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An existence result for a constrained two-phase transition model with
metastable phase for vehicular traffic

Mohamed Benyahia, Carlotta Donadello, Nikodem Dymski, Massimiliano D. Rosini
April 19, 2018

Abstract

In this paper we study a phase transition model for vehicular traffic flows. Two phases are taken into
account, according to whether the traffic is light or heavy. We assume that the two phases have a non-empty
intersection, the so called metastable phase. The model is given by the Lighthill-Whitham-Richards model
in the free-flow phase and by the Aw-Rascle-Zhang model in the congested phase. In particular, we study
the existence of solutions to Cauchy problems satisfying a local point constraint on the density flux. We
prove that if the constraint F' is higher than the minimal flux fo of the metastable phase, then constrained
Cauchy problems with initial data of bounded total variation admit globally defined solutions. We also
provide sufficient conditions on the initial data that guarantee the global existence of solutions also in the
case F' < fo . These results are obtained by applying the wave-front tracking technique.

2010 Mathematical Subject Classification. Primary: 35L65, 90B20, 35L45
Key words. Conservation laws, phase transitions, Lighthill-Whitham-Richards model, Aw-Rascle-Zhang
model, point constraint on the density flux, Cauchy problem, wave-front tracking.

1 Introduction

In this paper we study one of the constrained phase transition models of hyperbolic conservation laws introduced
in [12]. The application of such model is, for instance, the modelling of vehicular traffic along a road with
pointlike inhomogeneities characterized by limited capacity, such as speed bumps, construction sites, tollbooths,
etc.

The model considers two different phases corresponding to the congested phase 2. and the free-flow phase
Qs. The model is given by a 2 x 2 system of conservation laws in the congested phase, coupled with a scalar
conservation law in the free-flow phase. The coupling is achieved via phase transitions, namely discontinuities
between two states belonging to different phases and satisfying the Rankine-Hugoniot conditions.

The first two-phase model has been proposed by Colombo in [9]. The motivation stems from experimental
data, according to which the density flux represented in the fundamental diagram is one-dimensional for high
velocities, while it covers a two-dimensional domain for low velocities, see [9, Figure 1.1]. For this reason, it is
reasonable to describe the dynamics in the congested regime with a 2 x 2 system of conservation laws and those
in the free regime with a scalar conservation law.

Later, Goatin proposed in [16] a two-phase model obtained by coupling the ARZ model by Aw, Rascle and
Zhang [4,21] for the congested phase Q, with the LWR model by Lighthill, Whitham and Richards [18,19] for
the free-flow phase Q. We recall that this model has been recently generalized in [5].

Both the models introduced in [9] and [16] assume that Q.M = . The first two-phase model that considers
a metastable phase Q. N Q¢ # () has been introduced in [7]. We also recall that, differently from [5,16], for
the models in [7,9] the density flux function vanishes at a maximal density, whose inverse corresponds to the
average length of the vehicles. Here we consider the case Q. N Q¢ # (. For this reason, in order to ensure the
well-posedness of the Cauchy problems, see [9, Remark 2], we also assume that )¢ is characterized by a unique
value of the velocity, V. At last, we consider an heterogeneous traffic with vehicles having different lengths and
allow the density flux function to vanish at different densities.

These two-phase models have been recently generalized in [6,12] by considering Riemann problems, namely
Cauchy problems for piecewise constant initial data with a single jump, coupled with a constraint on the density
flux, so that at the interface x = 0 the density flux of the solution must be lower than a given constant quantity
F. This condition is referred to as unilateral point constraint and can be thought of as a pointwise bottleneck
at = 0 that hinders the density flow, see [20] and the references therein. In vehicular traffic, a point constraint
accounts for inhomogeneities of the road and models, for instance, the presence of a toll gate across which the
flow of the vehicles cannot exceed its capacity F.



In the case in which no constraint conditions are enforced, existence results for the Cauchy problems for the
above mentioned two-phase transition models have already been established, see [5,7,11,16]. In the present
paper, we focus on the constrained version proposed in [12] for the model introduced in [5] and prove an
existence result for constrained Cauchy problems. More precisely, we use the Riemann solvers established in [5]
and [12] in a wave-front tracking scheme and prove that the obtained approximate solution u,, converges (up
to a subsequence) to a globally defined solution of the constrained Cauchy problem with general BV-initial
data, at least in the case F' > f., where the threshold value f; is the minimal density flux of the metastable
phase, see Figure 1. At last, in the case F' < f we give sufficient conditions on the initial data that ensure the
convergence of u,, to a globally defined solution of the constrained Cauchy problem.

The paper is organized as follows. In the next section we introduce the notations used throughout the paper,
the model, the definitions of solutions to the unconstrained and constrained Cauchy problems, the main result
in Theorem 2.2 and at last the Riemann solvers for the unconstrained and constrained Riemann problems. In
Section 3 we apply the model to reproduce the traffic across a toll gate. Finally, in the last section we defer the
technical proofs.

2 Notations, definitions and main result

In this section we state the main assumptions on the parameters, collect useful notations, see Figure 1, give the
definition of solutions, state the main result in Theorem 2.2 and at last introduce the Riemann solvers.
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Figure 1: Notations.

2.1 Notations

Denote by p > 0 and v > 0 the density and the velocity of the vehicles, respectively. Let u = (p,v) and
f(u) = v p be the density flux. If V > 0 is the unique velocity in the free-flow phase s and p* is the maximal
density in ¢, then

in{ueRi:p§p+, v:V},

where Ry = [0,00). If the velocity V is reached in the congested phase €. for densities ranging in [p~, p*] C
(0,00), then
Qci{ueRi:vgv, w §v+p(p)§w+},

where w® = p(p*) + V. Above p € C2((0,00);R) is an anticipation factor, which takes into account drivers’
reactions to the state of traffic in front of them. We assume that

p(0) =0, P (p) >0, 2p'(p) +2"(p)p >0 for every p > 0. (1)
Typical choices for p are p(p) = p? with v > 0, see [4], and p(p) = Viet In(p/pmax) With Vier > 0 and ppax > 0,
- Eth] .fci =V p* and R =p~1(w?') > 0 be the maximal density (in the congested phase). Let
Q=0 UQ, O ={ueQ:pel0,p)}, Qf ={ueQ:pelp,p'}, Qo =Q:\ Q.
Notice that Q N Q. = Q;r We assume that

v < p'(p) p for every (p,v) € Qe. (2)



The (extended) Lagrangian marker w:  — [w™ — 1, w™] is defined by

v+ p(p) if u € Q,

wo -1+ ifueq;.
P

w(u) =

Let W: Q — [w™,w™] be defined by
W(u) = max{w™,w(u)}.

The 2 x 2 system of conservation laws describing the traffic in the congested phase has two characteristic
families of Lax curves. In the (p, f)-plane the Lax curves in €. of the first and second characteristic families
passing through @ = (p,7) € Q). are respectively described by the graphs of the maps

o (w(@) — V), p~ ' (w(@)] 3 p = Lugay(p) = f(p,w(@) — plp)).
[pfl(w* —2),p Hw" — v)] 3 p—vp.

Remark 2.1. Conditions (1) and (2) ensure that for any w € [w™,w*] the map p — £,(p) = (w —p(p)) p
is strictly concave and strictly decreasing in [p~t(w — V),p~t(w)]. Indeed, for any w € [w™,wT] and p €
[p~Hw — V), p~ (w)], we have that (p,w — p(p)) € Q. and therefore

£,(p) =w—p(p) —p'(p)p <0, £ (p) =—=2p(p) —p"(p) p <O0.

If for instance p(p) = Viet In(p/pmax) with Viet > 0 and pmax > 0, then p'(p) p = Viet and (2) is equivalent to
require V. < Vies, while (1) is trivial. If for instance p(p) = p7 withy > 0, then Qe ={u e R% :v <V, w™ —v <
p? <w' — v} and therefore

. / . _ . ’Y? . -
min (p(p) p—v) = min (vp” —v) =yw” —(y+ )V,

hence (2) is equivalent to require (v + 1)V < yw™, while (1) is trivial.

We introduce the following functions, see Figure 1:

w: Qe — Qf, u=w(l) < w(w) = w(@),
v=1V,

+y _ ,,E

vE: Q= Q. uivi(ﬁ)@{wiu )77w ’
vt =7,
«) = W(ue),

e Q2 = Q, s = Wi (U, Uyp) <= {w(u ) (ue)

Vi = Up,

A: {(ug,up) € % :pp # pr} — R, Aug, uy) =

Notice that:

e the point w(@) is the intersection of the Lax curve of the first characteristic family passing through @ and
Q;r , namely the Lax curve of the second characteristic family passing through (0, V);

e for any w € [w™,w™] the point (p~*(w), 0) is the intersection of the Lax curve of the first characteristic family
corresponding to w and the segment {(p,v) € Q. : v = 0}, namely the Lax curve of the second characteristic
family passing through (p~!(w¥),0);

e the point v (i) is the intersection of the Lax curve of the second characteristic family passing through @ and
{u € Q¢ : w(u) = w*}, namely the Lax curve of the first characteristic family passing through (p~!(w¥),0);

o for any ug, u, € Q¢ the point u.(ug,u,) is the intersection between the Lax curve of the first characteristic
family passing through u, and the Lax curve of the second characteristic family passing through u,;

o A(ug,u,) is the speed of a discontinuity (us,u,), that in the (p, f)-coordinates coincides with the slope of the
segment connecting uy and u,..

Observe that by definition v* () = u.((p~ 1 (w¥),0), %) and w(a) = u.(, (0,V)).
We denote by R and R the Riemann solver and the constrained Riemann solver introduced in [5] and [12],
respectively, see Section 2.3 for more details.



2.2 The constrained Cauchy problem

We study the constrained Cauchy problem for the phase transition model

Free-flow Congested flow
u e Qf, u e QC, (3)
pi+(pV)z =0, pt+ (pv)a =0,
v=1V, (pw(u)), + (pw(u)v) =0,
with initial datum
u(0, ) = u®(x) (4)
and local point constraint on the density flux at z =0
flu(t,04)) < F, ()

where F € [0, f] is a given constant quantity. To this aim we apply the wave-front tracking algorithm, which
is based on the definition of the Riemann solvers defined in the next sections.

Introduce, see Figure 2, v € [0, V] and wp € [w™ — 1,w*] defined by the following conditions:
if = fh: vh =V, vp =V, wp =wt,
fFelfo /) =V vp +p(F/vp) =w",  wp=p(F/V)+V,
F
it Fe(0,f): v+ p(Flof) =w™, vp +p(Fjvg) =w', wpiwf—l—i—f—f,
C
if F=0: vk =0, vp =0, wp=w” — 1.
wt fA
: +
! v
\ : ;
UF\ 1% v F
w- :
Wg [~ oo R _
YV
F ,,,,,,,,,
wo =1
R p

Figure 2: Geometrical meaning of wr, vij and Ep in the case F' € (0, f;7). The curve in the figure on the left
is the graph of Zp, which corresponds to the horizontal solid segment in the figure on the right.

