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THE HARDY-SCHRODINGER OPERATOR ON THE POINCARE BALL:
COMPACTNESS AND MULTIPLICITY

NASSIF GHOUSSOUB, SAIKAT MAZUMDAR, AND FREDERIC ROBERT

ABSTRACT. Let Q be a compact smooth domain containing zero in the Poincaré ball model of the
Hyperbolic space B™ (n > 3) and let —Apgn be the Laplace-Beltrami operator on B™, associated with
the metric ggn = ﬁgEucl' We consider issues of non-existence, existence, and multiplicity of
variational solutions for the borderline Dirichlet problem,
{ —Apnu —YVou — Au = VQ*(S>|u|2*(S)*2u in Q (1)
u =0 on 02,

where 0 < v < %, 0<s<2 2%(s) := % is the corresponding critical Sobolev exponent, V5
(resp., Vax (s)) is a Hardy-type potential (resp., Hardy-Sobolev weight) that is invariant under hyperbolic
scaling and which behaves like T% (resp., %S) at the origin. The bulk of this paper is a sharp blow-up
analysis that we perform on approximate solutions of (1) with bounded but arbitrary high energies.
When these approximate solutions are positive, our analysis leads to improvements of results in [0]
regarding positive ground state solutions for (9), as we show that they exist whenever n >4, 0 < v <

2 2
% —1and A > 0. The latter result also holds true for n > 3 and v > @ —1 provided the domain
2
has a positive “hyperbolic mass”. On the other hand, the same analysis yields that if v > % —1and

the mass is non vanishing, then there is a surprising stability of regimes where no variational positive
solution exists. As for higher energy solutions to (1), we show that there are infinitely many of them

2
providcdn25,0§7<@—4and)\>z—j(%—v).
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1. INTRODUCTION

Consider the Poincaré ball model of the Hyperbolic space B", n > 3, which is the Euclidean unit ball
2
B1(0) :={z € R" : |z| < 1} endowed with the metric ggn = (ﬁ) Iiucl’ Let

1
1— 2\n—2
Fr) = (T:i_) and G(r) = / F(b)dt, 2)
n
where 7 = , [ > 2? denotes the Euclidean distance from a point z to the origin.

=1
nwi_l G(r) is then a fundamental solution of the Hyperbolic Laplacian Agnu = divgn (Vgnu).

Moreover, if we consider the hyperbolic scaling of a given function u : B™ — R, defined for A > 0 by

ua(r) = A" 3u (G (AG(r))

The function

then for any radially symmetric u € H}(B") and p > 1, one has the following invariance property:

/|V]BnUA‘deg]En :/|V]Bnupd'l)an and /Vp|u)\|pdvan :/V;g|u|pdvgm, (3)
Bn Bn

]B’n, IB'IZ

where

flr?(d—r2)°
A(n —2)2G(r)*="
The weights V}, have the following asymptotic behaviors: for n > 3 and p > 1,

Vp(r) =

co(n,p
V,(r) = %(1+0(1)) as 1 — 0
Cl(nap)

Vo(r) = g e ne-o72

(1+o(1)) as T — 1. (5)

1 (f(?‘)(l —1?)
= 6

finite positive value. In other words, V5 is qualitatively similar to the Euclidean Hardy potential, which
led Sandeep—Tintarev to establish the following Hyperbolic Hardy inequality on B™ (Theorem 3.4 of [25]):

n— 2)2
%/VQ\UF dvg,, < /|V3nu
IBTL

B

2
1

In particular for n > 3, the weight Va(r) = 0 > ~r=0 T3 while at r = 1 it has a
T

2 dvg,, for any u € H'(B"). (6)

They also show the following Hyperbolic Sobolev inequality: for some constant C' > 0.
2/2*
C /V2*|u|2* dvg,n < /|Vmgnu\2 dvg,, for any u € H'(B"). (7)
B’Vl IBTL

By interpolating between these two inequalities, one then easily obtains for 0 < s < 2, the following
Hyperbolic Hardy-Sobolev inequality [6]:

(n—2)°
Ify< 1

, then there exists a constant C' > 0 such that for any v € H'(B"),
2/2%(s)

¢ /%*(S)|U|2*(S) dvggn < /|VJB"U|2 dvgyn —’y/V2|u|2 dvggn s (8)
B’ﬂ ]:BTL B’VL
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where 2*(s) := 2"=2)  Note that Vo (s) behaves like -1 at the origin, making (8) the exact analogue of

(n—2)
the Euclidean Hardy-Sobolev inequality:
. 2/2%(s)
|U|2 (s) ) u2
C P dx < [ |Vul]® de —~ EE dx  for any u € C°(9).
x| x
Q Q Q

Let Qg» be a compact smooth subdomain of B”, n > 3, such that 0 € Qg~, but Qg» does not touch
the boundary of B". We write Q0g» € B™. In this paper, we are interested in the question of existence
and multiplicity of solutions to the following Dirichlet boundary value problem:

—Agnu —YVou — Au = V2*(5)|u|2*(s)_2u in Opn )
u =0 on 0Qgn.

It is clear that (9) is the Euler-Lagrange equation for the following energy functional on HE(Qgn):

i <|VBnu|2 —yVou? — /\u2) dvgy,

o Q]E’V‘L
j’y,s,)\(u) T 2/2%(s)
< f |u2*(s)V2*(s)dv9En>
Qg
where H} (€2pn) is the completion of C2° (g~ ) with respect to the norm given by |lul| = | [ |Vpnu|2dvg,, .

Qgn
The hyperbolic mass m. ({2~ ) of a domain (g~ , associated to the operator —Agn —yV2 — A was defined

in [0] and is recalled below.

The existence of a positive ground state solution for (9) has already been addressed in [6]. While our
main objective in this paper is to study higher energy solutions, our methods improve in a couple of ways
their results about ground state solutions, in particular in the critical dimensions 3 and 4. We get the
following.

Theorem 1.1. Let Qpn € B™ be a smooth compact domain containing 0 and let 0 < s < 2. Assume that

0<y< %Let A € R be such that the operator —Agn — yVo — X is coercive. Then

(1) Forn >4 and v < @ — 1, equation (9) has a positive ground state solution whenever A > 0.

(2) Forn > 3 and v > % — 1, equation (9) has a positive ground state solution whenever the
mass m x(Qgn) > 0.

We note that statement (1) of the above theorem was established in [6] in the case where n > 5,
_ -2 -4
0<y< % —1and A > L4 <n(n4) - fy). As for statement (2), it was proved in [6] under
n—

additional assumptions on A, at least in dimensions 3 and 4.

The above theorem is actually a consequence of the following more general compactness result for positive
approximate solutions.

Theorem 1.2. Let Qg € B™ be a smooth compact domain containing 0 and let 0 < s < 2 and X € R
such that the operator —Agn — yVa — X is coercive. Let (pe)eso be such that 0 < p. < 2*(s) — 2 and
1irr(1)p6 =0 and consider a sequence of functions (uc)eso that is uniformly bounded in H}(Qgn) such that
e—

for each € > 0, u. is a solution to the equation:
_A]B"U’G - 7‘/21% - )\ue

Ue
Ue

Vau(ue 7P i Qpa,
0 m Q[Bgn,
0 on 69[5@ .

v
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Assume that 0 < v < %. Assuming one of the following conditions
en>4,0<y< =20 1 gnd ) > 0;
° v > % —1 and my 5 (Q)p» > 0.

Then the sequence (uc)e=o is pre-compact in the space H}(Qpn).

We now recall the notion of hyperbolic mass of a domain {2 associated with a coercive operator
—Apgn — Vo — A, This notion was introduced in the Euclidean case in [16] and was extended to the
hyperbolic setting in [0].

