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POSITIVE GAUSSIAN KERNELS ALSO HAVE GAUSSIAN
MINIMIZERS

FRANCK BARTHE AND PAWEL WOLFF

ABSTRACT. We study lower bounds on multilinear operators with Gaussian kernels act-
ing on Lebesgue spaces, with exponents below one. We put forward natural conditions
when the optimal constant can be computed by inspecting centered Gaussian functions
only, and we give necessary and sufficient conditions for this constant to be positive. Our
work provides a counterpart to Lieb’s results on maximizers of multilinear operators with
real Gaussian kernels, also known as the multidimensional Brascamp-Lieb inequality. It
unifies and extends several inverse inequalities.

1. INTRODUCTION

1.1. Background and motivation. Our title hints at Lieb’s article “Gaussian kernels
have only Gaussian maximizers” [33]. This remarkable work studies operators with Gauss-

ian kernels between Lebesgue spaces LP(R™,C), with norm | f|l, = ([ |f(y)|pdy)1/p.
These operators are of the following form: for any integrable f: R® — C,

Gia) = [ 2D f)dy.  zern

where Q: R”™ x R™ — C is such that Re(Q): R™ x R" — R is a semi-definite positive
quadratic form and Im(Q): R™ x R" — R is a quadratic form. Lieb has given conditions
which ensure that the operator norm of G: LP(R",C) — L%(R™ C) can be computed
by inspecting centered Gaussian functions only, i.e. functions of the form f(y) = e~
where Re(q) is g positive definite quadratic form and Im(q) is a quadratic form (when ¢
is real-valued, f is a real-valued Gaussian function). Here is a simplified version of his
result:

Theorem 1.1 ([33]). With the above notation, the relationship

|G|,z = sup { IG 11l

£l
holds in any of the following cases
o 1l <p<g<+oo,
e 1 < p,q < +oo and the Gaussian kernel is real (i.e. Q is a quadratic form). In
this case it is enough to consider real-valued Gaussian functions.

g centered Gaussian}

An important step of the proof consists in the study of the non-degenerate case when
Re(Q) is definite positive: the operator is shown to be compact, weak topology argu-
ments yield the existence of maximizers of the ratio |G f||,/|fllp, and a careful study of
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2 FRANCK BARTHE AND PAWEL WOLFF

the product operator G @ G with kernel e~ 2@ =2 %) allows to show that they are
Gaussian. For further comparison, let us emphasize that these arguments use Banach
space techniques, which only apply when p > 1.

Lieb’s theorem extends and unifies many important analytic results. By considering
the kernel e"®*¥) it recovers the calculation of the norm of the Fourier transform from
LP to L for p € (1,2), which was first achieved by Beckner [I3]. It also encompasses
Nelson’s theorem for the Ornstein-Uhlenbeck semigroup:

Pf@) = [ fleto 4 VI=eTy) dna o),

where 1, is the standard Gaussian measure on R", dv, () = (27)"2exp(—|z|?/2) dz.
Nelson’s theorem [37] asserts that this operator is hypercontractive: for p, ¢ > 1 satisfying
e?t > %, and every measurable function f,

1P N oty < 1 F 2o -

Lieb’s article also addresses multilinear operators with Gaussian kernels, and features an
extension of the latter theorem in the case of real-valued kernels and functions. (From
now on we only consider real-valued functions).

Theorem 1.2 ([33]). Let m > 1 and fori =1,...m let p; > 1 and let B;: R* — R™
be a linear surjective map. Let Q be a semi-definite positive quadratic form on R™. For
non-identically zero functions f; € LP"(R™ R), let

_ Jar e @™, fi(Bix) dx
N [ I ’

Then the supremum of H over all such functions is equal to its supremum over centered
Gaussian functions only.

H<f17---7fm)

pi

Setting ¢; = 1/p; and replacing f; with f;* gives an analogous result for the following
functional on integrable functions:

Jon € CWTIL, fi(Biw) da
I(fh"')fﬂ’b): m Ci
Hizl (f]R"z fl)
The above theorem is a far-reaching extension of Holder’s inequalities. In the case when
Q = 0 and the maps B; are linear forms (i.e. n; = 1), it recovers a celebrated inequality

of Brascamp and Lieb [20], which allowed these authors to compute the optimal constants
in Young’s convolution inequality, independently of Beckner [13]. Indeed using duality

1F* gllr < Cll fllpllgllq

can be rewritten as

f@=y)g(y)h(z) dedy < C| fllllgllq ]l

RQTL

The classical Loomis-Whitney inequality [34] and its extension by Finner [27] are also
particular cases of Theorem [L2 The Brascamp-Lieb inequalities found striking appli-
cations in convex geometry thanks to the work of K. Ball, see e.g. [4, [3, 5]. He put
forward a situation where the optimal constant is 1, and could use it in order to derive
various sharp upper bounds on volumes of convex sets. The “geometric” Brascamp-Lieb
inequality reads as follows: if uq, ..., u,, are unit vectors in R" and if ¢y, ..., ¢, > 0 verify

ZCZUZ(X)UZ :Ian, (11)

=1



POSITIVE GAUSSIAN KERNELS ALSO HAVE GAUSSIAN MINIMIZERS 3

where u; ® u; is the orthogonal projection onto Ru; and Idg~ is the identity of R™, then
for all integrable functions f;: R — R™,

i)

Observe that when m = n and (u;)!_, is an orthonormal basis, the inequality becomes an
equality by Fubini’s theorem. So, in some sense, the geometric Brascamp-Lieb inequality
describes an extremal property of orthonormal bases among sets of vectors which decom-
pose the identity as in (ILT]). An extension to functions of several variables appears in
[11].

Over the years, several related inverse inequalities appeared in the literature. A first
and very simple example is the inverse Holder inequality (obviously, Holder’s inequalities
are a particular case of Lieb’s theorem): if A > 1 and f, g: R™ — R then

s (L) (L)

provided [ ¢ > 0 and with the convention that 0- oo = 0. By rearranging the terms, this
is easily deduced from the usual inequality. The inverse Holder inequality can also be
rewritten as a sort of duality for the (non-normed) spaces LP when p € (—o00,0) U (0, 1):
for f,g: R" — R™*,

/R 9> 1l Nl

where p’ € (—00,0) U (0, 1) is still defined by p~' + (p/)~! = 1. Since the latter inequality
is sharp, it follows that for f > 0,

[ g

17l = 32 gl

Another instance appears in the article of Brascamp and Lieb [20], where a sharp

inverse Young inequality is proved: given p,q,r € (0,1] with 1 +1/r = 1/p 4+ 1/q, the
best constant C' such for all positive functions

1F* gllr = Cll fllpllgllq

is described, and is achieved by Gaussian functions. Observe that thanks to (L2)), the
latter can be rewritten as

y fl@=y)gy)h(x) dady = C||flpllgllqll]l:-
Later on, Borell [I8] proved a reverse form of Nelson’s hypercontractivity: if p,q €
(—o0,1) and €? > % then for all positive functions f on R™:

[P Nl oty 2 1 f [ zo -

This bound shows that the Ornstein-Uhlenbeck semigroup improves the positivity of func-

tions (for p <0, |[fll, = 1/[11/ ] ;p| and ¢ < p).
Among the examples of reverse inequalities are the Prékopa-Leindler inequalities [38],

32]: for all A € (0,1) and all f,g: R* — R™,

[ e (L) (L)

where the left hand side term is an outer integral and the supremum is over all (z,y) €
(R™)? verifying 2 = Az + (1 — A)y. This functional version of the Brunn-Minkowski

(1.2)
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inequality is actually a particular case of the more general reverse Brascamp-Lieb in-
equalities proved by the first-named author [9], 1T]. For shortness, we only state the rank
one geometric version of the reverse Brascamp-Lieb inequalities (and refer to Section
for more details): given unit vectors uq, ..., u, in R" and ¢,..., ¢, > 0 satisfying the
decomposition of identity (L), for all integrable functions f;: R — R* it holds

o, oo oe=T1( 1)

This inequality allows to derive geometric properties which are dual to the ones that can
be proved using the Brascamp-Lieb inequality (which was the motivation of K. Ball’s
conjecture of the reverse inequality). See [11, [10] for the first results in this direction.
Again, centered Gaussian functions achieve (or almost achieve) the optimal constant. The
reader may object that the latter inequality seems rather different from the other ones.
Nevertheless, the supremum being an L norm can be viewed as a limit of L” norms.
Building on this idea, Brascamp and Lieb [20] were able to deduce the Prékopa-Leindler
inequality as a limit case of their inverse Young inequality. In the same way, the first-
named author proved in [6] an extension of the inverse Young inequality which recovers
as a limit the geometric reverse Brascamp-Lieb inequalities. See [25] for further results
in this direction. Actually, in view of the content of the present paper and of the dual
features of their applications, a better name for reverse Brascamp-Lieb inequalities could
be dual Brascamp-Lieb inequalities.

It is natural to ask for a general principle that would unify and explain these reverse
inequalities. They definitely share some common features: they provide lower bounds on
integrals involving products of positive functions in terms of their LP norms, often with
p < 1, and Gaussian functions play a special role. A significant progress in this direction
was recently made by Chen, Dafnis and Paouris. One of their main results is stated in
probabilistic terms:

Theorem 1.3 ([25]). Let n = ny +ng + ... + ny, be positive integers and (X, ..., Xnm)
be a Gaussian random vector in R" (where X; € R™ ) with covariance matriz . For
each i, let ¥; denote the covariance matriz of X; (which is a diagonal block of ¥2). Let
P1,- - Pm € R\ {0} and consider the block diagonal matrix P = diag(p121, ..., Pmm)-
Then for all positive functions fi,..., fm,

if ¥ < P, then E <ﬁ fi(Xi)> < 112[15‘3(fz(Xz)p’)”L ;
i=1

i=1

Here the order on matrices is for the cone of semi-definite positive matrices.

The first part of the theorem is actually a direct consequence of the general Brascamp-
Lieb inequality. The second part is a very neat reverse inequality. Observe that the
condition ¥ > P implies, by restriction to diagonal blocks, that 1 > p;. The functional
inequality can be rewritten as a lower bound on a multilinear operator with a generalized
Gaussian kernel (i.e. the exponential of a quadratic form, without sign condition). Chen,
Dafnis and Paouris use transformations of this inequality by linear changes of variables
in order to get more, and doing so they succeed to recover most of the above mentioned
reverse inequalities. Nevertheless, their results do not have full generality and involve
conditions which are sometimes difficult to check. In the note [12], we have announced a
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general result on the optimal constant in inequalities of the form

/ e Q@) ﬁfljk(Bkl’) dx > Cﬁ (/ fk) ch
H k=1 k=1 Y Hk

for all positive functions f;. The goal of the present paper is to give a full proof of the
results of [12], and to provide an extensive answer to the following questions: when is it
possible to calculate the best constant C' by considering only Gaussian functions? or only
centered Gaussian functions? when is there a non-trivial inequality (C' > 0)7

1.2. Notation and main results. Here is a description of the setup of this article. Let
0 <m™ < m beintegers and H, Hy, ..., H,, be Euclidean spaces endowed with the usual
Lebesgue measure. For k = 1,...,m let ¢; be a real number satisfying ¢; > 0 for ¢ < m™*
and ¢; < 0 for j > m™, and let By: H — Hy, be a surjective linear map. Further, let
Q: H — R be a quadratic form with signature (s7(Q),s7(Q)). For measurable functions
fr: Hy — [0, +00] satisfying 0 < fHk fr < +o0o define

Koo f) = L s ) (13)

[T <fH,c f’f) ’

and assume the convention 0 - co = 0 for the product [[;-, f:*(Byx).

Our goal is to study the minimization problem for the functional J. It turns out that
centered Gaussian functions, i.e. the functions of the form e~%® for a positive definite
quadratic form ¢, play a pivotal role. One of our main results is the following counterpart
to Lieb’s Theorem

Theorem 1.4. Let ¢1,...,Cpp+ >0, Cutgts -5 G < 0 with 0 < m™ < m. Assume that
the map x — (Bix, ..., By+x) from H to Hy X --- X H,+ is onto and that

dim H > s7(Q) + dim H; + - - - + dim H,,+.

Then inf J = infeg J, where the right-hand side stands for the infimum of J over all
choices of centered Gaussian functions gy.

Hence a Gaussian minimizers principle holds under some hypotheses. It may fail when
they are not fulfilled, but this happens only in degenerate situations. The purpose of
Section [2] is to give a full picture of these degenerate cases. This is done via a care-
ful inspection of the values of the functional J on centered as well as general Gaussian
functions (i.e. non necessarily centered) of the form e~9*¢, where ¢ is a positive definite
quadratic form and /¢ is a linear form. This allows to put forward a natural and convenient
non-degeneracy condition:

ng ker s, 18 positive definite and dim H > s™(Q) + dim Hy + -+ dim Hypv. (1.4)

Section [3 gives a proof of the Gaussian minimizers principle under the above condition
(L4). The main tool is monotone transportation as in the proof of Brascamp-Lieb inequal-
ities of [I1], see also [7, 41]. The presence of negative exponents introduces substantial
additional difficulties. A crucial technical step is to use a particular decomposition of
the quadratic form Q which is adapted to the geometric structure of the problem, and
is inspired by (L4). One could have tried and follow other techniques which applied
to Brascamp-Lieb inequalities, as semigroup interpolation or stochastic representations
[24, 15, 19, &, 14, BT, 25, 36, B0]. Nevertheless the transportation technique has the
advantage that it does not require any a priori structural study of extremizers.

In Section Ml we establish the analogue in our setting of the geometric Brascamp-Lieb
inequality, and show that it is equivalent to the correlation inequality of Chen, Dafnis and
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Paouris presented here as Theorem [L3. Our structural study allows a better analysis of
equality conditions. Note however that their semigroup proof of the geometric inequality
is simpler than ours (somehow for the transportation approach the geometric situation is
not easier than the general case).

Section [l presents a dual form of the inverse Brascamp-Lieb inequalities, which can be
obtained from the very same proof. A brief summary of the various types of inequalities
is provided.

The next sections are devoted to the question of existence of a non-trivial inverse
Brascamp-Lieb inequality. In other words, when is it true that inf J > 07 For Brascamp-
Lieb inequalities, the analogous question (of boundedness of multilinear Gaussian opera-
tors) was settled in the general case by Bennett, Carbery, Christ and Tao [15], 6] after
other contributions in the rank one case [L1], 24].

Section [l establishes, for fixed geometric data (Q, (Bg)i-,), a convexity property of the
set of exponents (c)7, for which inf J > 0. We call this set the positivity domain of J.

Section [7] gives a description of the positivity domain in the rank one case, i.e. when
the maps By, are linear forms and when s*(Q), s7(Q) < 1. In this case, the proof is
simple and based on explicit calculations on Gaussian functions. The positivity domain
is a polyhedral convex cone which we can describe as an intersection of half-spaces or by
generating vectors.

Section [§ deals with the general case. We follow the inductive approach of Bennett,
Carbery, Christ and Tao [I6]. In our setting, the fact that the quadratic form can have
positive and negative parts (and thus corresponds to fixing two Gaussian functions instead
of one) makes the analysis more delicate. For simplicity, we state here our characterization
in the case when no kernel is involved (the general result is formulated as Theorem [8.9)).

Theorem 1.5. Let ¢1,...,Cp+ >0, Cutgts -5 G < 0 with 0 < m™ < m. Assume that
the map x +— (Byx, ..., Bp+x) from H to Hy X - - - X H,+ is a bijection. For any integrable
functions fi,: Hy — [0, 4+o00] with [ fi >0, let

S TT 5 (B e
m Ck
ITiz <fH,c / k)
Then inf J > 0 if and only if the following two conditions are verified:
(1) dim H = Y"1 | ¢, dim Hy,
(2) For every linear subspace V- C H such that dimV = ZZ”:J; dim B;V, it holds

J(f1y oy fm)

dimV > Z ¢, dim BV.

k=1
If © — (Bix,...,By,+x) is not surjective then minJ = 0. If it is surjective but not
injective then inf J = 4o00.

Let us emphasize that in the positivity domain, ¢; > 1 for i = 1,2,...,m" (see Propo-

sition B13), which means that our results can be stated in terms of LPt-spaces with
pr = 1/c; < 1 and possibly negative.

Let us conclude this introduction with some more notation and comments on the setting.
In the rest of the paper, we use the notation infg J for the infimum of J on m-tuples of
Gaussian functions (not necessarily centered).

We could only require the sets Hj, to be finite dimensional vector spaces equipped with a
Lebesgue measure. Euclidean structures are not relevant for our problems, but working in
Euclidean spaces is convenient for explicit calculations for Gaussian functions, as quadratic
functions are represented by symmetric linear maps. Also Euclidean structures induce a



POSITIVE GAUSSIAN KERNELS ALSO HAVE GAUSSIAN MINIMIZERS 7

canonical choice of Lebesgue measure. In a context of a Euclidean space, we will use
(-,+) for the inner product, | - | for the Euclidean norm and for a linear map L between
Euclidean spaces, L* will stand for its adjoint. We denote by @ a self-adjoint map on H
such that for all z € H,

Q(x) = m(x, Qa).
Eventually let us mention that we allow H, = {0} and choose by convention the

Lebesgue measure to be the Dirac mass at 0. For such a k, the terms involving f; can be

canceled out from (L3).

1.3. Acknowledgments. This work has benefited from discussions on related topics
with several colleagues. We would like to thank in particular Jérome Bertrand, Max
Fathi, Piotr Mito$, Krzysztof Oleszkiewicz, Grigoris Paouris.

2. WELL-POSEDNESS OF THE MINIMIZATION PROBLEM AND THE MINIMUM VALUE
We denote by B, the linear map (By, ..., By+), that is

Byt H — Hi x-xHp,+

r — (Biz,...,By+x). (2.1)

2.1. A non-degeneracy condition. We put forward a simple condition on the above
map B, which allows the functional J to vanish.

Lemma 2.1. (i) If the map By from H to Hy X -+ X H,,+ is not onto, then inf J =
min J = 0.
(ii) Conwversely, if the map By is onto, then all fy: Hy — [0, +00] with 0 < fHk fr <
+o0 one has J((fx)) € (0,400].

Proof. (i) Consider a point (ay, ..., amn+) € Hy X+ X Hpy+, so that its Euclidean distance
to the range of the non-surjective linear map B, is at least vVm™. If we denote by By (z, 1)
the open ball of center x and radius r in H, then

(Bm, (a1,1) x -+ X Byt (ap+, 1)) N {(Biz,..., Bp+x); € H} = 0.

For 1 < ¢ < m™ consider the function f;: H; — R" defined as the characteristic function
of By, (a;,1). Then the latter empty intersection ensures that for all x € H,

[/ (Biz) = 0.
=1

Therefore, for any choice of functions (f;);sm+, it holds J(f1,..., fm) = 0.

(ii) Since [[..,,+ fH fi > 0, the measure of points (21, ..., 2z,+) € Hy X -+ x H,,+ for
which [].., + f7(z) > 0 is positive. From the hypothesis that B, is onto it follows that
the measure of

wem [ f#(Ba)>0)
1<i<m™*

is positive. To conclude it is enough to notice that integrability of f; (for m* < j < m)
implies that [72,, + f;’(Bjz) > 0 z-a.e. in H. O

As a consequence of the previous lemma, we will often work under the non-degeneracy
assumption that B, is surjective.
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2.2. Calculations for centered Gaussian functions. Recall the classical formula
Ja e~™dt = 1. From this, it follows that for any self-adjoint operator A on R? (or a
d-dimensional Euclidean space),

o AT) g _ det(A)~1/2 if A is positive definite,
Rd ] +oo otherwise.

When A is positive definite, we denote g4 the centered Gaussian function defined by

ga (l‘) _ e—ﬂ(x,Aa:) )

An elementary computation shows that

det(Q-f—ZZL:l CkBZAkBk)>1/2 .
T ga) = 4 (2R i (A1, An) € A,

o0 otherwise,

(2.2)

where the set A is defined as follows

A= {(Al, ooy Ap) s Ag: Hy — Hjy and Q+Z e By ApBy: H — H are positive deﬁnite}.

k=1
Therefore the infimum of J over centered Gaussian functions equals D=2 where
det(Q —+ Zm, CkB*AkBk>
D = k=1 k (A Am cA 93
o { Hzlzl(det Ak,)ck ( 1 5 ) , ( )

with the convention that D = 0 for A = () (and thus D~/2 = c0).

2.3. Ensuring finiteness for some functions. We investigate the existence of non-zero
functions for which J takes a finite value. The right setup for the functional J to be non
degenerate on centered Gaussian functions is the following condition:

Q is positive definite on ker B, . (2.4)

Proposition 2.2. The following assertions are equivalent:
(i) there exist centered Gaussian functions gi,. .., gm with J(g1,...,gm) < +00,
(i) A0,
(iii) Q)kerp, 5 positive definite.
Proof. The equivalence of (i) and (i7) is a direct consequence of Formula (2.2]). Assertion
(i1) is equivalent to the existence of positive maps (Ag)}"; such that Q+>_7" | cx By A By
is positive definite. This can be rewritten as

m+ m
Q+ > B AB > Y |¢|BjA;B;.
i=1 j=14m+
Since one may choose the matrices A; > 0 arbitrarily small, (i) is equivalent to the
existence of positive maps (A4;)™] such that
mT
Q+ > ¢BJAB; > 0.
i=1
Similarly, one may choose each matrix A; as an arbitrarily large multiple of the identity

on H;. Hence (i) is equivalent to the existence of D > 0 such that Q + Z:fl DB;!B; > 0,
or in terms of quadratic forms

m+
v (2,Qz) + DY |Baf* = (2, Qx) + D|Byaf?
=1
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is positive definite. We may conclude thanks to Lemma 2.3 below for L = B, . n

Lemma 2.3. Let R be a quadratic form on RY. Let L: RY — R* be a linear map between
Fuclidean spaces. Then the following assertions are equivalent:

(i) There exists D > 0 such that the quadratic form x — R(z) + D|Lz|* is positive

definite,

(ii) Rikerz is positive definite.
Proof. Tf (i) holds then for D large enough x — R(x) + D|Lz|? is positive definite. Hence
its restriction to ker L is also positive definite, namely Rjer, is positive definite.

Next, let us show that (iz) implies (i), by contradiction. If (¢) is not true then for every

integer N there exists a unit vector zy € S%! C R? such that

R(zn) + N|Lzy]* <0.
By compactness of the unit sphere, one can find a converging subsequence (xy,). Let

x € S9! denote its limit.
Since R(zy,) < —Ni|Lzy,|? < 0, passing to the limit gives R(x) < 0. Moreover

R(xNk) < _minsd—l R

Loy, |* < —

| 'rNk‘ — Nk: —_ Nk: Y
so by continuity, letting & go to infinity |Lz| = 0. Hence x € ker L\ {0} verifies R(z) < 0,
meaning that the restriction of R to kerL is not positive definite. U

Combined with the above proposition, the forthcoming one shows that if the map B
defined in (2.7)) is surjective then the following holds: there exists functions for which J
is finite if and only if there exists centered Gaussian functions for which J is finite.

Proposition 2.4. Assume that the map B, is surjective. If Querp, @5 not positive
definite, then for every functions fy: Hy — RY with [ fi, € (0,400), the quantity
J((fe)r1<k<m) is +00.