For any F € (0, fF), let ZF : [vp,vE] = [w™,w*] be given by Z(v) = v + p(F/v), see Figure 2. Notice
that Zp is strictly decreasing because by (2)

F F\ F
(—,U) € Qc = Ep(v)=1-p (—) — <0,
v v ) v

moreover it is strictly convex because by (1)

F F\ F| F
=1 _ L A N
= (v) [gp(v)ﬂ) ()}>o

The notion of solution to Cauchy problem (3), (4) necessarily involves both the notions of solution to the
Cauchy problems for LWR and ARZ models, that have to be combined by defining which phase transitions
are admissible, see [5]. Since the characteristic field corresponding to the free phase is linearly degenerate, a



discontinuity between states in s is entropic if and only if it satisfies the corresponding Rankine-Hugoniot
condition, namely its speed of propagation is V. For this reason we consider only the entropy-entropy flux pair

0 if v >k, 0 if o>k,

Ek(“) = P 1 ifo<k Qk(u) = f(u) .
- : A R T
p1(W(w) — k) (W) — k) nY

for u € Q and k € [0, V], which is obtained by adapting the entropy-entropy flux pair introduced in [1] for the
ARZ model.

Definition 2.1. Let u® € BV(R; Q). We say that u € L®((0,00); BV(R; Q))NC°(R4; L, (R; Q)) is a solution
to Cauchy problem (3), (4) if the following holds:

(S.1) Condition (4) holds for a.e. x € R, namely

u(0,2) = u°(x) for a.e. x € R.

(S8.2) For any ¢ € C((0,00) x R;R) we have

i Lors e (i) a2 = ).

(S.83) For any k € [0,V] and ¢ € C°((0,00) x R;R) such that ¢ > 0 we have
/ /(Ek(U) ¢ + Q¥ (u) @) dz dt > 0.
o Jr

We recall the existence result proved in [5, Theorem 2.8].

Theorem 2.1. Cauchy problem (3), (4) with initial datum u® € LY N BV(R; Q) admits a solution u in the
sense of Definition 2.1; moreover there exist two constants C° and L° such that for any t,s >0

TV (u(t)) < TV(u?), [l Lo (i) < €7 [[u(t) = u(s)llLa(rs) < L7 [t = sl

In the following definition we introduce the notion of solution to constrained Cauchy problem (3), (4), (5),
which is obtained by adapting that introduced in Definition 2.1 for Cauchy problem (3), (4).

Definition 2.2. Let u® € BV(R;). We say that u € L* ((0,00); BV(R;Q)) N C° (Ry; L, (R; Q)) is a
solution to constrained Cauchy problem (3), (4), (5) if the following holds:

(CS.1) Condition (4) holds for a.e. x € R, namely
u(0,2) = u’(x) for a.e. x € R.
(CS.2) For any ¢ € C((0,00) x R;R) we have
| [oon+ s arar=o (6)
0

and if ¢(-,0) =0 then
1;h40w%+f&0¢QWWMMdt:0. (7)

(CS.8) For any k € [0,V] and ¢ € C°((0,00) X R;R) such that ¢(-,0) =0 and ¢ > 0 we have
/ h / (¥ () e + Q¥ () ) dardt > 0. (8)
o Jr

(CS.4) Condition (5) holds for a.e. t > 0, namely

f(ut,04)) <F for a.e. t > 0.

In the following proposition we state which discontinuities are admissible for the solutions to (3), (4), (5).



Proposition 2.1. Let u be a solution of constrained Cauchy problem (3), (4), (5) in the sense of Definition 2.2.
Then u has the following properties:

o Any discontinuity 6(t) of x — u(t,z) satisfies the first Rankine-Hugoniot jump condition

[0(68(0)+) — p(1,5(6)) ] 8(6) = £ (ult 6(1) 1)) — F (u(t, 6(1) ). )

and if 0(t) # 0, then it satisfies also the second Rankine-Hugoniot jump condition

[p(t,a(t)+) w(u(t,a(t)+)) —p(t,5(t)-) w(u(t,a(t),))} 5(t)
= f(u(t,é(t)+)) w(u(t,a(t)+)) - f(u(t,a(t),)) w(u(t,a(t),)). (10)

e Any discontinuity of u away from the constraint is classical, i.e. it satisfies the Lax entropy inequalities.

o Non-classical discontinuities of u may occur only at the constraint location x = 0, and in this case the
(density) fluz at x = 0 does not exceed the mazimal fluz F allowed by the constraint.

Proof. These properties follow directly from (CS.2), (CS.3) and (CS.4). Let us just underline that (9), (10)
are equivalent to

[v(,04) = 8(1)] p(t,04) = [0(1,0-) = 6(0)] p(1,0-),
[w(u(t, 04)) —w(ult, o_))} [U(t, 0_) — S(t)} p(t,0_) = 0.

In particular phase transitions and shocks are admissible because for them W(u(t,04)) = W(u(t,0-)), while the
contact discontinuities are admissible because for them 6(t) = v(¢,04). O

Remark 2.2. Differently from any solution to Cauchy problem (3), (4), a solution u to constrained Cauchy
problem (3), (4), (5) does not satisfy in general the second Rankine-Hugoniot condition (10) along x =0

p(t,0-)W(u(t,0-))v(t,0-) = p(t,04) W(u(t,04)) v(t,04) for a.e. t > 0.

Indeed the (extended) linearized momentum pW(u) is conserved across (classical) shocks and phase transitions,
but in general it is mot conserved across non-classical shocks even if they are between states in Q.. As a
consequence, a solution to (3), (4), (5) taking values in Q. is not necessarily a weak solution to the 2 x 2 system
of conservation laws in (3) for the congested flow. For this reason in (7) (and then also in (8)) we consider
test functions ¢ such that ¢(-,0) = 0.

This is in the same spirit of the solutions considered in [6, 12—15] for traffic through locations with reduced
capacity. However, with this choice for the test functions in (7) and (8) we loose the possibility to better
characterize the (density) flur at x = 0 associated to non-classical shocks. In fact, differently from what is proved
in [10] for the LWR model and in [3] for the ARZ model, we cannot ensure that the fluz of the non-classical
shocks of any solution is equal to the maximal flur F allowed by the constraint. Nevertheless, in Section 4.4
we can give sufficient conditions ensuring that the solutions constructed with our wave-front tracking algorithm
have this property, see Proposition 4.4.

Let [w™ = Lwt] 3w d(w, F) = (z(w, F),¥(w, F)) € Q. and [0,V] 3 v — u(v, F) = (£(v, F), (v, F)) € Q
be defined in the (v, w)-coordinates by, see Figures 3 and 4,

=2t (w)  if w > max{w ™, wr}, w if w>max{w ,wr},

V(w,F) = <ok ifwp <w<w™, ww, F)=<qw™ ifwp<w<w™, (11a)
Vv if w < wp, wrp ifw <wpg,
1% ifv>v2§, Wg ifv>v}',

V(v,F)=<v ifve vp,vf] w(v,F) =S Ep(v) ifve vp,vf], (11b)
v ifv <wg, wt if v <wp,

where w =wod and w = wo .
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Figure 3: Geometrical meaning of G and 1 defined in (11) in the case F' € (f, f.1).

Remark 2.3. Notice that

f(@(w, F)) = f(i(v, F)) = F.
Moreover, w — d(w, F) and v — u(v, F) are continuous if and only if F' > f=, and in this case they are
Lipschitz continuous. On the other hand, if F < fo, then w — G(w,F) and v — (v, F) are only left-
continuous. Moreover w(w, F) > w and ¥(v, F) > v. At last, w — w(w, F) and v — v(v, F') are non-decreasing,
while w — ¥(w, F) and v — w(v, F) are non-increasing.

Denote by TV and TV_ the positive and negative total variations, respectively. For any u: R — € let

T(u) =TV, (G(w(u), F); (=0, 0)) +TV_ (vfa(w(u), F); (—o0, 0)), (12a)
T(u) =TV, (\7‘(1}, F); (0, oo)) +TV_ (W(U, F); (0, oo)). (12b)
For any u € 2 and k € [0, V] let
k 1
wl== - if w if w
N (u) = T F p=H(W(w) - k/’)L rre [wls = {0 jthe;?sje
k if F=0, '

We are now in the position to state the main result of the paper.
Theorem 2.2. Let u® € LN BV(R;Q) and F € [0, ] satisfy one of the following conditions:
(H.2) F € |0,f7) and T(u®) 4+ T (u®) is bounded.

Then the approzimate solutions u, constructed in Section 4.1 converge to a solution u € C°(R4; BV (R;Q)) of
constrained Cauchy problem (3), (4), (5) in the sense of Definition 2.2. Moreover for all t, s € Ry the following
estimates hold

TV (u(t)) < Cf, lu(t) — u(s)|Lr ) < LE [t — s, [u() | i) < R+V, (13)
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Figure 4: Geometrical meaning of 4 and u defined in (11) in the case F' € (0, f;).

where C% and L% are constants that depend on u® and F'. Furthermore, non-classical discontinuities of u can
occur only at the constraint location x = 0, and if for any k € [0,V] and ¢ € C°((0,00) x R;R) such that ¢ > 0

we have
T

T
lim [ N (un(t,0-)) ¢(t,0) dt = / N (u(t,0-)) ¢(t,0) dt, (14)
then the (density) flow at x = 0 is the mazimal flow F allowed by the constraint.

As in [2,5,11], the proof of the above theorem is based on the wave-front tracking algorithm, see [8,17] and the
references therein. The details of the proof are deferred to Section 4.

Remark 2.4. If F € [fZ, fF], then w — G(w, F) and v — (v, F) are Lipschitz continuous and therefore
T(u®) + T (u®) is obviously bounded if u® has bounded total variation.

2.3 The constrained Riemann problem

For completeness, we conclude this section by giving the definitions of the Riemann solvers R and R ¢ introduced
in [5] and [12], associated to Riemann problem (3), (15) and to constrained Riemann problem (3), (5), (15),
respectively, and used in Section 4 to prove Theorem 2.2.

We recall that Riemann problems for (3) are Cauchy problems with initial condition of the form

up if x <0,
0,7) = 15
u(0,2) {u if 2> 0. (15)

Definition 2.3. The Riemann solver R: Q? — L>®(R; Q) associated to Riemann problem (3), (15) is defined
as follows.

(R.1) If ug,u, € Qf, then Rlue, u,| consists of a contact discontinuity (ue,w,) with speed of propagation V.

(R.2) If ug,ur € Qc, then Rlug,uy] consists of a l-wave (ug,u.(ue,ur)) and of a 2-contact discontinuity
(ws (g, ur), uy).