Theorem 1.3 (The hyperbolic interior mass). Let Q= € B™ (n > 3) be a smooth compact domain
(n—2)*
4 _
Qpn. Then, there exists H € C*°(Qpn \ {0}) such that

—ApgnH —yVoH —AH =0 in Qp~ \ {0}
H>0 in Qgn \ {0} (10)
H=0 on 0Qg».

These solutions are unique up to a positive multiplicative constant, and there exists cy > 0 such that

C
H(.’B) z—0 +

containing 0. Let v < and let A € R be such that the operator —Agn — vVo — X is coercive on

||+ (1)
n(n —4) ‘
Moreover, when v > max T’O , then there exists c_ € R such that
H(x) — C+ c_ 1 0
@) = e T\ e ) @0

where ay (), a—(7y) stand for

ox(y) = "2 [ (1)

We define the interior mass as m~ x(Qpn) 1= C—+, which is independent of the choice of H.
c

This existence theorem will follow directly from Theorem 1.7 below.

In this paper we are concerned with showing the multiplicity of higher energy solutions. Here is our main
result.

Theorem 1.4. Let Q» € B", n > 5, be a smooth compact domain containing 0 and let 0 < s < 2. Let
A € R be such that the operator —Apgn — Vo — X is coercive.

—92)2
Ifo<~< % —4, then equation (9) has an infinite number of solutions corresponding to higher

-2 —4
energy critical levels for J s whenever A > n-= (n(n4) — 7) .
n

Note that -unlike the case of ground state solutions- we do not have a multiplicity result neither in low
2 2
dimensions, nor when @ —4<~y<L @ — 1, even under the assumption of positivity of the mass

=2 ()

n
of the compact subdomain. Note also the condition A > —— 1

1 — fy), which is more restrictive
n—
than A > 0.

In order to prove Theorem 1.4, we shall proceed as in [6] and use a conformal transformation

n—2

4 2 2
ger = pn—2Eucl where ¢=|-—= ,
1—1r2
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to reduce equation (9) to a Dirichlet boundary value problem on Euclidean space. We shall denote by
) the subdomain Qp~ considered as a subset of R™. The following sharpens a few estimates obtained in
[6]. These will be needed when dealing with the critical (low dimensional) cases.

Lemma 1. u € H}(Qpn) satisfies (9) if and only if v := pu € H(Qq) satisfies

A T oih b

—Av — (|$2 + %A(:E)> v =b(x) FE in (12)
v =0 on 09,

where x — b(x) is a positive function in C*1 () with b(0) = o satisfying the following estimates:

e Forn =3, we have that
(z, Vb(x)) = (2*(s) + 2)b(0)|z| + O(|z|*) as x — 0 (13)
e Forn =4, we have b € C1(Q), Vb(0) =0 and

(z, Vb(x)) = 4(2*(s) + 2)b(0)|z|* In |?1| +O0(|z*) as x — 0 (14)
e Forn >5, we have b € C?(Q), Vb(0) =0 and
Ab(0) _ dn(2n — 2 —s)

. 1
5(0) n—1 (15)
We also have that by € C* (2\ {0}) in such a way that there exist cs,cs € R such that
4
77-4-63—1-0(7") for n =3,
1
hyx(z) =hya(r) =1 87In - +c4 +O(7) for n =4, (16)
4(n—2 —4
PR ) (7—”(”)> +O0(r)  for n>5.
n—4 4

In addition, when n =4 and v =0, we have that ¢y = 4(\ — 2).
Moreover, the hyperbolic operator —Agn —yVo — X is coercive if and only if the corresponding Euclidean

operator —A — (# + h%)\(x)) is coercive.

We note that equation (12) have been studied extensively in the case where h, x» = A and b = 1, that is

U |u|2 (s)—2u )
—Au—y—= —Au = in Q\ {0},
u = 0 on 012,
and more so in the non-singular case (i.e., when v = s = 0), with major contributions to the existence of
ground state solutions by Brezis-Nirenberg [2] when n > 4 and A > 0, and by Druet [9, 10] and Druet-

Laurain [12] when n = 3. The multiplicity of solutions was established in that case by Devillanova-Solimini
[8] in dimension n > 7 and 0 < A < A1 (—A).

The existence of ground state solutions when s =0, 0 < v < % —1L,0< A< (—A— #), and

0 € Q was established by Janelli [22], while the multiplicity of solutions for when 0 < v < % —4

and n > 7 was proved by Cao-Yan [1]. We also note that if €2 is the unit ball, then Catrina-Lavine [5]

% — 1, while Esposito et al. show in

N—2)2
( 4) _4

showed that (17) admits no radial positive solutions [5] for v >

[13] that for A small, problem (17) has no radial sign-changing solutions in B whenever v >
There are also many results in the case where A > A;(—A). They are summarized in [13].
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The cases where both v and s are not zero, including the limiting cases were also studied by Ghoussoub-
Robert [19] and many other authors [3,23, 26, 28].

The case when 0 € 99 is more involved and was studied extensively in Ghoussoub-Robert [18] and
by the above authors [15]. This paper is mostly concerned with the influence of the potential h. ) on
existence and multiplicity issues related to the equation (12).

Existence and Multiplicity of solutions. Our multiplicity result will therefore follow from the fol-
lowing more general Euclidean statement. We set

B h € CY(Q\ {0}); Jc € R such that
@, |27 = (18)
lim, o |2|%h(z) = ¢ & lim,_ |2|°(z, Vh(z)) = —cb.

The main multiplicity result in this paper is the following theorem

Theorem 1.5. Consider a bounded, smooth domain Q@ C R" (n > 3) such that 0 € 2 and assume that
0<s<2and0 <6 <2 LetheCYQ|z|7% be such that —A — # — h(x) is coercive in Q. Let

b€ C?*(Q) be such that b > 0, b(0) > 0 and Vb(0) = 0, while if & = 0, we shall assume in addition that
V2b(0) > 0 in the sense of bilinear forms.

—92)2
Ifo<y< (n=27 _ (2 —0)% and lim, ¢ |z|°h(z) = K}, > 0, then the boundary value problem
U B |u|2*(s)72u .
—Au — WW —h(z)u = b(x)T in Q\ {0}, (19)
u = 0 on 0S,

has an infinite number of possibly sign-changing solutions in H%,O(Q). Moreover, these solutions belong
to C2(Q\ {0}) while around O they behave like
(n—2)2

lim |22~V "7 Tu(z) = K € R. (20)

x—0

Note that when h, x = A and b = 1, the above yields an infinite number of solutions for equation (17),

—92)2
provided 0 < s <2,n>50<vy< % —4and 0 < A < A\ (—A — ‘x%) Note that the fact that

s > 0 allows for an improvement on the dimension n > 7 established for s = 0 by Devillanova-Solimini
[8] when v = 0 and Cao-Yan [4] when v > 0.

The multiplicity result will follow from standard min-max arguments once we prove the required com-
pactness, which relies on blow-up analysis techniques. The proof consists of analyzing the asymptotic
behaviour of a family of solutions to the related subcritical equations —potentially developing a singularity
at zero— as we approach the critical exponent.