Proof. Without loss of generality, we consider arbitrary functions fi with [ f; = 1. By our
hypothesis, there exists a unit vector v € H such that (v, Quv) < 0 and for all 1 <i < m™,
B;v =0. Let S C H be any linear complement of Rv. Then there is a positive constant
cs such that, decomposing each element of H as x =y +tv withy € Sandt € R

J((fk)) _ Cs/e—ﬂ(<nyy>+2t(Qy7 V-t2 va H fcl Zy H chJ(B]y+tij) dtd’y

1<i<m™* mt<j<m
Z / y Qy H sz Zy / 6727“5 Qy, H fCJ ]y + tB 'U) dt dy
1<i<m+* R mt<j<m

Let us prove that y-almost everywhere in S, the inner integral equals +o0o. To do this,
we prove that y-a.e. in S, the non-negative function ¢ — Hm+<3<mf (Bjy + tBjv) is
bounded from below by a positive constant, except maybe on a set of finite Lebesgue
measure. Here are the details:

If m* < j <'m is such that Bjv = 0 then for all ¢, f;”(B;y + tB;v) = f;’(B;y). Since
Bj: H — H; is surjective and Bjv = 0 it follows that the restriction of B; to S is also
surjective. Since ij fj < 400, we know that f; < +oo a.e. in H;. As the preimage of a
Lebesgue negligible set by a linear surjection is also Lebesgue negligible, we deduce that
y-a.ein S, f;(Bjy) < +oo. Using that ¢; is negative, we get that y-a.e. in S, f (Bjy) > 0.

If m* < j < m is such that Bju # 0 we proceed differently. First, for each Y, one can
decompose Bjy using orthogonal projections as follows

Bjy = Prp,v+ Bjy + PrpBjy = Ljy + t;(y) Bjv
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where L; = Prp, )+ Bj. By translation invariance of Lebesgue’s measure

vol; ({t € R; f{”(Bjy + tBjv) < 1}) = voli ({t € R; f;(Ljy + (t +t;(y))Bjv) > 1})
= voly ({t € R; f;(Ljy + tBjv) > 1}).

]_ :/ fj = |BJ’U|/ /f](2+tBjU)dtdZ,
Hj (Rij)L R

hence z-a.e. in (RB;v)*, the inner integral is finite and therefore

vol; ({t € R; f;(# +tBjv) > 1}) < 4o0.

Next

Since by construction the above map L;: S — (RB;v)* is linear and onto, it follows that
y-a.e. in S, {t € R; f;j(Bjy +tB,v) < 1} has finite Lebesgue measure.

Putting everything together, we obtain as claimed that y-a.e. in S, ¢ — Hj>m+ f;J (Bjy+
tBjv) is bounded from below by 1, except for a set of finite Lebesgue measure. Lemma
below then yields that y-a.e. in S the inner integral in the latter expression for J((f))
is infinite. Consequently

(i) = es / e [ f(By) x (+50) dy.
s 1<i<m+
So J((fr)) = +oo provided the set of elements y € S for which [],., + f{(B;y) > 0 has
positive measure (for at least one choice of S). To this end we use the hypothesis that B
is surjective and Lemma 2.1[(ii) to obtain that J((fx)) > 0, which readily implies that the
set of x € H for which [[,_, + f{"(B;x) > 0 has positive measure. By integrating over the
Grassmannian of hyperplanes in H there exists a non-negligible set of hyperplanes S such
that for each S € S, the set of y € S for which [[,, + f{(Biy) > 0 has positive measure.
Since the set of hyperplanes of H containing v is negligible, there must be a hyperplane
not containing v in §. O

Lemma 2.5. Let A C R be a Borel set. If A° has finite Lebesque measure then fA eldt =
+00

Proof. Assume on the contrary that [ Letdt = C < +oo. Then for every N € N,
eNvoli (AN [N,N + 1)) < C. Hence vol;(A° N [N,N + 1)) > 1 — Ce ™. Summing
over N € N gives that A¢ has infinite measure. O

2.4. On the effect of translating Gaussian functions and consequences of posi-
tivity. In order to explain the relevance of the hypothesis

dim H > s*(Q) + dim Hy + - - - + dim H, .+ (2.5)

which appears in Theorem [[.4] we study the value of the functional J on non-centered
Gaussian functions.

In order to handle the Gaussian kernel exp(—Q) as two additional (fixed) Gaussian
functions (one function corresponding to a positive exponent and the other corresponding
to a negative exponent), we will decompose the quadratic form Q into a positive and
negative part. To this end, note the following simple fact:

Lemma 2.6. Let S: H — X and T: H — Y be linear maps. The map (S,T): H —
X XY is surjective if and only if S and T are surjective and

ker S+ kerT = H. (2.6)

It is a linear isomorphism if and only if S and T are surjective and ker S @ kerT' = H.
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Proof. Assume that the map (S,7) is surjective. Then S and T are surjective too.
For (Z4)), consider any = € H and we aim to decompose it into ker S and ker 7. By
surjectivity of the map (S, T), there exists y € H such that (Sy, Ty) = (Sz,0). Therefore
x—1vy € ker S and y € ker T, hence

r=(x—y)+y€kerS+kerT.

For the other implication, take any x,y € H. From the hypothesis (2.6]) it follows that
there exists v € ker S and w € ker T such that z —y = v + w, i.e.

r—v=y+tw.
Denote z = x — v. We clearly have
Sz=8x—v)=Sr and Tz=T(y+w)="Ty,
ie. (S,T)z = (Sz,Ty). This means that (S,T) is surjective, since (Sz, Sy) is arbitrary

in SH x TH = X x Y, by surjectivity of S and T
The second part of the lemma follows from ker(S,7) = ker S Nker T u

In what follows we consider any decomposition of Q of the form

Q(x) = c0Q+(Box) + 19— (Bmi17) (2.7)

where ¢y > 0 > ¢,,,_1 are real numbers, By: H — Hy and B,,.1: H — H,,1 are surjec-
tive linear maps onto Euclidean spaces Hy and H,,y; (respectively), such that the map
(Bo, By1) is surjective, or equivalently, by Lemma [2.0]

ker By + ker B,,y1 = H (2.8)

and Q,, Q_ are positive definite quadratic forms on Hy and H,, ;1 (respectively).

The existence of such decomposition is obvious by considering an eigenvalue decompo-
sition of the self-adjoint map ). Then By can be taken as the orthogonal projection of H
onto Hy being a subspace spanned by eigenvectors corresponding to positive eigenvalues
of @, and similarly B,,,;. One can take ¢g = 1 and ¢,,;; = —1. Condition (Z8)) follows
from orthogonality of Hy and H,,; in H. Moreover, we clearly have

sT(Q) =dim Hy, s (Q)=dimH,,,;. (2.9)

Conversely, any decomposition of Q as in (2.7) satisfies (2.9]). Indeed, by (2.8]), one can
find a complement subspace V' of ker By in H which satisfies V' C ker B,,,; and hence Q
is positive definite on V. This yields st(Q) > dim V = dim H — dim ker By = dim Hy. On
the other hand, Q is negative semi-definite on ker By, hence s(Q) < dim H —dim ker By =
dim Hy. The same argument shows the second assertion of (2.9]).

The starting point of the forthcoming calculations is that for any self-adjoint map A
on R? and any vector b € R?,

(A= 1b,b) —1/2 i oA " :
/ o leAz)ramiba) 3 _ ) € det(A) if Ais p051tlve definite, (2.10)
Rd +00 otherwise.
For k =1,...,m, let A; be a positive definite map on Hy. Moreover, let Ay be positive

definite map Hy such that Q. (z) = w(x, Agx), and similarly define A, ; for Q_. With
this notation (Z7) becomes

ke{0,m+1}

For k=0,...,m+1 fix any by € H. Since the map (By, B,,+1) is surjective, we can find
a vector b € H such that Byb = by and By, 1b = by 1.
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We calculate the value of J on the translated Gaussian functions g4, (- + bx). By
translation invariance of Lebesgue’s measure, [ ga, (- + bx) = det(A) /2. In order to
introduce a translation also in the Gaussian kernel, we perform a change of variable
y = x + b in the integral

m

T ((ga, (- + b)) T det(Ar) /2 :/ yQyH (Byy + be) dy

H

m

_ / e T Zke{o,m+1}(ka+bk7Ak(ka+bk)> ngkk (ka + Bkb + bk) dzr.
H k=1

Here it is convenient to set uy, = Bpb+by for k = 1,2,....m" and uy, = by, for k € {0, m+1}
(for the sake of consistency of notation). Developing all the quadratic terms shows that
the latter integral is equal to

/ e—W(ZL”:Ol ck<Ak(ka+uk)ka$+Uk>) dx
H

_ / efw(<m,A:v>+2<m,v>+ZZZLol ck(Akuk,uk)) d!L‘,
H

where we have set A = m+01 cxBiAkBy and v = Y " 01 cxBi Aruy. From the above

calculations and (ZI0) it follows that
J((ga,(- + b)) <+oo <= Ais positive definite (i.e. (A;)f, € A) (2.12)

and in case A is positive definite,

det A 7% T _11)1}7 'm«b»lc wn
Haa =B+ ) = (i) (o). o
=1

In terms of the translation parameters wuy (for k& = 0,...,m + 1), the term inside the
exponential is a quadratic form. Hence its infimum is 0 if the quadratic form is positive
semi-definite and —oo else. In the latter case, we get that the infimum of J is zero because
of certain non-centered Gaussian functions, while in the former case we get that J takes
smaller values on centered Gaussians (g4,) than on their translates. In short,

inf J € {0, inf J}.

Proposition 2.7. Suppose that Q is positive definite on ker B, (which guarantees that
J s finite for some centered Gaussian functions) and that infgJ > 0. Assuming the
notation that is involved in (21) and [2I1)), the following assertions hold true:

(1) If (Ap)-, € A then for allv, € Hy, k=0,...,m+1, setting A = kajol cx B AL By,

and v =">" 01 cx By, it holds
m+1
(A, 0) > ch<Alzlvk,vk).
k=0

(2) The map x — (Boz, Biz, ..., By+x) from H to Hy X -+ X H,,+ is onto.
(3) dim H > s+(Q) + 37 dim H,.
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Proof. Since infg J > 0, reasoning as above on the argument of the exponential term in
(213) shows that if v = > 7" | ¢, By Aguy then
m+1
(A, v) > Z ek (Apug, ug).
k=0
Applying this to up, = Ay, (k=0,1,...,m + 1) concludes the proof of the first item.
Let us address the second part of the claim. By duality, our goal is to show that the

map (Vg, ..., Up+) — Z:”:z ¢;Bfv; is injective. So we assume that Z:”:z ¢;Bfv; = 0, and
we want to prove that vy = .-+ = v,+ = 0 (recall that ¢; # 0). If we set v; = 0 for
mt < 7 < m+ 1, it holds that 0 = ;”:01 cx Bjvg. Thanks to Proposition 2.2, we may
find (Ax)7, € A and apply the first item of the present Proposition 2.7 it gives that
m+1 mt
0=(A"10,0) > Z (A oy, vg) = Zci<Ajlvi,vi).
k=0 i=0

Since ¢; > 0 for 0 < i < m™*, we deduce that (A;v;,v;) = 0, thus v; = 0.
Eventually the third point of the claim is a direct consequence of the second one (sur-

jectivity implies that the dimension of the target space is not bigger than that of the
initial space, and s*(Q) = dim Hy by (2.9)). O

Proposition 2.8. Assume that Q is positive definite on ker By and that infeg J > 0.
Then B,y 1is surjective.

Proof. We proceed by contradiction. Assume that B, is not onto. Then for some i €
{1,2,...,m*} and v € H; \ {0}, the vector

0,...,0, v ,0,...,0) € Hy X -+ X Hppr

i-th component

is not in the image of the By = (By,..., Byn+): H = Hy X -+- X Hy+. Fix such ¢ and v
and let P, : H; — H; N (Rv)* be an orthogonal projection. Put H; = H; N (Rv)* and

BZ' = P(Rv)lBi: H— ﬁl

From the surjective maps B, ..., Bi_1, Bi, Bis1, ..., Bm+, we construct a map B, =
(By,...,Bi1,Bi, Bis1, ..., Bp+) from H to Hy X - x Hi_y x Hy x Hijy X -+ X Hpps.

Now we show that @ is positive definite on ker B,. To this end, take any = € H for
which (Byz,... Bz, Bz, Bz, . . ., B,,+x) = (0,...,0). Hence

Biz = (Byz,...,Bpn+z) € (0,...,0, Ruv ,0,...,0),
i-th component

but since (0,...,0,v,0,...,0) is not in the image of By = (By, ..., B,+), we must have
B,z = 0. By assumption, @ is positive definite on ker B, which gives (Qz,z) > 0 if
x # 0.

Applying Proposition to @ and the maps B, ..., Bi_1, B, Biy1, ..., By we have

positive maps Ay : Hp — Hy for k # i and A;: H; — H, such that the map
Q+ CZBZ*/LB, + Z ek B Ag By is positive.

1<k<m

ki
For t > 0 define a positive map Agt) = P&UHAZ-P(RU)L + tvv*: H; — H;. Note that

tlirél+ det (Q—I—ciB;‘Agt)Bi—l— ; CkBZAkBk> = det <Q+C,B:AZBZ+ ; Cchl:AkBk> >0

k#1 ki
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while lim; o, det AZ@ = 0. Therefore using the formula (2.2) we see that
tlir(% J(QAU s 7gA¢7179A£t)7gAi+17 S 7gAm> =0,
where g(z) is a centered Gaussian function e~ ™A%}, u

2.5. Case analysis and non-degeneracy hypotheses. The goal of this section is to
give a full view of the cases when the best constant in inverse Brascamp-Lieb inequalities
can be computed with Gaussian functions only.

Case 0.0: The restriction of Q to ker B, is not positive definite and B, is not surjective.
In this case, Lemma 2.J(i) implies that min.J = 0. On the other hand, Proposition
implies that infeg J = +00, or equivalently A = ), which combined with ([2I2) implies
that also infg J = +00. Gaussian functions do not allow to compute the infimum of J.

Case 0.1: The restriction of Q to ker B, is not positive definite and B, is surjective.
Proposition [2.4] ensures that inf J = +o0o. The functional is always infinite. In a very
degenerate sense, centered Gaussian functions allow to compute the infimum of J.

Case 1.0.0: The restriction of Q to ker By is positive definite, dim H < s(Q) +
ijl dim H; and B; is not surjective. By Lemma 2.1(i), minJ = 0. Proposition 2.8
ensures that infeg J = 0.

Case 1.0.1: Q is positive definite on ker B, dim H < s7(Q) + E:r:l dim H; and By is
surjective. Proposition 2.7 gives infg J = 0. However, in this case the value of infeq J is
not always 0. We will give examples later.

Case 1.1: Q is positive definite on ker B, and dim H > s7(Q) + ZZ”:J; dim H,. This is
our last case, and in a sense the only non-degenerate one. Dealing with it is the main
part of the work. We postpone the proof of the following statement to the next section,
in order to discuss its consequences first.

Theorem 2.9. If Q is positive definite on ker B, and
mT
dim H > s"(Q) + ) _dim H;,
i=1

then inf J = infeg J.

So under the above hypothesis, centered Gaussian functions allow to compute the opti-
mal constant in inverse Brascamp-Lieb inequalities. When the hypothesis of the theorem
is not verified, inf J can only be 0 or +oc.

Remark 2.10. Assume (2.7), (28) and the notation (2.IT]). Then
Q(x) = mco(AoBox, Box) + Temi1(Amit Bmar &, B ),

which ensures that
mt
ker(By,...,By+) C{z € H: Q(z) <0} N ﬂker B;.
i=1
Hence (By, ..., By,+) is injective when Q is positive on ker B, . Together with (2.9]), this
implies that dim H < s7(Q) +dim H; + - - - +dim H,,+. Since the hypotheses of the above

theorem provide the converse inequality, they imply that dim H = s7(Q)+dim H; +- - -+
dim H,,+, and that (B, ..., B,,+) is a bijection.
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yes
~
dim H > s*(Q) + Y dim H,?

yes
N
inf J =inf J < +00
cg

no yes

. \
minJ =0 inf J = +o00
iIglf J =400

FiGURE 1. Summary of the case analysis

Let us mention variants of the above theorem, which consist in grouping a bit differently
the various possible cases. A first variant is Theorem [[L4] as stated in the introduction.
Another one is given next. It means that under the assumption that the functional J
is finite for some Gaussian functions, the optimal constant can be computed using non-
centered Gaussian functions only.

Theorem 2.11. If Q is positive definite on ker By then inf J = infg J.
Next we provide examples of the cases when the Gaussian minimizers principle fails.

Example 2.12. Consider the very simple case of the functional

J(f,g) — fR2f fx fd.rdy

Here m™ = m = 2, ¢; = ¢ =1, @ = 0 and By(x,y) = Ba(x,y) = z. The map
By: R* — R? is given by B, (z,y) = (z,2z). It is not surjective, and Q is not positive
definite on ker B, = {0} x R. So We are in the setting of Case 0.0 above.

By Fubini J(f, g) = +oox [ f( x)dz/([ fx [ g) which is equal to 0 if the supports
of f and g are disjoint, and is equal to +o0o for Gaussian functions.

Example 2.13 (Reversed hypercontractivity). Borell’s reverse Gaussian hypercontrac-
tivity [18§] states that for any p,q € (—o0,1) the operators of the Ornstein-Uhlenbeck
semigroup P, f(z) = [ f(e™'x + /1 — e~ 2y)y(dy), where 7 is a standard Gaussian mea-
sure, satisfy

IPef Nl oy 2 1Nl 2oy

for all positive functions f € L'(v) if and only if e™* < }%’q’. Excluding the case when
either p, ¢ or t is 0 and using the fact that for ¢ € (—o0,1) and h € L9, ||hl|« =
inf{ [ hk: k > 0, [k = 1} where ¢ = q/(q — 1), the above estimate can be restated as
follows: let n =2, m = 2, ny = ny = 1, By(xy,29) = x1, Bo(x1,29) = 29, c1 = 1/p €
R\ [0,1], .o =1/¢ € R\ [0,1],¢> 0 and

Q= 1 1—(1—e?) —e 7t
T on(l— e %) —et 1—(1—e?)ey )
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Then for the corresponding functional

Hpg) = [ e o an)g ) davdan ([ 1) ([0) ™

_a +co

we have inf J = (2m)!7 "2 /1 — e~2t if and only if ¢;co det Q > 0.

Now, let us focus on the a specific example ¢; = ¢o = 2. In this case By (x1,x2) =
(x1,x2). Hence By is surjective and @ is positive definite on ker B, = {0}. Condition (2.5])
is violated if and only if s7(Q) > 0, which is equivalent to

tr(@Q) >0 or det(Q) <0.

Actually, in our case tr(Q) > 0 implies det(Q)) < 0. A simple calculation shows that
sT(Q) > 0 holds if and only if e > 1/4. Thus, whenever e™* > 1/4, we are in
Case 1.0.1 above, and inf J = infg J = 0. Besides, Borell’s result asserts that inf J =
(2m)7 /1 — e~2 provided e~? < 1/4. Next we claim that

f J — 2m) W1 —e2 ife?e (i,%],
g 0 if e € (3,1).

This is an illustration of Case 1.0.1 above: inf J = infg J = 0 but infeg J can be 0 in some
cases, and positive in some other cases.

[t remains to prove the claim. Put f(z) =
Then

—ax?/2 — e—bx2/2

and g(x) for some a, b > 0.

(27r)2—(c1+c2)ac1 be2 (1_6—215)2

if det > 0,
1+ (1—e?e(a—1) —e!
J(f, 2 _ ) det
(f.9) —e ! 1+ (1—e)cy(b—1)
+00 otherwise.
Restricting our attention to the case ¢; = ¢y = 2,
_ _ a2b2 . . . .,
(g = (2m)2(1—e Qt)4(1+ab)(1—e*2t)—3b+2(26*2t—1)(a+b) if the denominator is positive
7 400 otherwise.

In the case e " € (1/2,1) we show that inf, ;=0 J(f, g)? = 0 by checking that
4(1+ab)(1 —e ) =3 +2(2e 2 —1)(a+b)
sup 53
a,b>0 ab

> sup 8(1—e ) —3+22e* —1)(a+1/a) = +oc.
a>0,b=1/a

In the case e " € (1/4,1/2] we will have inf, j~0 J(f, g) = (27)"*V1 — =2 if we show
4(14ab)(1—e ) —=3+22e % —1)(a+0)
sup 2
a,b>0 a
Put A = 2—4e % € [0,1). Since a+0b is multiplied by the coefficient 2(2¢72—1) = —\ < 0,
we can use the inequality a + b > 2v/ab to calculate the supremum in 214)) as follows:
A—=1—=Xa+b)+(A+2)ab

=1. (2.14)

sup e sup (A — Da* — 222 + (A + 2)2® =: sup p(z).
a,b>0 a b x:(ab)*1/2>0 x>0
Since

&) = —4(1 — Na(z — 1) (2 - %)

¢ is increasing on (0, 1] and decreasing on [1, 00) and hence sup,., ¢(z) = ¢(1) = 1.
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We conclude this section with the analysis of degenerate and non-degenerate cases for
the inverse convolution inequality.

Example 2.14 (Reverse Young inequality). As mentioned in the introduction: for p, q,r €
(0,1] such that 1+ 1/r = 1/p + 1/q, and positive functions on R", Brascamp and Lieb
have proved that

C,0\"
1759l = (S2) 11l

holds where C; = [t|'/*/|t/|'/" | and the constant is optimal. Our goal here is to discuss
extensions to negative exponents.

Using a duality type argument, a change of functions and the fact that C, = 1/C,
we can reformulate the above result as follows: if p,q € (0,1] and " € (—o00,0) verify
1/p+1/q+ 1/r" =2 then for all positive integrable functions f, g, h,

/(n)2f(:c—y);g(y)§h(:c)ff dx dy > (C,C,Ch)" (/f) (/g)é </h)_

Simple changes of variables as [ F(x — y)G(y)H(z)dxdy = [ F(2)G(x — 2)H(x) dx dz
show that p,q and 7’ play symmetric roles. Therefore the convolution inequality is also
true when 1/p+1/g+ 1/ = 2 and among the three numbers p, ¢,7’, two are in (0, 1] and
one is in (—o0,0), (which is more general than p,q,r € (0,1]). However no non-trivial
inequality holds beyond this range of indices, as we show next.

The condition 1/p+1/g+1/r" = 2 is necessary (applying the inequality to f(\-), g(A-),
h(X\-) for A > 0 and changing variables (z,y) = A7'(X,Y) gives it). Consider the three
surjective maps from R?" to R™ defined by Bi(z,y) = v — vy, Ba(x,y) = vy, Bs(x,y) = =,
and the numbers ¢; = 1/p, co = 1/q and ¢3 = 1/r’. The above analysis of degenerate cases
shows that one should focus on the map By = (B;);. ;0. If p,q, 7" are positive then B,
is not surjective and the only possible constant in the convolution inequality is 0. If only
one among the three number p, ¢, r’" is positive, then B, is surjective but not injective and
we are in Case 0.1, meaning that the functional under study never takes finite values.

[un

3. PROOF OoF THEOREM [2.9]

3.1. Decomposition of the kernel exp(—Q). The positive and negative parts of a
quadratic form Q play different roles, as do the functions f; with i < m™ and the functions
f; with 7 > m™. Although there is no canonical decomposition of H into subspaces on
which Q is, respectively, positive and negative definite, Condition (2.4]) provides a natural
candidate for a subspace on which Q is positive definite. This leads to the following result:

Lemma 3.1. The following two assertions are equivalent:
(1) (i) Q is positive definite on ker By and (i) dim H > s7(Q) + E:fl dim H;.
(2) There ezist vector spaces Hy, Hp,i1, surjective linear maps By: H — Hy and
Byi1: H — H,.1, and positive definite quadratic forms Q. on Hy and Q_ on
H,,.1 such that:
e (By,B.): H— Hy X - X H,+ is bijective, (3.1)
e ker B, C ker B,,41,
o forallx € H Q(x) = Q. (Byxr) — Q_(Bni1x).

