0,0(1) (log (ﬁ) _|_3b2log2)2

log b?
b2
from TBA equations derived in [2] has been done by E. Onofri.

. The numerical calculation of this function

The relative correction to ¢(R) is of order

The case n = 3. In this case the metric depends on two variables and calculations
become more involved. Even in the previous cases the minisuperspace equation for the
Ricci flow of the levels could be solved only numerically. However the most interesting
information which can be studied analytically, comes from the UV limit © — oo of these
equations (for small u < 1 the spectrum can be derived by usual perturbation theory in
u?). To derive the conformal limit of the metric and the B—field it is useful to use the
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method of contraction. At v — oo, k(u) = tanh3u — 1. We introduce the parameter
0/2 = 1 — tanh3u — 0 and make the rescaling of variables ¢; — \/5191, ¥y — VU9
sending § — 0. As a result the action can be written in terms of two complex scalar fields
(v, = ﬁkeix’f)

1 (Oav10avf) . (0ap + €ap) (0ar20pV5)\
Ao = 4@/( T e e ) & (6.17)

The generalization of this action for arbitrary odd n = 2m — 1 will have the form

1 (8QV18QVT) n (50,6 + 5a6) (%Vﬁgy}*)
Acrr = Aty + Z

. d?z. (6.18)
L+ =2 (1—1—21/11/1k 4 —|—21/j_11/]’.‘71 —i—yjuj’.‘)

For even n = 2m we should add one free real field 1y and the term % to the action.

The actions (6.17), (6.18) possess besides the metric part also the B—field term, which
modifies the minisuperspace equation (6.2). With this term this equation will have a form

€
—;, 6.19
; (6.19)

2 1 Lo
(—V +4R+12H) i =
where the 3-form H is defined throw two form B as H = dB.

In this paper we consider the relation between CFTs (2.4) and (6.17) for m = 2.
Namely, we conjecture that they are dual. For m = 1 we have the known duality be-
tween Sine-Lioville and Witten black hole CFTs. For m = 2 we show that the reflection
amplitudes of these CFTs coincide in the minisuperspace approximation.

It is convenient to parametrize the continuous spectrum (in the conformal limit) of
the (6.19) as & = P? + Q* The function ¥;(det G)Y/* which are integrated with trivial
measure we denote as ¥pq.

The Weyl group wo of the Lie algebra of C5 contains 8 elements and acts on the
parameters P and ) as independent transformations P — +P, Q — +Q, and P < Q.
We denote Ps, Qs the components of vector (P, Q) after the action of the element § € ws.
For small vy, vy the action (6.17) is close to the action of free fields. We parametrize
v = et py = e¥tX2 The dependence on x1 and xo is rather trivial, it leads to the
multiplication of the wave function by the factor e/™1X1eim2x2_ To simplify the notations
and equations we consider here the “isotopic symmetric” sector where ¥ pgo = ¥po(z,y).

In the “Weyl chamber” z,y,y —z < 0, the function ¥pg(z,y) can be represented as
the Weyl superposition with numerical coefficients of functions Qp, ¢, where the function
QP,Q is

QP,Q(%?J) _ eiPwHQpr,Q(ﬂs,y) _ (iPr+iQy (1 4+ Z Ty g (em)n1(e—w+y)n2 (ey)”3>

ni,n2,n3>0

(6.20)
All coefficients 7y, n, n, can be derived from the results of appendix A. The coefficients

A(Ps, Q) before the functions Qp, g (z,y) in the Weyl sum are directly related to the
(cl)

reflection amplitudes Ry (P,Q), which are the special limit of the quantum reflection
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amplitudes (2.7), (2.8). Namely in the limit b — oo, we set ba = b(aj,a2) = (iP,iQ). In
isotopic symmetric sector we should put also b = 0.