Compactness of approximate solutions. For 0 < 6 < 2, let (h)co be functions in C1(Q\ {0}), and
ho € CY(Q, |z|~%) such that

lim sup (|2[°[he (@) — ho(2)| + |2"*!|V (he — ho)(2)[) = 0. (21)

e—=0 .20
Theorem 1.6. Consider a bounded, smooth domain @ C R", n > 3, such that 0 €  and assume that
0<s<2and0<0<2 Lethye CHQ,|z|~%) be such that —A — # — ho(z) is coercive in Q and

consider (he)eso such that (21) hold. Let b € C?(2) be such that b >0, b(0) > 0 and Vb(0) = 0, while if
0 = 0, we shall assume in addition that V2b(0) > 0 in the sense of bilinear forms.
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Let (pe)eso such that 0 < p. < 2*(s) — 2 and lir%p6 = 0 and consider a sequence of functions (u¢)eso
€E—>

that is uniformly bounded in le,o(Q) and such that for each € > 0, ue is a solution to the equation:

|u5‘2*(s)f2fpeuE

—Au, — Ue —he(x)ue = b(x)

u = 0 on 0N2.
Ifv < % —(2-6)? and |lilm |z|%ho(x) = Kp, > 0, then the sequence (uc)cso is pre-compact in the
z|—0
space H? o(9).

The interior mass and compactness for approximate positive solutions at any energy level.
Note that the function x — |z|~¢ is a solution of

“A—L ) u=0  onR"\ {0}, (23)
|z[?
if and only if & € {a_ (), a4 (7)}, where a_ (), ay () are as in (11). Actually, one can show that any
non-negative solution u € C?(R™ \ {0}) of (23) is of the form
u(z) = C_ x|~ + ¢y |z|72+ ) for all z € R™ \ {0}, (24)
where C_,C; > 0, see [19].

For showing compactness in low-dimensions, the arguments are not any more local, but global. We are
naturally led to introducing a notion of mass:

Theorem 1.7 (The Euclidean interior mass, see [19]). Let Q be a smooth bounded domain of R™ such
—92)2 _
% and let h € C*(Q,|z|=%) be such that the operator

—A— % — h(z) is coercive in Q. Then there exists H € C*°(Q\ {0}) such that
x

that 0 € Q is an interior point. Let v <

~AH — #H “h(z)H =0 inQ\{0}
H>0 in Q\ {0} (25)
H=0 on 0N2.

These solutions are unique up to a positive multiplicative constant, and there exists cy > 0 such that

C+
H(r) ~; 0 W.

(n—2)2 0\> ,
Moreover, when v > 1 1- 3] there exists c— € R such that

ot c_ 1
H(z) = o) + o) +o <|x|a(v)> as x — 0. (26)

We define the interior mass as m~ () := C—+, which is independent of the choice of H.
c

We then establish the following compactness result for positive solutions.
Theorem 1.8. Consider a bounded, smooth domain @ C R", n > 3, such that 0 € Q and assume that
0<s<2and0<0<2 Lethye CHQ,|z|~%) be such that —A — # — ho(z) is coercive in Q and

consider (he)eso such that (21) hold. Let b € C?(2) be such that b >0, b(0) > 0 and Vb(0) = 0, while if
0 =0, we shall assume in addition that Ab(0) > 0.



8 NASSIF GHOUSSOUB, SAIKAT MAZUMDAR, AND FREDERIC ROBERT

Let (pe)eso be such that 0 < p. < 2*(s) —2 and lir%p6 = 0 and consider a sequence of functions (ue)eo
€E—>

that is uniformly bounded in le,o(Q) such that for each € > 0, u. is a solution to the equation:

2*(s)—1—
Ue u? (s) Pe

—Aue — — he(x)ue = b(x) - in Q\ {0},
|| |z|* (27)
ue > 0 n Q,
ue = 0 on 0f).

Assuming one of the following conditions
e 0<y< % —(1- %)% and |li‘m |z|%ho(z) = Kp,, > 0;
x| —0

o v > % — (1 — g)Q and m'y,ho(Q) > 0.

Then the sequence (ue)eso is pre-compact in the space HE (€2).

Non-existence: Stability of the Pohozaev obstruction. To address issues of non-existence of solu-
tions, we shall prove the following surprising stability of regimes where variational positive solutions do
not exist.

Theorem 1.9. Let Q be a smooth bounded domain in R"™ (n > 3) such that 0 € Q2 is an interior point.
Assume that 0 < s <2,0< 60 <2 andy < (n—2)2/4. Let hg € C*(Q, |z|~%) be such that —A—~|z|~2—hg
is coercive and let b € C?(2) be such that b >0, b(0) > 0 and Vb(0) = 0.

—2)? A%
Assume that v > (nT) —({1- 5] the mass m~ p, () is non-zero, and that there is no positive
variational solution to the boundary value problem:
u u2*(8)—1—p5
—Au —y—= —ho(z)u = b(x) - in Q\ {0},
|| || (28)
v > 0 in €,
u = 0 on 0N.
Then, for all A > 0, there exists € := (A, ho) > 0 such that for any h € C*(Q, |x|~?) satisfying
sup(|z|°[A(a) — ho(2)| + |27V (h — ho)(x)]) < e, (29)

e

there is no positive solution to (19) such that |Vull2 < A.

The above result is surprising for the following reason: Assuming () is starshaped with respect to
0, then the classical Pohozaev obstruction (see Section 13) yields that (19) has no positive variational
solution whenever hg € C1(€, |z|79) satisfies

1
ho(z) + 5(307 Vho(z)) <0 for all z € Q. (30)
We then get the following corollaries.
Corollary 1. Let Q be a smooth bounded domain in R™ (n > 3) that is starshaped around 0. Assume

0<s<2, and
(n—2)2 9\> (n— 2)2
=2 (1-= = =
4 2) STST3

If hg € C’l(ﬁ,mf‘g)iis a potential satisfying (30), then for all A > 0, there exists (A, hg) > 0 such
that for all h € CY(Q, |z|~%) satisfying (29), there is no positive solution to (28) with b = 1, such that
[Vull2 < A.
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Corollary 2. Let  be a smooth bounded domain in R™ (n > 3) that is starshaped around 0. Assume
0<s<2 and
(n—2) (n—2)?
4 4 '
Then, for all A > 0, there exists e(A) > 0 such that for all X € [0,€(A)), there is no positive solution to
equation (17) with |[Vu|2 < A.

—-1l<y<

Remark 1. [t is worth comparing these results to what happens in the nonsingular case, i.e., when
(n—2)

4
contrast to the singular case, a celebrated result of Brezis-Nirenberg [2] shows that, for v = s = 6 = 0,
a variational solution to (17) always exists whenever n > 4 and 0 < X < A\1(Q), with the geometry of
the domain playing no role whatsoever. On the other hand, Druet-Laurain [12] showed that the geometry
plays a role in dimension n = 3, still for v =s =60 =0, by proving that when () is star-shaped, then there
is mo solution to (17) for all small values of A > 0 (with no apriori bound on |Vulz). Another point of
view is that for n = 3, the nonezistence of solutions persists under small perturbations, but it does not
forn >4, i.e., only for n = 3 that the Pohozaev obstruction is stable in the nonsingular case.

v=s =0 =0. Note that when v = 6 = 0, the condition v > 1-— 3 reads n = 3. In

When 0 € 012, the situation is different. Indeed, the authors showed in [15] that there is no low-
dimensional phenomenon and that in the singular case, the Pohozaev obstruction is stable in all dimen-
sions.

Here are some other extensions related to this phenomenon.

e Qur stability result still holds under an additional smooth perturbation of the domain €2, just as was
done by Druet-Hebey-Laurain [11] when n =3,y =5 =0.

e On the other hand, the stability result of Druet-Laurain [12] is not conditional on an apriori bound
[[Vu||2, while ours is. We expect however to be able to get rid of the apriori bound in the singular case,
as long as 0 € Q and s > 0. This is a project in progress.