Remark 3.2. The above decomposition of Q is more specific than the ones introduced
in Subsection 2.4] in (2.7). Although we have used for convenience the same notation
By and B, there, they do not necessarily represent the same maps as in the above
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lemma. However no confusion will be possible, since from now on we will only use the
decomposition of Lemma [3.11

Proof. We start with (2) = (1): For any « € ker B, C ker B,,;1, it holds
Q(.T) = QJr(BOx) - Q7<Bm+1x) - Q+(BQJZ’) > 0.

Moreover, if Q(x) = 0, using that Q, is definite positive, we deduce that Byz = 0. It
follows that x belongs to ker By Nker B, which is equal to {0} by hypothesis. Thus we
have shown that Q is positive definite on ker B, .
It remains to prove (1)(ii). By hypothesis, (By, By) is a linear isomorphism, which

implies that

mt

dim H = Z dim H;.

=0
Therefore, it is enough to show that s7(Q) < dim H,. Since Q_ is positive definite, Q is
negative semi-definite on ker By, and hence

sT(Q) < dim H — dim ker By = dim H,.

Now we prove that (1) = (2). Set
mT
Hy = ker B, = |ker B;.
i=1
Note that (1) implies dim Hy = s7(Q). Indeed,
mT
dim Hy = dimker By = dim H — dimIm By > dim H - » _dim H; > s7(Q),
i=1
where the last inequality follows from (1)(ii). The converse inequality follows from

Sylvester’s theorem since Q is positive definite on Hj.
Now consider the subspace

Hy® ={x € H:Vye Hy, Qz,y)=0},

where we also denote by Q(+,-) the symmetric bilinear form associated with the quadratic
form Q. Since Q is positive definite on Hy, we have

HoN Hy© C {x € Hy: Oz, z) = 0} = {0}.
As a general fact, dim HOl ° > dim H — dim H,, therefore
Hy® Hy® = H. (3.3)
Consider the projection P: H — H onto H, with kernel Holg. Then Id—-—P: H— H
is the projection onto Hy 2 with ker(Id — P) = Hy and
Q(x) = Q(Px) + Q((Id — P)x). (3.4)

Next, note that Q is negative semi-definite on HOL ¢. Indeed, suppose that for some
0+#x € Hy?, Q(x) > 0. Then for all A € R and y € H,

QA +y) = NQ(x) + 2XQ(z,y) + Qy) = N’Q(z) + Q(y) > 0

whenever \ # 0 or y # 0, which thanks to (8.3)) is equivalent to Ax + y # 0. In this way
Q would be positive definite on the subspace Hy @ span{z} which has dimension strictly
larger than s*(Q) and thus it contradicts Sylvester’s theorem.
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Further on, as a general fact, the radical of Q
radQ={r e H:Vye H, Q(x,y) =0}
is a subspace in HOl 2. Consider
Hypvg = Hy2/radQ
and the maps By: H — Hy and B,,11: H — H,,,1 defined for x € H by

Bo(x) = P(x),

Bii(z) =7 Id — P)(z)),

HOLQ—>HOLQ/radQ((

where 7 is the natural quotient map from HOL 2 to Hy2?/radQ. Finally, con-

Hy @ Hy 2 /rad Q
sider the following positive definite quadratic forms

Q. = Qlu,: Hy — R,

Q_ :Hpy =R, QO (z+radQ) =—Q(x) for z € Hy°.
Then the decomposition (3.4 becomes
Qx) = Q4 (Box) — Q (Bri12).

Next, let us establish the claimed properties of the linear maps which appear in the
above decomposition of Q.
The non-degeneracy conditions (1)(i) and (1)(ii) imply that the map

Byt = (Bo,B1,...,Bm+): H— Hy x Hy X -+- X Hp,+ is a linear isomorphism.

Indeed ker Bynker B, = HolQﬂHo = {0}, hence By, is injective. The dimension condition

(1)(ii), once rewritten as dim H > ZZ”:E dim H;, shows that By, is an isomorphism.
Note also that ker B,,, 1 = Hy + rad Q and therefore

ker By = Hy C ker By, 11.
This concludes the proof of the claimed properties. O

The simple lemma stated below establishes the following consequence of (3.2)):
if F'C Hy X -+ x Hp+ is compact, then B,,;1(B;"(F)) is compact. (3.5)

Lemma 3.3. Let S: X =Y and T: X — Z be linear maps between finite dimensional
linear spaces X,Y,Z and F CY be a compact set. If ker S C ker T then T(S™(F)) is a
compact subset of Z.

Proof. Put V' = ker S and let 7: X — X/v be the natural quotient map. Define S: X —
Yand T: X/v — Z as

S(x+V)= Sz, T(x+V)="Tzx

(these definitions are correct since the kernels of S and T contain V), i.e. So7r =S and

Tom=T. Note that ker S is trivial, hence S is a linear an isomorphism onto its range,
and thus G = S7!(F) is a compact subset of X/v. Finally write

T(SH(F)) = T(r(r (ST (F)))) = T(S™'(F)) = T(G)

and use that T'(G) is also compact. O
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3.2. More on quadratic forms. We start with recalling a simple inequality, which
appears in the transportation proof of the Brascamp-Lieb inequalities.

Lemma 3.4. Let I be a finite set, and for each i € I let d; > 0, L;: H — H; be linear
and onto and K;: H; — H; be a linear symmetric definite positive map. Assume that
K =% dL:K,L; > 0. Let w € H, then for all y; € H; verifying w = ), d;L}y;, the
following holds

(K 1w, w) < Zdi(Kflyiayi>-

There is equality if one chooses y; = K;L; K 1.
Proof. This is a direct application of the Cauchy-Schwarz inequality:
(K~'w,w) = Y di K™ w, Liys) = Y dil K2 LK~ w, K, y;)

(2

: 3

< (deK;/?LiK—lw,Kj/QLiK—1w> (Zdi<Ki_1/2yi,Ki_1/2yi)>
; :

= <<(ZdiL:KiLi)K_1w,K_1w>> <Zdi(K{1yi,yi>>

=t ()

t

When proving Proposition 2.7 we have shown that the quadratic inequality stated as
its first conclusion implies that the map (By, ..., By+) is onto. Our next task is to prove
a converse statement, for further use.

Lemma 3.5. Let ci,...,cpv >0 > Cpvq1, - yCm. Fork=1,....m, let By: H — Hy
be a linear surjective map, and let Ay: Hy — Hy be symmetric definite positive operator.
Assume that (By,...,Bny): H— Hy X -+ X Hy+ is onto.

IfA:=3"0"  aBiApBr > 0 and y = Y ;" | cx Byiyx for some yy, € Hy, then

(A7) > > el A gn, )
k=1

There is equality if one chooses y;, == A BiLA™ly.
Proof. The statement is derived from the former lemma, after rearranging the terms. By

the surjectivity hypothesis, there exits z € H such that for all i < m™, y; = A;B;z.
The relationship y = > 7" | ¢ Biyx can be rewritten as

mt<j<m i<mt
If we set K := ) .. .¢BfAB;, w:= Kz, Hypy = H, By = ldy, Any = A,
Ym+1 1=y and c¢,,41 = 1, we obtain that
w= > lg|By: (3.6)
mt<j<m+1
With this notation, we may also rewrite the relationship A =" | ¢, By Ay By, as

i<mt mt<j<m mt<j<m+1
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Observe that K > 0 holds, as a consequence of A > 0. Therefore (3.6) and (3.7)) allow to
apply Lemma 3.4l and to get

> lel{A Yy ) = (K w,w). (3.8)

mt<j<m+1

By our definitions for w, K and z,

(K 'w,w) = (Kz,2) = < Z ¢;Bf A; Bz, z> = Z ci(A;B;iz, Biz) = Z ci<yi,A;1yi).

i<mt i<mt i<mt

Since |cm+1|(A;I1+1ym+1,ym+1) = (A7 'y,y) and ¢; < 0 for m™ < j < m, the statement
of [B.8) gives the claimed inequality. The case of equality is easily verified. O

3.3. Preliminaries and general strategy of the proof of Theorem The very
first step in the proof of Theorem 2.9 is to consider a decomposition of the Gaussian
kernel exp(—Q) as explained before. Namely, thanks to the hypothesis of Theorem 2.9
the assertion (2) from Lemma [B.1] holds true. Therefore we will consider the quadratic
forms Q, and Q_ together with the maps By: H — Hy and B,,;1: H — H,,.1 whose
existence is ensured by that assertion. Further consider self-adjoint maps @, : Hy — Hj
and Q_: H,,.1 — H,,,1 which represent the respective quadratic forms, i.e.

Q. (x) =m(Qsx,z) forx € Hy,
Q (x)=m(Q_x,z) forz € Hy.

For k = 1,2,...,m fix measurable functions f;: Hy — [0, 00] of integral one. We will
deal with the Gaussian kernel exp(—Q) as two additional functions, namely

det Q)
exp(~0(0)) = || oo i (Bon) f5 (Brena),

where fo: Hy — [0,00] and fy,41: Hypp1 — [0, 00] are defined as

Jo(z) = /det Q1 exp(—7(Q17, 7)),
fms1(z) = y/det Q_ exp(—7m(Q_z, z))

and ¢y = 1, ¢,,11 = —1. With this notation we have

detQ m+1
J(Frseo fn) ’/detQ+/Hk0 “(By) da. (3.9)

The general strategy is similar to the one of the proof of the direct and reverse Brascamp-
Lieb inequality from [11]. Namely we will consider a tuple of centered Gaussian functions
gron H, (k=0,1,...,m+ 1) of integral one and optimal transport maps Hy 3 z — y =
Ti(z) € Hy which push forward the density fi(x)dzx onto the density gx(y) dy. Starting
from the maps T}, we will build a change of variable map #: H — H which will allow us
to pass from J(f1,..., fi) in the form of (8.9) to the integral over H involving a Gaussian
function only. However, since we aim to bound ([B.9) from below, it is crucial that the
map 6 is surjective. This point is a substantial technical difficulty which is not present in
the transportation proof of the Brascamp-Lieb inequality with positive exponents.

In order to make the above strategy work, we need to restrict fr to carefully chosen
classes of functions. There are two reasons behind this: first, we need to ensure existence
of optimal transport maps; moreover, it will be convenient to have some regularity of
these maps and to have the Monge-Ampere equation satisfied in the classical sense. The
second reason is that we need to ensure surjectivity of the map 6. This can be done
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by appropriate choice of supports of the test functions. Finally, the inequality for any
integrable functions f; will be obtained via an approximation argument.

We close this subsection with notation and facts concerning convex functions on Eu-
clidean spaces. A standard reference is [39]. In the sequel we write int A, ¢l A, bd A for
the interior, closure and boundary of A.

Let ¢: R" - RU {400} be a convex function. The domain of ¢ is

domy = {z € R": p(z) < +o0}.

We say that ¢ is proper if dom ¢ # (. We say that ¢ is closed if the epigraph of ¢, i.e.
the set {(z,y) € R"™: z € dom g,y > ¢(z)}, is a closed subset of R™. A convex function
¢ is closed if and only if it is lower semi-continuous (or, equivalently, for every o € R,
{z € R": p(x) < a} is a closed subset of R™).

For x € R", the subdifferential Op(z) is the set of all vectors z* € R™, called subgradi-
ents, which satisfy

[(9) = f(z)+ {a*y — ) forall y € H.
For A CR",

dp(4) = | dpla)
€A
Note that dp(z) # 0 for all z € int dom ¢ (actually for all = in the relative interior of
dom ) and that if ¢ is proper then dp(x) = @ for all z ¢ dom . If ¢ is differentiable
at r € R" then Op(r) contains exactly one vector V(x). The converse statement is
also true: for a convex function having a unique subgradient at a given point implies
differentiability at that point (see [39, Theorem 25.1]).
If ¢ is proper, we define the Legendre conjugate of ¢ as
¥ (y) = sup (z,y) —p(x),
z€dom ¢

*

which is a proper closed convex function on R". If ¢ is proper and closed then (¢*)
coincides with ¢.

If ¢ is proper and closed then the multi-valued maps dp and d¢* are inverses of each
other, i.e.

y€0p(r) <= x€dp*(y) (3.10)

(see [39, Corollary 23.5.1]). In particular, y € dp(R") if and only if dp*(y) # @ which
readily implies that if ¢ is proper and closed then

int dom ¢* C Jdp(R™) C dom ¢*. (3.11)

3.4. Optimal transport map. Here we present a result (formulated as Corollary B.12])
on existence of smooth solutions to the Monge-Ampere equation related to certain class
of optimal transport problems. Although the result is most probably well-known to spe-
cialists in the theory of the Monge-Ampere equation, we were not able to find a reference
where it is explicitly stated. For this reason we explain below how the result can be
derived from well-established results in optimal transport and regularity theory of the
Monge-Ampere equation.

Let us begin our discussion with the following result of McCann [35], which is a refine-
ment of an earlier result of Brenier [21] (see also references in [35] for related develop-
ments):

Theorem 3.6 (Brenier, McCann). Let i and v be Borel probability measures on R".
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(i) There exist a Borel probability measure vy on R™ x R™ whose marginals are p and v
(namely, for any Borel set A € R", u(A) = y(AxR") and v(A) = v(R" x A)) and
a closed convex function p: R" — RU{+00} such that the measure v is supported
on the graph of the subdifferential of p, i.e. the set

{(z,y) e R" x R": y € dp(x)}.

(i) In addition to (i), if u vanishes on Borel subsets of R™ Hausdorff dimensionn—1,
then @ is differentiable p-a.e. and the map Vo (defined in points where ¢ is
differentiable) pushes p forward to v, i.e. for every Borel subset B C R",

v(B) = u((Ve)™(B)) (3.12)
(and in fact, the map (id, Vy): R — R™ x R™ pushes p forward to ). Moreover,

the map Vo satisfying (B12)) is uniquely determined p-a.e. among gradients of
convex functions on R™.

The map V¢ from Theorem B.6](ii) is called the Brenier map.

Remark 3.7. (i) For a closed convex function the graph of its subdifferential is a
closed subset of R™ x R".
(ii) From Theorem B.6]i) it follows that

supp(p) C cl{z € R": dp(x) # 0} = cldom ¢ (3.13)

and
supp(v) C cl dp(R™). (3.14)
(iii) The assumption on p in Theorem B.6lii) is satisfied if p is absolutely continuous
with respect to the Lebesgue measure on R".
(iv) Using (B.I12) and continuity of the (sub)gradient of a convex function (see e.g. [39,
Corollary 24.5.1]) one can show that

supp(v) = cl V(supp(u)) (3.15)

(see e.g. the proof of Theorem 2.12 in [42] for details).

(v) By the above item (ii), the exterior of the domain of ¢ has measure p zero, and
the boundary of dom ¢ (as the boundary of a convex set in R™) has Hausdorff
dimension at most n — 1. Therefore, p-a.e. differentiability of ¢ follows from
the result of Anderson and Klee [2] which says that a convex function on R™ is
differentiable everywhere in its domain except for a set of Hausdorff dimension at
most n — 1.

From now on we assume that p is a probability measure on R” with a density f > 0, and
v is a probability measure on R™ with a density g which is positive in an open bounded
convex set 2 and g = 0 in 2° Thanks to Theorem we consider a closed convex
function ¢ for which V¢ is the Brenier map which pushes p forward to v. Let us discuss
some basic properties of ¢ in this context:
(i) Since supp(p) = R", it follows from (BI3) that dom ¢ = R™.
(ii) By the hypothesis that f > 0, the Lebesgue measure on R™ is absolutely continuous
with respect to p and hence ¢ is differentiable a.e. in R".

(iii) By (B.I3) it is clear that
V() € clQ for all z € R" for which Vp(z) is defined. (3.16)
Moreover, by B12), u((Ve) 1(bd2)) = v(bd Q) = 0, hence the set (V)= (bd Q2)

has zero Lebesgue measure. Therefore

z-a.e. the following holds: ¢ is differentiable at x and V() € Q. (3.17)
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Thanks to the regularity theory of the Monge-Ampere equation it is known that under
some additional assumptions on the densities f and g, the Brenier map Vy is defined
everywhere on R" and is a C! diffeomorphism onto . In such case, the change of variable
formula justifies that ([BI2)) is equivalent to the fact that ¢ is a solution to the Monge-
Ampere equation

f(z)

9(Ve(z))

To this end we follow the argument of Caffarelli as presented in the paper [1].
First note that due to (8.17) the right hand side of (3.18) is defined z-a.e. Second, we

use the result of Caffarelli [23] (see also Theorems 4.8 and 4.10 in [42]): since p and v

are absolutely continuous with respect to the Lebesgue measure and the support of v is

convex, we have that ¢ satisfies (B.I8)) in the Aleksandrov sense, i.e. the Hessian measure

dety Hess ¢ associated to ¢, defined by

dety Hess p(A) = vol,(0p(A)) for any Borel set A C R",

det Hess p(z) = (3.18)

is absolutely continuous with respect to the Lebesgue measure and its density coincides
almost everywhere with the right-hand side of ([BI8). For a proof of this result the
following relation is crucial:

dp(R™) C cl Q. (3.19)

To see (B.19), use (B.I6) and a general result on a subdifferential of a (closed) convex
function [39, Theorem 25.6] which in our case says that for any x € R™, dp(x) lies in
the closure of the convex hull of limits of Vg (xy), where (zj) runs through all sequences
of points of differentiability of ¢ which converge to x. Since cl{) is already convex and
closed, dp(z) C clQ for any = € R".

Further on, we assume additionally that the functions f and 1/f are bounded on
compact subsets of R” and ¢ is bounded and bounded away from zero on 2. Then for
any R > 0 there exists 0 < ¢(R) < C(R) < oo such that the right hand side of (B.I8)) is
between ¢(R) and C(R) almost everywhere in the ball B(0, R). Since ¢ satisfies (3.18)
in the Aleksandrov sense, it follows that dety Hess ¢ has a density which is bounded and
bounded away from zero on compact sets. With these a priori bounds on dety Hess ¢ we
apply a geometric lemma of Caffarelli [22] Theorem 1] (see also [28, Chapter 5]) which
will allow us to prove that ¢ is strictly convex.

Lemma 3.8 (Caffarelli [22, Theorem 1]). Let I' C R" be an open bounded convez set and
Y: I' = R be a non-negative convex function. Suppose for some constants 0 < ¢ < C' < o0,

cvol,(A) < vol,(0Y(A)) < Cvol,(A) for any Borel set A C T

If the (convex) set {x € T': (x) = 0} is non-empty and contains more than one point,
then it has no extremal points.

Corollary 3.9. ¢ is strictly convex.

Proof. Assume the opposite. Then there exists o € R™ and a supporting hyperplane [ of
¢ at xo such the closed convex set that F' = {z € R™: ¢(x) = ()} contains some other
point z # zg.

First suppose that F' contains an extreme point, say x; (not necessarily distinct from
xp), and take I" to be an (open) ball B(0, R) large enough to contain xg, z and the extreme
point x1. Let ¢ be the non-negative convex function ¢ — [ restricted to I". By translation
invariance of the Lebesgue measure, vol,,(0¢(A)) = vol,(0p(A)) for any Borel set A C T'
and thus we can apply Lemma B.8 The set {z € I': () = 0} coincides with FF N T
and since F' N[ contains two distinct points xy and z, it follows from the lemma that
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x1 cannot be an extreme point of F' N T'. This clearly contradicts the fact that z; is an
extreme point of F'.

Therefore F' is a non-empty closed convex set which has no extreme points. Hence
it must contain a line (see e.g. [39] Corollary 18.5.3]). In consequence, the graph of ¢
must contain a line and hence all hyperplanes supporting ¢ are parallel to that line. This
means that 0p(R") is contained in an affine subset of R of dimension at most n — 1,

which clearly contradicts (3.14)). O

Having established strict convexity of ¢ we can conclude with a stronger statement
than (3.19]), namely that dp(R"™) = €. It is based on a convexity argument.

Lemma 3.10. Let ¢ be a convex function on R™ with dom = R". If) is strictly convex
then 01 (R™) = int dom v*.

Proof. In the view of ([3.I1]) it is enough to prove that dv)(R™) is disjoint from bd dom 3)*.
To this end suppose z € R™ and y € 0¢¥(x) N bddomv*. Since y € bddomy*, by
convexity of dom¢* there exists u € R™ such that

(u,v —y) <0 forall v e domy™. (3.20)

On the other hand, consider z = x + Au with any A > 0. By strict convexity of 1,

U(z) = ¢(x) > (z = 2,9)
() =9(2) > (z = 2,0),

where v is an arbitrary vector from 0v(z). Adding up the two above inequalities yields
(z —x,y —v) = Mu,y —v) < 0 which means that (u,v —y) > 0. Since by (B.1I]) the
vector v € 0Y(z) belongs to domv*, it contradicts (B.20). O

Applying the above lemma to ¢ we get that dp(R™) is an open convex subset of R"”. The
fact that 0p(R™) is open combined with (B.I9) implies that 0p(R™) C intclQ = . On
the other hand, since dp(R™) is open and convex, then (B.14) yields 2 C int cl dp(R"™) =
0p(R™). Therefore the three open convex sets

Jp(R™) = int dom ¢* = Q (3.21)

coincide.
Finally, we use the following

Theorem 3.11 (Caffarelli [1, Theorem 1.3]). Let p(dz) = f(x)dz and v(dx) = g(x)dz be
two probability measures on R™. Assume that f is locally Holder and strictly positive on
R™. Assume that the restriction of g to an open bounded convex set ) is locally Holder,
bounded and bounded away from zero, and that g = 0 in Q°. Then any convex function
@ on R™ that induces the Brenier map V¢ which pushes p forward to v belongs locally to
the Holder class C** for some a > 0 and satisfies (3IR) for all z € R™.

We will also need a C? convex function whose gradient pushes forward v to u. Clearly,
a natural candidate is ¢*. In the corollary below we state the final result we will use in
the sequel.

Corollary 3.12. Assume f and g are as in Theorem [311.

(i) There exists a strictly convex function p € C*(R") with Hess ¢ positive definite
everywhere whose gradient Vo maps R™ onto 2, pushes pu forward to v and thus
satisfies the Monge-Ampere equation (3.18]).
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(ii) For ¢ as in (i), the Legendre conjugate ©* has int dom p* = 0, belongs to C*(Q),
do*(y) =0 for ally & Q. Moreover V* pushes v forward to u, Hess ¢* is positive
definite everywhere in ) and ©* satisfies

9(y)
f(Ver(y))

Proof. Consider ¢ as in Theorem BTl In order to complete the proof of (i) it is enough
to note that (3:21I)) becomes Vp(R") = int dom ¢* = Q.

(ii) Strict convexity of ¢ allows us to conclude that V¢ is a C! bijection from R™ onto
Q. Combining it with (B.10) shows that d¢*(y) = {(Vy) ' (y)} for y € Q and dp*(y) = 0
for y ¢ €. The uniqueness of subgradient of ¢* at each point of  implies that ¢* is
differentiable everywhere in int dom ¢* = ) and the map Vy*: @ — R" is the inverse
map of V. This is already sufficient to justify that V¢* pushes v forward to p. In order
to show that ¢* is in fact C?(2) and satisfies ([3.22), it is enough to use that the Jacobian
of the map Vi (i.e. det Hess ¢) does not vanish and thus use the inverse function theorem
to obtain that the map V* is C1(Q) and its derivative Hess p*(y) equals (Hess p(z))~!
where y € Q and z = Vy*(y) € R". Thus ([3.22) follows from (B.I8)). O

det Hess p*(y) = for all y € Q. (3.22)

3.5. Classes of test functions. For each £ = 1,2,...,m fix a measurable function
fr: Hi, — [0, 00] of integral one such that

e for 1 <i < m™, f; is locally Lipschitz, bounded and bounded away from zero on
some bounded open convex subset of H;, and vanishes outside this set;

e for m™ < j < m, f; is locally Lipschitz and strictly positive in its whole domain
H;.