(R.3) Ifug € Q7 and u, € Qf , then Rlug, u,| consists of a 1-rarefaction (u¢,w(ue)) and a contact discontinuity
(w(ug), ur).
(R.4) If ug € Qf and u, € Q, then Rug,u,| consists of a phase transition (u¢, v (u,)) and a 2-contact

c

discontinuity (v~ (uy),ur).
Since (t,z) — Rug, u,|(z/t) does not in general satisfy constraint condition (5), we introduce
D = {(uz,ur) ceOxN: f(R[ug,ur](t,Oi)) < F}
= {(uz,ur) € Q¢ x Q¢ : fug) < F}

U {(w,ur) €0 x N f(u*(uz,ur)) < F}

U {(ue,ur) € Qf x Q7 :min{ f(ue), f(v (ur)) } < F},
Dy = Q2 \ D; and the constrained Riemann solver Rg in the following
Definition 2.4. The constrained Riemann solver Rp: Q2 — L>°(R; Q) associated to constrained Riemann
problem (3), (5), (15) is defined as

Rlug, ur](x) if (ug,u) € Dy,

Rp[ug, ur(z) = ; '
Rlue 0dl(w) o <0, 0y e Dy,
Ry, ur)(z) if x>0,
where Gy = W(w(ue), F) € Qe and 0, = u(v,, F) € Q are defined by (11).

In Figure 5 we clarify the selection criterion (11) for Gy and d,. We point out that 4, and G, satisfy the following

A A
9 Uyp u%
L B
Uy
1
Uy ul
~ A2 ﬁ2 ) r
r ur LY r T -
~1 ) / 'ﬁl ‘@
i, ) Y
Uy ’ |
p p
fA I A

(=14
=N

LR PN \

p

<Y

Figure 5: The selection criterion (11) for Gy = G(w(ue), F') and 4, = a(v,, F') exploited in Definition 2.4 in the
case (ug,u;) € Dy and F € (0, f77). In the first picture u}, u7 represent the left state in two different cases and

ﬁ}, ﬁ% are the corresponding tiy. Analogously in the second and third pictures for u}, u? and !, 62.

general properties.
If (ug, uy) € Do, then w(ug) > w(d,) and v, > Ty.

If (ug,ur) € Do and ug € Qf , then w(ty) = w™.
If (ug,u,) € Dy and u, € Qy, then v, = V.



It is easy to prove that (¢,2) — Rlug,u,](x/t) and (¢t,z) — Rplue, ur](x/t) are solutions to Riemann
problems (3), (15) and (3), (5), (15) in the sense of Definitions 2.1 and 2.2, respectively.
We recall that both R and Rp are Li, -continuous, see [12, Propositions 2 and 3].

loc

3 Example

In this section we apply model (3), (4), (5) to simulate the traffic across, for instance, a toll gate located at
z = 0 and with capacity . More specifically, let w~™ and w' be the Lagrangian markers corresponding to
vehicles that are initially at rest in [z4,2p5) and [z, 0), respectively. The resulting initial condition is

up ifx €za,zp),
u(z) =qu, ifze€lrg,0),
ug ifx € R\ [za,0),

where ug = (0,V), u = (p~H(w™),0) and u, = (p~H(w™),0), see Figure 6.

f

Ug Up Uy P x

Figure 6: Notations used to describe the solution constructed in Section 3.

The resulting solution can be constructed by solving the Riemann problems corresponding to the disconti-
nuities of 4° and by considering the interactions of the waves between themselves or with the point constraint
x = 0. We describe below the solution and its construction in more details. Let

i =u(w™, F), 4, =a(wt, F), u=u(V, F), W = Uy (g, Uy ).

At x = 0 we apply R and obtain a backward rarefaction Ro(u.., i), a stationary non-classical shock NSy (4, @)
and a forward contact discontinuity CDg (1, ug), which moves with speed V. At x = x5 we apply R and obtain a
stationary contact discontinuity CD g (ug, u,-). Let C' and E be the starting and final interaction points between
CDp and Rg. During such interaction we have that CDp accelerates, while Ry crosses CDp and eventually
changes its values. After time ¢ = tg we have that CDp moves with speed ¥, > 0 and interacts with NSp
at G. At G we apply Rr and obtain a backward rarefaction Rg(us, ) and a stationary non-classical shock
NSg (i, 0).

At x = x4 we apply R and obtain a stationary phase transition PT 4(ug, u¢). Let D and F' be the starting
and final interaction points between PT 4 and Rg. During the time interval (tp, tF) we have that PT 4 accelerates
and Ry starts to disappear. After time ¢ = ¢t we have that PT 4 moves with speed ¥,, > 0. Let H and I be the
starting and final interaction points between PT 4 and Rg. Then, during the time interval (¢, t7) we have that
PT 4 accelerates and R¢g starts to disappear. After time ¢ = ¢; we have that PT 4 moves with speed v, > 0.
Finally, PT 4 interacts with NSg at L and then moves with speed V.

In Figure 7 we represent in different coordinates the quantitative evolution of the solution corresponding to
p(p) = p? and to the data

Ty = —8, rp = —b, wo =1, wt =6/5, V =3/5, F =+/3/5.

Such solution is obtained by the explicit analysis of the wave-fronts interactions with computer-assisted com-
putation of the interaction times and front slopes.

We finally observe that, once the overall picture of the solution is known, it is possible to express in a closed
form the time at which the last vehicle passes through x = 0, indeed t;, = [(xp — x4) p¢ — x5 pr]/F =~ 24.4716.
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(t,z) = v(t, )

Figure 7: The solution constructed in Section 3. Above we let £, = f(u,).

4 Proof of Theorem 2.2

In this section we prove Theorem 2.2. More precisely, in Section 4.1 we construct a grid G,, approximate
Riemann solvers R,,, Rr,, and an approximate solution u, = (pn,v,) to constrained Cauchy problem (3), (4),
(5). In Section 4.2 we prove that the approximate solution w,, is well defined globally in time by introducing a
non-increasing Temple functional 7,,, which strictly decreases any time the number of the discontinuities of .,
increases. In Section 4.3 we prove that u, converges to u, which is a solution to (3), (4), (5) and satisfies the
estimates listed in (13). At last in Section 4.4 we consider the flux density of the non-classical shocks.

We choose to study the total variation in the (v, w)-coordinates rather than in the (p,v)-coordinates. This
choice is in fact convenient to describe the grid, the approximate Riemann solvers and ease the forthcoming
analysis, because the total variation of u,, in these coordinates does not increase after any interaction away from
2 = 0. Furthermore, the entropy pairs in the (v, w)-coordinates are well defined, but in the (p, v)-coordinates
are multi-valued at the vacuum.

For simplicity we assume below that n € N is sufficiently large. Moreover we simplify the notation by letting

Wy iW(UZ), iy, iﬁ(WZ,F), ﬁgiﬁ(vg,F)

and so on, where 4 and u are defined in (11).

4.1 The approximate solution

In this section we apply the wave-front tracking algorithm to construct an approximate solution u,, in the space
PC of piecewise constant functions taking finitely many values. To do so we introduce a grid G, in 2 and
approximate Riemann solvers R, Rrn : Gn X G, = PC(R; G,,).

11



The grid

We introduce in Q a grid G, = QN P, see Figure 8, with P given in the (v, w)-coordinates by

(UM {o'}) x (U3 {w'})
where M, N, v* and w’, are defined as follows:

wu“ v v® o12 f A
wrmmTT T

e e S T

<V

Figure 8: The grid G,, corresponding to F' € (0, f,) and n = 2. The curve in the figure on the left is the support

of Zp, which corresponds to (a portion of) the horizontal line in the figure on the right.

o If F =0, then welet M =1, N =2,

;L Jwm =142 if 1 €{0,...,2"},
w =
w™+ (i—2") 27" (wt —w™) ifie{2"+1,...,2-2"},

and
vt =027V ifie{0,...,2"}.
o If Fe(0,f ), then welet M =3, N =3,

wT —14+i27" (wp —w™ +1) ifie{0,...,2"},
w' = wp 4 (i —2") 27" (w™ — wr) ifie{2"+1,...,2-2"},
w™+(i—2-2") 27" (wh —w™) ifie{2-27+1,...,3-2"},

and
P27 g ifi € {0,...,2"},
ot = ER (wh? ) ifie{2"+1,...,2-2"},

vE 4 (i—2-2") 27 (V —wvf) ifie{2-2"+1,...,3-2"}.
o If F e[f, fF], then we let M =2, N =3,

w” —1+i27" if i € {0,...,2"},
w =S w (i —2") 27" (wp —w™) ifie{2"+1,...,2-2"},
wp+(1—2-2") 27" (wt —wp) ifie{2-2"+1,...,3-2"},

and

i Ji2Top if i € {0,...,2"},
= E;‘1(1042”’71') le€{2n+17,22n}

Notice that if F' € {f=, fI}, then not necessarily w® # w't!.
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The approximate Riemann solvers

An approximate solution u, € PC(R;G,) to (3), (4), (5) is constructed by applying the approximate Riemann
solvers Ry, Rpn : Gn X Gy, — PC(R; G, ), which are obtained by approximating the rarefactions. More precisely,
for any (ug,u,) € G, X Gy, such that w, = w,, and vy = o < v = 0"E ) we let

we i € < A(ug,ur),
Ralue, ur)(§) = quy  if A(ujr,u5) <& < A(wj,ujpn), 1< <k—1,
wp i € > Aug—1,u,),

where up = ug, ur = u, and u; € G, is such that v; = "7 and w; = we. The Riemann solver R, is defined
as follows:

1. If f (Rpfue,ur](01)) < F, then Rp ,[ue, ur] =Ry [ue, tr).
2. If f(Rnfue, ur](04)) > F, then

L Rafue,e](€) if € <0,
RF,n[uévuT](g) - {Rn[ﬁraur](g) lff > 0.

The approximate solution

An approximate solution u, € PC(R; x R;G,,) to (3), (4), (5) can be constructed as follows. As a first step we
approximate the initial datum «° with u9 € PC(R;G,) such that

loplluee < [[0°lLee,  TV(0) < TV(v®),  lim o —o’|gg =0, T(uy) < CT(u),

loc

(16)

Wl < [W¥llee. TV(s5) < TV(),  Tim [ug —u’iy =0, Tul) < CT(w?),

for a constant C. The approximate solution u,, is then obtained by gluing together the approximate solutions
computed by applying Rr, at ¢ = 0 at time ¢ = 0 and at any time a wave-front reaches * = 0, and by
applying R, at any discontinuity of u¢, away from x = 0 or at any interaction between wave-fronts away from
x = 0. As usual, in order to extend the construction globally in time we have to ensure that only finitely many
interactions may occur in finite time. In Section 4.2 we prove that wu,(¢,-) is well defined for all ¢ > 0 and
belongs to PC(R; x R;G,). Finally, in Section 4.3 we prove that u, converges (up to a subsequence) in L
to a limit u, which results to be a constrained solution to (3), (4), (5) in the sense of Definition 2.2.

loc

4.2 A priori estimates

In this section we prove the main a priori estimates on the sequence of approximate solutions (uy,),. We prove
in Proposition 4.1 that u, takes values in G, and we estimate TV (uy(t,-)) uniformly in n and ¢. This together
with Proposition 4.2 guarantee that the number of interactions and the number of the discontinuities of u,, are
both bounded globally in time.