2. SETTING THE BLOW-UP

Throughout this paper, 2 will denote a bounded, smooth domain in R™, n > 3, such that 0 € 2. We

—92)2
will always assume that v < %, s € (0,2). For € > 0, we let p. € [0,2*(s) — 2) be such that
l%pe =0. (31)

We also consider hg € C1(€, |2|7%), 0 < 6 < 2 such that there exists K}, € R with

lim |z|%ho(z) = K, and lim 12|%(x, Vho(z)) = 0K}, (32)
and —A — # — ho(x) is coercive in Q. We also let (h)eso be such that h. € C1(Q2\ {0}) for all € > 0
and

i sup (o171 () — o) + o9 (b — o) 2)]) = . (33)

€ re

Concerning b, we assume that
b(x) > 0 with b € C*(Q) and b(0) > 0, Vb(0) = 0. (34)

The exponents a4 () will denote
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We consider a sequence of functions (u)eso in H 1270(9) such that for all € > 0 the function u, is a solution

to the Dirichlet boundary value problem:

Ue .
—Au, — 'y|x‘2 — he(p)ue = b(x) P in HIQ’O(Q),

ue = 0 on Of).

|u€|2*(s)_2_peu€

(Ee)

where (pc), he(x) and b(z) is such that (31), (33) and (34) holds.

By the regularity Theorem 13.1, u, € C%(Q\ {0}) and there exists K. € R such that lir% || D () =
T—

K.. In addition, we assume that the sequence (uc)eso is bounded in Hf ;(€2) and we let A > 0 be such
that

|| (5)=Pe
/7&% <A for all € > 0. (36)

It then follows from the weak compactness of the unit ball of H7 ((2) that there exists ug € Hf 4(€2) such
that
Ue — Ug weakly in Hf 5(€2) as e — 0. (37)
Then ug is a weak solution to the Dirichlet boundary value problem
U |uO|2*(s)72 .
—Aug —v—= — ho(x)ug = bz in Q\ {0},
0 7|.’I]‘2 0( ) 0 ( ) |.’L'|s \{ } (EO)
ug = 0 on 0f).

Uo

Again from the regularity Theorem 13.1 it follows that ug € C%?(Q\{0}) and lirr%) |2|%= Dy (z) = Ko € R.
T—r
Fix 7 € R such that

a_(y)<T< ”T (38)
The following proposition shows that the sequence (uc)c is pre-compact in Hf () if = — [z|Tuc is
uniformly bounded in L ().

Proposition 1. Let Q be a smooth bounded domain of R", n > 3, such that 0 € Q and assume that

0<s<2 v< %. We let (ue), (pe), h(x) and b(x) be such that (E.), (31), (33), (34) and (36)
holds. Suppose there exists T as in (38) and C > 0 such that |x|"|uc(z)| < C for all x € Q\ {0} and for

all € > 0. Then up to a subsequence, lin% ue = ug in HE () where ug is as in (37).
€e—> ’

Proof: We have assumed that |z|7|uc(z)| < C for all z € Q and for all ¢ > 0. So the sequence (u.) is
uniformly bounded in L*°() for any ’ CC Q\ {0}. Then by standard elliptic estimates and from (37)
it follows that u. — uo in CZ.(2\ {0}).

Now since || |u(z)| < C for all z € Q and for all € > 0 and since 7 < 52, we have

|UE|2*(S)7Pe |Ue|2

lim lim b(z) dr =0 and lim lim dx = 0. (39)
6—0€e—0 || 6—0e—0 ||?

B;(0) B;(0)

Therefore

2% (8)—pe 2*(s) 2 2
lim b(x)dez/b(x)WO' dr and lim [ud dx:/‘uO| dx.
>0 |z[* |z[* =0/ [af? |z[?

Q Q Q
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From (E.) and (37) we then obtain

2
Ue

, ug
lgr(l) (|Vu6|2 - 'ylz|2 - h(x)u?) dr = / (|Vu0|2 - vﬁ - h(m)u%) dx
Q Q

and so then lim/|VuE|2 = lim/|Vu0\2.
e—0 €e—0
Q Q
And hence lim ue = ug in H? (). O
€e— ?

From now on we shall assume that
lim ||[2| || Lo () = +00 where a_(y) <7 < n;’ (40)
e—0 2

and work towards obtaining a contradiction. We shall say that blow-up occurs whenever (40) holds.

3. SOME SCALING LEMMAS
We start with two scaling lemmas which we shall use many times in our analysis.

Lemma 2. Let 2 be a smooth bounded domain of R™, n > 3, such that 0 € Q and assume that 0 < s < 2
2

and v < @. Let (ue), (pe), h(z) and b(z) be such that (E.), (31), (33), (34) and (36) holds. Let

(ye)e € @\ {0} and let

_n=2 1

Ve 2 = lue(ye)|, Le:= e

_ Pe
3% (s)—2

|y 2
and K¢ = |ye|” " Le fore>0

Suppose liné ye = 0 and hII(l) ve = 0. Assume that for any R > 0 there exists C(R) > 0 such that for all
e— e—
e>0

| T

o) <CCR) Wllucwd| for ol € B )\ (0 (a1)
Then
lye] = O(Le) as € — 0. (42)
Proof of Lemma 2: We proceed by contradiction and assume that
lim el _ oo (43)

€

Then it follows from the definition of k. that
Ke

=0. (44)

. . R .
lim k. = 0, lim —< = 400 and lim
e—0 e—0 ZE e—0 |y€|

Fix a p > 0. We define for all € > 0

ve(z) == V;%ue(y6 + Ke) for z € Bs,(0)

Note that this is well defined since lin% lye] = 0 € Q and lin(l) 7 = 0. It follows from (41) that there
e— 0 |Ye
exists C'(p) > 0 such that all e > 0

foe()] < C(p)—

Ye Ke
‘Iye\ + [Ye

+  Vz € Byy(0) (45)

B
using (44) we then get as e — 0
[ve(2)] < Cp) (1 +0(1)) Vo € Byy(0).
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From equation (E.) we obtain that v, satisfies the equation

2 2%(s)—2—p
K Y |vel v
€ 2 € €
—AUe - 2 3 Ve — K¢ he(ye + mex) Ve = b(ye + FLGLI?)—S
|y5| Ye + Ke T Ye Ke T
[Yel [Yel [ Vel [Yel

weakly in By, (0) for all € > 0. With the help of (44), (33) and standard elliptic theory it then follows
that there exists v € C'(By,(0)) such that

. o . 1
21_{%”6 =v in C*(B,(0)).
In particular,
v(0) = lim v.(0) =1 (46)
e—0

and therefore v # 0.
On the other hand, change of variables and the definition of x. yields

2% (s)—pe 2% (8)=Pe 1 2% (s)—pe
/ |u| T dr — |ue(yE)|y ; Ke |ve| _dr
€ Ye Ke_
By (u:) B0 |l T Tl ®
s s( 52 *(g)—
_ et <|ye|> S 7 O
‘ ée Ye Ke °
B0 |l T wI?
s(23%) 2" (s)=pe
§ (Iz;l) J e,
€ Ye Ke
B,(0) | lyel + lyel ¥
Using the equation (E.), (36), (43), (44) and passing to the limit € — 0 we get that / 0| ) da: = 0,
B,(0)
and so then v = 0 in B,(0), a contradiction with (46). Thus (43) cannot hold. This proves that y. = O({,)
when € — 0, which proves the lemma. O

Lemma 3. Let 2 be a smooth bounded domain of R™, n > 3, such that 0 € Q and assume that 0 < s < 2
2

and v < =27 et (ue), (pe), h(z) and b(z) be such that (E.), (31), (33), (34) and (36) holds. Let

(ye)e € Q\ {0} and let

p
1- 2*(36)72

= |ue(ye)|  and e :=ve fore>0

_n=2
2z
Ve

Suppose ve — 0 and |y| = O(l) as e — 0.