AP, Q)

Réd) (P7 Q) = A(Cl) (P, Q)

(6.21)

where
[(—2iQ)T(—2iP)T(—iQ — iP)L'(iP — iQ)I'(3 + iP)['(3 +iQ)?
L(5 —iQ)*T (5 —iP) '

The statement is that function ¥pg(x,y), written in the symmetric form

\IIPQ X y ZA PS’QS)QPS?Qe ('1: y)

w2

AP Q) =

has correct properties if and only if A(P,Q) = A (P,Q). We show this in appendix A.
We considered here the conformal limit of (6.19). However using this result we can
derive the asymptotic of the energy levels for large values of b> and log(ﬁ) as it was done
n [21]. Using the method based on reflection amplitudes we derive that in the isotopic
symmetric sector the asymptotic of the levels depends on two quantum numbers and has

the form
37T2()2(5 + (n1 + TLQ)((TLl + ng) + 3) + TLQ(TLQ + 1))

4 (log (575) + 2b%log 2)2
At the end of this section we discuss the QFT with the T'—dual metric (5.9). It
is the solution of Ricci flow equations with k(u) satisfying the equation (5.8). We can

€ni,no (R) =

take k(u) = coth3u. As it was shown in [5] (for n = 1, and is valid for any n), besides
integrable QFT with the action (3.5) we can consider another integrable QFT with the
action where for every pair {e!mtbem-1 =iadm=byml we can introduce the “dual” field
b : Oadm = €a Baﬁqﬁm The corresponding action will be well defined only if the terms
eiadmtbom—1 and e~ia9m—b¢m in the pair {ei®m+0em—1 e=iadm—bem} will be mutually local.
It happens if
2a®> = p, where p is an integer.

For p > 1 the one loop approximation to the SM representation with the T'—dual metric
works and corrections are of order %log p.

In the UV limit x(u) = coth3u = 1+ §. We take the local coordinates ¥; —
i\/5191,792 — i3/0195 and derive

(dv1)* | 97(dx1)? n 2idYadxe n (14207 + 93)(dx2)?
1+ 93 1+ 93 99 V3 '

dSUV =p ( (6.22)
We note that with this metric we derive exactly the same equation to the function ¥pg
(in this case B = 0 and term H? disappears) but only in the isotopic symmetric sector.

In the IR limit coth3u = —(1+ %) and we take the local coordinates 91 — V001, 99 —
V6195 and derive

s — <(d191)2 92 (dx1)? n 2id¥2dx2 N (1—29% — ﬁ%)(dx2)2>

6.2
TR R 7, 7 (6.23)
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and we see that now coordinates change in the finite domain and minisuperspace equation
has the discrete spectrum. It means that we have the RG flow from UV to other critical
point in the IR, which is described by rational CFT. This phenomenon was discussed in
details in [5] for the case n = 1. Here we discuss this situation in the Concluding Remarks.

7 Concluding remarks

In this section we discuss some important points which were missed in the main body of
the paper.
In the expansion for the specific ground state energy in the external field A (4.14) we

. . . 2nk .
had two types of contributions: the “non-perturbative” terms (%) " and “perturbative”

ones (%) W The origin of the “non-perturbative” terms can be easily explained from
the actions (3.5) and (3.14) expressed in terms of fields (¢;, ¢;). The perturbative terms can
be easily explained in the dual SM representation for our QFT. The appearance of “non-
perturbative” terms in the SM representation was established in details in [1] for the case
n = 1 (sausage model), where they were related with k—instantons contributions which
had the topological origin. For arbitrary integer n > 1 we have no topological arguments,
but the action of the deformed O(n + 2) SM always contains the part corresponding to
sausage model. It means that we have the particular solutions corresponding to embedding
of k—instantons solutions. The SM action on these solutions gives “non-perturbative”
contributions to the observables in the SM-representation.