The target functions are chosen as follows. Fix R > 0 and consider any m-tuple (Ay, ..., A,,) €

A (for the definition of A refer to Subsection [2.2) and also put Ay = Q4 and A,,11 = Q_.
For k=0,1,...,m+ 1 define

gi(y) = (det Ay) " exp(—m (= Ay, y)).
The target functions will be g defined as
gi=g; forl1<i<m",
9o = Yo
Jm+1 = Gmt1,

g] = )\jgj]‘BHj(QR) for er <j S m,

where \; > 1 is a normalizing constant (such that [, g; =1).
J

3.6. Transportation argument. For each i =1,2,...,m" let p;: H; = RU {400} be
the function ¢* from Corollary B.12)(ii) for probability measures 1 and v on H; having the
densities g; and f; respectively. Each ; belongs to C?(int dom ¢;), is lower semi-continuous
(as the Legendre transform of a convex function) and satisfies

Opi(x) =10 for all z & int dom ;. (3.23)

For each j =1+ m",...,mlet p;: H; — R be the function ¢ from Corollary B.12(i) for
probability measures ;1 and v of H; having the densities f; and §; respectively. Each ¢;
is C*(H;) and

Vo;(r) € By, (0,R) for all x € Hj. (3.24)

Additionally put po(z) = $(Q4z,z) and Y41 () = F(Q_x, ).
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For k = 0,1,2,...,m + 1, put T = Vi and note that by Corollary B.12] for all
x € int dom ¢y,

and
dTy(x) = Hess pg(x) is symmetric positive definite (3.26)
for all x € int dom .
For x € H put
pi(r)= Y cipi(B),
1<i<mt
p_(x)= > (—¢)pi(Bjz),
mt<j<m
m+1
p(x) = po(Box) + ¢4 () — - (2) = Pmi1(Bmirz) = Z ckpr(Br). (3.27)
k=0

On the open domain S = ﬂ?:l B; *(int dom ¢;) C H, which is non-empty thanks to
surjectivity of B, define the change of variable map 6: S — H by

m+1
0(x) = Vo(x) = > exByTi(Byx).

k=0
This map is C! and its differential equals
m+1

df(x) = Hess p(z) = Z ek By dTy(Byz) By
k=0
= ByQ+Bo — B}, Q-Bui1 + Y e BidTy(Byx) By (3.28)
k=1

k=1

Combining the above with (23] and (8:26]) we obtain that for z € S,

det df(z) < D ﬁ (det dT.(By))™ (3.29)
k=1

whenever df(z) is positive definite. Since (3.:29) remains true for df(z) being positive
semi-definite, we will consider the subdomain of S,

Sy ={xz € S:df(x) is positive semi-definite}

on which ([3.29)) is valid. Note that by continuity of the map S > = — df(z), Sy is a
closed subset of S and in particular S, is a measurable subset of H.
As announced above, the following lemma is crucial in our argument. We defer its proof

to Subsection 3.7

Lemma 3.13. The map 0s, : Sy — H 1is surjective.
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Now we are in the position to establish a sharp lower bound on J(fi,..., f;,). Starting
from (B9) and using the Monge-Ampére equations (3.25]) we get

det Q_ il .
J(fl,,fm)z detQ+/S+IH)fk (Bkl‘)d:[
det Q_ il .
=1/ qat 0. /S+ kl;[() (gk<Tk<Bk$)) det di(ka))) dr
d m+1 m
di gf/ (H G (T, Bkl’))> (,Hmethk(ka))Ck) dr

m+1
\/%/SJr (k 1 ~ck Tk Bk$))> detd@(x) dx

where the latter inequality comes from ([B.29). Setting A = [/, .+, A;j and using the
point-wise estimate gj’ > )\j gj ' for m* < j < m we continue with the bound

det Q m+1
QR % (Ty(B det df(z) d

Vi /. (Hg (T3 m)) et db(x) d
det Q+ / m+1

, / inf q det df(x) dx
det Q S+ (9(:}3 m+1 ckB*yk kHO ( )
det Q+ / m—+1

\/ g 3.30
det Q Zk 0 CkBkyk kr[(] ( )

m+1
=\D! <H(detAk) Ck/z) / exp <—7r sup ch<Ak1ykayk>> dz
H

k=1 2= exBryk k=0
= (%),

where A = Hrnﬁ 41 by ]J and the last inequality follows from the area formula for C* maps

[20, Theorem 3.2.5] and the fact that the map 6|S,: Sy — H is surjective (Lemma B13)).
Using Lemma [3.5] we finish the above estimate with

(% (f[ (det Ay ck/z> /H exp (—71<(W§:1ckBZAkBk>lz,z>> dz

k=0
m " 1/2
et (det Q-+, ckBkAkBk)>

[Tiz: (det Ag)er
Thanks to (23)), taking supremum over (Ag)7-; € A and the limit R — oo (which results
in A 1 1) yields the desired inequality, i.e. J(fi,..., fn) > D72
3.7. Surjectivity of the map 6.

Lemma 3.14. Let f: H — RU{+00} be convex, lower semi-continuous and g: H — R be
convex. Assume that dom f # () and df(x) =0 at every x € bddom f. If f(z) — g(x) —
+00 as |x| — +oo then f — g attains its infimum at a point in int dom f.



POSITIVE GAUSSIAN KERNELS ALSO HAVE GAUSSIAN MINIMIZERS 29

Proof. Note that f — g is lower semi-continuous which combined with the hypothesis that
f—g — +oo at infinity implies that the sets A, = {z € H: f(z)—g(x) < r} are compact
for all € R. Since dom f # (), A, is non-empty for r large enough. Therefore f— g attains
its infimum at some point = € dom f. Suppose x € bddom f. Take any z* € dg(x) (note
that the subdifferential of g is everywhere non-empty). By hypothesis, df(z) = () hence
we can find y € H such that

fly) < f(z) + (=" y — z). (3.31)
On the other hand we have

9(y) 2 9(x) + (2", y — @),
which combined with (331]) gives

fly) —9(y) < f(x) — g(x) = inf(f — g)

and hence contradicts the assumption that x € bd dom f. O
We will need one more lemma, about the function ¢, defined in (B3.27).
Lemma 3.15. The function @ is superlinear, i.e.

m @Zﬂm

Proof. Consider the compact set

mT
F= H cldom ;.
i=1
Obviously
mt
domy, = () B;}(dom;) € B;'(F).
i=1
Using (B.0) we get
SUp  @mi1(Bmi1z) = C < o0. (3.32)

z€dom
For each 1 < ¢ < m™, since domy; is bounded, we have infy, ¢; > —oo and thus
infy o, > —oo. Therefore for some constant C'; < oo we have
pi(z) > [Byal* = Cy (3.33)

for all z € H (it is enough to ensure this inequality on the set B{'(F), inside which
|Bix|* — Cy has finite supremum).
Combining ([B:33]) with the fact that ¢y is a positive definite quadratic function on Hy,
we get
¢o(Box) + ¢ (x) > e Boa|* + | Bya|* — Gy > £'la|* — Oy,
for some e,¢’ > 0, where in the last inequality we used injectivity of the map By, =
(Bo, B1). Combining the above estimate with (3.32) we get

o(x) + o_(x) = o(Boz) + 0+(x) = @ms1(Bmi1z) > €'lz]> — Cy — C,

hence the function ¢ + ¢_ is superlinear.
Due to ([3:24) the function ¢ _ is Lipschitz. Therefore ¢ is also superlinear. U

Now we are ready to establish our claim about the map 6.
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Proof of Lemma([3.13. Consider the function f: H — R U {+o0} defined by
mt
f(x) = @o(Box) + () = Y _ cipi( Byx). (3.34)
i=0
Clearly f is convex and lower semi-continuous. Note also that

dom f = ﬂ dom(p; o B;) = ﬂ B (dom ;)

1<i<m* 1<i<m*

and
int dom f = ﬂ B; ! (int dom ¢;),
1<i<m+
i.e. int dom f coincides with the domain S.
Using Theorems 23.8 and 23.9 from [39] we express the subdifferential of f in terms of

subdifferentials of ¢y and ¢; with 1 <4 < m™. Namely for all z € H we have

of (z) = Z ¢; B 0p;(B;x)

0<i<m*
where the summation means the Minkowski sum of sets (in H). (The above formula is

an equality rather than merely an inclusion D if e.g. the set ﬂ:rj) dom(g; o B;) # 0; this
follows from the fact that the domain S is non-empty). Combining the above with (3.23)
we obtain that if x & S (i.e. for some 1 <i < m™, Bz & int dom ¢;) then df(z) = 0.

Fix any yo € H. We claim that the C? function S 3 x — ¢(z) — (z, yo) attains a local
minimum at, say, xg € S. This will allow to establish the lemma. Indeed, since S is an
open set, the gradient of this function vanishes at o, i.e. V() —yo = 0 and Hess ¢(x)
is positive semi-definite, which means that 6(xy) = yo and zg € 5.

Eventually, let us prove the claim that ¢(-) — (-, y0): S — H attains its infimum. Beside
the function f defined in (8.34)), consider a convex function g: H — R,

9(z) = 0 () + Pmi1(Bm12) + (2, Yo)-
Obviously
f(@) = g(z) = p(x) = (z, yo)- (3.35)
By Lemma and the fact that (-,70) is Lipschitz we obtain that f — g is superlinear

at infinity, so in particular f(z) — g(z) — o0 as |z| — oo. Since the subdifferential of f
is empty outside S = int dom f, we can use Lemma [3.14] in order to conclude. O

3.8. Approximation argument. For non-negative, integrable functions f; (1 < ¢ <
m7T) and f; (mT < j < m) denote

m+ m
(), (f)a) = & B Guno [[ fes(Ba) [[ £2(Bja) forz e H,
=1 j=1+m+
We proved that under the hypothesis of Theorem [2.9]
ci ¢j
[zmunz=x T ([ 5) I ( / f]-) SN CED
H 1<i<m+ W Hi m+<j<m \Y i
for all f; € F? (1 <i<m*) and for all f; € F) (m* < j <m), where K = infeg J and
e F?is the class of non-negative functions on H; which are locally Lipschitz, bounded
and bounded away from zero on an open bounded convex subset of H;, and vanish
outside this set,
° _7-";-) is the class of strictly positive and locally Lipschitz functions on H;.
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We proceed in three steps s = 1, 2, 3. In each step we consider different classes of functions
F; and F7 for which we prove (3.36) to be valid. At the final step s = 3, the classes F7,
.7-";’ will consist of all non-negative, integrable functions.

Step 1. Fix f; € 7! (1 <i<m")and f; € F} (m* < j < m) where

e F} is the class of non-negative bounded measurable functions on H; with compact
support,

e F} is the class of positive bounded Lipschitz functions f; on H; for which f;(y)~"
is bounded from above by a polynomial in |y|.

Note that f; belongs to F as well. For each i, take R; > 0 such that the ball By, (0, R;)
contains the support of f;. Consider the sequence of functions

1
Jim = fi* Gin+ ﬁlBHi(O,Ri-i—l)a

where ¢; ,(z) = ¢;n®™Hidist (z, H; \ Bp,(0,1/n)) and ¢; is such that [, ¢;, = 1.

Since ¢; , are bounded, Lipschitz and f; are non-negative and measurable with com-
pact support, f;, € Fy. Moreover [ H, fin — [ H fi and by the Lebesgue differentiation
theorem, f;, — f; a.e.. In other words the set €); C H, where the latter convergence
holds has a negligible complement. Then the convergence Z((fi), (f;)) — Z((fi),(f;))
holds for all points in the set ) := HM+ B; (). Since the maps B; are surjective, the
complement of 2 is negligible. Hence I((fw) (f;) = Z((f:), (fj)) ae

In order to verify (B.30)) it is enough to ensure that

n—o0

i [ Z((fin) () = /H (). (/). (3.37)

To this end we find an integrable function on H which dominates Z((f; ), (f;)) uniformly
in n and then apply the Lebesgue dominated convergence theorem.

First, since f; are bounded, all f;, are bounded uniformly in n and thus for some
constant C' > 0 and a compact set ¥ C Hy X --- X H,,+,

H (Bix) < C1p(Byz) forallz € H.

Second, by (B.), B (B:'(F)) is compact, hence after adjusting the constant C, we
also have

Q- (Bm+12) H (Biz) < C1p(B,x) forallz e H. (3.38)

Since the map (By, B;) is a linear isomorphism, Z((f;), (f;)) would be compactly sup-
ported if only the function e~9+ was compactly supported. Obviously it is not (unless
Q, is trivial), but we can still use a compactness argument by decomposing e~<+ into
slices, namely

1 o
e W) :/0 1{6*Q+2u}(y) du :/0 2t€_t21{9+§t2}(y) dt

= / 2t€7t2 1t{Q+§1}<y> dt
0
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Combining the above with (3.38)), we can bound Z((f; ), (f;))(z) pointwise and uniformly
in n by a constant times

/ 1t{Q+<1}(BQZL' ]—F B+l‘ H fcj B ZL‘
0

j=14+mt

S/ 1(t+1)BH OR x) dt H ch Bjx)
0

j=14+m+*

with R > 0 large enough. Since f;(y)~' is bounded from above by a polynomial in |y,
we finally obtain a pointwise upper bound

Z((fin), (fi)(x) < /OOO(CltO‘ + Cg)€7t21(t+1)BH(O,R) (x)dt

with some constants C7, Cs, @ > 0, which is clearly an integrable function of x € H.
Step 2. Fix f; € 77 (1 <i<m™) and f; € F7 (m* < j < m) where
« F2=Fl
° _7-"j2 is the class of non-negative integrable functions on Hj.
Let ¢(u) = m be the density of the standard Cauchy distribution and for each
j=1+m*,...,mand X > 0 put
dim H

Gialx) = A" TT o).
=1

Fix € > 0 and for each j and n put

fin = (fj +€dj1) * djn.
For each j and n, ¢,, is bounded and Lipschitz and f; is integrable, hence f;, is also
bounded and Lipschitz. From the estimate

fin = €1 % Gy = ey n > 27 WG,

(the equality above follows from the fact that the Cauchy distribution is 1-stable), we
obtain that

fin(y)™" is bounded from above by a polynomial in |y| uniformly in n. (3.39)

Hence we proved that f;, € .7-"}.
By the result of Step 1 (i.e. (836) for (fi), (fin)),

[rn.wn=x T ([ 5) 10

fim
1<i<mt H; mt<j<m Hj

KK}Jn+ (/H )Ciml;lsm <5+/Hj fj) J,

where the last equality follows from [ w, fin=¢+ / 5, fi- Obviously

[T ) 2 [ T+ o)
SO proving

i [ Z((A) () = /H (1), (f; + 5)) (3.40)

n—o0
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() 1 ()

mt<j<m J

would yield

[ nn = 1]

1<i<m+

and in consequence (B.36) by letting ¢ — 0.

Since fj,n — fj -+ 8(]5]',1 a.e., we have I((fl), (f]m)) — I((fl), (fj -+ 8(]5]',1)) a.e. In the
view of ([B:39) and the fact that f; are bounded with compact support, we can proceed as
in Step 1 to find an integrable function on H which dominates Z((f;), (f;.)) for all n and
conclude with (3.40).

Step 3. Fix f; € 7} (1 <i<m") and f; € F} (m* < j < m) where

e F? is the class of non-negative integrable functions on H;,

° ]-"Ji.” = ]-“JZ,
We approximate f; with f;,, = min(f;,n)1 By, (0,n) Which belong to F?. The convergence
as in (3.37) follows from the monotone convergence theorem. We conclude with (3.36) by
using the result of Step 2 for the functions (f; ), (f;)-

4. GEOMETRIC BRASCAMP-LIEB INEQUALITY

We study specific non-degenerate situations for which inf J = 1 and some extremizing
functions can be identified. They are related to geometric Brascamp-Lieb inequalities
and the decomposition of the identity (ILT]). More precisely, they are characterized by the
following conditions:

ByB;, =1dy, fork=1,...,m, (4.1)
Q-+ aBiB, =1dy. (4.2)
k=1

4.1. Finding infeg J. The aim of this subsection is to prove that if the non-degeneracy
condition (L4) and the geometric conditions (A1) and (42) hold then the infimum of
J on centered Gaussian functions is equal to 1, and is achieved when for all k, fi(:) =
exp(—m| - |?). The crucial result here is Proposition 24 which establishes a concavity
property of a function related to Formula (2.2]).

First, let us put forward two useful facts and a lemma.

Fact 4.1 (see e.g. [29, Theorem 7.7.6]). Let A be n x n real symmetric matriz and C be
m X m real symmetric matriz and B be an n X m real matriz. Let X = < A B ) If

B* C
C > 0 then
(i) X >0 if and only if A— BC7'B* > 0;
(ii) X > 0 if and only if A— BC~1B* > 0.

Below I,, denotes the n x n identity matrix.
Fact 4.2 (Woodbury formula). For an m x n matriz A,
A (L, + AAYTTA =1, — (I, + A*A)
Proof. Direct calculation. O

Lemma 4.3. Let R be a p X n real matrix and S be an r x n real matriz. Consider the

(p+71) %X (p+r) matriz
([ -L,+RR* RS*
M‘( SE* IT+SS*)'
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(i) M >0 if and only if R(I,, + S*S)"'R* > 1,.
(ii) If n = p and R is invertible then M > 0 if and only if R*R — S*S > 1,,.
Proof. Applying Fact 1}(i) we obtain that M > 0 is equivalent to
~I, + RR* — RS*(I, + SS*)"'SR* > 0.
Using Fact for A =S the above can be rephrased as
~I,+RR* — R(I, — (I, + $*S)"")R* > 0,

which finishes the proof of (i).
If n =p and R is invertible, then M > 0 is also equivalent to

(L, +5*9)'>R'R™*=(R'R)'

which in turn is equivalent to
I, +S5*S < R*R.
O

In the context of Brascamp-Lieb inequalities the following easy consequence of the
Cauchy-Binet formula is useful, see Proposition 6 of [I1]: if d < n and U is an n x d
matrix, then the map

z € R" +— logdet (U*diag((e™)i<n)U)
is convex. The next property is a counterpart for inverse Brascamp-Lieb inequalities.

Proposition 4.4. Let m > n > 1 and U be an invertible n X n real matriz and V' be a
real (m —n) x n matriz. Let

Q={(z1,...,2,) € R™: Urdiag((e"");<,)U — V*diag((€™);5n)V > 0}.
Then §2 is conver and the map ¢: Q) — R,
¢(1, ..., 2y) = logdet (U*diag((e™)i<,)U — V*diag((e™);5,)V)
1S concave.

Proof. First we show that € is convex. Take any z = (x1,...,Zn) € Q, ¥y = (y1,...,Ym) €

Qand A € (0,1). Let X = diag((e™*/2)1<k<m), Y = diag((e¥*/?)1<x<mm) and X, X_ be

the diagonal blocks of X of size n x n and (m —n) x (m — n) (resp.), similarly Y, Y_.
From z € Q it follows that U*X2U > V*X2V. By invertibility of U,

L, > X 'UTVX2VU' X[ = (X VU X)) (X VU XY,
which is equivalent to || X_ VU 1X'|| < 1 (]| - || denotes the operator norm). Similarly,

y € S implies ||[Y_VU 'Y Y| < 1.
Put A=Y VU 'X'and B=X Y ' and C = X, Y, "'. Then we have

|BA| < 1, |AC| < 1.
Now use [17, Corollary IX.5.3] which asserts that
|BAACT| < | BA | AC]
to obtain
I, > (BPAC™ ) (B AC') = Y IX AUV XYy -t X Ay
which is equivalent to
U (XDMNYHTU > V(XN (4.3)

Since (X?)*(Y2)'~* is the diagonal matrix with the entries e***+(1=V¥x ([L3) ensures that
Az + (1= Ny € Q.
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Next we establish concavity of ¢ on Q. For x = (z1,...,2,) € R, set z, =
(x1,...,2,) € R" and z_ = (Tpy1,...,%ym) € R™™. Let A: R™ — R™ ™ be defined
as

A(JZ‘) — U*ediag(m+)U . V*ediag(:v_)V
Then ¢(x) = logdet A(x) for x € Q. Since ¢ is a smooth function, we can analyze the
Hessian of ¢. To this end, we will use the following formulas:
dlogdet X = tr(X19X), for X >0,

oX '=-X1ox)X!, for X >0,

0A(z) = U*et®e@)diag((0x) ) U — V*e2e@=)diag((dz)_)V. (4.6)

Specialization of (48] to partial derivatives gives
0;A(x) = e"U"e;e;U  for i < n, (4.7)
0jA(x) = =V f; o f; V. forj>n, (4.8)

where for i < n, e; is a column matrix with n rows, a coefficient 1 in the i-th row and all
other coefficients equal to 0. Similarly, for £ < m — n, f, is a column matrix with m —n
rows, with a 1 in its /-th row and zeroes elsewhere. Fix z € Q. Using (4.4 and (4.7), for
1 < n we obtain

O;0(x) = tr(A (2)0;A(z)) = e"e;UA™ (z)U”e,
Similarly, for j > n,

Oip(x) = —e"es_ VA (2)V e n.

In order to calculate second order partial derivatives, we use (4.H) combined with (4.7)
or ([L8). For iy,is < n and i; # iy we have

07, 0(x) = —e™ref, UA™ ()0, A(z) A7 Uey,
= —e"1 el UA™ (2)U%ee; UA™ (2)Uey,
Denoting
R= ediag(x+)/2UA_1/2($‘)
we can write the above second order mixed partial derivative in a more compact way
97, ¢( ) _(RR*)iliQ (RR*)ZQZI = (RR*)

1112 1142

and for 7 < n we have
05p(r) = 0i¢(x) — (RR");; = (RR");; — (RR")3,.
Combining the two above formulas we can write that for any iy, < n,

0, @(x) = (RR")iiy (Lo — RE" )iy,

If we denote
S = ediag(:}:_)/2‘/1471/2(aj)7
then by similar calculations we get that for ji, jo > n,
6321 ]2¢( ) _(SS*)h—mjz—n(Im—n + SS*)h—mh—n'
Lastly, for i <n and j > n,
szgb(x) = —e"e;UA ! (2)0;A(z) A~ (2)U*e;
= " et UA™ (2)V fionfi_ VA (2)U%e;
= (RS");,j—n(SR")joni = (RS")};_,, = (SR");

1,j—n Jj—mn,e"
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As a result,

__( (BR)o (=L, +RR*)  —(RS")o (RS")
Hes““‘”)“( —(SR*) o (SR") <ss*>o<1m_n+55*>>

_ RR* —RS* —I, + RR*  RS”
~\ —-sr* ss )° SR*  Iyon+SS* )

(. S\ J

M N
where A o B denotes the Hadamard product (i.e. entry-wise product) of A and B.

_RS (R*,—S*) > 0. Now we
argue that also N > 0. From definitions of the matrices A(z) and R and S it follows
immediately that

Note that M is positive semi-definite. Indeed, M =

R°'R—-S5"S =1,.

Since U is invertible, so does R and Lemma [A3|(ii) implies N > 0.