For e > 0 we rescale and define

we(x) :=ve T u(lex) for xz € £21Q\ {0}.
Assume that for any R > § > 0 there exists C(R, ) > 0 such that for all e > 0

|we(z)] <C(R,9) for all x € Br(0) \ Bs(0). (47)
Then there exists w € DV2(R™) N CL(R™ \ {0}) such that
We = W weakly in D¥*(R™)  ase— 0

Wwe = W in CL.(R™\ {0}) ase—0
And w satisfies weakly the equation

|w‘2*(s)—2w

|z[*

—Aw— = b(0)

FE in R™\ {0}.
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Moreover if w # 0, then

2* (s

[ (sl
J i H0)

and there exists t € (0,1] such that liH(l) vPe =t.
€e—

Proof of Lemma 3: The proof proceeds in four steps.
Step 3.1: Let n € C2°(R™). One has that nw. € H}(R™) for € > 0 sufficiently small. We claim that
there exists w,, € D"?(R™) such that upto a subsequence

nNwe — wy weakly in D12(R™) as e — 0,
nwe — wy () a.e inR™ ase— 0.

We prove the claim. Let x € R™, then

n-2
V (qwe) () = we(x)Vn(z) + ve 2 Le n(x)Vue(Lex).
Now for any 6 > 0, there exists C'(6) > 0 such that for any a,b > 0

(a+b)2 < C0)a® + (1+60)b?
With this inequality we then obtain

/|V(77we)|2 dx < C(@)/\V?ﬂQw? dx + (1 +9)1/ZL72€S/772 |Vu5(fex)|2 dx
Rn R”ﬂr RTL

With Holder inequality and a change of variables this becomes

n—2
n

n—2
Ve «
[ tas < coiontt, (%) ([l as
Q

€
R

+(1+0) (Z)n2/ (77 (Z)f Vu|? d. (48)

Since ||uE||H1210(Q) = O(1), so for € > 0 small enough

HnweHDlv?(R") <Gy
Where C), is a constant depending on the function 7. The claim then follows from the reflexivity of
D12(R™).
Step 3.2: Let 1 € C°(R™), 0 < n; <1 be a smooth cut-off function, such that

| 1 for =z e By(1)
M= 0 for ze€R™By(2)

For any R > 0 we let ng = m1(z/R). Then with a diagonal argument we can assume that upto a
subsequence for any R > 0 there exists wg € DY?(R™) such that

(49)

NRWe — WR weakly in D12(R") as e — 0
nrwe(z) = wr(x) aex inR" ase—0

Since ||V77R||i = ||V7]1||i for all R > 0, letting e — 0 in (48) we obtain that

/ Vwg/?de <C  forall R >0

R"
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where C is a constant independent of R. So there exists w € DY2(R™) such that

wrp = w weakly in D12(R™) as R — +00
wr(z) = w(x) a.ex inR"™ as R — +o0

Step 3.3: We claim that w € C1(R™\ {0}) and it satisfies weakly the equation
|w|2*(s)—2w

|z[*

We prove the claim. From (E.) it follows that for any € > 0 and R > 0, nrw, satisfies weakly the equation

—Aw—lw—b()

FE in R™\ {0}.

| (nrwe) |2*(S)_2_pe (nrw)
|z|®

(50)

— A (nrwe) — ﬁ (nrwe) — ¢ he(Cex) (npw,) = b(lex)

From (47) and (33), using the standard elliptic estimates it follows that wr € C' (Bg(0) \ {0}) and that
up to a subsequence

lim ppwe =wpin Gl (Br(0)\ {0}).
Letting ¢ — 0 in eqn (50) gives that wg satisfies weakly the equation

lwg|? () —2-Pewp

—A’LUR "prR = b(O)

|=[*

Again we have that [wg(z)] < C(R,0) for all 2 € Br/2(0) \ B2s(0) and then again from standard elliptic
estimates it follows that w € C1(R™ \ {0}) and Rlir_{l wr = w in CL(R™\ {0}), up to a subsequence.
— 400

Letting R — 400 we obtain that w satisfies weakly the equation

7y |w|2*(s)—2w
—Aw — —=w = b(0)
|z ? |z]°

This proves our claim.

Step 3.4: Coming back to equation (48) we have for R > 0

/ IV (nrwd)? de < C(0) / (merwd)? do
R Bo(2R)\ Bo( R)

(1+9( ) /|Vu5| da. (51)

Since the sequence (uc) is bounded in H7 (), letting € — 0 and then R — +00 we obtain for some

constant C'
n—2
/|Vw\2 dz < C (113% (Z)) . (52)
R'IL

Now if w # 0 weakly satisfies the equation

using the definition of ju, s 0(R™) it then follows that

*

* (s)
[0 _ (B T
=\ 00) |
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Hence lim (?) > 0 which implies that

e—0 €
t:= lim P > 0.
e—0

Since lir% ve = 0, therefore we have that 0 < ¢ < 1. This completes the lemma.
e—

4. CONSTRUCTION AND EXHAUSTION OF THE BLOW-UP SCALES

In this section we prove the following proposition:

15

Proposition 2. Let Q be a smooth bounded domain of R™, n > 3, such that 0 € Q and assume that
—92)2
0<s<2andy< % Let (ue), (pe), (he) and b(x) be such that (E.), (31), (33), (34) and (36)

holds. Assume that blow-up occurs, that is

n—
lim |||2|"uc|| Lo @) = 400 where a_(y) <7 < —5—.
e—0 2

Then, there exists N € N* families of scales (ftie)e>0 such that we have:
(A1) lir% ue = ug in C3 . (Q\ {0}) where ug is as in(37).
e—

(A2) 0< p1e < ... < UnNe, for all e > 0.

(A3)

. . i+1
lim py e =0 and lim Ritle
e—0 ’ €e=0 i ¢

=+4o0 foralll <i< N —1.

(A4) For any 1 <i < N and for e > 0 we rescale and define
n—2
Ui () = p1; 2 ue(kicw) forxz € k;gQ \ {0}

1- *p:_
where k; e = 1, . e

Then there exists @; € DV2(R™) N CH(R™ \ {0}), @; # 0 such that @; weakly solves the equation

T A
A |I|2uz b(O)

|| )24,
|z[®
and
Uje — Uy in CL.(R™\ {0}) as € — 0,

Uje — Uy weakly in D¥?(R™)  as e — 0.

(A5) There exists C > 0 such that
2] % Jue(a) T < ©

for all e >0 and all z € Q\ {0}.

(A6) lim lim  sup  |z|"T |ue(z) — up(x)| " T2 = 0.
R—+o00 e—0 Q\BR’CN,S(O)

. . . _n=2 1‘#
(A7) lim lim supp, (0)\(0} 2] ue() = oy ™ (ﬁ)‘ =0

R—+o00 e—0

(54)
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(A8) For any d >0 and any 1 <i < N — 1, we have

p
1- 2*(:)72

=0.

L no2 _n2 z
lim lim sup |z[7Z |ue(®) — pyy e Uit
R—+00 e—0 Skiy1,e>|2|> Rk e kiJrl,e

(A9) Foranyi€ {1,...,N} there exists t; € (0,1] such that lim o i, = t;.
The proof of this proposition proceeds in five steps.

Since s > 0, the subcriticality 2*(s) < 2* := 2*(0) of equations (E.) in 2\ {0} along with (37) yields that

ue — ug in C% (2 \ {0}). So the only blow-up point is the origin.
Step 4.1: The construction of the p; ’s proceeds by induction. This step is the initiation.