Observe that any Contact Discontinuity (CD) has non-negative speed (of propagation), any Shock (S) or
Rarefaction Shock (RS) has negative speed, all the Non-classical Shocks (NSs) are stationary and the speed of
all the possible Phase Transitions (PTs) ranges in the interval (—f. /(p~*(w™) — p~), V). Below we say that
(ug, ur) is a null wave if vy = u,. Notice that if (u¢, u,) is a PT then u, € Qf and u, € Q, moreover if (ue, u,)
is a PT with w, > w™ then py = 0.

Let w,, be an approximate solution. Let #(¢) be the number of waves/discontinuities of u, (¢, -) and introduce
Tn: Ry — Ry defined as

To(t) = TV (vn(t, ) + TV (wn(t, ) + 2T 0 (t) + 270 (1),

where T,,(t) = T(un(t,-)) and T, (t) = Y(uy(t,-)). Conventionally, we assume that u, is left continuous in
time, i.e. un(t,") = un(t—, ). Then also 7, is left continuous in time. By the monotonicity of w — ¥(w),
w = w(w), v 7(v), v w(v), see Remark 2.3, and the definitions of T and T given in (12), we have that

T,(t) = TV+(\7( n(t,): (—00 0)) +TV,(€1(wn(t,~));(foo,0))
= (v (t,21)) — (wn(ﬁ,ac_))Lr + [#(wn(t,z_)) — &(wn(t,x+))}+},

mECD
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T,(t) = TV, (v(vn(t, 3, F); (0, oo)) LTV (w(vn(t, 3, F);: (0, oo>)

=) {[v(vn(t,x+),F) —V(valt,z-), F)], + [#(va(t,z-), F) - W(vn(t,er),F)Lr},

z€RS,
where
CcDh,, = {x ER: (un(t,z_),up(t,z4)) is a CD in = < 0 such that w,(t,z_) > max{wn(t,:c+),wp}},
RS, = {:c ER: (un(t,z—),un(t,z4)) is a RS in = > 0 such that v, (¢, 24) > max{vn(t,z,),v;}}.
Let €, > 0 be the minimal (v, w)-distance between two points in the grid G,,, namely

€n = min Iné%x{h}1 — 2], [w(u') — w(u2)|}
u', u?€Gn
ul #£u?

The next proposition ensures that the number of discontinuities of u,, is uniformly bounded in time. More-
over, it gives uniform bounds on the total variation of the approximate solution, which allows us to use Helly’s
Theorem.

Proposition 4.1. For any fired n € N sufficiently large and u?, € PC(R;G,,), we have that:
(a) the map t — T,(t) is non-increasing and decreases by at least €, any time the number of waves increases;
(b) un(t, ) € PC(R;G,) for allt > 0.

Proof. By construction for ¢ > 0 sufficiently small u,,(¢,) belongs to PC(R;G,,), more precisely it is piecewise
constant with jumps along a finite number of straight lines. If at time ¢ > 0 an interaction occurs, namely two
waves meet or a wave reaches x = 0, then the involved waves may change speed or strength, while new waves
may be created. To prove that u,(t,-) belongs to PC(R;G,) we have to provide an a priori upper bound for
the number of waves, which follows from (a).

Clearly, if at time ¢ > 0 no interaction occurs then 7, (t) = 7, (t+). For this reason we consider below all
the possible interactions and distinguish the following main cases:

e a single wave reaches = 0 and no NS is involved;
e a single wave reaches x = 0 and a NS is involved;
e two waves interact away from x = 0;

e two waves interact at x = 0 and no NS is involved;
e two waves interact at z = 0 and a NS is involved.

For completeness we estimate

ATV, = TV (v, (ts,-)) — TV (va(t, ), AT, =T (wnlts, ) — To(wal(t, ),
ATV, =TV (wy(ty, ) — TV (wa(t, ), AT, =T (valts, ") — Tul(va(t, 1)),
and
Ay = (t4) —#(t-), ATy = Tn(ty) = Tn(t-).

For simplicity in the exposition, whenever a NS is involved we consider separately the cases F' € [f7, fF)
and F € [0, f7). Notice that w™ > wp if and only if F < f, or equivalently V # vj. Notice also that if
F = fF then Dy = (), while if F = 0 then Dy = ). At last, notice that if F € [f., fI) and (u¢, u,) € Dz, then
Wy = wp and Vv, = v,.

We start with the interaction estimates.

e If a wave (ug, u,) reaches x = 0, u,(¢,0-) = un(t,04) and (ug, ur) € D1, then the constraint has no influence
on the wave and 0 = ATV, = ATV,, = Af. Since any CD has non-negative speed, we have that AT, < 0.
Since any RS has negative speed, we have that AY,, < 0. As a consequence A7, < 0.

e Assume that a wave (ug,u,) reaches © = 0, u,(t,0_) = u,(¢,04) and (ug, u,) € Da.
If F e[f;,f), then one of the following cases occurs:
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CD}'. (ug,uy) is a CD. In this case ¥, > vy = v, = ¥ > ¥y, wp = Wp > W, > W, > w, and f(ug) > F > f(uy).
R n[ue, ur] has at most three waves (ug, ), (G¢, ) and (@, u,) that are a S, a NS and a possibly null CD,
respectively. As a consequence

ATV, = 2(vy — ) > 0, AT, = —[0, — Vols — [ — ] < —(¥, — ¥¢) <0,

ATV, =0, AT, =0,

therefore Af € {1,2} and AT, < —=2(%, —ve) <O0.

RS} (ug,ur) is a RS. In this case vy = ¥y < v, = Vp, Wy < Wp = Wp =Wy, f(ug) = F < f(u,) and ug, u, € Q.
R n[ue, ur] has two waves (ug, ) and (4,,u,) that are a NS and a CD, respectively. As a consequence

}—%)
I

ATV, =0, AY, =0,
ATV, = 2(w, —w,) > 0, AT, = —[F, — )y — [we — W]y = —(vr —vg) — (wp —w,) <0,

therefore Af =1 and AT, = —2(v, — vg) < 0.
If F € [0, f;7), then one of the following cases occurs:

CDg (ug,u,) is a CD. In this case ¥, > vy = v, = ¥, > ¥y, W > wp > W, > W, > w, and f(ug) > F > f(u,).
Rpnlue, ur] has at most three waves (us, ), (4, 0,) and (4, u,) that are a S or a PT, a NS and a possibly
null CD, respectively. As a consequence

ATV, = 2(vy — %) > 0, AT, = —[, — Vo]y — [0 — )y = — (¥, — ¥0) — (9 — @) <0,

ATV, = 2(i1, —wg) > 0, AT, =0,

therefore Af € {1,2} and AT, = —2(%, — v¢) — 2(wy — W,) < 0.
RSE (ug,u,) is a RS. In this case vy < v, < ¥y, wp < Wy < wp =wp =Wy, f(ug) = F < f(u,) and ug, u, € Q.
R nlue, ur] has two waves (u¢, d,) and (@, u,) that are a NS and a PT or a CD, respectively. As a consequence
ATV, = 2(¥, —v,) >0, AT, =0,
ATV, = 2(w, —w,) > 0, AT, = —[F, — ¥y — [ — 0]y = — (¥ — vg) — (wp —w,) <0,

+

therefore Af = 1 and A7, = —2(v, —vg) < 0. Notice that ¥, > v, if and only if wp = w, = w™ and v, > vy = v}.

Assume that two waves (ug, um) and (um,,u,) interact at time ¢ > 0. Let w. = u.(ug,u,). Notice that
u, = u, if and only if (ug, uy,) is a S or a RS, while u, = uy if and only if (ug, u,,) is a CD.

e If the interaction occurs at x # 0, then one of the following cases occurs:

CD-S (ug,um) is a CD and (um,u,) is a S. In this case vy = vy, > v, = Uy, Wy, = Wy, Wy belongs to the closed
interval between wy and w,, W(us) = W(wy), W = Wy, f(tm) > f(u,) and wp,, u,. € Qe Ry [ug, ur] has at most
two waves (ug,u.) and (u.,u,) that are respectively either a S and a CD, or a PT and a possibly null CD. As
a consequence 0 = ATV, = ATV, = A’fn = AT, therefore At < 0 and A7, = 0.

CD-RS (ug, uy,) is a CD and (tm, u,) is a RS. In this case vy = vy, < Uy = Uy, Wp = W, W, = Wy, () < f(us),
flum) < fuy) and wg, um, W, uyp € Qoo Rplug, uy] has two Wavesv(w,u*) and (u., u,) that are a RS and a CD,
respectively. As a consequence 0 = ATV, = ATV,, = AT, = AT, therefore Af =0 and AT, = 0.

CD-PT (ug,ur)is a CD and (um,, u,) is a PT. In this case vy = v, =V > 0, = v, Wy, < W™ < W, Wy belongs
to the closed interval between w, and w,, us € Qf, uy, € Qf and u,, u, € Q. Ry [te, ur] has at most two waves
(ug,us) and (us,u,) that are either a PT or a S and a possibly null CD, respectively. As a consequence

ATV, =0, AT, <0,

ATV, = |wp — w,| — ([ — wp| + |wm — w.|) <0, AY, =0,

therefore Af <0 and A7, <0.

S-S (ug, ) and (tm,u,) are Ss. In this case vy > Uy > Upy, Wg = Wpy = Wy > W and ug, U, ur € .
R [ue, ur] has one wave (ug, u,), which is a S. As a consequence 0 = ATV, = ATV, = AT,, = AT, therefore
Af = —1and A7, =0.
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S-RS (ug,um) is a S and (um,u,) is a RS. In this case vy > vy > U, Wo = W, = W > w- and g, U, Uy € Q.
R [ue, ur] has one wave (ug, u,), which is a S. As a consequence

)—%)

ATV, = —2(v, — vy) < 0, AT,
ATV, =0, AY,

)

0
0

IN

)

therefore Af = —1 and A7, < 0.

RS-S (ug,um) is a RS and (um, u,) is a S. In this case vy, > vg > vy, W = Wy, = Wy > W™ and ug, Up, Uy € Q.
R [ue, ur] has one wave (ug, u,), which is a S. As a consequence

}—%)
I

ATV, = =2(v,, — vg) < 0, AT,
ATV, =0, AT,

3

0
0

IN

3

therefore Af = —1 and A7, < 0.