The W— algebra commuting with screenings (2.3) depends on one continuous pa-
rameter b (a = v/1+ b2). It is non-rational CFT with continuous spectrum and central
charge (2.5). It is natural to identify it with the W —algebra of the coset

O(n + 2),](

——— == where V*=K—n. 1
Ot 1) where n (7.1)

The weak coupling regime in our perturbed CFT corresponds to K close to n and the
strong coupling one to K > n. The strong coupling asymptotic can be described by the
SM-representation of our QFTs. The conformal limit of these QFTs (6.18) gives us the SM
- representation for the coset (7.1). For positive and integer —K = k the coset CFT (7.1)
is the rational CFT with discrete spectrum. For large k the low part of its spectrum is

1

jm+n—2m+2)_r§:im(im+n—2m+1)
2(k+n) 2(k+n—1) ’

(7.2)

Tno .
AG. . gilin. i) =Y Jm
m=1 m=1

where 7, is the rank of O(n +2) and jm, > Jm+1,0m = Gm+1sJm = im. It was shown in [22]

that 8%21?%: CFT is equivalent to W coset models (the example of level-rank

duality). The W— algebras, its representations and minimal models corresponding to the

W cosets, were constructed and studied in [23, 24]. We call them W (O(k))-
n+2

algebras. The minimal models of these algebras are specified by the level n+ 1 and integer

p = n+ k — 1. The spectrum of dimensions of primary fields ® (Q2|Q') in these models
is characterized by two highest weights of the Lie algebra O(k), Q and €', satisfying the
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conditions —Q-eg <n+2, —Q -eg <n-+1andis

P— (p+ 12— Lk (k—1)(k—2)

A () = 2(p+1)p

. (7.3)

It is easy to check that the low lying spectrum (7.2) coincides with (7.3)). We see that
the parameter b> = —k — n, of W— algebra studied in section 2 is now imaginary (a? =
—k —n+1). It means that our W—algebra can be considered as “horizontal” W — algebra
of W— algebra W (O(k)), i.e. in our case the rank changes and level is fixed. The minimal
models of W W —algebras can be used for the analysis of O(n + 2) SMs. It was
shown in [25, 26] for n = 1 and in [27] for all n that these SMs can be derived as the limit
k — oo of these minimal models perturbed by the field ® (0|w;), where fundamental weight
w1 corresponds to the vector representation.

The appearance of minimal models of W with fixed level depending on n,
which are established by our W— algebra is rather natural. The analysis of minisuper-
space equations for T— dual metric (to deformed O(n + 2)—SM metric) shows that in the
conformal limit they have the discrete spectrum, which coincides with (7.2) up to %. It
means that corresponding CFT flows from UV critical point to IR critical point, which is
described by minimal models (7.3), where p = n+k—1. When we have such RG flow in the
minimal models should be the receiving ® z operator for this flow. The perturbation with
this IR relevant field ® z should be integrable. The analysis of integrable IR perturbations
shows that only possible such field is ®(2w:[0) with dimension 1+ St5. With this field
we can develop the IR perturbation theory adding to the action of CFT the perturbation
AP (2w]0). The exact relation between the parameter A and the mass M can be derived

by BA-method [14, 15] and is

p2(p =)l (14 52 T (14 2) <2(p+1)>p‘:’3

(TA)? =
3(p +n)2(p + 2n)2T (1 _ #) T (1 _ %> nM

With this relations we can calculate the IR corrections to observables. In particular the
first correction to the central charge of our QFT at the circle of length R will be

2 2
T (1+#)r<1—pfnl>

(G2
r(1- ) (e zy) VB

p+1

¢ = ccrr + 3(mA)

This exact result can be compared with numerical analysis of non-linear integral equation
following from scattering theory data.

The integrable perturbations to the CET (3.1) considered in this paper are not unique.
We can add to the action (2.4) also the terms with integrals with fields 1" or pge?®®n.
At b < 1 we can transform these CFTs to the form convenient for perturbation theory in
b as it was done in section 3. At b > 1, these CFTs will have the dual representation with
SM UV action (6.18) together with the potential terms M2U;(x1/b, ... xx/b), i = 1,2. This
theory can be studied by perturbation theory in %. The explicit form of functions U; and
the factorized scattering theory for these QFTs will be described in future publication.
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A Minisuperspace differential equation

It is convenient to define the function

a(S) = % +iS, a(=S5)=1-a(S), a(S)a(-S)= i + 52

Then equation (6.19) for the function R(X,Y") ot Rpo(x,y), where X = e and Y = &Y
can be written in the form

0= (apX*+ay 2+ X)Y))R+Y (24 X)Y +aqg (X +2Y + VX)) Ry
+Y2(2+ X)Y + X) Ryy + X?((Y +2ap(X +1))Rx + X (X + 1) Rxx.