By the regularity Theorem 13.1 and the definition of 7 it follows that for any € > O there exists z; . €
0\ {0} such that

sup 2|7 ue(2)| = |z1,e|"ue(@1,e)- (55)
zeQ\{0}
We define ji1 . and k; > 0 as follows
_n=2 1— 5P
py? = ue(wr)] and kyei=py 070 (56)

Since blow-up occurs, that is (40) holds, we have
lim i1, =0
It follows that w. satisfies the hypothesis (41) of Lemma 2 with ye = x1 ., ve = p1,e. Therefore
|1‘175‘ =0 (kl,e) as € — 0.
Infact, we claim that there exists ¢; > 0 such that

o |me _

lim

S kLe Cl. (57)

We argue by contradiction and we assume that |z1,¢| = o(k1,c) as € = 0. We define for ¢ > 0
n-2
Ue(w) = Ml,i Ue(|w1,|7) for z € ‘55'1,6|_1Q \ {0}

Using (E.) we obtain that . weakly satisfies the equation in |z1 |~'Q\ {0}

|$1)E‘ 2—s |,[~)E|2*(s)*2,l~)€
kLe

—AB, - #v — Jer (|2, |z) B = bl o) ( T
) yields |z|7|0c(z)| < 1 for all z € |21 |72\ {0}. Standard elliptic theory then yield
€ C?(R™\ {0}) such that @ — @ in C3(R™ \ {0}) where

,y ~ . n
szo in R™\ {0}.

The definition (55
the existence of ¥

—AD —

In addition, we have that }176 (|x17€|’1x17€)| =1 and so ¢ #Z 0. Also since |z|"|0(z)| < 1 in R™\ {0}, we
have the bound
9(2)] < 2|z[~**+ ) 4 2Jz)72=)  in R™\ {0}.

The classification of positive solutions of —Av — ‘x%v =0in R™\ {0} (see (196)) yields the existence of

A, B € R such that 9(z) = A|z|~*+) + Blz|~*-) in R™\ {0}. Then the pointwise control |z|™|5(x)| <
1in R™\ {0} yields A = B = 0, contradicting ¥ # 0. This proves the claim (57).

We rescale and define
n—2

Uy e(w) = py 7 ue(kyex) for x € kfﬁlQ \ {0}
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It follows from (55) and (57) that @ . satisfies the hypothesis (47) of Lemma 3 with ye = @1, Ve = 1.
Then using lemma (3) we get that there exists @, € DY2?(R") N CY(R" \ {0}) weakly satisfying the
equation:

. Y - i[> )24y
—Aly — —=tu; = b(0) - in R™\ {0}.
[ jl®
and
fye — Uy weakly in DV2(R")  as e — 0
Uy,e = Uy in C. (R™\ {0}) ase—0

It follows from the definition that ‘ﬂl,e (EE )‘ = 1. From (57) we therefore have that @; # 0. And hence

again from Lemma 3 we get that

. 2* ()
/ |@1|2 (s) N M%&O(Rn) T (s)-2
)

and there exists ¢; € (0, 1] such that liII(l) phe =ty
€— ’

Next, since |2|*- (i, € CO(R™), we have

s -5 85—
lim lim sup |$|% ,u_n2 U ( :c > =0
d—0e—0 B&kl’é (O)\{O} Le kl,ﬁ
and then using the definitions (55), (56) it follows that
lim I 2T fue () — iy, ( v ) T,
im lim sup |77 ue(x) —py 2 U =0.
d—0e—0 B5k1’6(0)\{0} L kl,e
(|
Step 4.2: There exists C' > 0 such that for all e > 0 and all z € Q\ {0},
o % fue ()T < C. (58)
Proof of Step 4.2: We argue by contradiction and let (y.)e=o € Q \ {0} be such that
n—2 1— —B< n-2 1— P _
sup x| = fue (@) TR = [y 7 fue(ye)| T = 400 as e — 0. (59)
zeQ\{0}
By the regularity Theorem 13.1 it follows that the sequence (y.)eso is well-defined and moreover lir% Ye =
€E—>
0, since ue — up in CZ_(Q\ {0}). For € > 0 we let
1o Pe 2-s
Ve = |u€(y€)|_ﬁ7 lbe=ve 97 and Kk, = |y€|s/2 L2
Then it follows from (59) that
. |yl . Ke
lim v, =0, lim = +o0 and lim =0. (60)
e—0 e—0 L e—0 |y€|

Let R > 0 and let © € Br(0) be such that y. + k.z € Q\ {0}. It follows from the definition (59) of y.
that for all e > 0

n—2 _ __pe n—2 _ __pe
Ye + ke T ue(ye + ke)|' T < |y T Jue(ye)| T2

and then, for all € > 0

n—2

(|Ue(ye +KJE$)|>12*(Z€)_2 < 1 2
|u6(y€)| a 1- |::‘R
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for all x € Bgr(0) such that y. + .z € Q\ {0}. Using (60), we get that there exists C(R) > 0 such that
the hypothesis (41) of Lemma 2 is satisfied and therefore one has |y.| = O(¢c) when € — 0, contradiction
o (60). This proves (58). O

Let Z € N*. We consider the following assertions:
(B1) 0< p1,e < oo < fTe-

(B2) lim, o pte,z =0 and lim._,g % =+4ooforall1<i<Z -1

(B3) For all 1 < i < T there exists 4; € DY2(R™) N C?(R™ \ {0}) such that @; weakly solves the

equation
- v - CARSD? )
—At; — —; = b(0) in R™\ {0}
|z |z[®
with
- 2% (5)
@) (tusalB)) 55
. b(0) ’
and
W — @ inCL(R"\{0})  ase—0,
Uje — Uj weakly in DV2(R")  as e — 0.

where for € > 0 .,
Uie(x) == p1; 2 ue(kiex) for x € k;EIQ \ {0}

i

1
with &; . = Wi e

Pe
¥ (s)—2

(B4) For all 1 <i <7, there exists t; € (0,1] such that lime o 4} = t;.

We say that Hz holds if there exists Z sequences (f4ie)e>0, @ = 1,...,Z such that points (B1), (B2) (B3)
and (B4) holds. Note that it follows from Step 4.1 that #; holds. Next we show the following holds:

Step 4.3 Let I > 1. We assume that Hz holds. Then either Hz; holds or

lim lim  sup |x|%|ue(x) - uo(gc)|1_2*£€>*2 =0.
R—+00 e—=0 Q\BO(RkI,e)
Proof of Step 4.3: Suppose
: . n-2 1——Pe
lim lim sup x| 72 |ue(x) — ug(x ¥G)-2 £ (.
S T s (o] ) ~ ()
Then there exists a sequence of points (ye)eso € 2\ {0} such that
: |y5‘ _ . n—-2 1— B
lim —— = 400 and lim |ye| = |ue(ye) — uo(ye)| T2 =a > 0. (61)
e—0 T,e e—0

Since ue — ug in C2_(2\ {0}) it follows that lir% ye = 0. Then by the regularity Theorem 13.1 and since
e—
a_(y) < 252, we get
lim [yl % fue(ye) |77 = a >0 (62)
e—0
for some positive constant a. In particular, liH(l) |te(ye)| = +00. Let
€—

__2 1-5585—
HZ+1,e = |u6(ye)| "2 and kryie:= NIJFT;(‘) :
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As a consequence we have

lim pz41=0 and lim el =a>0. (63)
e—0 ? e—0 kI+1’€
We rescale and define
n—2
izi1e(@) = 1y bz e @) fora e kzly 20\ {0}

It follows from (58) that for all € > 0

|

iz (o)) TR <O for o € kL, 2\ {0},

so hypothesis (47) of Lemma 3 is satisfied. Then using Lemma 3 we get that there exists uz;1 €
DY2(R™) N CLH(R™ \ {0}) weakly satisfying the equation:

~ 2*(s)—27
—Adizyy — lzﬁzﬂ = b(0) [z p T R {0}
|z |z

and

Uzg1,e — Uz41 weakly in DV2(R™)  ase — 0

Uri1.e — Uzy  in OL.(R™\ {0}) ase—0
We denote g, := . Y . From (63) it follows that that liH(l) |G| := |90| = a # 0. Therefore |az4+1(%0)| =

T+1,e €~

lim_, |tz41,6(Fe)| = 1, and hence @741 # 0. And hence again from Lemma 3 we get

|tz a]* o [ Frs0(R?) ) 772
b(0)

and there exists tz11 € (0, 1] such that 1111(1) 15,1 . = tz41. Moreover, it follows from (61) and (63) that
€— ’

lim Hztle _ +oo and lim pz4q, = 0.
e=0 [T ¢ e—0
Hence the families (f4;,¢)es0, 1 < < Z + 1 satisfy Hzy1. O

The next step is equivalent to step 4.3 at intermediate scales.