Now it is enough to apply the Schur product theorem (see e.g. [29, Theorem 7.5.3])
which asserts that if M and N are positive semi-definite then M o N is also positive
semi-definite. Therefore Hess ¢(z) is negative semi-definite at any = € 2 and hence ¢ is
concave. U

The next theorem uses the notation from Subsection

Theorem 4.5. Assume the non-degeneracy condition (L4l) holds. Let (Ay,...,An) €
A Put A =Q+ >, axBiAxBy > 0. Then the supremum in (Z3) is attained at
<A17 NN Am); 1.€.

det A
D= 4.
[Tk (det Ag)e (49)
if and only if
Al = ByAT'BE =0 forallk=1,...,m for which c; # 0. (4.10)

In particular, if (&1)) and (@2) hold then D = 1.

Remark 4.6. If (EI0) holds, then Q := A~2QA~/2 and B, := A,lc/2BkA_1/2 satisfy the
generalized geometric conditions (41]) and ([@2]). This allows to show that up to linear

isomorphisms (by A2 on H and A,lg/ * on Hj,) the situations where infeg J is achieved
are equivalent to the geometric situations. This follows exactly what happens for direct
Brascamp-Lieb inequalities, see [15].

Proof of Theorem[{.J. Consider the function ®: A — R,
(M, ..., M,) = logdet <Q +) ckB,ijBk> — ) cilogdet My,
k=1 k=1

Note ® is smooth and sup, ¢ = log D.
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Fix any self-adjoint operators Xy : Hy — Hy (for k = 1,...,m). Using Formula (4.4])
the directional derivative of ® at (Ay,..., A,,) in the direction of (X1,...,X,,) is

X P(A1, ..., Ap)

.....

= lim%(@(Al F X1, Ay X)) — O(Ay, . A))

= tr <A1 ( Z ckBZXkBk>> — Z cxtr(A; ' Xr)
k=1 k=1

= Z thI'(AilBZXkBk) - Z thr(Angk) = Z C]{GI'((BkAilBZ - AI;I)X]C)
k=1 k=1 k=1

The condition (4.9) implies that the derivative must be 0. Using the fact that a self-adjoint
operator Y is zero if and only if tr(Y X') = 0 for all self-adjoint operators X, (AI0) follows
by considering X, ..., Xx_1, Xki1,..., X;m being zero and X}, being arbitrary for each
k=1,...,m such that ¢, # 0.

For the converse implication assume that ({LI0) holds. Then the above calculation
shows that the derivative of ® at (A;,..., A,,) is zero. In order to conclude that ® has a
global maximum at this point, we prove below that ® enjoys a concavity type property
along well chosen curves.

Fix any self-adjoint operators Yy: Hy — Hj (for Kk =1,...,m) and for any real ¢ put

A(t) = (A7 exp(t) AY?, . AL exp(tY,,) AY?). (4.11)
For t € R for which A(t) € A consider the function
p(t) = ©(A(1)).
Since A is an open set and the function ¢ — A(t) is continuous, the domain of ¢ is an
open subset of R. The domain contains 0 and, as ¢ is smooth, ¢’(0) vanishes.

Foreach k = 1,...,m take an orthogonal transformation U, € O(H}y) such that U;Y, Uy,
when identified with its matrix in the standard basis (elH’“)l in Hy, is a diagonal matrix.
Denote the diagonal entries by yi1, . . ., Ygn,, Where ny = dim Hy. Then

Bi A exp(tY) A2 By = (Up A By diag ((€)i<p, ) U Ay By (4.12)

Thanks for the non-degeneracy condition (L4]) we can use the decomposition of the Gauss-
ian kernel exp(—Q) as asserted by Lemma Bl Beside the maps By: H — Hp and
B,,.1: H— H,,,, consider also Ay > 0 on Hy and A,, 1 > 0 on H,,; such that

Q= Z cx B Ak By,
ke{0,m+1}

with ¢g = 1 and ¢,,11 = —1. For the sake of consistency with (£I2), for k£ € {0,m + 1}
put Y, = 0 (a zero map on Hy), Uy = Idy, and yi = 0 for all I < ny, = dim Hy.
Let

U = (VaUA” Bosicmr: H = Hy X --- X Hye
V= (\/_CjUjA;/sz)m+<j§m++1: H — Hm++1 X oo X Hppaq.

Considering the diagonal matrix D, (t) = diag((etyil>0§i§m+7l§ni) as an operator acting
on Hy x -+ x Hy+ and the diagonal matrix D_(t) = diag((e""),+<j<mi1,4<n,) 8S an
operator acting on H,,+,1 X - -+ X Hp,41 we can write

o(t) =logdet (U*Dy(t)U = V*D_(t)V) — Z cx log det Ay, — tz cptrYy,

k=1 k=1
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where used the formula log det(exp(Y')) = trY for a self-adjoint Y.

It follows from Assertion (B.I]) that U is a linear isomorphism. Therefore we can apply
Proposition 4.4, which tells us that the domain of ¢ must be an open interval and that ¢
is concave. Since ¢'(0) = 0, ¢ attains its global maximum at ¢ = 0.

Since for any (Xi,...,X,,) € A there exist ¢ and self adjoint operators Y; on Hy
(for £ = 1,...,m) such that (Xy,...,X,,) is of the form (LI1)) (e.g. take ¢ = 1 and

Y = log(Agl/QXkAgl/Q), we actually showed that (Ay,..., A,,) is a global maximum of
® and thus (4.9) holds. O

4.2. Geometric version of Inverse Brascamp-Lieb inequalities.

Theorem 4.7. For k =1,...,m, let ¢, € R and let By, : H — Hj, be linear surjective
maps such that By B}, = 1dHy. Let Q) : H — H be a symmetric operator. Assume that

Q+chB;;Bk =1Idy and dimH > sT(Q) + Z dim H;.

k=1 k:cp>0

Then for all non-negative integrable functions hy, : Hy — [0, +00] with [ hy > 0, it holds

/Hexp(—w(x,Qx)) f[ hi*(Byx) dx > f[ (/H hk>6k.

There is equality when for all k and all y € Hy, fir(y) = exp(—|y|?).

Proof. We may assume without loss of generality that ci,...,¢cp+ >0 > c1m+, ..., Cme
The above decomposition of the identity implies that

mt
i=1

j>m*t

Hence the restriction of Q) to ker B, = ﬂfjl ker B is positive definite. The non-degeneracy
conditions (L4 are verified and we may apply Theorem to conclude inf J = infeg J.
Then Theorem ensures that infeg J = D~2 = 1. O

4.3. Relation with the results of Chen, Dafnis and Paouris. The reverse Gaussian
correlation inequality by Chen, Dafnis and Paouris, presented here in Theorem [L3] turns
out to be the geometric version of our main result. To see this, let us consider a slight
reformulation of the second inequality from Theorem [[.3] which appears explicitly in [25]:

Theorem 4.8 (|25, Theorem 3(ii)]). Let yg stand for the standard Gaussian measure
on a Fuclidean space E. Let By: H — Hy, (for k =1,...,m) be linear maps satisfying
BBy = 1dg,. Denote

B:(Bl,...,Bm)Z H—H x---xH,
and let C': Hy x --- X H,, = Hy x --- X H,,, be the block diagonal operator defined as
C = diag(clldHl, .. .,chde).

If
BB* > (C! (4.13)

then for any non-negative functions f, € L'(Hy,vm,) (k=1,...,m),

/ 1 5t (i) d(a) > ﬁ (], frdum)"

k=1
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By setting hy(z) = fiu(v2mx)e ™ we can rewrite the above inequality in terms of
integrals with respect to the Lebesgue measure:

/ exp(—w<x,c2x>>ﬁhzk<3kx>dxzf[( | om)",

k=1

where Q = Idy —>"}", cxBj:By. Hence the geometric condition ([f2)) is obviously satisfied.
In order to deduce Theorem [4.§] from Theorem (4.7, we need to establish the dimension
condition dim H > s*(Q) + >, o dim Hy. This is what we do next.

Assume as usual that c¢p,...,¢p,+ > 0 and ¢p+41,...,6n < 0. Recall that B, =
(By,...,By,+)and set B_. = (B,+11,...,Bn)and Hy = Hy X+ X Hyp+y H- = Hppv g X
-+» X H,,. The condition (£I3)) is equivalent to

Id
1/2 o p*(v(1/2 H
> BB|C] z( _IdH_).

Introducing Bj, = lck|V/2By, for k = 1,...,m and defining B+ and B_ correspondingly,
the above condition can be rewritten as

~1dy, + By B B,B*
e T o ) >o (4.14)
B_B: ldy_ + B_B*

Since the upper-left corner of the above matrix is semi-definite positive, we know that
BB} is positive definite and hence By is surjective, so does B,. Moreover, from
Lemma [A3|(i) we get that (£14) is equivalent to

B+ (IdH _'_ Biéf)_léi Z IdH+7
which in view of the identity Q) = Idg — Bifh + B* B_ implies
% T % T 15+ 5 % T
BiB,(B;B.+Q) BB, > B.B,.
Thanks to the lemma below we conclude that s7(Q) < dimker B, which coincides with

the dimension condition (23] since dimker B, = dim H — dim H.. due to surjectivity of
B..

Lemma 4.9. Let A, B be real symmetric matrices of size d such that A > 0 and A+B > 0.
If ACA+ B)™'A > A then s™(B) < dimker A.

Proof. Observe that the statement of this lemma is invariant under congruency (i.e. under
replacing A with C*AC and B with C*BC'). Since A 4+ B > 0 there exists an invertible
matrix such that C*(A 4+ B)C' and C*AC are both diagonal. By subtraction we get
that C*BC' is diagonal too. Hence, we may assume without loss of generality that A =
diag((ai)le) and B = diag((bi)le) with for all 7, a; > 0 and a; + b; > 0. The hypothesis
A(A+ B)™'A > A reads as a?/(a; + b;) > a;, which is equivalent to 0 > a;b;, for all 1.
Since a; > 0, we may deduce that for all ¢

The matrices being diagonal, this implication means that s™(B) < dim ker A. O

Let us also comment on the Lebesgue version of the inverse Brascamp-Lieb inequal-
ities presented in [25] as Theorem 2(ii). Applying suitable linear transformation in the
Euclidean spaces H and H,, ..., H,, one can formulate that result as follows:
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Theorem 4.10 ([25, Theorem 2(ii)]). In the settings of Theorem[4.8, if

dim H = " ¢, dim Hy (4.15)
k=1

and BB* > C~! then for any non-negative integrable functions f, € Hy — [0, 00),

/Hﬁfzgk(ka) dx > ﬁ </H fk>6k. (4.16)

Let us explain how to reprove this results from what we already did, and settle a question
on existence of cases of equalities that was left open in [25]. Recall that BB* > C~! is
equivalent to (ZI4) and implies that B, (equivalently B.) is surjective. There are two
possible cases:

Case 1: B, (equivalently B,) is injective. In this case we can apply Lemma E3(ii) to get
that (ZI4) is equivalent to B B, — B* B_ > Idy or simply
> BB, > 1dy. (4.17)
k=1
Using the ByB; = ldg, and (4.I5]) we see the maps on both sides of the above
inequality have the same trace. Hence there must be equality in ({.I7), i.e. the geo-
metric condition (2] holds. In particular for the functions f(z) = exp(—7|z|?)
we get equality in (4.16]). The decomposition of the identity also allows to deduce
(416) from Theorem EI3| applied to the functions fi(-) exp(] - |?/2).
Case 2: B, has a non-trivial kernel. Since B, is surjective and ) = 0, we are in the
degenerate case 0.1 of the case analysis made in Subsection 2.5 in which the left-
hand side of ([AI6]) is always infinite and thus (£I6) does not admit extremizers.

5. DUAL FORM OF INVERSE BRASCAMP-LIEB INEQUALITIES

The transportation technique that we have used in Section [Blin order to prove inverse
Brascamp-Lieb inequalities follows the one used by the first named author in [11]. In this
reference, the method is actually proved to establish two inequalities:

e The classical multilinear Brascamp-Lieb inequality, of the form

/Hzllfi(Bﬂ)cidﬁ < CBLI_E (/Iﬂ fi) :

1=

e The “dual” Brascamp-Lieb inequality,

* m m Cq
/ sup Hfz(fcz)cdﬂf > Cppr H (/ fz) :
H >, ciBfwi=z i—0 H;
For both inequalities, the optimal constant is obtained by inspecting centered Gaussian
functions. Also the only relevant indices are ¢; € (0, 1]. Moreover it is possible to introduce
a kernel by fixing co = 1 and fy to be a specific Gaussian functions, and then to consider
the best constant for arbitrary non-negative integrable functions fi,..., f,.
Let us reproduce the proof of Theorem of the inverse Brascamp Lieb inequality

m+1 m+1 i
i(Biz)“dx > C / z) )
/ [[ 55 e 1 ( [

but choosing the functions gy, . . ., g, to be arbitrary (we omit here to repeat the regularity
and support assumptions, that can be achieved by approximation. Recall that cp =1 =
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—cma1 and that fo, go, fma1, gme1 are specific Gaussian functions, which model Gaussian
kernels). With our notation,

[y €@+ BowBoa)4n(Q-BrrwBran) T f, ( Byr)orda
szzl (fHk fk) ! |

In view of ([B.30) we also set (* standing for inner integral):

I. il By € Q% Y0,40)+m(QT Y41 Ym+1) 17, gx(yw)edy

[T (fHk gk) "’

The above transportation argument, up to (3.:30) yields J(f1,. .., fm) > D 'K (g1, .-, Gm)
for all functions, hence inf J > D~!sup K. However, we have seen in (2.3)) that infeg J =

D~2. The conclusion of the argument after (3.30) can be rephrased as supgg K = D3,
Therefore

J(flu---7fm) =

K<g17"'7gm> =

VD = D1an>D1an>supK>supK VD.
Ccg

In particular sup K = supgg K. This means that under the non-degeneracy hypothesis
of Theorem [29] the best constant in the following inequality (which can be called dual
inverse Brascamp-Lieb) is obtained by inspecting centered Gaussian functions only: for

all g1, ..., Gm,

H > ckBryr=y

m—+1 Ck
/ inf H ge(yx)*dy < Cprsr H (/ ) :
Hy,

Let us state the simplest examples of these four inequalities: no kernel, two functions, all
maps being the identity: for all f,g: R" — R* with [ f € (0, +00):
If Xe (0,1),

[ravoarsass (1) (o) "< [, m, sruo

If Ae R\ [0,1],

iz ([1)' ()= [t soron-s

The reader has recognized the inequalities of Holder, Prékopa-Leindler and the inverse
Holder inequality. The fourth inequality seems novel. In this very simple situation, the
inequalities for A € R\ [0, 1] can be deduced from the ones for A € (0,1) by rearranging
the terms.

6. INTERPOLATION

We have proved that the best constant in inverse Brascamp-Lieb inequalities can be
computed using centered Gaussian functions, apart from some degenerate situations. In
the rest of the paper, we address the question of positivity of this optimal constant. More
precisely, given a quadratic form Q and the geometric data B = (By)}",, our aim is to
characterize exponents ¢ = (¢)j*; for which a non-trivial inverse Brascamp-Lieb inequality
holds, meaning inf Jg g . > 0 where

Ju e OO T £ (Bi) dr

Jope(fiee o) fm) = e, <fHk fk)
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The analogous question for direct Brascamp-Lieb inequality was solved in full generality
by Bennett, Carbery, Christ and Tao [I5], 16]. They gave a description of the set F of
exponents ¢ for which sup Jg g < 4+00. It turns out that this set F is convex, which is
a simple instance of interpolation of Lebesgue spaces. Actually, this may be proved by
mere application of the Cauchy-Schwarz inequality: if ¢ € [0, 1],

m m t m
/G_QHf]f:Ck'f‘(l—t)dk 0B < (/ e—QHf;;k OBk> (/ e—QHka OBk>
k=1 k=1 k=1
m tck+(17t)dk
< (oG dord T ([ #) .
Hy,

k=1

1-t

In the setting of inverse inequalities, we did not find a simple interpolation argument
as above. Nevertheless the convexity of the set of non-trivial exponents is still valid,
provided one prescribes their signs.

Proposition 6.1. Let 0 < mt < m, linear surjective maps By: H — Hy, 1 < k <m
and a quadratic form Q: H — R. Assume that Q is positive definite on ker By and

mt
dim H > s(Q) + ) _ dim H;.
=1

Let ¢,d € (0,400)™" x (—o0,0]™ ™" satisfy inf Jgp. > 0 and inf Jg g4 > 0. Then for
any t € [0,1],
inf JQ,B,tCJr(l,t)d > 0.

Proof. We use Theorem 2.9] (the infimum of J can be computed on centered Gaussians)
and the explicit calculations on centered Gaussian functions of Subsection 2.2l Let @) be
a self-adjoint linear map such that for all x € H, Q(z) = n(z, Qx). Let

P = Popm+ = {z € (0, +oo)er X (—oo,O]m_m+; inf Jo g, > O}
denote the set of exponents with prescribed signs, for which a non-trivial inequality holds.
Given ¢ € (0, +00)™" x (=00, 0] ™", Equation (Z3) ensures that ¢ € P if and only if
sup .

Ap>0 Hk(det Ap)ew

where the supremum is on k-tuples of definite positive self-adjoint operators A, on Hj
and for a self-adjoint operator A we denote

< +00.

A if A is positive semi-definite,
(A), = { (6.1)

0 otherwise.

When ¢, # 0 (which is true at least for & < m™), we make a change of variables
My, = |cx|Ax (which is still positive definite). Hence ¢ € P is equivalent to

det ((Q + Zi§m+ BZ*MZBZ B Ej>m+;cj750 B;MJB])+)

su < 400. 6.2
e [T, (det M) (62)

We claim that the latter is equivalent to
sup < +o00. (6.3)

M, >0 Hk(det M )ex
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The fact that (6.2)) implies (6.3)) is easy: A — (A); is a non-decreasing map on self-adjoint
operators and the operator in the determinant of (6.3)) differs from the one of (62) by
additional negative definite terms.

To show that (63) implies (6.2)), it is sufficient to let M; > 0 tend to 0 for all indices
j > n such that ¢; = 0 (hence (det M;)% = 1). This requires continuity properties of the
numerator. Observe that A — (A); is not continuous (if A is not positive definite but is
semi-definite positive, then (A), = A but for € > 0, A — €Id is not positive semi-definite,
so that lim,_,o+ (A —eld), = 0). Fortunately, we may conclude by using the continuity of
A+ det(Ay) (which is easy to verify: let (A4,) be self-adjoint operators tending to A. If
A is positive definite, then so is A,, for n large enough, and continuity of the determinant
allows to conclude. If there is v # 0 with (Av,v) < 0 then this is eventually true for
A, and (A); = (A,); = 0. If A is semi-definite positive but not definite positive, then
det A = 0. If A, is not positive definite then det(A, ), = 0, while if A, is positive definite
then det(A,); = det A,, tends to det A = 0 when n increases).

We are ready to show the convexity of P. Let ¢,d € P. Using that (6.3]) characterizes
membership to P, we know that there exists K. and K, in R such that for all M > 0,

i<m¥t j>m™T

is upper bounded by K. [],(det M) and by Ky[],(det My)?%. Therefore, for any ¢ €
[0,1],

+

det (Q+ Z B M;B; — Z B;Mij>+ < K'KL H(det My)tes+(=t)di

i<m+t j>mt k

The above arguments show that this implies that tc+(1—¢)d € P. Hence P is convex. [

7. POSITIVITY IN THE RANK ONE CASE

We study the positivity of the optimal constant in inverse Brascamp-Lieb inequalities,
when for all £ = 1,...,m, dim Hy = 1, in terms of the coefficients (cx)};. In this case
a very complete solution can be given, based on a rather straightforward argument. For
concreteness, we may identify each H; with R, and we may find non-zero vectors u, € H
such that Byx = (x,uy) for all z € H. As before, we consider exponents with prescribed
signs: given m* < m the first m™ coefficients are positive, while the other ones are
non-positive. In addition, we work under the hypotheses of Theorem [2.91

For two integers k, [ let [k,1] = {k,k+1,...,l} and |k, ] ={k+ 1,k +2,...,1}.

7.1. No kernel. We start with the case when Q = 0. In the present setting, the hypothe-
ses of Theorem simply mean that the map B, is one-to-one, that is (uq,. .., Uy,+) iS
a basis of H (which can be identified to R™"). For every family (f,)-, of non-negative
integrable functions on R with positive integrals, the functional of interest is

ST ) s

Ju,C(fla"'afm) c

H;nzl (IR fk) *
Theorem 7.1. Let m > m™* > 1 and uy,...u,, be non-zero vectors in H. Assume also
that (uy,...,um+) is a basis of H. For i < m*™ < j, we write that i ~ j if u; has a

non-zero i-th coordinate in the latter basis. Consider the positivity domain

Pt (ur)y) = {c € (0, +00)™" x (—00,0]™ ™" inf J,. > 0}.
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For any set S C [1,m], denote by 1g the vector in {0, 1}™ with i-th coordinate equal to 1
if and only ifi € S. Then

Pm+<<Uk)km:1) = 1[[17m+] + POS({l{i} — 1{j}; 7~ ]})

= {c € [1,+00)™" x (—o0,0™ ™", ch =m" and
k
forall S C [1,m™], Z(C@ -1)< Z ‘Cj‘}

€S j; S~j
= {c €1, +00)™" x (—o0, 0™ ™", ch =m" and
k
forall T C]m™, m] Z|Cﬂ|< Z ~—1)},
JET 1y T

where S ~ j means that there exists 1 € S with © ~ j, and i ~ T means that there exists
Jj €T with i~ j, and Pos(A) is the positive hull of A.

The above description of P,,+((ug)) as a positive hull can be phrased in terms of mass
transportation. The following interpretation will be justified and applied in the course
of the proof: consider a bipartite graph G on the sets I = [1,m"] and J =]}m™,m],
with an edge between i € [ and j € J if i ~ j (i.e. u; has a non-zero coordinate on u;,
when decomposed in the basis (u1, ..., uy+)). Then ¢ € P,+((ug)) if and only if one can
transport the measure Ef:l(cl —1)d; onto > 71, i |c;|d; by moving the mass along the
graph G.

Proof. For shortness, we write P for the positivity domain P+ ((ug)iL,)-

First part: Let us start with ¢ € P and draw consequences of this fact. Since
inf J((u,),(ex)) > 0, in particular the infimum on centered Gaussian functions is positive.
Using the calculations of the previous section, this can be stated as follows: there exists
D < 400 such that for all Aq,..., A, > 0, it holds

k k

where (-); is defined as in (6.1]). Recall that (u ® u)(x) = (z,u)u. Our goal is to extract
information on ¢ from (7.I]). Since it is pointless when the map inside the determinant is
non positive definite, we first look for values (Ax) for which the inequality has a non-trivial
content.