This equation does not admit the separation of variables but it is useful to represent the
solution in the form convenient for the analysis outside of “Weyl chambre”. We will search
the solution in the form

1
R(X,Y)=FY/X,Y)Fi(ap,ap,2ap,—X) — EG(Y/X, Y)oFi(ap — 1,ap,2ap, —X),

where o F) (a, b, ¢, X) is the hypergeometric function. To write down the equations for the
functions F(Z,Y) and G(Z,Y) we denote V =1+ 2Z + Y. Then we have

0= (2Z4Y)(apF —G)+ (Y + Z(1+V +2aQV))Fz + (L +V + 2aqV)Y Fy
+Z(Y +Z+4ZV)Fzz — Z(Y + Z)Gz + V(Y?Fyy +2ZY Fyz) (A.1)

and

0= (zaQ +(1+ag)(Z + Y)) G+Y (3V — 1+ 2a0V) Gy + 2apa_pFy

+ Y+ Z(14+V +2aQV))Gz+Y?VGyy + Z(2YVGyz+ (1+ Z)2Z +Y)Gzz).
(A.2)

We note that Z = % = e ¥ < 1 is in the “Weyl chambre”. We write our functions in
this region as

F(Z,Y)= iFn(Y)Zn, G(Z)Y)= ZiGn(Y)Zn.
n=0 n=0

Then the solution to (A.1) and (A.2) can be expressed through two functions

Fo(Y) =4 F3(ag, ag,aqg,agl2ag,aqg + ap,ag + a_p| —Y), (A.3)
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and

Go(Y) = 4F3(ag, aqg,aq + 1,ag + 1|2ag,ag +ap + 1,ag9 +a—p + 1| — Y)aéapa_p
x ((ag+ap+1)(ag+a_p+1))"" 3F(1,1,1lag + ap + 1,ag +a_p + 1| = Y),
(A.4)
by the relations

~(L4+0)Y Fop1 = (ag +n) 20+ (ag +n)Y )y + (Y +2(ag +n)(1 +Y)

—Y(2n+1)Gp — 20Gpy + Y (2F!_  + (1 + Y) E,), (A.5)
and (—(14+n)2YGpy1 +2(1 +n)apa_pFyi1) is

2n+1)(n+ag)+(n+1+ag)*)Gn+Y(2+3Y +2(ag +n)(1+Y))G,
+2(n+ag)?Cr1 +Y(2G!_1+ (1+Y)G,) +22n + 14 20)Gl_;. (A.6)
The hypergeometric functions ,,+1Fm (a1, ..., ams1|bi, ..., by — W) possess the inte-

gral representation, which defines their series expansion in W for small W and is useful for
calculation of their asymptotic for W > 1

B JT(=s)T(ar +s) X -+ x T(ame1 + s)T'(b1) x -+ x T'(by,)
met1Fm (=W) = /CdSW 2mil(by + 8) X « -+ X Dby + s)T(a1) x -+ X T(ame1)
(A.7)
The contour C' for Rea; > 0 goes from —i00 to ico including point s = 0.
The asymptotic of the function Q(P,Q|X,Y) = XPYRR(P,Q|X,Y) in the region
X > 1,Y > 1 can be derived using (A.7). Namely function depending on X