PT-S (ug,up)isaPT and (um,u,)isaS. Inthiscase vy =V > vy > vpy, wo < W™ < Wypy = Wy Ug € Qp and Uy,
Uy € Q. Rp[ug, uy] has one wave (ug, u,.), which is a PT. As a consequence 0 = ATV, = ATV,, = AY,, = AT,
therefore A = —1 and AT, = 0.

PT-RS (u¢,un) is a PT and (¢, u,) is a RS. In this case vg =V > vp > Uy, W < W < Wy = Wy, U €
and Upm, Uy € Q. Ry[ug, uy] has one wave (ug, u,), which is either a PT or a CD. As a consequence

)—%)

ATV, = —=2(v, — vy) < 0, AY,, =

0,
ATV, =0, AY, <0,

IN

therefore Af = —1 and AT, <0.
o If the interaction occurs at x = 0 and (ug, u,) € D1, then one of the following cases occurs:

CD-So (ug,up) is a CD and (up,,u,) is a S. In this case vy = vy, > U, = Vs, Wy = W, Wx belongs to the
closed interval between w, and w,, W(ug) = W(ux), wm = wp, f(ur) < () < F, min{f(ue), f(us)} < F and wp,
U € Qc. Rpnlue, uy] has at most two waves (ug, us) and (u., u,) that are respectively either a S and a CD, or
a PT and a possibly null CD. As a consequence AY, < 0= ATV, = ATV, = ATY,,, therefore Af <0 and
AT, <0.

CD-RSg (ug, tm) is a CD and (um,u,) is a RS. In this case vp = vy < Up, Wi = Wy, Wi = Wy, f(ug) < flus),
flum) < flur), max{f(um), f(us)} < F and ug, tm, W, U € Q. Rpplue, uy] has two waves (ug,u,) and
(us, u,) that are a RS and a CD, respectively. As a consequence

=
IN

ATV, =0, AT,
ATV, =0, AT,

)

0
0

IN

)

therefore Af =0 and A7, <0.

CD-NSp (ug,um) is a CD and (um,u,) is a NS. In this case vn < vp = vy < vp < v, W™ < wp < W < Wy,
flue) < f(us) < F = f(um) = f(uy) and ug, Um, s, Uy € Q. Rppfue, ur] has a fan of RSs ranging from wuy
to u, and a possibly null CD (u,,u,). As a consequence ATV, = —=2(w,,, —w,) < 0 = ATV, = AT, = AT,
therefore Af € [—1,2" — 1] and AT, < 0.

CD-PTy (ug,um) is a CD and (um,u,) is a PT. In this case vp = vy, =V > v, = 0x, Wiy < W~ < Wy, Wy
belongs to the closed interval between wy and w,, min{f(u¢), f(u.)} < F, max{f(um), f(ur)} < F, ug € Qf,
Um € Qp and uy, ur € Qo. REnlue, ur] has at most two waves (ug, ui) and (uy, u,) that are either a PT or a S
and a possibly null CD, respectively. As a consequence

ATV, =0, AT, <0,

ATV, = |we — wp| = ([we — Win| + Wi — wy]) <0, AT, =0,

therefore Af € {—1,0} and AT, <0.

S-So (ug, urm) and (um, u,) are Ss. In this case vy > vy > Uy, W =Wy, =W > W™, f(uy) < f(ug) < F and uy,
U, Uy € Qc. Rpnlue, ur] has one wave (ug, u,), which is a S. As a consequence 0 = ATV, = ATV,, = AT, =
AT, therefore Af = —1 and AT, = 0.
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S-RSq (ug, tm) is a S and (um,,u,) is a RS. In this case vp > vy > vy, wg =Wy =W, > w0, fuy) < f(ug) < F
and Ug, U, Ur € Qo. R n[ue, ur] has one wave (ug, u,), which is a S. As a consequence

)—%)

ATV, = =2(v, — vy) < 0, AT, =

0,
ATV, =0, AY, <0,

IN

therefore Af = —1 and A7, < 0.

RS-So (ug, ur) is a RS and (u,, u,-) is a S. In this case vy, > v > vy, wp =Wy = wp > w, f(u,) < f(ug) < F
and g, Um, Uy € Qc. Rpplue, uy] has one wave (ug, u,), which is a S. As a consequence

=
I

ATV, = =2(vy, — ve) < 0, AT,

0,
ATV, =0, AT, <0,

IN

therefore A = —1 and AT, <0.

NS-So (ug,um) is a NS and (wm,u,) is a S. In this case vy, > v > Up = Vs, Woe = Wp > Wy = Wp > W,
flue) = fum) = F > f(uy) and ug, tm, Uy € Q. Rpn[ug, ur] has at most two waves (ug, u.) and (u., u,) that
are a possibly null S and CD, respectively. As a consequence ATV, = —2(v,,—vp) < 0 = ATV, = AT, = AT,
therefore Af € {—1,0} and AT, < 0.

NS-PTg (ug, ) is a NS and (wm, u,) is a PT. In this case v, =V > vp > v, = s, W = Wee > W, = W > Wy,
fo > flu) = flum) = F > f(uy), f(ue) < F, ug, up € Qe and up, € Q. Rpplue, uy] has at most two waves
(ug,us) and (us,u,) that are a possibly null S and a possibly null CD (but not both null), respectively. As a
consequence

ATV, = =2(V — ) <0, AY, =0,
ATV, = —2(w™ —wy) <0, AY, =0,

therefore Af € {—1,0} and AT, <0.

PT-So (ug, tm) is a PT and (um,u,) is a S. In this case vp =V > vy > vy, wp < W™ < Wpy = Wy, f(uy) <
flum) < max{f(uw), flum)} < F, u¢e € Q7 and wm, ur € Q7. Rpnlue, ur] has one wave (ug, u,), which is a
PT. As a consequence 0 = ATV, = ATV, = AT, = ATY,,, therefore Af =—1 and AT, = 0.

PT-RSo (us,up,) is a PT and (U, u,) is a RS. In this case vp =V > v, > v, Wy < w0~ < Wy = Wy, ug €
and U, Uy € Q. Rppnlte, ur] has one wave (ug, u,), which is either a PT or a CD. As a consequence

=

ATV, = =2(v, — vm) <0, AY, =

0,
ATV, =0, AT, <0,

IN

therefore A = —1 and AT, <0.

PT-NSg (ug,um) is a PT and (tm,u,) is a NS. In this case vp = V > v, > vy, wp < W™ < W < Wy,
flue) < flum) = f(ur) = F, ug € Qf and uy,, ur € Qc. Rpn[ur, uy] has one wave (ug, u,), which is either a
CD or a PT. As a consequence

=
Il

ATV, = =2(v, —vm) <0, AT,
ATV, = —2(w, —w,) <0, AT,

)

0
0

)

therefore Af = —1 and AT, <0.

e Assume that two waves (ug, um) and (un,, u,) interact at x = 0 and (ug, u,) € Do.
If F e[f.,fT), then one of the following cases occurs:

CD-SE (ug, ) is a CD and (um, u,) is a S. In this case ¥, > v = vy, > v, = ¥y > T, We = Wy > Wy > Wy = Wy,
we > W, f(ue) > flue) > F > f(um) > f(uy) and ug, U, tr € Qc. Rpn[ue, ur] has three waves (ug, Gg), (G, 0r)
and (4, u,), which are a S, a NS and a CD, respectively. As a consequence

ATV, = 2(v, — 7)) > 0, AT, = — (¥ — ¥¢) — (Wg — W) < 0,
ATV, =0, AT, =0,

therefore Af =1 and AT, = —2(V, — v,.) — 2(wp — W) < 0.
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CD-RS} (ug, um) is a CD and (um,u,) is a RS. In this case ¥y < vp = U = Vi < U = ¥y, Vo < Vi,
W =W > W 2 Wy = Wy W < Wiy f(um) < fur) < Flue) < flu), flum) < F < f(ue) and ug, tm, ur € Q.
Rpn[ue, ur] has at most three waves (ug, @), (4, 1,) and (@, u,), which are a possibly null S, a NS and a
possibly null CD, respectively. As a consequence

ATV, =2(vg — %) >0 AT, = =T — 0) — (g — ¥m) < =T — 4) <0,

iy )

20wy — ) if flum) =F v y . . .
ATV, = {0 it F(un) < F} >0, AT, = —(vp —v) — (W — W) < — (W, — W) <0,

and therefore

At e {-1,0,1}, ATn < =2(Vm — ve) + {22(% — i) ﬁ ;EZZ% j ?} =0

CD-NS} (ug, ur,) is a CD and (up,,u,) is a NS. In this case vy = vy < Uy, W, < min{wy, Wy}, Wo # Wi,
flum) = fluy) = F # f(ug) and ug, upm, uyr € Q.

If f(u¢) < F, then Rpy,[ue, ur] has a fan of RSs from uy to 4, and a NS (4, ur); as a consequence ATV, =
—2(wp —wg) < 0=ATV, = AT, = AT,,, therefore At € [0,2" — 2] and AT,, = —2(w,, — wy) < 0.

If f(ug) > F, then ¥y < vg = vy, = Ui, W = Wg > Wy, = Wy, REnlte, ur] has a two waves (ug, ) and (G, uyr),
that are a S and a NS, respectively; as a consequence

ATV, = 2(vy — %) > 0, AT, = —(vg — V¢) — (wg — W) <0,
ATV, =0, AT, =0,

therefore Af =0 and AT, = —2(wg — w,,) < 0.

CD-PT} (ug, U, is a CD and (um, u,) is a PT. In this case wy, < w™ < wp =Wy, < Wp, Vg = Uy = Vppp =V >
Up =V >V, Wy < W < Wy < Wy < wp =1y, f(ug) > flus) > F > max{f(um), f(us)}, ue € Q;r, Um € € and
Up € Qe. Rpnlue, ur] has three waves (ug, r), (Gg, ) and (4., u,) that are a S, a NS and a CD, respectively.
As a consequence

ATV, = 2(v, — 74) > 0, AT,
ATV, = —2(w, —w,y,) <0, AT,

*(V — \74) — (Wg — wp) < 0,
0,

therefore Af =1 and AT, < —2(V —v,) — 2(wy — wp) < 0.

NS-S; (ug, um) is a NS and (um,u,) is a S. In this case vy, > v, = ¥ > vg, W > Wy > Wy = W, > WE > W,
flu) > F = f(ue) = f(um) > fluy) and ug, U, ur € Qoo Rpplue, ur] has two waves (ug, a,) and (4, u,)
that are a NS and a CD, respectively. As a consequence ATV, = —2(v,,, — v,.) < 0= ATV, = AT, = AT,
therefore Af =0 and AT, = —2(v,, —v,) < 0.