It is convenient to work with (\;) satisfying the following inequality

Z c,)\lu,®u, Z 2 Z |Cj|)\juj®uj- (72)
i<mt j>mt

Indeed, when the above is satisfied and since A > 2B implies A — B > A/2, it follows
that
1
; Cep Uk @ U > 3 ‘<Z+ CiAU; @ Uy

The map on the right-hand side is positive definite, therefore we may deduce from (Z.])
that

2m+D H )\Zk Z det < Z Ci)\i U; @ ’LLZ) = det(ul, Ce ,um+)2 H Cz)\z (73)
k

i<mt i<mt
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Keeping in mind that (7.2)== (Z.3)), let us provide numbers (\z) for which (7.2)) is verified.
For j > m™, we denote by a;(j) the i-th coordinate of u; in the basis (u1, ..., u,). Observe
that by definition 7 ~ j means a;(j) # 0. Hence for all j > m™,

Uj; = Z (7).
05 invj

For any vector v € H, by Cauchy-Schwarz,

(v,u;)? < <Z ai<j>2> <Z<v,ui>2>-

i irvj i i~

Set K :=max; ) a;(j)?. We have proved that for j > m™,

i iy
uj®uj§KE u; @ Uj.
i5 invj

Summing upon j > m™ and interchanging summations in 7 > m™ and in i < m™ yield

j>m* i<mt \j i~j

Let ¢ € Rt and let a € R™ satisfy

iNj:>ai2aj. (75)
Set K':=2K max;(d_.;.; l¢;|)/ci, and
Aj=e" for j>m* and i = K'et for i<m".

Then Inequality (7.4)) readily implies that for this choice of A, ((T.2)) is verified. As we have
already seen, this implies that (Z.3)) applies and gives

2m+D< H (K')Q)eqzkaka > det(ul, .. "um+>2< H (CiKI)>€qu§m+ a;

i<mt i<mt

For ¢ tending to +oo the last inequality implies that »_, axcy > >+ a;. Recall that
this was proved assuming (Z5]) (and that ¢ is in the positivity domain of the functional
J). Summarizing, for ¢ in the positivity domain, and all a € R™,

(i~vj=ai>a)= > (—1a; > Y _ lela;. (7.6)

i<m¥t j>m™T

Let us draw some consequences of this property of coefficients ¢ in the positivity domain,
by making appropriate choices for a:

e Choosing vectors a with all equal coordinates gives >, ¢x = m™, known as the
homogeneity condition.

e For any i € [1,m*], we may choose a = 1;; and get ¢; > 1.

e For T C]m™, m], we may define a vector a as follows: a; =1 for j € T, a; =0
for j €lm™,m] \ T, and for i € [1,m*], set a; = 1 if i ~ T and a; = 0 otherwise.
It is plain that ¢ ~ j = a; > a;, so this vector is admissible and we can deduce
that ZjeT lej] < Zz ivr(ci — 1)

e In a symmetric way, for S C [1,m"], we may define an admissible vector a as
follows: for ¢ < m™, a; = —1if i € S and a; = 0 otherwise; for j > m™,
aj = —1if S ~ j and a; = 0 otherwise. Plugging this vector in (Z.6) yields

Yieslci—1) < Zj;SNj |¢j1.
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Next give a dual interpretation of (Z.6]) (where the right-hand side inequality is taken
in the form >, cyar, > >, ai): for every vector a € R™, if for all i < m™ < j such
that i ~ j, it holds (a,1y; — 1) > 0, then (a,c — 1 n+)) = 0. Equivalently, no linear
hyperplane can separate the vector ¢ — 1y y,+] from the family of vectors (1 — 141 )in;-
By the Hahn-Banach theorem, this implies that ¢ — 1y ,,+] belongs to the convex cone
generated by the vectors (1 — 1gj})i~;. This concludes the first part of the proof.

Second part: let us show that 1y ,,+7 4 Pos((1gi — 1gj})i~g) is included in the positivity
domain P of the functional J. Since Proposition ensures that P is convex, it is
enough to show that for all # < m* < j such that ¢ ~ j, it contains the half-line
Lt + R (L = 1g5y).

Let us start with observing that 1p ,,,+7 € P. Indeed, for all measurable f; : R — R™,
by the change of variables y; := (x, u;), i € [1, m+]] and Fubini’s theorem

/Hfl z,u;)) dz = | det((u;)™ / Hfly, ) dy = | det((u;)™)]~ IH/fZ

Another basic ingredient, which is actually the sunplest instance of the reverse inequalities
we are investigating, is the reverse Holder inequality: for ¢ > 0 and f, g non-negative
measurable functions on R,

freve=([5) ([2)

We are ready to show that for iy ~ j, 1j1m+) + R (1403 — 1g53) € P. Let € > 0. Then,
using that u; = >, a;(j)u; with oy, (j) # 0, changing variables by y; == (z,w;), i € [1, m*]
as above

O T Aol G, w) o

ic[L,m*\{io}

- /H( [T Alwud) fullew) (Y aili)ew) “de

i€[1,m*]\{io} i<m*
= etz [ (O TT ) )5S astim) .
Rm™ . . .
i€[1,mt]\{io} i<mt
Applying inverse Holder in the variable y;, and using «;,(j) # 0, we deduce that for any
(Ys)ierm* I\ o}

/Rfio<yio>1+€fj( Z ai(i)ys) "y, 2 (/ in)HE (aml(j) /fj) :

i<mt

Plugging this estimate in the latter integral over R™ we arrive at

LOTL ) o)) o) e

i€[1,m*T]\{io}

> Jdet()ZD e T ( / f)( / f) ( / fj)s.

ie[1,m+]\{do}
This inequality proves that 1y .+ + (10 — 1(51) € P.

Third part: Our final task is to show that the descriptions of P is terms of inequalities
coincides with the one in terms of positive hull. This can be done “by hands,” but we



POSITIVE GAUSSIAN KERNELS ALSO HAVE GAUSSIAN MINIMIZERS 47

present a neat argument in terms of transportation plans. We have shown that ¢ € P is
equivalent to ¢ — 1 m+] € Pos((1;3 — 1453)i~;). The latter is equivalent to the existence
of non-negative coefficients (7;;)i~; such that ¢ — 1 4y = >, i 7%ii(1ay — 1gy), or in
coordinates:

fori <m", ¢—1= E Vi,
Jy g

forj >m*, gl = Z Yiij-

;i

This can be interpreted as a coupling, or transportation plan between measures: 7, ;
represents the amount of mass which is transported from ¢ to j, and such a shipping is
allowed only if ¢ ~ j. Therefore ¢ belongs to P if and only if it is possible to transport the
measure Y ,.+(¢; —1)d; to the measure » ., . [c;]d; (or vice-versa), while carrying mass
only between points which are in relation for ~. This questions of existence of transport
with constraints is well know. Its solution is given in the following classical lemma and
it allows to complete the proof. Observe that the indices i < m* and j > m™ play
symmetric role for the transportation problem, which leads to two different description
of P in terms of inequalities. O

Lemma 7.2. Let I and J be disjoint finite sets. Let & C I x J and consider the bipartite
graph (I, J; E). Let (cy)ier and (B;)jes be non-negative numbers. Then there ezists a
transportation plan along the graph between ), ; o;0; and Z]EJ Bi0; if and only if:

> a;i=) Bandforall SCL Y o< Y B (7.7)

iel jeJ i€S §s S~vj

Proof. The condition means that the origin and target measures have same total mass,
and that the mass of any subset of the origin set is not larger than the mass for the target
measure of the set of its neighbors.

Showing that the existence of a transport plan implies the above inequalities is straight-
forward, and actually not the direction we need for the previous theorem, so we omit it.

Assume that (T7) is verified. Let us build a weighted graph G by enriching (I, J; E)
as follows: we assign to every existing edge (i ~ j) a weight w := 1+ )., a;; we also
add a vertex A and connect it to each ¢ € I with a weight «; on the edge; eventually we
add another vertex B and connect to each j € J with a weight f;.

Our goal is to show that the maximal flow between A and B is equal to ) ,_; o; (which
means that all the mass from I can be transported to B along the graph, and since
Yoo = Zj B, all the target mass is reached). By the Max flow-Min cut theorem (see
e.g. [40]), it is enough to show that the minimal weight of a cut separating A and B is
equal to D, ; o; (with corresponds to cutting all the edges incident to A).

Let us study a minimal cut. First, since the edges between [ and J have weight
w > Y .., q;, they are not in a minimal cut. Such a cut is thus as follows: there are
subsets S C I and T' C J such that S¢ =1\ S and T° = J\ T are not connected, and one
cuts the edges between A and I and the ones between B and J. The weight of this cut is

IS
ies jET
Our goal is to bound this weight from below as follows,

Zai+26j ZZ%‘-

i€S JjeT i€l
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This is equivalent, after canceling the terms appearing twice, to Y . cc0; < > jer B;.
This is indeed true: by hypothesis » . g ; < > j. g~y Oj- But since S¢ and T are not
connected, S¢ ~ j implies that j € T', and the latter sum is at most » jer Bj, as claimed.

O

7.2. With a kernel. Here we consider in addition a kernel e~<, with the restriction that
sT(Q), s7(Q) < 1. As above we work under the assumptions Qyer g, positive definite
and dim H > st (Q) + Z:ﬂ dim H;, for which a convenient equivalent form is given in
Lemma Bl In our setting, they can be rephrased as follows (we introduce a small twist
with respect to the decomposition in the lemma, namely a dilation which allows for a
more concrete decomposition): there are vectors ug, u,+1 € H such that for all z € H,

Q(z) = m(x, uo)? — (X, Upy1)?.

Note that these two vectors may be equal to zero (e.g. if @) is non-positive, uy = 0).
Moreover setting Box = (z,u) and By, 112 = (@, Uy,41), we know that ker By C ker By, 11
and that By, : H — BoH x B{H X --- X B,,+ H is one to one. The former is equivalent

- .
to M-, ui C up,,, that is

U1 € vect{uy, ..., Up+}, (7.8)
while the latter means that:
e cither ug = 0 and (uy, ..., u,+) is a basis of H,
e or (Ug, Uy, ..., Uy+) is a basis of H.

In any of the above cases, we denote by U the corresponding basis of H. Given i € [ =
[0,mT] and j € J =]Jm™,m + 1], we write i ~ j if u;, once decomposed in the basis U,
has a positive coordinate on the vector u; of the basis. This relation creates a bipartite
graph GG on I and J. Note that m -+ 1 is an isolated vertex of the graph when wu,,,; = 0,
and so is 0 when ug = 0. The functional of interest is

Jyg et D TR | fy (o ug)) ™ dae

H;cnzl (fR fk)Ck

JQ,(uk);”:pc(fl, RS fm) —

Now comes a description of its positivity domain
P (Q, (ug)ey) = {c € (0, 4+00)™" x (—00,0]™ ™" inf Jo )y . > 0}.
Theorem 7.3. With the above notation and hypotheses,
Pot (Q (u)iny) = Lpumey + Pos({Lgs i ~vm+ 13U { = 1y 0~ j}
UL — 1 L<in g <m})
= {eet+00)™" x (=o0,0)"";

forall S C [1,m*]with S % m +1, Z(Cz -1 < Z |c;l,

€S j; S~j
and for all T C]Jm™*, m] with0 £ T, Z le;| < Z (¢; — 1)},
JeET i i~T

= Projgp.mi (771+m+ (uo, Uty e ooy U, Um+1)) )

Let us comment on this statement before proving it. The notation of the last line, involv-
ing a projection and an extended use of the notation of the positivity domain in the case

of no kernel (if ug or u,, 1 is zero, just discard it), means the following: inf JQ,(uk)z”:pc >0
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if and only if there exists ¢ > 1 and ¢, 41 < 0 and € > 0 such that for all f : R — R*
(k=0,1,...,m+ 1) integrable and with positive integral:

/H Fol(s o)) F 1 (2 g )7 i[lfk«x,uwdx > mH ( /H k f) .

Here Hy is the image of H by x +— (z,uy). If for instance ug = 0 then Hy = {0} and the
term fo(0) = | H, fo > 0 appears on both sides, and can be discarded. In other words, the
positivity of the constant in the inequality with kernel can be deduced from an inequality
without kernel, by specifying one or two functions to be Gaussian.

The description of the positivity domain as a positive convex hull can also be interpreted
in terms of a transportation problem: ¢ is in the positivity domain if and only if one can
transport the measure E:r:l (ci—1)0ito 3200, ¢ lcj|d; along the bipartite graph G defined
above, with the help of a source at 0 and of a sink at m + 1.

Proof of Theorem[7.3. The strategy is the same as for Theorem [7.I] so we only explain
the changes. We simply write P for the positivity domain. Let us denote by Py, Py and
P53 the three sets appearing in the claim (in the same order).

Let ¢ € P. By Theorem and Gaussian calculations, there exists D > 0 such that

for all A\q,..., A\,
m+1
DT A% > det ( A ) , 7.9
E[k—e(zckkuk®uk+> (7.9)

k=0
where we have set ¢g = 1,¢ni1 = —1, 0 = Apna1 = 1 in order to include the terms
coming from the kernel. Our first task is to infer that for every a € RI>™*1 satisfying
ag = Qpy1 =0,

(i~vj=a>a) = > (—1Da; = Y lela;. (7.10)
i<m¥t j>m™T

To do this we look for numbers b such that for all ¢ > 0, Inequality (7.2)) is verified
for A, = A\i(q) = bre?. Letting ¢ tend to infinity in the determinant inequality then
yields (ZI0). The main changes in the argument come from the “boundary” conditions
Mo(q) = Ams1(q) = 1 which force ay = apmy1 = 0 and by = by,1 = 1. The strategy
is again to choose the Ay such that (7.4]) holds. Observe that (7.4) is verified when for
all i <m™, 2K ., ilejlA; < e Setting M := max (1,2K(m + 1)), we get that a
sufficient condition to ensure the latter is to have:

1 Nj — M|Cj|)\j < Cz)\z

As already mentioned, we look for A\, = bie?™ and a verifies ¢ ~ j = a; > a;. Hence it
is enough to choose b such that

Recall that coby = |¢mi1|bmi1 = 1 so the latter inequality may fail, but thanks to (7.8
0 % m + 1. Eventually, if we choose (b;) such that b; = M/¢; for ¢ € [1,m*] and
le;|b; < 1/M for j €]m™*, m], then (ZII)) is verified. Thus ¢ € P implies (ZI0). Using
the Hahn-Banach Theorem, (Z.I0) means ¢ € P;. So we have proved that P C P;.
Next we show that P; C Py by drawing consequences of (T.10);
e For any i € [1,m*], we may choose a = 1;; and get ¢; > 1.
e For T C]m™, m] with 0 % T we may define a vector a as follows: a; = 1 for j € T,

a; = 1if i ~ T and a;, = 0 otherwise. It readily verifies the hypothesis of ([ZI0),
so we can deduce that 3 |e;[ <37, (e —1).
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e In a symmetric way, for S C [1,m*] with S % m+ 1 we may define an admissible
vector a as follows: a; = —1is¢ € S; a; = —1if § ~ j and a; = 0 otherwise. This

Now we prove that P» C Ps. Let ¢ € Ps, and set oy = ¢;—1for 1 <i < m* and §; = |¢;|
for m* < j < m. Let us consider the bipartite graph G on I = [0, m*] and J =]m*, m+1]
obtained by adding to G' an edge between 0 and m + 1. Let us choose two numbers ay
and (3,41 such that . a; = Z]EJ B; and g, Bg1 > Zie[[l,mﬂ] o; + Zje]]m+7m]] B;.

Let us show that it is possible to transport along G the measure > ier idi to ZJ.GJ B;6;,
by application of Lemma The equality of masses holds by construction. It remains to
prove that for every S C I, ), o < ZjeN(S) B;, where N(S) denotes the set of vertices

which are connected to S in (G. Let us consider several cases

o If0 ¢ S and S o m+1 then the inequality comes from the hypothesis that ¢ € Ps.

e If 0 ¢ S and S ~ m + 1, the inequality holds simply because the term f,,1 is
larger than ijl W >y g O

e If 0 € S, then by construction m + 1 € N(S5). Our aim is to show that ), co; <
> JEN(S) Bj. Subtracting from the equality of masses condition shows that the
inequality is equivalent to >, ng > > i p s B5- Define T := J\ N(S).
Observe that T' C]m™, m] since m+1 € N(S). Moreover by construction N(T') C
I'\S does not contain 0 as S does. So the fact that ¢ € P, ensures that EjeT B <

ZieN(T) a;. Since N(T) C I\ S we obtain ZieI\S o > ZjeJ\N(S) B; as needed.

By Lemmal[Z2 there is a transport along G. It may ship an amount ~ of mass between the
vertices 0 and m + 1. If we remove this amount from the initial mass at these two points,
we get two distributions which admit a transport which does not use the edge between
0 and m + 1. In other words if we set cg = 1+ ap—y > 1 and ¢ 1 = —(By1 —7) <

0, we have shown that there is a transportation plan along G from ZZZB(CZ — 1)9; to
E;n:ﬁmﬁ lc;]9;. According to Theorem [T.J] and its interpretation in terms of transport,
this means that (cg, ¢y, ..., ¢ny1) is in the positivity domain Py .+ (uo, U1, - - ., Upg1) Of
an inverse Brascamp-Lieb inequality without kernel (but with more functions).

So starting from ¢ = (cq, ..., ¢,) € P2 we have expressed it as the projection of a vector
(co,C1y -y Cma1) I P+ (Ug, Uy, - ., Ume1). This concludes the proof of Py C Ps. The
particular cases when ug (or u,,,1) is zero is also treated by this argument because in this
case 0 is isolated in G and thus it is not involved in the transport.

The inclusion P3 C P is immediate. It ¢ € Ps, then by Theorem [Tl there exists ¢y > 0,
¢my1 < 0 and e > 0 such that for all non-negative integrable functions fi, k =0,...,m+1,

/ fo(<$aU0>)c°fm+1(<$aum+1>)cm“]f[lfk(($,uk>)ckd$ > ﬁ ([ %)

It remains to choose adequate Gaussian functions fy and f,, 1 so that
Fol(, uo))® fon 1 (0, U 1))t < e mmo) bmlntmn)® — =)
to get a non-trivial inequality for the initial functional. It is possible to achieve equality

when ¢, < 0; we use an inequality in case ¢, 11 = 0. O

8. POSITIVITY CONDITION IN THE GENERAL CASE

We turn to a positivity condition in the general case. Let 0 < m™ < m and for
k=0,...,m+1,let By : H— Hj be a surjective linear map. Recall that B, denotes

the map (By,...,Bn+): H — Hy x---x H,+. With this notation, ker B, = ﬂ;n; ker Bjy,.
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Similarly we define By, = (Bo, By,...Bpy+): H — Hy X -+ X H,,+. Recall also the
non-degeneracy conditions (2.4]) and (2.5), which we assume from now on.

8.1. Recursive structure of the problem. Any linear subspace V' C H, together with
the quotient space H /v, yields a split of H, i.e. the following sequence is exact

0 sV s H —T Hjy — (),

where i: V' — H is the natural embedding and 7: H — #/v is the natural quotient map.
Next, for each £k =0,...,m + 1 denote

Vi = BiV.

We consider a split of Hy induced from the split of H by the map B, namely

0 Ve —2% H, —"s Hify, — 0,

together with surjective linear maps by: V' — Vi and fy: #/v — He /v, defined such that
the diagram

0 y V. — H - Hyy — 50
b lBk lﬁk
0 y Vi —t s H, —Ts Hify, —— 0

commutes. In other words, by is the restriction of By to V', while i is the quotient of By
by V', which can be defined explicitly by

Br(z+ V) = Byr + Vj.
Similarly as for the maps By we consider the maps
by = (b, ...yt ): V=V X oo X Vs,
bor = (bo, b1y b+ ) V= Vo X Vi X oo X Vs,
Br= (81, Bt ) Hiv — Hifyy x oo X Hit v
Bot+ = (Bo, B, -+ B+ ) Hfv — Hofyy x Hifyy oo X Hint fyr
In the sequel, the above construction of restriction and quotient of maps will be applied

recursively to V' and the maps by, : V' — V} as well as to # /v and the maps fy: H/v — Hi/v,.
Note a simple fact concerning the kernel of a quotient map.

Lemma 8.1. Let B: H — H' be a linear map (not necessarily surjective), V-C H be a
subspace and denote V! = BV. Consider the map 5: H/v — ' Jv' defined as a quotient of
B, i.e. B(x+ V)= Bx+V'. Then its kernel verifies

7' (ker B) =V + ker B, (8.1)
where m: H — H/v is the canonical projection.

Proof. The inclusions V' C 7~ !(ker 8) and ker B C 7~ !(ker 3) are obvious. For the other
inclusion, if z € 7~ !(ker8), i.e. Bx € V' = BV, then there exists v € V such that
Bz = Bv and hence x = v+ (x —v) € V + ker B. O

The following notion will be crucial:

Definition 8.2. Given the maps By,: H — Hj, for k =0,1,...,m" and a linear subspace
V C H, we call the split 0 % H » Hfy —— 0 admissible for (H, B)
if the map by is a linear isomorphism. For shortness we also say that V' is an admissible
subspace, and omit to mention (H, B) when there is no ambiguity.
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The next lemma tells that Condition (B.]) is inherited by subspaces and quotients
induced by admissible splits.

Lemma 8.3. Suppose here that the map By, is a linear isomorphism and consider a split
0 V H Hpy, —— 0. Then the map by, is injective and the map
Box 1s surjective. Moreover, the following assertions are equivalent:

(i) the split is admissible (i.e. the map by, is a linear isomorphism),
(i) the map by is surjective,

(ii) dimV =3"" ©dim B;V,

(iii) the map Poy zs a linear isomorphism,

(iii") the map Boy is injective,

(iv) ﬂ?jo(V +ker B;)) =V.

Proof. Since By, : H — Hy x --- X H,+ is a linear isomorphism, it is clear that its
restriction byy : V' — Vy X -+ - X V,,+ is injective (recall the notation Vi, = B,V'). Hence
(i) <= (i’). The fact that By, is onto also ensures that its quotient fyy : #/v —
Hofyy x -+« x Hut Jv . is surjective. Hence (iii) <= (iil’).

Next we use the basic fact that a linear map between finite dimensional vector spaces
L : X — Y is bijective if and only if dim X = dimY and L is injective (which is also
equivalent to dim X = dimY and L is surjective). This directly yields (i) <= (ii).

Since By, is an isomorphism, it holds dim H = Z:fo dim H;. Therefore, by subtraction,
(ii) is equivalent to

mT
dim vy = Z dim #: fv;.
=0

Since [y, is automatically surjective, we deduce that (ii) <= (iii).
It remains to show that (iii’) <= (iv). To do this, we start with observing that

“Uker By ) =T ( n ker ﬁz> = ”h 7 (ker ;) = nh(V + ker B;),
i=0 i=0

where the last equality comes from (81]). Taking the preimage w.r.t. the surjective map 7
gives that ker Sy, = {0} is equivalent to 7~ (ker By4) = V. The equivalence (iii’) <= (iv)
follows from the above formula. U

Eventually, we show that Condition (B.2]) is inherited by the maps induced by admissible
splits.
Lemma 8.4. Consider a linear subspace V. C H and the corresponding split. Suppose
ker B, C ker B,,11. Then
(i) kerby C ker b1,
(i) if by is surjective then ker 5, C ker 5,1 1.
Proof. (i) This part is obvious since ker b, = V N ker B, and similarly for ker b,,1.
(ii) By Lemma [R1]
7 (ker Bg1) = V 4 ker By
Applying Lemma 8. once again, this time to the map B := B, and the subspaces V C H

and V' = B,V C H := Hy X --- X H,,+ we obtain that the map g: #/v — H /vy’ being
the quotient of B satisfies

7' (ker B) =V + ker B.
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Since b, is surjective, i.e. V! = BV x --+ x B,,+V, the map f, coincides with ¢ o 3,
where p: #'fyr = HixxHyt [pivx...x B, v — H/Biv X -+« X Hnt /B v is the natural
isomorphism, hence ker 8 and ker 5, coincide. Therefore,

7 (ker ) =V +ker B,
and using the hypothesis ker B, C ker B,,,; we obtain
7 (ker By) CV +ker By = 1 (ker Brui1).

To conclude, it remains to apply the surjective map .