1 I(1+2iP)
= X1/2 FQ(%+ZP)2

X" yF (ap,ap,2ap, —X) (log(X) +c1 + O(1/X log(X))

p X2 1(1 4 2iP) (A-8)
X" ol (ap,ap,2ap, —X) = ap T2( _H.P)Q(l + O(1/X log(X))),
and functions depending on Y’
Y@FR(P,Q,Y) = Hﬁf) (log*(Y) + c2log?(Y) + e3log(Y) + ¢4 + O(1/Y log(Y)?)) ,
Y9Gy(P,Q,Y) = w (log?(Y) + ¢51og*(Y) + cglog(Y) + ¢z + O(1/Y log(Y)?))

here ¢; are some constant and

" ['(2ag)T(ag +ap)l(ag +a_p) T(142iQ)T'(14iQ +iP)I'(14iQ —iP)
- 4 B Iy coN4ar(L g 1_y ’
I'(ag)*T(ap)I'(a—p) I'(5+iQ)*'(5 +iP)I'(5 —iP)

The functions F},, G, with n > 0 have the asymptotic

fnH
~yie

(log(Y) + cn + O(log” (Y) /Y)) . G o (log(Y) + ¢, + O(log® (Y) /Y))

Fr - Y3/2
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where the constants f, and g, can be easily derived from (A.5), (A.6). We see that the
function Qp g(x,y) contains logarithmic terms and the dangerous for normalizability term,
coming from the function 92Fj(ap,ap,2ap,—X). However in the sum of the functions
Qp..0.(x,y) (s € w) over the Weyl group wy with coefficients A(°)(Py, Q) (and only with
these coefficients) all logarithmic and dangerous terms disappear and the Weyl invariant
function ¥Upg(z,y)

\IIP,Q(:Ua y) = Z A(d) (PS7 QS)QP37Q5 (.’L’, y)a (Ag)
sEw?2
where
[(—2iQ)T(—2iP)T(—iQ — iP)I'(iP — iQ)T'(3 + iP)['(3 +iQ)?

(cl) —
AN(P,Q) = r(l-iQ?2ri —ip)

gives us unique solution which has a regular expansion for X > 1, Y > 1

P’ 0+ —p*d?)

(XY)2Upg(a,y) =1 = + <
N P*q*(4 + 2p* + 2¢> — p*¢?) N P*(2+ (24 ¢?)
1Y X 16Y2
4 4
(P* +d%) (4 —20" + ¢*) — 3p*¢?) — 4p*¢* + B51)
+ e T

where p? :P2+% and ¢? :Q2+i

B Integrals of motion

In this appendix we present explicit expressions for the density of first non-trivial local
Integral of Motion in our theory (3.5), (3.14) which is dual to the deformed O(n + 2)
sigma-model. We define the density G(z) through the relation

I = /G(:r)da: (B.1)

We denote Q; = d¢;, P; = Op; and a? = 1 + b2, First examples of the density G(z) have
the form

l.n=1
G = AQ" + BP' + GQ*P? + RQ”® + TP", (B.2)
where
A =(1+b%)(1 + 3b%), B =b*(2 + 3b?),
G =6b? (1+b%), R =1+ 7b% + 8b?, T =2+ 9b + 8b*.
2. n=2

G = AQ! + Q1) + BP' + 6a*02((Q2Q% + (Q? + Q3)P?)
+MP'(QF — Q3) + R(Q + QF) + SP” (B.3)
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3.

where

A=DB=23d%"  M=-6a’  R=6d’b?, S=3a*1+20%).

n=4
G =A(Q] + Q3+ Q3) + B(P! + Py) + 6a°b*(Q1Q3 + Q1Q3 + Q3Q3)
+6a’b*((Q1 + Q3 + Q3) (P + P3) + PEP})
+M (P{(QF — Q3 — Q3 — P5) — P3(—Q7 — Q3+ Q3 — P)))
+RQF+QF + Q)+ S (P + P?) + WP P, (B.4)
where
A=ad®(2a* + V%), B=0b*(a®+2b*), M =6a’h, R=4-2ad"+10aV’,

S =a?— 202 +10a%%, W = —6d°.

We note that in the limit b — oo the Integral I3 enjoys O(n + 1) symmetry and coincides
with the one introduced in [28].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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