NS-RS} (ug, U is a NS and (U, u,) is a RS. In this case v < vy = Vi < Up = Vi, Wp > Wypy = Wy, = Wy > Wy,

flus) > fur) > F = f(ue) = f(um) and ug, tm, ur € Qc. Rppfue, ur] has two waves (ug, 0,) and (@, u,) that
are a NS and a CD, respectively. As a consequence

=
Il

ATV, =0, AT, =0,
ATV, =2(w, —w,) >0, AT, —(vy — V) — (wp — W) <O,

therefore Af =0 and AT, = —2(v, — v,) < 0.
If F € [0, f;7), then one of the following cases occurs:
CD-Sg (ug,up,) is a CD and (um,u,) is a S. In this case ¥, > vp = vy > v, = ¥ > ¥y, Wp = W > Wp > Wy =

W =W, > W, flug) > f(ue) > F > f(um) > f(ur) and ug, U, tr € Qc. Rpplue, ur] has three waves (ug, o),
(4¢,1,) and (4r,u,), which are a S, a NS and a CD, respectively. As a consequence

ATV, = 2(v, — ¢) > 0, AT, = — (T — 90) — (e — W) <0,
ATV, =0, AY, =0,

therefore Af =1 and AT, = —2(F — vr) — 2(w¢ — Wp) < 0.
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CD-RSy (ug,up) is a CD and (um,u,) is a RS. In this case vy < vp = vy < Ty U = Vi < Up < ¥y,
We =W 2 W 2 Wy = W 2 W, W > W, f(um) < fur) < fue) < fus), flum) < F < fue) and ug, tpm,
Up € Qe. Rppnlue, ur] has at most three waves (ug,G¢), (4, 4,) and (@, u,), which are a possibly null S, a NS
and a possibly null CD or PT, respectively. As a consequence

ATV, = 2(vy — ¥¢) + 2(3, —v) > 0, AT, = —(Vpm — ¢) — (wg — W) <0,
20w, — ) i flum) =F . (wp — %) if flupm)=F
ATV, = {o if fum) < F} 20, ATn=—(¥r —vm) - {(wm —ty) if flum) < F} <0,

and therefore

Af e {-1,0,1}, AT,

CD-NSE (ug, um) is a CD and (um,u,) is a NS. In this case v = vy, = ¥y < ¥y, W < min{we, Wy }, we = Wy,
Wi = Wi, f(um) = f(ur) =F # f(us) and ug, up, € Q.

If f(ug) < F, then v, > ¢ > v = Uy, Wy < wg < Wy, and Ry, [ug, ur] has a fan of RSs from u, to Gy and a NS
(4, ur); as a consequence ATV, = —2(w,,, —wy) < 0= ATV, = AY,, = AT, therefore Af € [0,2"™ — 2] and
AT, = —2(wp —wy) < 0.

If f(ue) > F, then v, > vp = vy, = Ty, > Vg, wg > Wy, > W and Rpp[ue, uy] has a two waves (ug, i) and
(4¢,u,), that are a S and a NS, respectively; as a consequence

ATVU = 2(1)4 — \74) > 0, ATn = 7(1)@ — \7@) — (Wz — wm) < 0,
ATV, =0, AY, =0,

therefore Af =0 and AT, = —2(w; — w,,) < 0.

CD-PT% (ug,um) is a CD and (um,u,) is a PT. In this case vy = vy, = ¥y =V > 0, = ¥, > Ty, wp = Wp >
Wp > Wy > W > WE = Wy 2 W, f(ue) > f(ue) > F > max{f(um), f(ur)}, ue € QEL, um € Q and u, € Q..
R n[ue, ur] has at most three waves (ug,dr), (Gr, ) and (@, u,) that are a S, a NS and a possibly null CD,
respectively. As a consequence

=
Il

ATV, =2(v, — V) > 0, AT, = — (v — V) — (we — wr) <0,
ATV, = —2(w, — W) <0, AT, =0,

therefore Af € {0,1} and AT, = —2(vy, — vp) — 2(wp — Wpy) — 2(wy — wp) < 0.

NS-Sg (ug, um) is a NS and (um,u,) is a S. In this case vy, > v, = 70 > vg, W > Wp > Wy, = Wy > W,
flue) = flum) = F > fuy) and ug, U, Uy € Qe. Rppnlue, ur] has two waves (ug, ) and (d,,u,) that are a
NS and a CD, respectively. As a consequence ATV, = —2(v,, —v,) < 0= ATV, = Afn = AT, therefore
Af=0and AT, = —2(v, —v,) < 0.

NS-RSE (u¢, um) is a NS and (um, ur) is a RS. In this case v¢ < v = ¥ < 0p < ¥y, We > Wy, = Wy, = Wy > Wy,
flur) > F = f(ug) = f(um) and ug, Um, Uy € Qe. Rpplue, ur] has two waves (ug, ) and (4, u,) that are a
NS and either a PT or a CD, respectively. As a consequence

ATV, = 2(¥, —v,) >0, AT, =0,
ATV, = 2(w, —#,) > 0, AY, = —(F — vm) — (W, —@,) <0,
therefore Af = 0 and AT, = —2(v, — v») < 0. Notice that ¥, > v, if and only if w,, = w, = w~ and

\?T:V>vr>vm:v;.
NS-PTg (ug, um) is a NS and (u,, u,) is a PT. In this case vy, =V > v, = ¥ > vg, Wg > W > Wp = W > Wiy,
flue) > f(ue) = flum) = F > f(ur), ug, up € Qe and uy,, € Q7. Rpgn[ug, uy] has two waves (ug,u,) and

(4, u,) that are a NS and a CD, respectively. As a consequence

ATV, = —2(V —v,) <0, AT, =0,
ATV, = —2(w™ —w,) <0, AT, =0,
therefore Af =0 and AT, = —2(V —v,) —2(w™ —wy,) < 0.
This concludes the proof. O
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Interaction | Result Al AT,
CD} (S,NS,CD), (S,NS) €{1,2} <0
RS} (NS,CD) =1 <0
CD7 (S,NS,CD), (S,NS), (PT,NS,CD), (PT,NS) €{1,2} <0
RS (NS,PT), (NS,CD) =1 <0
CD-S | (S,CD), (PT,CD), PT <0 =0

CD-RS (RS,CD) = =
CD-PT | (PT,CD), PT, (S,CD), S <0 <0
S-S S <0 =0
S-RS S <0 <0
RS-S S <0 <0

PT-S PT <0 =
PT-RS PT, CD <0 <0
CD-S; | (S,CD), (PT,CD), PT <0 <0
CD-RSy (RS,CD) =0 <0
CD-NS, | (RSs,CD), RSs el-1,2"-1] | <0
CD-PT, | (PT,CD), PT, (S,CD), S <0 <0
S-So S <0 =0
S-RSo S <0 <0
RS-So S <0 <0
NS-Sg (S,CD), CD <0 <0
NS-PT, | (S,CD), S, CD <0 <0
PT-Sy PT <0 =0
PT-RSy PT, CD <0 <0
PT-NS, CD, PT <0 <0
CD-St (S,NS,CD) =1 <0
CD-RSE | (S,NS,CD), (NS,CD), (S,NS), NS e {-1,0,1} <0
CD-NS} . | (RSs,NS), (S,NS) € [0,2™ — 2] <0
CD-PTL | (S,NS,CD) = <0
NS-S7 (NS,CD) = <0
NS-RS; | (NS,CD) = <0
CD-Sw (S,NS,CD) =1 <0
CD-RS; | (S.NS,CD), (SNS,PT), (NS,CD), (NS,PT), (S,NS), NS | €{-1,0,1} | <0
CD-NS; | (RSs,NS), (S,NS) el0,2n-2] | <0
CD-PT; | (S,NS,CD), (S,NS) €{0,1} <0
NS-S; | (NS,cD) =0 <0
NS-RS, | (NS,PT), (NS,CD) =0 <0
NS-PT (NS,CD) =0 <0

Table 1: An overview of the interactions considered in the proof of Proposition 4.1.
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In Table 1 we collect the most relevant possible interactions considered in the proof of Proposition 4.1 and
list the corresponding possible results in terms of wave types, Aff and A7T,.

Beside the bound on the number of wave-fronts proved in Proposition 4.1, we need to bound also the number
of interactions. This is the aim of the next proposition, which together with Proposition 4.1 ensure the global
existence of u,. We underline that for any interaction Af < 2™ — 1, see Table 1.

Proposition 4.2. For any fixred n € N sufficiently large and v € PC(R;G,), we have that the number of
interactions in (0,00) is bounded. In particular u, is globally defined.

Proof. From what we already show in the proof of Proposition 4.1, see Table 1, we deduce that

Tn()

n

t— 2"

+ 1)

strictly decreases after any interaction, except the following cases.
A CD (ug,uy,) interacts with (4, u,) and one of the following conditions is satisfied:
o (Up,upr)isaSand wp=w" —1;

® (Um,ur)isaSand w™ —1<w <w™ =wy; (17)

(
( )
(U, ur) is a RS;
( )

° isa PT and wy > w™.

For this reason it remains to bound the number of only the above type of interactions. We observe that the
number of waves of u, do not change after interactions as in (17). This implies that the number of waves
is uniformly bounded. We also observe that any interaction as in (17) has exactly one incoming CD and
exactly one outgoing CD. Since no wave can reach any CD from the left (and then possibly have with it an
interaction as in (17)), we have that as long as a CD remains a CD (possible further interactions involving it
have to be taken into account), it can interact only once with another wave W (or with waves generated by
further interactions involving W), moreover in this case W is slower then such CD and is not another CD. Since
furthermore we already know that the number of waves is uniformly bounded, there can be only finitely many
interactions involving CDs. It is therefore now clear that also the number of the interactions described in (17)
is bounded. O

4.3 Convergence

We first observe that
|Pé - Pr| <L (|W - UT| + |W€ - WTl)

where L = max{p~, [|1/p'||Le ([p-1 (w-),p-1 (w+));r) } because

per = P~ (e — ver) if we,p € [w™, wh],
" (wer+1—w")p™ ifw,€w —1w).

As a consequence TV (p) < L (TV(v) + TV(w)), hence
TV(u) < (1+ L) (TV(v) + TV(w)).
Moreover, by Proposition 4.1 and (16) we have that for any ¢ > 0
TV (vn(t,-)) + TV (wn(t, ) < Talt) < Tn(0) < TV(®) + TV(w°) + 2C (Y(uf’) + T(u0>).
As a consequence TV (u,,) is bounded by
09 = (1+1) {TV(’UO) +TV(E) +2C (Y(UO) + T(UO))} . (18)
Since u? takes values in 2, for any ¢t > 0 we have that also uy(t,-) takes values in €2, hence

lun(t, )L @ma) < R+ V.
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Moreover
Hun(ta') _un(sa')HLl(R;Q) < L%|t_s|a (19)

with L% = C% max{V,Rp'(R)}. Indeed, if no interaction occurs for times between ¢ and s, then

Jun(t, ) = wn(s, Meageoy < D |6 = 5)8(8) (pu(t,85(6)-) = pu(£:05(0)-) )|

i€D(t)

30 = 980 (vn (b 60)-) — vt 84(0)4) )| < L 1t~ s,

1€D(t)

where & (t) € R, i € D(t) C N, are the positions of the discontinuities of u,(t,-). The case when one or more
interactions take place for times between ¢ and s is similar, because by the finite speed of propagation of the
waves the map t + u,,(t,-) is L1-continuous across interaction times.