O
Corollary 8.5. Suppose the map By is a linear isomorphism and ker B, C ker By, 1.
If a split O Vv H Hpy, —— 0 is admissible then

(i) boy is a linear isomorphism and ker b, C ker by, 1,
(ii) Boy s a linear isomorphism and ker 5, C ker 3,1 1.

Proof. This is a direct consequence of Lemma [8.4] and of the equivalent forms of the

admissibility property given in Lemma 8.3 U
8.2. Formulation of the characterization result. Recall 0 < m* < m. In addition
to the linear surjective maps By: H — Hy, k = 0,...,m + 1, we consider real numbers
co=1,¢c1,....,¢p+ >0, Cpty1,---,¢m < 0 and ¢,,.1 = —1. In this context, for any
positive definite quadratic forms Q,: Hy — R and Q_: H,,.1 — R, define a functional
Jo.,o_ acting on non-negative integrable functions fi: Hy — R (k =1,...,m) satisfying
‘fHk fr > 0:

SIS £t (Bre) da

JQ+,Q— <f17 SR fm) o h (82)
[T (fHk f k)
where
fo=e 9 and fo=e <. (8.3)
Assuming (B.1]) and (3:2)), the condition defined below turns out to be equivalent to the
positivity of the infimum of Jg, o  over all functions fi,..., fm.

Definition 8.6. We say that H together with the maps By and the exponents ¢ (k =
0,...,m+ 1) satisfies Condition (C) if for every admissible split

0 >y V H y Hyy —— 0,

the following two conditions are satisfied:

(i) if byqq is a trivial map (i.e. V C ker By,4q thus V11 = {0}) then V is a super-
critical subspace of H, i.e.

dimV > Z ¢ dim V;

k=1
(ii) if By is a trivial map (i.e. BoV = BoH thus Ho/v; = {0}) then # /v is a subcritical
quotient of H, i.e.
dim # v < Z o dim Hx v,
k=1

Later on we will also use a similar notion which we call criticality:
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Definition 8.7. Suppose V C H induces an admissible split. We say that V' is a critical
subspace of H if

byt is trivial and dim V' = Z ¢ dim V.
k=1
Similarly, we say that /v is a critical quotient of H if

Bo is trivial and dim /v = Z o dim He v
k=1
Theorem 8.8. In the setting described above, suppose that (3.1 and [B2) hold.
(i) If for some positive definite quadratic forms Q,: Hy — R and Q_: Hy, 11 — R,

; inf JQ+7Q7(f1, .. .,fm) >0

then (H, B, ¢) satisfies Condition (C).
(ii) If (H, B, c) satisfies Condition (C) then for all positive definite quadratic forms
Q+ and Q_,
; inff JQ+,Q_ (fl, RN fm) > 0.

The above theorem easily implies the characterization of positivity of the functional
J, for which we present now an intrinsic formulation (in terms of Q only, and not of its
decomposition involving By, By, 11)-

Theorem 8.9. Consider the functional J as defined in (L3) along with a quadratic
form Q: H — R, surjective linear maps By: H — Hy (k = 1,...,m) and exponents
ClyevosCmt >0, Crti1y ooy < 0. Suppose the non-degeneracy condition (24) and (2.5)
hold. Then inf J > 0 if and only if for every subspace V- C H such that

mT
dim (V' N (ker By)*2) =) " dim BV, (8.4)
i=1

the following two implications hold true:

(i) if V Crad Q + ker By then

dimV > Z ¢ dim B V;
k=1

(ii) if V + (ker By)*2 = H then
dim H —dimV < ch(dim Hy — dim B,V).
k=1

Remark 8.10. When no kernel is involved (i.e. @ = 0) we recover, in a slightly different
form, the condition of Theorem from the introduction. To see the connection, observe
that (i) for V.= H and (i) for V = {0} yield dim H = ;" | ¢, dim Hy. Then, it is clear
that the inequalities in (i) and (i) are equivalent.

Proof of Theorem[8.9. First we construct the maps By: H — Hy and B, 1: H = H,, 11
as in the proof of the implication (1) = (2) from Lemma Bl Recall from that proof
that

ker By = Hy© = (ker B,)*e
and
ker B,,+1 =rad Q + ker B,
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Next, we apply Theorem B.8 and reformulate it in terms of the quadratic form Q as
follows. By (BI)) and Lemma R3] a subspace V' C H is admissible if and only if

m+
dimV = Z dim B, V.

i=0
The last equation is equivalent to (8.4]), thanks to the following relation
dim ByV = dim V — dim(V Nker By) = dim V — dim (V N (ker B, )*2).
Finally note that the following equivalences hold true:
VCkerB,,;1 <= V Crad@Q+ ker By,
BV =BH <+ V+4kaeBy=H <= V+(kerB,)"e=H.
O

Eventually, let us note that Lemma (i) <= (iv) shows that (8.4) is equivalent to

mT

(V + (ker By)™2) N[ \(V + ker B;) = V.

i=1
8.3. Useful notation for the proof of Theorem [8.8. Consider any split
0 Vv H Hfy —— 0.

We fix any linear injective maps

j:Hv — H,

Jr: Hefy, — Hy for k=0,...,m+1
such that j (respectively ji) composed with the canonical quotient map H — /v (resp.
Hy — Hijv,) is the identity on # /v (resp. Hk/v;). For example, j can be chosen so that its

range is the orthogonal complement of V' in H (and similarly jy).
For any x € V and y € /v we write

Bi(x + j(y)) = Brr + Bij(y) = bkx + pry + jr(Bry),
where
ey = Brj(y) — jx(Bry): v — Vi

To see that p; has range in Vj, compose it with the quotient map my: Hy — Hr /v, to see
that mrpr(y) = T Brj(y) — Brmj(y) = (meBr — Bem)(j(y)) = 0, by definition of [.

Fix any positive definite quadratic forms Q, on Hy and Q_ on H,,,; and thus fix fj
and f,.1 as in (83). Next, let fr: Hy — R (k=1,2,...,m) be non-negative, integrable
functions with fHk fr > 0. By identifying each function f;: H, — R (for k =0,1,...,m+
1) with a function fi: Vi x #x/v, — R and using Fubini theorem we rewrite (82) as

fH/V fv ZLJrol i (O + pry, Bry) dx dy
ITiss (fHk/Vk ka fu(z,y) dzx dy)

where C € (0, +00) is a constant resulting from changes of variables V' x H/v 5 (z,y) —
r+j(y) € H and Vi, x Hefvy, 5 (2,y) — x + jr(y) € Hy, (for k=1,...,m). (If j and jj
are chosen according to Euclidean structures of H and Hj as in the example mentioned
above, then C' = 1. However, in what follows the exact value of C' has no importance).

Jo,o (fiseoos fm) = : (8.5)
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8.4. Necessity of Condition (C). Here we prove the first assertion of Theorem B8

Proof of Theorem[8.8, part (i). Recall the discussion from Section Assume that the
subspace V' is admissible and that we choose the functions fi,..., f,,+ so that they are
bounded of compact support and the functions f,,+.1,..., f,, which are strictly positive
with polynomial decay at infinity.

First consider the case V' C ker B, 41 (i.e. V41 = {0} and thus b,,,1 and p,,;1 are
trivial). We aim at showing that V' is a supercritical subspace of H. To this end, for any
R € [1,00), set

F ) = fu(z/R,y) fork=1,...,m.

By the hypothesis, for all R > 1, Jo, o_ (fl(R), N y(nR)) is uniformly bounded from below

by a positive constant. On the other hand, using (8.3]) for (fl(R), e y(nR)) and rescaling
the variables of integration x in the numerator and the denominator (i.e. replacing = with
Rz) gives

JQ+,Q,(]C1(R)’ o f(R)) — (O x RdimV—z;’;lck dim Vj,

m

y Jup Sy fo(Rboz + poy, B0Y) fon i1 (0, Brn19) Theey fi* (ks + £ owy, Bry) dae dy (8.6)
[Tie, <fHk/Vk Jy, fu(a,y) de dy>ck

Now it is enough to show that the double integral in the numerator is uniformly bounded
from above as R — oo. Doing so, the positive lower bound on the Lh.s. of (8.6) im-
plies that RImV-2izierdimVi js hounded away from 0 as R — oo and thus dimV —
E;nzl Cp dim Vk Z 0.

Due to our choice of the functions f, for k =1,...,m™",

supp fr C Fi x Gy,

for some compact, star-shaped sets Fj, C Vi and Gy C Hx /v, (by star-shaped we mean
that if z is in a set then so does Az for any A € [0, 1]).

Thanks to the assumption (B1) and the admissibility of the split of H, the maps by
and [y are linear isomorphisms (see Lemma B.3)).

Observe that we can restrict the domain of the outer integral in the numerator of (8.4)
to the set

G =B (G x X Gp+) CHJy,

because outside G the terms f.* with k£ € {1,...,m"} make the integrand vanish. Al-

though G is not necessarily compact, this allows us to bound the exponentially large term
frnkq in (B6). Indeed, the first assertion of Corollary B5[(ii) is

ker 5, C ker B,11,

hence by Lemma B3] £,,11(G) is a compact subset of Hm+1/y,,., and thus we can bound
from above the integrand by replacing f,;}H with

o= sup fni, <oo.
{O}Xﬁerl(G)

In order to deal with the terms fi* for k € {m* + 1,...,m} that grow (at most)
polynomially at infinity, we take advantage of the exponential decay of fy. In order to

use a compactness argument we decompose fy into slices. Namely, note that for some
compact, star-shaped sets Fy C Vp, Gy C Ho/v;, which depend on Q. and the map jj only,
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we have
1
fo(fb’()’yo) :/0 1{($,y)EVo><H0/V0: eXp(—Q+(l‘+jOy))2u}('r07yO) du
= /OO te_t2/21{(x,y)eV0xHo/Vo: eXp(—Q+($+j0y))ZeXp(—t2/2)}(:EO’ yo) dt
0
= /OOO t€7t2/21{(x,y)€V0XH0/VOZ Q+(r+J'oy)S252/2}(3707 Yo) dt

g/ te™ /1 (20) iy (yo) dit
0

for all (xo,y0) € Vo x Ho/vy. Using Fubini, we can thus bound the numerator of (8.6]) by

a/ tet /2/ / 15, (Rbox + poy) Lig, (Boy) ka (bkx+ —PrY, Bky> dx dydt. (8.7)
0 Hpy R

Now we argue that for some polynomials p and ¢, for any ¢ > 0 and all R > 1, the
integrand of the double integral w.r.t x and y in (871 is bounded from above by ¢(¢) and
is supported in a compact set of measure at most p(t).

To this end, fix any R > 1 and ¢ > 0. The integrand in question vanishes if y is outside
the set By (tGo x Gy X +++ X G+ ). Clearly we have

Bojrl(tG(] X Gl X X Gm+) - (t—i- 1)5074:(G0 X Gl X X Gm+>
Since [y is an isomorphism, the set
G = By (Go x Gy X -+ X Gyt

is a compact (and star-shaped) subset of #/v. Thus we can restrict the domain of inte-
gration w.r.t. y to (t+ 1)G.
Next, fix y € (t+ 1)G and R > 1. Take any x € V such that

Rbox + poy € tEy,
1
bkx+Epky €l forallk=1,...,m"

(otherwise the integrand is zero). Then we have

b € o+ (= gollt+DG)) € -+ 1)(Fy +m(~G),

kaL’ € Fk + <— %pk((t—i- 1)G)> - (t-'- 1)(Fk "—pk(_G)) for k = 1, e ,m+,

where the inclusion follows from the fact that Fy, Fi,..., F,,+ and —G are star-shaped.
Consider compact sets

Fk:Fk+pk(—G)§%, for k=0,1,...,m".

Put

F =0 (Fo x Fy X -+ X Fj1).
Clearly z € (t + 1)F for all y € (t + 1)G and all R > 1 and hence one can restrict the
integral w.r.t.  to the domain (¢+ 1)F which is compact, because by, is an isomorphism.
Therefore we have shown that for all R > 1, the domain of the double integral in (8.1)

can be restricted to the compact set (¢ + 1)(F x G). Moreover, the measure of this set is
a polynomial function of ¢.
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Now we proceed with bounding the integrand inside (¢t + 1)(F x G). The functions
fis- -, fm+ are bounded, so we may focus on the terms involving f, for k € {m*+1,...m}.
Set

Fy = b (F) + pr(G),
Gr = Be(G)

for kK = m*™ + 1,...,m. Then for all (z,y) € (t+ 1)(F x G), al R > 1 and k =
mt+1,...,m,

(8.8)

1 1
bz + Sy € b ((t + 1)F) + ﬁpk((t +1)G) C (t+1)F;
since G is star-shaped, and, of course,

Bky - (t + 1)Gk

Therefore the integrand can be bounded from above by
m+t m
Ck 1 —Ck
H <sup fk) X H < sup fx ) ,
k=1 = He kemti1  ETDERXGE)

where the first product is finite by boundedness of the functions fi,..., f,,+ and the
second product is bounded by a polynomial in ¢ due to polynomial decay of the functions
fm+a1s- -+, fm- Consequently, (8.0]) is upper bounded independently of R, as claimed.

Now we pass to the case when ByV = ByH (i.e. Ho/v; = {0} and thus fy is trivial).
Using a similar reasoning to the one used in the first case, we will show that #/v is a
subcritical quotient of H. For any r € (0, 1] set

fér)(xa?/) = fr(z,y/r) fork=1,... m.

We apply (8H) for ( fr), Y )) and then we rescale the variables y in the numerator
and the denominator (i.e. we replace y with ry in all integrals with respect to y). We get

JQ-hQ— (fl(r)7 ) fy(;)) =(C x rdimH/V—ZL”:l i dim Hy /v,
8 fH/V Iy folboz + 7poy, 0) .51 (b & + Ty, 7 Bms1y) Ty o (brx + 7oxy, Bry) da dy
m s |
Hk:l <fHk/Vk ka fr(z,y)dz dy)

(8.9)

As before, it is enough to show that the double integral in the numerator is uniformly
bounded from above as r — 0.

First we deal with the term f,;il. The map [y, is a linear isomorphism, and since the
map [y is trivial, also the map S, is an isomorphism. Therefore, the set

G =3 (G x X Gp+) CHv

to which we can restrict the integral w.r.t. y in (89]) is compact (and star-shaped). Now,
fix any y € G and take any x € V such that byz +rppy € Fy for all k =1,...,m*. Then
we have

Fy

bt € By, + (—rpp(G)) C Fy + pr(—G) :
and the sets F}, C V}, are compact and star-shaped. Put
F=b'(Fy x--xF,+)CV.
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The set F' is not necessarily compact, but the first assertion of Corollary says that
ker b, C ker b,,11 and hence by Lemma [3:3] b,,,1(F') is a compact subset of V,,, 1. There-
fore for all r € (0, 1] we have the bound

Skt (bmsr® + 7o 1y, 7 Bmiry) < sup fl) < .
(brm+1(F)+pm+1(G))XG

In order to deal with the terms f;* for k € {m* +1,...,m} we decompose fy(-,0) into
slices. Namely, defining the compact, star-shaped set Fy = {x € V: Q, (z) < 1/2}, we
have that for all zq € Vy = Hy,

1
fO(an O) = / 1{936V0: exp(—Q+(z))>u} (on) du
0

& )
:/0 te™ P 1iuev: exp(- 0y () zexp(—2/2)} (X0) di

= / te_t2/21tpo (l‘o) dt.

0

Using Fubini, we can thus bound the numerator of (8.9) by a constant (our bound on the
terms involving f,.}) times

/ tetw/ /1tFo(boﬂ7+’f’poy)Hf1§k(bk5€+'f’Pky75ky) dx dydt. (8.10)
0 Hjv Jv k=1

As discussed above, the domain of the integration w.r.t. y can be restricted to the
compact set G C H/v. Now fix t > 0, y € G and r € (0,1]. Suppose that z € V' is such
that the integrand in (8I0) does not vanish. Then we must have

box 4+ rpoy € tFy,
bpx +rppy €F, fork=1,...,m",
which implies
bor € tFy + (—1po(G)) C (t+ 1)(Fy + po(—G)) =: (t + 1) Fy,
bpr € F), + (— rpk(G)) CF.+pr(—G) = F, fork=1,....,m".
Set
F =0 (Fo x Fy X -+ X Fj1).

Clearly F is a compact (b, is an isomorphism), star-shaped subset of V and z € (t+1)F.
Finally define the sets Fj, and Gy for k = m™*+1,... m as in (88). Then for all (z,y)

S
((t+1)F) x G and all r € (0, 1], the arguments of the functions f for k =m* +1,...,m
are in ((t +1)F;) x Gy, and therefore the integrand can be bounded from above by
mt m
Ck 1 —Ck
H (sup fk) X H ( sup [y ) )
k=1 = He kemti1  (EFDEF)XGy
We conclude as in the first case. t

8.5. Sufficiency of Condition (C). The inductive proof of the second part of Theo-
rem [R.8 relies on the following lemma. It shows that under (3.1]), if one of the components
of an admissible split (the subspace or the quotient) is critical, then Condition (C) is
inherited by both components of the split.
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Lemma 8.11 (Inheritance of Condition (C) through a critical split). Suppose H together
with the maps By and the exponents ¢y satisfy Condition (C) and

0 1% H Hfy — 5

is an admissible split. If V is a critical subspace of H or H/v is a critical quotient of H
then V' with the maps by and the exponents cx, as well as H/v with the maps By, and the
exponents ¢, satisfy Condition (C).

Proof. First we present the scheme of the proof:

Part I. We suppose that V' is a critical subspace of H.
e Condition (C) for V:

— Subspace of V' : supercriticality of a subspace U of V' is inherited directly
from supercriticality of U as a subspace of H.

— Quotient of V: subcriticality of the quotient V/u of V follows from
criticality of V' in H and supercriticality of U in V just proved.

e Condition (C) for #/v:

— Subspace of H/v: supercriticality of a subspace U of # /v follows from
supercriticality of a subspace U = 7~ '(U) (where 7: H — H/v is a
natural quotient map) in H and criticality of V in H.

— Quotient of H /v: subcriticality of the quotient #/v/u of # /v follows from
subcriticality of the quotient # /7 of H.

Part II. We suppose that # /v is a critical quotient of H. After dualizing, i.e. interchanging
subspaces with quotient and supercriticality with subcriticality, the arguments are
analogous to the ones from Part I.

e Condition (C) for #/v:

— Quotient of H/v: subcriticality of a quotient “/V/u of # /v is inherited di-
rectly from subcriticality of #/i as a quotient of H, where U = 7~ (U).

— Subspace of # /v : supercriticality of the subspace U of # /v follows from
criticality of #/v in H and subcriticality of #/V/u in # /v just proved.

e Condition (C) for V:

— Quotient of V: subcriticality of a quotient V/u of V' follows from sub-
criticality of a quotient #/u in H and criticality of #/v in H.

— Subspace of V: supercriticality of the subspace U of V follows from
supercriticality of the subspace U of H.

Next we give the arguments in details. In the first part we assume that V' is a critical

subspace: V' C ker B,,,1, and thus the map b, is trivial, and the following equality
holds

dimV = ¢, dim B,V. (8.11)
k=1
Let us check Condition (C) for V' equipped with the maps (b) and the coefficients (cx) (for

shortness, we will write (V,b), since the coefficients ¢ are the same for all sub-structures).
Suppose that

0 U 1% Vie —— 0

is an admissible split of (V,b). Since U C V' = ker b,,;1, we must check supercriticality of
U as a subspace of (V,b). The admissible split of (V,b) induced by U obviously leads to
an admissible split of (H, B). Moreover, U C V C ker B,,;1, so that Condition (C) for
(H, B) yields

dimU > Z ¢ dim BLU.
k=1
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Using B;U = b;U, we conclude that U is a supercritical subspace of (V,b).

For the same U, V/u is a subcritical quotient of (V,b) (even regardless whether by(U) =
bo(V') or not) because V is a critical subspace of H and U is a supercritical subspace of
V' (subtract the inequality dim U > ", ¢, dim by U from (81T)).

Now we check Condition (C) for (#/v, 3). Suppose
0 U H fy Vg —— 0

is an admissible split of (#/v, 3), which by Lemma 83| (i) <= (iv) means that

mT

m(U+kerﬁi) =U.

i=0

Taking the preimage w.r.t. m: H — H/v we get

mT

ﬂ(ﬂfl(U) +V 4 ker B)) = 7 1(U),

i=0
where we used (8I) and the relation 7~ '(A + B) = 77 '(A) + 7~ '(B) + ker m which is
valid for any linear surjective map. Denote U = 7~1(U). Of course U contains V', hence
the above assertion means that

0 y U H s Hip —— 0
is an admissible split of (H, B) (again use Lemma (i) <= (iv)).
We need to check supercriticality of U as a subspace of # /v whenever U C ker 5,,41.

By criticality of V in H we have V' C ker B,,1, which combined with the assertion

U C ker 8,41 and (8] yields
U=n"YU) Cat(ker fng1) = V + ker By 1 = ker Byp1.
Applying Condition (C) for (H, B), we know that:

k=1
If we subtract from the last inequality the relationship (8I1]) corresponding to criticality
of V' in (H, B), we get the supercriticality of U in (¥/v, §). Indeed, up to isomorphism
UrUJ and BU =~ B:U/B,v, (8.12)

as one readily checks by considering the ranges and kernels of the maps 7 : U — U and
¢ : ByU — BrH /v defined by ¢(x) = x + BiV.

Now we check subcriticality of the quotient #/v/u of # /v whenever 5y(U) = Bo(H/v), i.e.
U + ker By = #v. Notice that using (81]), we have

H=7"YU+%erfy) =U+V +ker By =U + ker B,

(the last equality follows from the fact that V C U), that is By(U) = By(H). Therefore,
by Condition (C) for (H, B), the quotient # /0 must be subcritical in (H, B), that is

m
dim# /o < Z cx dim BeH /B, 7.

k=1
Using again (8.12) together with the relation g, /v = BxH /p,v, we may rewrite the above
inequality as

m
dim "/ <) e dim AH/ [0,
k=1
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In other words, */V/u is a subcritical quotient of (#/v, 3).

In the second part, suppose #/v is a critical quotient of (H, B). More specifically,

By(V) = By(H), i.e. [y is trivial, and
dim #/v = " ¢, dim BH [,v. (8.13)
k=1

The reasoning below is analogous to the first part after interchanging subspaces with
quotient and supercriticality with subcriticality.

We check Condition (C) for (#/v, ). Consider a split of #/v via its subspace U and
suppose this split is admissible. We need to check subcriticality of #/V/u in H /v whatever
U is, because [ is trivial and so fo(U) = Bo(*/v) always holds. To this end, consider a
split of H via U = 7~ }(U), which is admissible, as we already showed. Moreover,

By(U) 2 Bo(V) = Bo(H),
so we can use subcriticality of #/0 in (H, B). From the latter, subcriticality of “/v/u in
(2 /v, 8) follows, as we have already explained.
For the same U, U is a supercritical subspace of #/v (regardless whether U C ker f3,,, 11
or not), because H/v is a critical quotient of H and */V/u is a subcriticial quotient of H /v
(write the corresponding equality and inequality relations and subtract them).

Next, we check Condition (C) for (V,b). Consider a split of V' via a subspace U of V
which is admissible. We use an induced split of H via U, which is also admissible.

We need to check subcriticality of V/u in V' whenever by(U) = by(V'). Since we know
that

By(U) = bo(U) = bo(V) = Bo(V)) = Bo(H)

(the last equality is due to criticality of #/v in H), we can use subcriticality of #/v in H.
Writing the corresponding inequality for dimensions and subtracting from it the equality
(BII) related to criticality of #/v in (H, B), we get subcriticality of V/u in (V).