Step 4.4 Let I > 1. We assume that Hz holds. Then for any 1 < i <Z — 1 and for any § > 0, either
Hz1 holds or

1— Pe
lim i 2] "7 Juc(2) — iy 2, @ ( & ) Ty
im lim sup (@) = pi i’ Ui | T— =0.
R—to0e=0 Béki_*_l’e(o)\ERkiye(O) e ki+1,e
Proof of Step 4.4: We assume that there exists an i <Z — 1 and § > 0 such that
lim i 2% fue(w) — i 7 ( = )1()_ 0
im lim sup |77 (ue(T) = e Tiva > 0.
R—+o00 e—0 Békiﬂ,e(o)\ﬁﬂki,e(o) g ki+1,e
It then follows that there exists a sequence (y¢)eso € € such that
lim 19l = +o00, |ye| < Okiy1.e for all e > 0 (64)
e—0 ki,e ’
n a2 Ye -5
[Yel 2 |ue(ye) — .Ui+1?e Ui+1 <k ) =a > 0. (65)
1+1,e
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for some positive constant a. Note that a < 400 since

n—2 _n=2 x
2|77 |ue(z) — ﬂiJrfe Uit1 (k )
i+1,¢

P
1- 2*(56)72

is uniformly bounded for all z € By, , . (0) \ Bgg,.. (0).

We let g € R™ be such that y. = ki1,e 7. It follows from (64) that |g| < ¢ for all e > 0. . We rewrite
(65) as

. g R=2 ~ % ~ ~s\ | 1— g Es—

Hn 7] [t o (§7) — @ G070 =a > 0.

Then from point (B3) of Hz it follows that §* — 0 as ¢ — 0. And since |z|*~ a4, € CO(R™), we get

ase —0 )
_n—2 ( Ve >‘1—2*<’;32 O< e )”2—@(‘0 Q)
7 2 Uiyl = LA =o(1
i+le Tt kiti,e kit1,e

n—2
‘Z/s| 2
Then (65) becomes
Hm [ye| = |uc(ye) |} T2 = a > 0. (66)
e—0

In particular, lir% |ue(ye)| = +o0. We let
€E—

__2 1*%@%
Ve = |ue(ye)| 72 and £, := v .
Then we have
limy, =0 and lim Iel =a>0. (67)
e—0 e—0

€

We rescale and define

n

—2
Ue(z) :=ve 2 uc(le ) for z € £71Q\ {0}
It follows from (58) that for all € > 0
|x|nT72|11€(:E)|1_2*(T;€>*2 <C for z € £71Q\ {0}.

so hypothesis (47) of Lemma 3 is satisfied. Then using lemma (3) we get that there exists @ € D'2(R")N
CHR™\ {0}) weakly satisfying the equation:

~12%(5)—2
anf#a—b o)L T % R\ {0}
x

and

Ue — @ weakly in D*2(R") ase—0

G — @ in CL.(R™\ {0}) as € — 0
We denote g, := % From (66) it follows that that lirr(1)|gje| := |go| = a # 0. Therefore |u(go)| =

€E—

€
lime_0 |e(Fe)| = 1, and hence @ # 0. And hence again from Lemma 3 we get

* *(s)
/|”L~L|2 (s) - <N7,S,O(Rn)> ¥ ()2
S 2 o
[Yel

and there exists t € (0, 1] such that lin%) vPe = t. Moreover it follows from(66), (64) and since hné T =
€E— €—> K s €
0, that

. 1% . i+1
lim — = 400 and lim Hit1,e
e—0 /jJZ-’E e—0 Ve

= +o00
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Hence the families (t1,¢),..., (fhire)s (Ve)s (it1,e)sees (fz,e) satisty Hzya. O
The last step tells us that family {#Hz} is finite.

Step 4.5: Let Ny = max{Z : Hz holds }. Then Ny < 400 and the conclusion of Proposition 2 holds
with N = Np.

Proof of Step 4.5: Indeed, assume that Hz holds. Since p; ¢ = o(pit1,) forall 1 <i < N —1, we get
with a change of variable and the definition of %, ¢ that for any R > § > 0

* T *
|Ue|2 (8)—pe / |Ue‘2 (8)—pe
—dx > —dx
Q/ RN T

|17, |2" ()P

T

z . |27 (8)—pe
Then from (36) we have A > Z / Ldm. (68)

= Jo*

Br(0)\Bs(0)

Passing to the limit € — 0 and then § — 0, R — 400 we obtain using point (B3) of Hz, that

* s

A > Hy,s,0(R™) e
- b(0)

It then follows that Ny < +oo. O

We let families ((1,¢)e>0,---5 (N,e)e>0 such that Hp, holds. We argue by contradiction and assume that
the conclusion of Proposition 2 does not hold with N = Ny. Assertions (Al), (A2), (A3), (A4), (A5),
(A7) and (A9) holds. Assume that (A6) or (A8) does not hold. It then follows from Steps (4.3), (4.4)
and (4.5) that Hy11 holds. A contradiction with the choice of N = Ny and the proposition is proved. O

5. STRONG POINTWISE ESTIMATES

The objective of this section is the proof of the following strong pointwise control.

Proposition 3. Let Q) be a smooth bounded domain of R™, n > 3, such that 0 € Q and assume that

0<s<2andy < %. Let (ue), (pe), (he) and b(x) be such that (E.), (31), (33), (34) and (36)
holds. Assume that blow-up occurs, that is

n
lim |||z|"uc|| Lo () = 400 where a_(y) <7 < ——.
e—0 2

Consider the fi1 ¢, ..., in,e from Proposition 2. Then there exists C > 0 such that for all e > 0

ay(M—a_()

N 2

Hi e
u(z)| < C :
) 2 T T ¢ e #]o=0)

2] Pug|| oo (0

(69)

for all x € @\ {0}.

The proof of this estimate proceeds in seven steps.
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Step 5.1: We claim that for any 7 > 0 small and any R > 0, there exists C(r, R) > 0 such that for all
€ > 0 sufficiently small

ay(M-a ()
’ 2]~ Pug|| oo (0

MN,e -
lue(z)| < C(7, R) PEECE PESaE for all z € Q\ Brpy.(0). (70)
Proof of Step 5.1: We fix v/ such that v </ < (" Slnce the operator —A — IZ‘Q — ho(x) is coercive,

taking ' close to v it follows that the operator —A Ir\z — ho(x) is also coercive in Q. From Theorem
25 it get that there exists H € C(Q\ {0}) such that

—AH — 2,H —ho(z)H=0 in Q)\ {0}

Iaa\2
H>0 inQ\{0} (71)
H=0 onof.
And we have the following bound on H: there exists d;, C7 > 0 such that
1 1 1
am S H(I) S ClW for all x € 3251 (O) (72)

We let )\1’/ > 0 be the first eigenvalue of the coercive operator —A — % —hon Q and we let ¢ € H? ((Q)
be the unique eigenfunction such that

~Ap— Zap—ho(a)p =A¢ nQ
e >0  inQ\{0} (73)
e =0 on 0N).