Thus, by applying Helly’s Theorem, the approximate solutions (u,), converge (up to a subsequence) in
(R4 xR; Q) to a function u € L*® (R+, BV(R;Q))NCO(R; L (R;Q)) and the limit satisfies the estimates

loc

Ll

loc

n (13).

Proposition 4.3. Let u> € L N BV(R;Q) and F € [0, f}] satisfy (H.1) or (H.2). If u is a limit of the
approzimate solutions (u,)n constructed in Section 4.1, then u is a solution to constrained Cauchy problem (3),

(4), (5) in the sense of Definition 2.2.
Proof. We consider separately the conditions listed in Definition 2.2.

(CS.1) The initial condition (4) holds by (13), (19) and the L}

loc

(CS.2) We prove now (6), that is for any test function ¢ € C°((0,00) x R;R) we have

| oo+ sws.) asar=o

Choose T > 0 such that ¢(¢t,2) = 0 whenever ¢ > T. Since u, is uniformly bounded and f is uniformly
continuous on bounded sets, it is sufficient to prove that

-convergence of u,, to u.

/OT /R(pn b+ f(un) qu) da dt — 0. (20)

By the Green-Gauss formula the double integral above can be written as
/ S (8.0 20 (1) — AFL0)) 6(2.6%(0) i
1€D(t)

where
AP (8) = pu(,04(0)+) = pu (£, (1)), AL = f (wn(t,55(0)+) ) = F (un (8, 040)-) ).
By construction any discontinuity of u,(t,-) satisfies the first Rankine-Hugoniot condition (9), therefore

0, (1) Apy,(t) = Af,(t) =0, i€ D(),
and (20) is trivial.

The proof of (7) is analogous because by construction any discontinuity of u,(¢,-) away from z = 0 satisfies
also the second Rankine-Hugoniot condition (10).

(CS.3) We prove now (8), namely that for any k& € [0, V] and ¢ € C°((0, 00) x R; R) such that ¢(-,0) = 0 and

¢ > 0 we have
/OO/( :k(u) ¢t+Q (u)qﬁz) da dt >0,
0 R =

where
0 if v >k, 0 ifv >k,

k - k =
E"(u) = 471 if v <k, Q%(u) = ﬁ—k ifv<k.
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Choose T' > 0 such that ¢(t,z) = 0 whenever ¢ > T. By the a.e. convergence of u, to u and the uniform
continuity of EF and QF, it is sufficient to prove that

n—oo

liminf/ / o) be + Q¥ (un) @) dedt > 0. (21)

By the Green-Gauss formula the double integral above can be written as
/ S (5,0 ARE (1) - MG (1) 6 (¢, 54(1) o
0 iep(p)
where
AER (1) = B (wn (1,3,(0)+) ) = B (un (,0,(0)-) ), AQ% (1) = 0 (un (8, 05(6)4) ) — @ (un (1, 05(1)-) ).
To estimate the above integral we have to distinguish the following cases.

e If the ith discontinuity is a PT, then we let x = §’ (¢) and observe that

pn(t,$,) < min{pn(tvar)vp_l(w_ - k)}v 5711(0 = A(un(t,x,),un(t,m)),
v (t,xm) =V > v, (t, 24), W(un(t,z-)) =w™ <w(un(t,z4)) =W(un(t, z4)),
hence
pn(t7$+) .
. Polb T ) 4 if et zs) < k <V,
AEY(t) = me— ion(f 2+)
0 if k <w,(t,zq),
f(un(t,z+)) .
. k————— ifo,(t,ey) <k <V,
- Agi(r) = P (o)
0 if kK <wp(t,z4),

where pf , = p~t(w(un(t,24)) — k). If va(t,24) < k <V, then

0,,(t) AE (1) — AQR (1)

n (s
= A(un(t,z-),un(t, z4)) %— +k— =
P+ P+
pnlt, T
= % — 1] [A(un(t,z2), un(t,24)) = A((pE 4 k), un(t,24)) | > 0.
n,+
>0 >0

e If the 4th discontinuity is a CD, then we let = §},(t) and observe that 6L (t) = vp(t,z_) = vp(t, x4 ) implies
that 0% (t) AEX(t) — AQE(t) = 0.
e If the ith discontinuity is a S, then we let x = § (t) and observe that

pn(f,$_) < pn(tax-i-)a f(un(tax—)) > f(un(t’x-i-))’ 6711(t) = A(“n(tax—)aun(tax-i-)) <0,

Un(t,x_) > vp(t, zy), wi = w(un(t,z-)) =w(un(t,z4)) > w™,
hence
pn(t’x-‘r) _pn(tax—) .
pL(ws — k) if vn(t,24) <wn(t,x_) <k,
yifp _
AEN(t) = M*l o (6, 21) < k < otz
pt(we — k)
0 if k <won(t,zy) <op(t,z-),
f(’un(t,l',)) - f(un(t,er)) .
p—l(wi _ k/’) if Un(tvar) < ’Un(tpff) < k,
—AQ (1) = f(un(t z4)) .
" R AN <
T h) i n(t,24) < K < wnltya),
0 if k <op(t,zy) <wvn(t,z_).
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If k> v,(t,z_) or k < v,(t, ), then it is immediate to see that &’ (t) AEF(t) — AQFi(t) = 0. Furthermore, if
U (t,zy) < k < w,(t,x_), then
0, (1) AER () — AQ (1)
n t7 n ta
ult ) _1] I CAEN)
p~H(we — k) p~ (v — k)

= % - 1} [A(un(t,x_),un(t,x+)) - A((p_l(wi - k), k),un(t,x+))] > 0.

>0 >0

= A(un(t,2_), un(t,z1)) [

e If the ith discontinuity is a RS, then we let = = §¢ (¢) and observe that

pultz2) > pulties).  flun(tia0)) < Fluntizy)),  6(0) = Alun(t.zo) un(t,24)) <0,

’Un(t;zf) < Un(t7$+)7 W4 = W(un(tv'r*)) = w(un(t,x+)) Z ’LU_,
hence
AEk,i t) = pn(t,l'_) .
n ( ) m—l 1fvn(t,$_)<k’§7)n(ta$+);
0 lka’Un(t,-rf) <’l}n(t,1'+),
flup(t,z2)) — flun(t,zy)) .
—AQR ) = ¢ flun(t,z— :
Qi (1) p(l(éilg Lk if (.22 ) < k < vn(t,24),
0 ifk <wv,(t,z_) <wvp(t,xs).

If k> v,(t,24) or k < v, (t,x_), then it is immediate to see that &7 (t) AEF(t) — AQFi(t) = 0. Furthermore, if
vp(t,x_) < k <wvy(t,zy), then
0y, (1) AE (1) — AQR (1)

= A(un(t,z-), un(t, z4)) {M B 1] + M .

p~Hwr — k) p~H(we — k)
= M— U x U x U x My —
= [t ] At nts0) A (vt (07 0 = 0))
>0 <0

> = = ) (7! (52) [pat20) = puta)]

because py,(t,x_) > p~t(we — k) > pn(t,z4+) > p~ and because by the concavity of £,, (p) = (wx — p(p)) p we
have

0> A(un(t,x_),un(t,x+)) > A(un(t,x_), (p_l(wi — k), k))
> Etlﬂi (pn(t,l‘_)) =Wt — p(pn(ta w—)) —pult,z_)p/ (Pn(tax—))
> L, (P we) = —p M wo) ' (p (W)

The above case by case study shows that

n—oo

lim inf /T/ {Ek(un) bt + Qk(un) d)m} dz dt
o Jr

= liminf /0 > [5;(t) AER(t) qufj(t)} o(t,05(t)) dt

n—oo
1€RS,, (t)
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2 . )
> -2 lim inf nt(sz ~ pn(t, 8 (1 } £,61 (1)) dt
- pT pe[pglgi(f),m’pp 2l 1nrg1£/ Zeg P )=) = pn(t, 6, () 1) | (¢, 05, (1))
2T _
> — —[[¢|lLe C max ‘pp )| =M,
p pElp™,

where & (t) € R, i € RS,,(t) C N, are the positions of the RSs of u,(t,-) and C% is defined in (18).
We claim that for any fixed h > 0, there exists a dense set Kj, of values of k in [0, V] such that

liminf/ Z 51 t) AER (1) — Aqﬁvi(t)} o(t, 0 (t)) dt > f%.

n—o0
1€RS, (t)

To prove it we fix a, b € [0, V] with @ < b and show that there exists k € (a,b) such that the above estimate is
satisfied. Let I = [2(M h+1)/(b— a)] and introduce the set

2 1
K = Nl+ A (a,b).

Let &£, > 0 be the maximal (v, w)-distance between two “consecutive” points in the grid G,, having the same
w-coordinate, namely, with a slight abuse of notations, we let

E,= max (v
('), (0" w)eGn
’Ui;é’lji+1

Let nj, € N be sufficiently large so that &,, < 2/I. Take n > n,. We claim that for any ¢ € RS,,(t) we have

Kn 01 (0 (8,83,8) ), o (8, 65(0)-) )

has at most one element. Indeed, if K}, has more than one element then for any ¢ € RS,,(t) we have

O (8,00 (1)+) —vn(t,65()-) <€ <> = min |k' — K.
k' k2eKy,

k! #£k2

~I| o

As a consequence the sum

> |5a0) ABL () — Aak(0)]

kEKH

has at most one nonzero element; moreover

= (pu(t,05(6)-) = pu(8,04(0)4) ) < D0 [8() ABL (1) — AQk ()],

kEKH

where

m = — max = -
o i e (O] = T o

Therefore we find

>N [51 t) AER (¢ )quff(t)} > —mCs.

i€RS,, () k€Kn,

By exchanging the sums, multiplying by the test function and integrating in time we get

> / Z 51 AE“()—AQﬁ’i(t)} o(t, 8% (1)) dt > —M.

ke 1€ERS,, (t)

Moreover, by construction we have that K is a non-empty set with a finite number of elements (it has at most
h M elements), hence

T

h M max 68 (1) AER (1) — AQR() | o (¢, 6% (1)) dt| > —M.

kEth 0 n n n n
i€RS, (1)
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In conclusion we proved that there exists k € Kj C (a,b) such that the above estimate is satisfied for any
n > ny; therefore, since Ky, has a finite number of elements, we have

T
mint [ 3

1€RS,, (t

[53;(0 AER(t) — AQZ’i(t)] o(t, 8 (1)) dt > _%.
)

Since a and b are arbitrary, the above estimate holds true for a dense set of values of & in [0, V].