Finally we check supercriticality of U in (V,b) whenever U C ker b,, 1. Since the latter
implies U C ker B,,+1, we can invoke the fact that U is a supercritical subspace of H to
conclude. 0

Our next result is about tensorization through a split. We say that (H, B,c) =
(H, (Br), (ck)gbzl) admits the strong positivity property if for every positive definite
quadratic forms Q. on Hy and Q_ on H,, 1,

fH e~ 2+ (Boz)+Q— (Bm+12) Hkmzl ;;k (Bkl‘) dx
m k
(F1,:-0fm) [T (fHk fk)

Lemma 8.12 (Tensorization). Assume that (H, B) satisfies (3.1) and (3.2). Let V be a
linear subspace of H which induces an admissible split.
If (V.b,c) and (H)v, 3, c) have the strong positivity property, then (H, B,c) has it too.

> 0.

Proof. Fix any non-negative, integrable functions f: Hy — R (k = 1,...,m) satisfying
fHk fr > 0. Set fo = e 9+, frup1 = €9, ¢g = 1and ¢y = —1. Our goal is to
bound from below the quantity Jo, o (fi,..., fm) defined in (82) by a positive constant
(not depending on (fi, ..., fi)). Recall the discussion from Section and in particular
Formula (8H). Our aim is to bound from below the quantity

m+1

I:= A/V/V H fiot (brz + pry, Bry) dz dy, (8.14)

k=0
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by application of an inequality of inverse Brascamp-Lieb type on V' and on #/v.
By Corollary B35, byy = (bo,by) is surjective and kerb, C kerb,,;. Hence, by
Lemma
V = ker by + ker b, C ker by + ker b,,,1 C V.

Using Lemma once again, we obtain that (bg,b,,41) is surjective. This allows us to
remove the cross-terms from the Gaussian kernel: indeed for every y € H /v, there exists
vy € V such that byv, = poy and by, 11vy = pm41y. Using the translation invariance of
the Lebesgue measure on V', we apply the change of variable V > z — x — v, € V to the
inner integral of (8.14]), and get that it is equal to

/ / [ Aot ) 152 s, B [ (= sy + g Prg) dody. (519
HAS A k=1

Next, we bound from below the Gaussian kernel by a product kernel. Since f, =
exp(—Q,) where Q. is viewed as a quadratic form on Vy x Ho/v,, we can bound f
from below by
Jo(zo,y0) = fov (o) fo.rmp (Yo),

where foy = exp(—Q4v) and foup = exp(—Q4 uy ) for some positive definite quadratic
forms Q1 v: Vo = Rand Q nyp,: /v — R.

For f,,.+1 we use a reverse bound, namely for some positive definite quadratic forms
Q v:Vppr —Rand Q_u, 1p, /v — R we have

f&il(fb’m Yo) > fr;L,V(fUO)f;iLH/V(ZUO),

where fr11v = exp(—Q_y) and fi,11,5p = exp(—Q_ up ). Observe that we have used
here the fact that Q_ is positive definite. We get that I from (814 is at least

fOH/V(ﬁoy)me H/v(ﬁmﬂy /fOV bo‘r)ferlV m+1L ka (brr— brvy+pry, Bry) dx dy.

A k=1

By the strong positivity property for (V, b, ¢) there exists a constant Cy > 0 such that for
ally € H/v,

/ fov (box) frairy (bnsra H “ (b — brvy + pry, Bry) dz

m Ck
> Cy H < fi(c = by + pry, ﬁky))
k=1 \Vk
m Cr
=Cy H ( fk(',ﬁky)) ’
k=1 N Vk
where the equality follows from translation invariance of the Lebesgue measure on each
Vi Denoting fi up (y ka fre(,y) for y € Hefy, (K =1,...,m), we obtain
120y [ oo Gon)Shsan Gosas) [T A () o (8.16)
i k=1

Now it remains to apply the strong positivity property for (Z/v, 3, c) and the functions
fr,mp in order to get

m m

I> CVCH/V H (/ ) fk,H/V) = CVCH/V H (/ ) Je(z,y) dx d?/)
Hy /vy, Hy vy, JV,

k=1 k=1
for some constant Cr, > 0 (which depends on Q4 wy and Q_ wyy ). O
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Proposition 8.13. Let 0 < m™ < m be integers and consider surjective maps By: H —
Hy, for k =0,1,...,m + 1 and real numbers c;, such that ¢;, > 0 for k =1,...,m" and
c <0 fork=m"+1,...,m. Assume that Conditions [B1)) and (C) hold. Then

e foralli=1,....m", dmH;, >0 = ¢ >1

e if H is a critical subspace, then By = B,,+1 = 0.
Proof. Fix 1 < ¢ < m™ such that dim H; > 0, i.e. ker B; # H. Consider V = ker B; and
a related split of H by V. Since clearly

mt

((V +ker By) =V,

k=0
by Lemma R3] the split is admissible. Moreover, since By is surjective, the map (By, B;)
is surjective too, hence Lemma yields

H = ker By + ker B; = ker By + V,

i.e. ByV = ByH. Therefore we can use the fact that the quotient #/v of H is subcritical,
from which it follows that

m m+
dim # v < Z e dim Hr fy, < Z o dim Hr Jv. (8.17)
k=1 k=1

For all 1 < k < m™ with k # 7, the map (B;, By) is surjective, hence again by Lemma 2.6
H = ker B; + ker B, =V + ker By,
which means that B,V = ByH, i.e. #x/v, = {0}. Thus (8I7) boils down to
dim# /v < ¢; dim Hi ;.
Recall that V; = B;V is reduced to {0} since by definition V' = ker B;. Moreover
dim# /v = dim H — dim ker B; = dim B;H = dim H;,
so the last inequality can be rewritten as dim H; < ¢; dim H;. Therefore ¢; > 1 if dim H; >
0

The proof of the second item follows the same lines. Firstly, H is admissible by hy-
pothesis. Since it is assumed to be a critical subspace, we know that H C ker B,,, ;1 hence
B,,+1 =0, and that

dim H = ch dim B, H.
k=1
We set V' = ker Byg. As above, we can check that V is admissible. Since V C H =
ker By, 41, it is a supercritical subspace thanks to Condition (C). Therefore, using the
above dimension equality, we get after subtraction

m m+
dim #/y < ¢ dim B /5,y <) ¢ dim BiH v (8.18)
k=1 k=1
again. Since By, is a bijection and V is admissible, we know by Lemma that
dim H = EZB dim B;H and dim V' = ZZB dim B;V. Hence dim# /v = Z:Z) dim Bi# /p;v.
Plugging this equality into (8I]) yields after rearranging

mT

dim BoH /g,y <Y "(c; — 1) dim Bif /v, (8.19)
=1
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Since By, is surjective, the map (By, B;) is surjective too for any 1 < i < m™. Hence
Lemma yields H = ker By + ker B; = V + ker B;, which ensures that B;H = B;V.
Therefore, (819) becomes dim BoH /g, < 0. Recall that by definition BoV = {0}. We
can conclude that dim BoH = 0, that is By = 0. O

The next statements will help to initialize the inductive proof of Theorem B8 (ii).
Lemma 8.14. Assertion (ii) of Theorem[8.8 is true when dim H = 1.

Proof. The main tool here is the reverse Holder inequality for several functions: Let
c1>02>cy,...0p with ), ¢ =1 then

LIl =10 L) (8.20)

holds for all integrable non-negative functions with f]Rd fr € (0,400). This inequality
follows from its version for two functions applied with A = ¢; > 1:
cot-+em

[l () (fI)

and from the classical Holder inequality applied to the second integral (observe that the
inner exponents sum up to 1 and are all non-negative, while the outer exponent co+- - -+c¢,,
is non-positive).

Since dim H = 1 and for 1 < k <m, By, : H — H}, is surjective and Hj, is non-trivial,
it follows that the maps By, k > 1 are bijections. Therefore we may reduce to the case
H = H, =R and B, = Id for 1 < k < m. In this simple setting, the only possible
subspaces V' are 0 and R. The former is trivially admissible, while the latter is admissible
by hypothesis. Hence Condition (C) rewrites as:

o if R C ker B,11 (i.e. Bpy1 =0), then1>>"" ¢,

o if Bo{O} = B(]R (16 BO = O) then 1 < E?:l Ck,
Also the hypothesis of bijectivity of (By, B ) reduces to two cases: either By = 0, B, = B
and ¢; > 0>c¢o,...,¢p,0r Bg#0, By =0and 0> ¢y, ..., Cp.

In order to prove the lemma, we consider several cases:

Case 1: If By = B,,41 = 0, then Condition (C) rewrites as » ", ¢y = 1. Moreover
there is no kernel and, as explained above ¢; > 0 > ¢,...,¢,. The positivity of the
Brascamp-Lieb functional is a direct consequence of the reverse Hélder inequality (8.20).

Case 2: if By # 0 and B,,.; = 0, then 0 > ¢4,..., ¢, and Condition (C) amounts to
1> 30" ¢, Wedefine ¢g :==1—>7" ¢ > 1 and we are ready to apply the inverse
Holder inequality with m 4+ 1 functions:

N L (L}

j=1

Case 3: if By =0 and B,,411 # 0, then ¢ > 0 > ¢y, ..., ¢, and Condition (C) reads as
1 <>70L, ¢ (actually the inequality is strict. If it where an equality then H = R would
be a critical space, which is not compatible with B,,.; # 0 as explained by Proposition
BI3). We define ¢;pyq :=1—>7" ¢ < 0 and we apply the inverse Holder inequality
with m + 1 functions:

m Cm+41 M Ck
/eQ(Bm+1x) ka(l')ckdl‘ Z (/ eﬁQ(BO$)> H </ fk) )
k=1 k=1
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Since ¢,,11 < 0 and Q_ is positive definite, the first integral of the right-hand side term
is finite.

Case 4: By # 0 and B,,;1 # 0 does not happen. Indeed it implies that B, = 0 but
then the condition ker B, C ker B,,;; is violated. A more conceptual explanation is that
a quadratic form on R is either zero, definite positive or definite negative, so that the
above three cases cover all possibilities.

U
Lemma 8.15. Assertion (ii) of Theorem[8.8 is true when m = 2 and By = By,41 = 0.

Proof. Our goal is to prove the positivity of the Brascamp-Lieb functional for two functions
and no kernel. Our hypothesis is that B, is bijective and that Condition (C) holds. Since
1 <m*™ <m =2 we can consider two cases:

Case 1: m = m™ = 2. Proposition BI3 yields ¢;,c2 > 1. Condition (C) ensures that H
is a critical space, hence

dim H = ¢; dim Hy + ¢ dim Hy > dim H; + dim Hy = dim H,

where the latter inequality comes from the fact that B, = (B1,Bs) : H — H; X Hy is a
linear isomorphism. The intermediate inequality cannot be strict, therefore ¢; = ¢ = 1.
The inverse Brascamp-Lieb inequality in this case follows from Fubini theorem, after
changing variables:

/H f1(Bu) foBaz) de = |det((By, By))| ™ / f1(9) folz) dy d

H1 ><H2
— Jdet((B BN [ [

H Hy
Case 2: m™ = 1 and therefore B; is bijective. Any linear subspace is admissible in this
case (dim V' = dim B; V). Thus, for any subspace V', Condition (C) yields

dimV > ¢;dim BV + ¢co dim BV = ¢ dim V' + ¢y dim B,V
and after rearranging the terms
(Cl — 1) dim V S |C2‘ dim BQV

Choosing V' = ker By, we get that (¢; — 1) dimker By = 0.

Subcase 1: If ker By = 0, then By is an isomorphism. Since B is also an isomorphism,
the relation dim H = ¢; dim H; + ¢ dim Hy implies ¢; + ¢o = 1. Recall that ¢; > 0 > cs.
We can conclude with the inverse Holder inequality:

/ F(Bi2)® fo( Boz)2dz > ( / f1<31x)dx)q ( / fQ(Bga:)dx>62
(|det181|—1 /Hl fl)c1 <|det192|—1 /HQ f2>62.

Subcase 2: ¢; = 1. Using also that dim H = dim Hy, the equality dim H = ¢; dim H; +
co dim Hy implies that co dim Hy = 0, hence ¢, = 0. The inverse Brascamp-Lieb inequality
is trivial in this case: [ fi(Biz)dx = |det By|™' [ fi.

O
Lemma 8.16. Assertion (ii) of Theorem[8.8 is true when m =0 and when m = 1.

Proof. Since 0 < m*™ < m < 1, we consider three cases.
Case 0: when m* =m = 0, i.e. there are no functions f;. By hypothesis Q is positive
definite. Condition (C) is empty. The conclusion holds as [e=< > 0.
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Case 1: when m™ =0, ¢; < 0, By = 0 and by hypothesis By is a linear isomorphism.
Moreover the condition ker B, C ker B,,,; implies that B,,,; = 0. In this setting,
Condition (C) is empty. Indeed the inequality dimV > ¢; dim BV is valid for every
subspace since ¢; < 0. In addition, By being and isomorphism, the only subspace V' such
that ByV = BoH is H (and the quotient dimension condition is empty). Consequently,
our task is to show that

inf fH e 2+ (P00 f, (Byx) dx

P (fnh)

The case ¢; = 0 is obvious since Q. o By is positive definite. Next, we assume that
c1 < 0. By definition By : H — H; is surjective. We complete it to a bijective map
® : H — Hy, x H of the form ®(z) = (By(z),B(z)). Using the bijective change of
variables z = ®~!(y, 7), there exits a € (0, +00) such that for any fi,

/ 67Q+(Bor)f1 (le)q dr = Oé/ e*Q-kOBQO(I)_I(yvg)fl <y)c1dydg.
H

H1><H

> 0.

There exists positive definite quadratic forms Q; on H; and Q on H such that for all
(Y, 9),

Q4 0Byo® ' (y,) < Qi(y) + QH)-
Therefore the latter integral is at most

. - 1—c c1
/ e~ W dg / e AW fe(y)dy > ( / e‘Q(y)dﬂ) X ( / e_ﬁgl(y)dy) ( / f1) :
i Hy i H, Hy

where the latter inequality is a consequence of the inverse Holder inequality.

Case 2: m™ =m = 1. In this case ¢; > 0, (By, By) is bijective and ker B, = ker By C
ker B,,11. We may assume that ker B; # H, otherwise H; = {0} and we can discard the
function f; and we are back to Case 0.

Condition (C) asserts that every admissible subspace V' verifies:

o if V C ker B,,,+1 then dim V' > ¢; dim B,V

o if ByV = ByH then dim# /v < ¢; dim B1# /p,v
Observe that the latter “quotient condition” boils down to ¢; > 1: Indeed by hypothesis
dim H = dim BoH + dim B1H, and V is admissible if and only if dim V' = dim B,V +
dim B;V. Therefore, when V also satisfies that ByV = ByH, taking the difference of
the latter two dimension equalities yields dim#/v = dim 514 /p,v. Hence the condition
dim # /v < ¢ dim B1H /g, v becomes (¢; — 1) dim # /v > 0 which can be an empty condition
(when H = V') or equivalent to ¢; > 1 e.g. for V' = ker B; (see the argument of Proposition
R.I3).

Given (By, B1, Bjnr1 = Bs), the set C; of indices ¢; > 0 satisfying Condition (C) is
clearly a closed convex subset of [1,4+00). Indeed, it is defined by the inequality ¢; > 1
and conditions of the form dimV > ¢;dim B;V (and there are finitely many of them
since the dimensions are bounded). Obviously 1 € C;. For ¢; = 1, the corresponding
Brascamp-Lieb inequality holds with a positive constant. Indeed for every non-negative
function f,

/ e*Q+(BO$)+Q—(BQ$)f1 (le) dx Z / €7Q+(Bol')f1 (le) d:L’
H H

— | det((Bo. By))| /

-0
€ + f17
Hy Hy

where we have used the bijection (By, B;) in order to change variables.
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Consider the subspace V' = ker ByNker B,,,;. Using our hypothesis ker By C ker B,,,; 1,
we get that

V C (V +ker By) N (V +ker By) C ker By Nker B,,11 = V.

Hence, by (83]), V' C ker By, 11 is admissible. Consequently dim V' = dim ByV +dim B,V =
dim B;V and any c¢; € C; verifies dimV > ¢; dim B;V which can be rewritten as 0 >
(¢c; — 1)dim B, V.

Subcase 1: if B;V # {0} then the latter inequality implies that ¢; < 1. We have shown
that C; = {1} and we have established a non-trivial inverse Brascamp-Lieb inequality for
C1 = 1.

Subcase 2: if B;V = {0}. This condition can be rephrased as V' C ker B;. From this,
we deduce that

V' = ker By Nker B,,,+1 C ker By Nker B; = {0},
where the last equality comes from the injectivity of (By, By). The latter is actually
bijective so that
ker By & ker B; = H.

Since ker By C ker By, 41, and V' = ker By N ker B,,,11 = {0}, we also have
ker By & ker B,,,.1 = H.

The previous two decompositions of H into direct sums, and the inclusion ker B; C
ker B,,+1 imply that ker By = ker B,,, 1. Because of this equality, the subspace constraint
in Condition (C) is empty: indeed, if V' C ker B,,+1 = ker By then B;V =0 and dim V' >
¢1dim B,V = 0 is true. Therefore the set of numbers ¢; verifying Condition (C) is [1, 4+00)
and our task is to prove a non-trivial inverse Brascamp-Lieb inequality for all exponents
c1 > 1. We have already dealt with ¢; = 1, so we may restrict our attention to ¢; > 1.
Observe that the equality ker By = ker B,, 1 ensures the existence of a linear isomorphism
V: Hy — H,,1 such that B,,.1 = ¥ o By. Thus for every non-negative function fi:

/ 67Q+(Bor)*Q—(Bm+1r)f161 (le> dr
H
= / e~ Q+(Bo) gQ-0W(Biw) fe1( B 41
H

— [det((Bo B[ [ 00 [ 0ol ayas
0 H;

H

1-c1 €1
Z |det((Bo,Bl))|_1/ e—Q+(y) (/ eﬁQo\I/(z)dZ) (/ fl) )
Hop H, h

where we have used the change of variables (y,z) = (Box, Byz) and the inverse Holder
inequality. The proof is complete. U

Proof of Theorem[8.8 (ii). First of all, we can assume dim Hy, > 1 for all k£ € {1,...,m},
otherwise one can reduce the problem by discarding all functions f; for which dim Hy = 0
while Condition (C) and the strong positivity property related to the reduced problem
remain equivalent to those related to the original problem.

Let Dy := [1,+00)™" x (=00, 0™ C R™. Our main interest is in the following set:

C:={ce (o, +00)™" x (—00,0]™ ™" (H, B, c)satisfies Condition (C) }
= {c € Dy; (H, B, ¢)satisfies Condition (C) },

where the latter equality comes from Proposition I3l Since Condition (C) means that
the vector ¢ verifies several closed linear inequalities, the second expression of C proves
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that it is closed and convex. More specifically, the triplet (H, B, ¢) satisfies Condition (C)
if and only if ¢ belongs to all sets in the following two families:

e For any non-trivial subspace V' C H which induces an admissible split and satisfies
V C ker B,, 11 consider

Sy = {:c eR™: S wpdim B,V < dimV}.
k=1

Typically, Sy is a closed half-space of R™, but it can happen that Sy is the whole
R™.

e Similarly, for any proper subspace V' C H which induces an admissible split and
satisfies BgV = BgH consider

SN — {;1: cR™: Zxk dim BxH /g, v > dimH/v}.
k=1

The set SV is always a half-space of R™, since at least for some 1 < k < m™,
ByV # BiH (otherwise for each k =0,1,...,m", B,V = ByH, i.e. V +ker B, =
H, which by Lemma B3] would contradict admissibility of the split).
Even though there are infinitely many subspaces V', the coefficients dim BV and dim B« /B, v
take finitely many values. Hence there are finitely many different half-spaces in the above
families, and the set C is a closed convex polyhedron (which may be unbounded).
Since C is closed, it follows from its original definition that its boundary is covered by
the union of the affine hyperplanes in the following three families:

P ={0Sy: {0} #V C H induces an admissible split and V' C ker B,,.1}
U{0S™": {0} # V C H induces an admissible split and ByV = ByH},
Po = {0Sy} if Byy1 =0 or By = 0 (note that Sy = 9SH) otherwise Py = @) and

B:{{xERm:xk:O}:k:m++1,...,m}.

Our aim is to show that ¢ € C (i.e. Condition (C)) implies the strong positivity property
for (H, B, ¢). We proceed by induction in (dim H,m) with a partial order on (n,m) € Z2
given by (ny,my) = (ng,mg) if and only if n; < ny and my; < my. The founding cases
are m € {0,1} with any dim H (this is treated in Lemma B.16) and dim H = 1 with any
m > 1 (see Lemma B.14).

The induction step, in which dim H > 2 and m > 2, goes as follows. Take any vector
p=(p1,...,pm) € R™ such that p1,...,pp+ >0 and pp+41,...,pm <0 and let b € R be
a constant such that the affine hyperplane

P = {xERm: Zpk:pk:b}
k=1

contains c¢. Then D; N P is a compact subset of R™ and thus Cp := C N P is a compact
convex set (actually it is a compact convex polytope). In what follows, we restrict our
considerations to the hyperplane P.

Due the convexity property established in Proposition [6.1] it is enough to prove the
strong positivity property for the vectors of exponents being vertices of Cp. Therefore
assume c is a vertex of Cp. Consequently, ¢ belongs to an intersection of P and some
m — 1 distinct affine hyperplanes from the family B U P U P,. Consider three cases:

Case 1. Among these m — 1 affine hyperplanes there is at least one which belongs to B.
This means that for some k € {m* + 1,...,m}, ¢, = 0. Then we can discard
the function f; and in this way reduce the number of functions considered from
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m to m — 1. Since neither Condition (C) nor the strong positivity property is
affected by this reduction (both assertions remain equivalent for the original and
the reduced problem), we are done by the induction hypothesis.

Case 2. Among these m — 1 affine hyperplanes there is at least one which belongs to P.
Hence for some {0} # V' C H, V is a critical subspace or #/v is a critical quotient
(this may happen only when dim H > 2). Since both V' and # /v have dimension
strictly smaller than dim H and thanks to Lemma [B1T], Condition (C) is satisfied
for (V,b,¢) and (H/v,,c), we can apply the induction hypothesis and get the
strong positivity property for (V,b,¢) and (¥/v,3,c). Now the strong positivity
property for (H, B, c¢) follows from Lemma [R.12

Case 3. Neither Case 1 nor Case 2 holds, i.e. all m — 1 distinct affine hyperplanes are
in Py. This is possible only when m = 2 and Py = {9Sy}, i.e. By or B
is trivial. Then ¢ € 9SSy N P. If B, is trivial then H is a critical subspace
and Proposition implies that By is also trivial and we can conclude using
Lemma 8T8l If By is trivial then # /{03 is a critical quotient, i.e.

dim H = ¢, dim By H. (8.21)
k=1
Condition (C) tells us that for every subspace V' C H which induces an admissible

split, the quotient #/v is subcritical. Subtracting the corresponding inequality
from (B2T]) gives that V satisfies

dimV > Z ¢ dim BV,
k=1
regardless whether V' C ker B, or not. Therefore Condition (C) for our problem
implies Condition (C) which corresponds to the problem with the same vector of
exponents ¢ and the same maps By, ..., B,, and with B,,;,; = 0. Lemma
ensures the strong positivity property for the modified problem which in turn
clearly implies the strong positivity property for the original problem.

U
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