Actually, the above estimate holds for any & in [0, V] because the term in brackets in the above formula is
continuous with respect to k. Finally, for the arbitrariness of h, we have that

T
lim inf / Z [5;(15) AEF (1) — AQﬁ*i(t)} o(t, 6 (t))dt >0
0

n—oo
1€RS,, (1)

and this concludes the proof of (21).
(CS.4) We prove now that (5) holds for a.e. ¢ > 0, namely

f(u(t,Oi)) < F for a.e. t > 0.

By construction f(u,(t,04)) < F for any ¢ > 0, namely the approximate solutions satisfy (5). Since weak
convergence preserves pointwise inequalities, it is sufficient to prove that f(u,(¢,04+)) weakly converges to
f(u(t,04)). If ¢ is a smooth test function of time with compact support in (0,00) and ¢ is a smooth test
function of space with compact support and such that ©(0) = 1, then

/0 " Fun(t,00)) 6(t) dt = /O h [ OOO [n(t2) 9(0) (@) + f (a(t,2)) B(1) p(a) .

The right-hand side passes to the limit, yielding the analogous expression with u, replaced by u. By using
again the Green-Gauss formula, one finally finds that

o0

i [ f(un(602)) ) dt = [ f(u(t.0) 60yt
As a consequence f(un(t,0_)) weakly converges to f(u(t,0_)), hence f(u(t,0_)) < F for a.e. t > 0. At last,
since we already proved that u satisfies the first Rankine-Hugoniot condition, we have f(u(t,0_)) = f(u(¢,04)),
hence f(u(t,0+)) < F for a.e. t > 0. O

4.4 The density flow through 2 =0

Let u be the solution of constrained Cauchy problem (3), (4), (5) constructed in the previous section. By
Propositions 2.1 and 4.3 we have that non-classical shocks of v can occur only at the constraint location z = 0,
and in this case the (density) flow at © = 0 does not exceed the maximal flow F' allowed by the constraint.

In the case of a constrained Riemann problem (3), (5), (15), we know that u coincides with (¢,z) —
Rr[ue, ur](z/t), moreover if (ug, u,) € Dy then the flow of the non-classical shock of u coincides with F'. In the
next proposition we show that also for a general constrained Cauchy problem the flow of the non-classical shocks
of u coincides with F if the traces at = 0 of the approximate solutions (), satisfy a technical condition.

Proposition 4.4. Let u® € LY N BV(R;Q), F € [0, f] satisfy (H.1) or (H.2) and u be a limit of the
approzimate solutions (un), constructed in Section 4.1. Assume that the traces at x = 0 of (un)n and u satisfy

(14), that is for any k € [0, V] and ¢ € C((0,00) x R;R) such that ¢ > 0

T T
lim N5 (un(t,0-)) ¢(t,0) dt = / N (u(t,0-)) ¢(t,0) dt,
with
fu) | & - ;1 fF#0
Nb (u) = F pfl(W(u) - k) N ’
k if F=0.

If at time to > 0 the limit u has a non-classical discontinuity, then f(u(to,04)) = F.
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Proof. We first prove that for any k& € [0, V] and ¢ € C2°((0,00) x R;R) such that ¢ > 0 we have

/OOO UR [Ek(u) ér + Q" (u) %} dz + N} (u(t,0-)) ¢(t, 0)} dt > 0. (22)

Notice that (22) differs from (8) not only for an extra term involving N (u(t,0,)), but also because here we do
not require that ¢(-,0) = 0.

Choose T' > 0 such that ¢(t,2) = 0 whenever ¢ > T. By (14), the a.e. convergence of u, to u and the
uniform continuity of EF and QF, it is sufficient to prove that

lim inf /OT [/]R [Ek(un) d + Q¥ (un) qsz} d + N (un (£,0_)) (1, 0)] dt > 0. (23)

n—oo
As already observed in the proof of Proposition 4.3, by the Green-Gauss formula the double integral above can

be written as
T
>

[61,(0) ABL (8) — ARk ()] o(t, 07, (1)) t,
ieD(t)

where
A1) = B (un (1, 5,(0)1) ) — B (un(1,6,)-) ). A0 (0) = @ (un (8, 50(0)4) ) = @ (un (1, 5,0)-) ).

To estimate the above integral we can proceed as in the proof of Proposition 4.3, with the exception that here
the ¢th discontinuity could also be a NS. In this case, that is, if the ¢th discontinuity is a NS, then

+ _ .
FA =V ok f A f A -
P Yo,F
J vajF
v
i =
F Pl AT
p

Figure 9: Above F € (f, fi), vif = v,(t,04) and v(fF = F/p= (W(un(t,04)) — k). With the first two pictures
we show that if vy < k < ’U(J)r, then Vo < k. In the last picture we consider the case v, < ’Uar < k and show
thatvO_,F<v5fF<k:.

SE(t) =0, flun(t,04)) = F, Ve < v (t,0-) < v (t,04),
5 (t) =0, w(un(t,0-)) = W(un(t,0-)) > W(un(t,04)),
hence
F F
- if v, (¢,0-) < v, (t,04) < k,
| p! (w(un(t, 0_)) — k:) pL (W(un(t, O+)) — k) i
—AQ (1) = r —k if 0 (£,0_) < k < va(t,04),

if k <w,(t,0-) <wv,(t,04),

N% (un(t,0-)) =
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fA =Yk

Y

Figure 10: Above F € (0, fo ) vE = v (t,04) and Uo = F/p7 (W(un(t,01)) — k). With the first two pictures
we show that if v, < k < v, then vy p < k. In the last picture we consider the case v, < vy < k and show
thatvO_,F<v6fF<k:.

Notice that if F' = 0, then u,(¢,04) = (0,V) and wu,(¢,0

) € [p~Hw™),R] x {0}. We observe, see Figures 9
and 10, that —AQ¥(¢) < 0 and that —AQF(¢) + NX.(u,,(¢,0-)

) > 0 and therefore

51 (0) AB (1) — AGE(1)] (¢, (1) + W (u(1,0-)) 6(1,0) = [~ AQE (1) + W (un(t,0)) ] 6(¢,0) > 0.

Thus, by proceeding as in the proof of Proposition 4.3 it is easy to see that (23) holds true. Let us just underline
that beside the NSs, the only possible stationary discontinuities at = 0 are PTs and CDs, however in both of
these cases we have f(u,(t,0_)) = 0 and therefore N (u,,(¢,0_)) = 0.

We can now prove that if u has a non-classical discontinuity then f(u(¢,04)) = F. This is of course obvious
if FF =0, due to (CS.4) and the fact that f(u) > 0. We can therefore assume that F' > 0 and that « — u(to, )
has a (stationary) non-classical shock (ug,u,), with v, < v, and f(ue) = f(u,) = f < F. We want to prove
that f = F. Consider the test function

oit.x) = [ [ e dz] [ / : pel2) dz] ,

where ¢, is a smooth approximation of the Dirac mass centred at 0, 5&,

namely
e € CEO(RJR-F)) e>0, Supp(éé‘) - [0,8], ||(108HL1(R;]R) =1, ¢ = 50D+
Observe that as € goes to zero

¢(to,z) =0 — 0,

t—to+2e
6(2,0) = /t pe(2)dz =5 62 (1),

—to+e
oi(t, ) = [/ ve(2) dz] |fP€(t —to+2¢e) —pe(t —to+¢)| =0,
|z|—e
XR, (x) e (t,x) = F (551 (x) (5,5137 (t).
Then by (22) for all k& belonging to the interval (0(w, F), 0(v,, F')) we have
k 1
Q" (ue) = Q" (ur) + f | & =
p~H(Wue) = k) |
TRy mcrEni
— —k|+f — =|=—-1lk>0.
lpl (W(ug) — k) Fop=t(W(ue) — k) F
Since f < F, the above estimate implies that f = F and this concludes the proof. O
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We underline that the entropy condition (8) “becomes” (22) if we do not require that the test function ¢
satisfy the condition ¢(-,0) = 0. Even if it is not necessary for the proof of Theorem 2.2, we conclude this
section by considering in (7) a test function ¢ which may not satisfy the condition ¢(-,0) = 0.

Proposition 4.5. Let u° € L' N BV(R;Q), F € [0, f] satisfy (H.1) or (H.2) and u be a limit of the
approximate solutions (un)n constructed in Section 4.1. If the traces at x = 0 of (un)n and w satisfy for any

¢ € C((0,00) x R;R)

T

Jim | £ (tn(t,00)) [w(un(t,o,)) fw(un(t,OJr))Lrgb(t,O) dt
- /0 J(ult.0)) [i(u(t,0)) = w(ut,0,))] o(t.0)dt (24)

then u satisfies the following integral condition for any ¢ € CX((0,00) x R;R)

+

/0°° [/R [0+ £w) 6] W(w) da = (u(t,0-)) [W(u(t, 0)) ~W(u(t,0.))] o(t 0)] dt = 0.

Proof. Choose T > 0 such that ¢(¢,2) = 0 whenever t > T. By (24), since u,, is uniformly bounded and f is
uniformly continuous on bounded sets, it is sufficient to prove that

/0 [/R [on &0 + f(un) 2] W(up) dz — f(un(t,0-)) [W(un(t,0-)) —W(un(t,04))], o(t, 0)] dt — 0. (25)

By the Green-Gauss formula the double integrals above can be written as
T .. . . .
[ X Bioavio - aQio] ofe.6,0)
0 iep(t)

where

AY;I() = o (£, 65(8)4) W (un (£,658)+) ) = pn (656 ) W (ua (. 6,5)-) ),

Qs (1) = f (un (133, (1)+) ) W1 (8:05(0)+) ) = F (1 (1,85, (8)-) ) W(un (1, 050 ) )
If u,(t,-) does not have a non-classical shock at &7 (¢), then by the Rankine-Hugoniot conditions

0 (1) AV, () — AQ (1) = 0;

moreover, if §° (t) = 0 and u,(t,-) has a stationary discontinuity at z = 0, namely a phase transition or a
contact discontinuity, then v, (t,04) = v,(¢,0) = 0 and therefore sign(v,(¢,04)) = 0.
On the other hand, if 6% (t) = 0 and u,(¢, -) has a stationary non-classical shock at x = 0, then

&,(t) =0, Fun(t,04)) = F, Wt (£,0_)) > W(un(£,04)),
and therefore

= F(un(t,0-)) [W(un(t,0-)) —w(un(t,og)L

As a consequence (25) is trivial. O
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