It follows from the regularity result, Theorem 13.1 that there exists C5,d2 > 0 such that

1 1 1

We define the operator
|u6|2*(s)_2_pe

£@=—A—<|P+h>—M@

|z[*

Step 5.1.1: We claim that given any v < 7/ < (n 42) there exist §g > 0 and Ry > 0 such that for any

0 <0 < dp and R > Ry, we have for € > 0 sufficiently small
LH(xz) >0, and Lep(z) >0 for all « € B5(0) \ Briy.. (0), if ug # 0.

LH(z)>0  forallze€Q\ Bgiy, (0), if ug = 0. (75)
As one checks for all € > 0 and x # 0
LH(z) + —7~ ‘u6|2*(8)*27p5
= ho — he) — b(z) e~ "
a0 T
and
Lop(x) o —~ |“e|2*(s)727pe !
= + (hg — he) = b(z)———— + A7 .
o) e 0Tl MO TR 1

For € > 0 sufficiently small ||hg — helloo < and we choose 0 < §p < min{1,dq,d>} such that
4(

1+5up |3v\

@ (5)-2)(%2 == M) 1 o 2 (s)—2 _ V' =7
Ity 2T O gy 2052 < T2 (76)
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It follows from point (A6) of Proposition 2 that, there exists Ry > 0 such that for any R > Ry, we have
for all € > 0 sufficiently small

=3 || M52 - e le s 5 = PHOES o
|b($)‘ ) ‘$| 2 |U6(3’J) - UO(‘T)l -2 < 2 ()2 for all x € Q \ BRkN,e(O)

With this choice of g and Ry we get that for any 0 < § < dg and R > Ry, we have for ¢ > 0 small enough
()] |]*~*fuc (@) 727Pe < 22712270 b (@) |ue(2) — wo ()2 7P

+ 2O a2 () fuo @) )2

— J—
<7 y T forall 7 € Bs(0) \ By . (0), if ug £ 0
! _ —_—
and [b(z)| |22~ Juc(2)[? (D 727Pe < 2 1 i for all € Q\ Brgy..(0), if up = 0.
Hence we obtain that for € > 0 small enough
LH(z) o —~ |ue|2*(s)_2_p6
= + (ho — he) — b(2)————
H(x) |z]? |z[*
v el
L= (hg—h)— L)
=T Tt g

>0 for all # € B5(0) \ BRriy . (0), if ug 0

and ﬁ;fgf) >0 for all € O\ Bgiy. (0), if ug = 0. (77)
And
E;fg) > mgv + (ho — he) — b(x)|u€2*(;|)s‘ -
> WJr(hohe)M
> 0 forall € Bs(0) \ Bay.(0)). (78)

Step 5.1.2: Tt follows from point (A4) of Proposition 2 that there exists C7(R) > 0 such that for all e > 0
small

Br(xH-B_(")
Pne °
lue(z)| < CQ(R)W for all € OBy, . (0) (79)

By estimate (72) on H, we then have for some constant C1(R) > 0
Br(v)-B_(")

lue(z)| < C1(R)py, ° H(x) for all © € OBRpy.. (0). (80)

It follows from point (A1) of Proposition 2 and the regularity result (13.1), that there exists C4(d) > 0
such that for all € > 0 small

]~ Dug|| oo (o)

!
ue(@)] < CHO T

for all x € 9Bs(0), if ug # 0. (81)
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And then by the estimate (74) on ¢ we then have for some constant Cs(6) > 0
lue(z)| < 02(5)|||x|“*(7)uoHLoo(Q) o(x) for all © € 0Bs(0) if ug # 0.. (82)
We now let for e > 0,

Br(v)=B_(+")

Vo(a) = R, 7 H(@)+ Ca0)[o Dull@yple)  forz e 2 {0},
Then (82) and (80) implies that for all € > 0 small
(@) < Uolw)  for all & € B(B5(0)\ Briy,. (0)), if ug % 0. (s3)
and if ug = 0 then
|ue(z)] < ¥e(x) for all 2 € O(Q\ Briy.. (0)). (84)
Therefore when ug Z 0 it follows from (75)) and (83) that for all € > 0 sufficiently small
LV, >0=Lecu. in Bs(0) \ Brry.(0)

Ve > uc on 9(B;(0) \ Brry,.(0))
EE\IJE Z 0= —Eeue n B(s(O) \ BRkN,E (0)
U, > —u, on 9(B;(0) \ERkN,E(O))~

and from (75) and (84), in case ug = 0, we have for € > 0 sufficiently small

EE\IJE >0= »Ceue in O \ERkN,e(O)

Ve > u on 9(Q\ Brpy,.(0))
ﬁe\I’e >0= 7ﬁeue in \ERkN,e(O)
\I/e > —Ue on a(ﬂ \FRkN,e(O»‘

Since ¥, > 0 and LW, > 0, it follows from the comparison principle of Berestycki-Nirenberg-Varadhan
[1] that the operator L. satisfies the comparison principle on Bs(0) \ Bryy . (0). Therefore

[ue(x)] < e(x) for all « € B;(0) \ERkN,e(O)a
and |ue(x)| < V() for all z € @\ Bpiy. (0) if ug =0.

Therefore when ug # 0, we have for all € > 0 small
BL(H=B_(v") ™)
ue(z)] < Cr(R)py . * H(z) 4+ C2(0)[[[#]* = uo|| o< (o) ()
for all 2 € B5(0) \ Briy..(0), for R large and ¢ small.

Then when ug # 0, using the estimates (72) and (74) we have or all € > 0 small

Br(v)=B_(+")
2

(@) < ORI 4 oy(0)

|x|ﬁ+(7l)

2] Mgl oo (o)
|x|5*(7')

for all z € B5(0) \ Briy.. (0), for R large and ¢ small.
And if ug = 0, then all € > 0 small and R > 0 large

Br()-B_(2")
PN e : -
|u5(x)| < Ol(R)i{]}W‘*‘(w) for all z € Q \ BRkN,e (0)

Taking 7' close to ~, along with points (A1) and (A4) of Proposition 2 it then follows that estimate (70)
holds on Q \ By,  (0) for all R > 0. O

Step 5.2: Let 1 < ¢ < N — 1. We claim that for any 7 > 0 small and any R,p > 0, there exists
C(7, R, p) > 0 such that all € > 0.
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Our("r);af(“/) .
:u’i,e 1
+

|z[or (D=

ue(z)| < C(7, R, p) (85)

0é+(’7)*0t_(7)77_
Piti,e” |z|o-(+7
for all z € By, . (0) \ Bgs,. (0).
Proof of Step 5.2: We let i € {1,...,N — 1}. We emulate the proof of Step 5.1. Fix 4’ such that

v<y < %. Consider the functions H and ¢ defined in Step 5.1 satisfying (71) and (71) respectively.

We define the operator
ol |u€|2*(s)727pe
Le=—-A— < +h€> —b(x)—————.
|z]? |z[*

Step 5.2.1: We claim that given any v < v/ < % there exist pg > 0 and Ry > 0 such that for any
0 < p < poand R > Ry, we have for € > 0 sufficiently small

LH(x) >0, and Lcp(x) >0 for all z € By, .(0) \ Bgs,.. (0) (86)
As one checks for all € >0 and « # 0
L.H(x) v = |ue |2 () =2pe
- + (ho — he) — blz) 2l —
Hw ~ p 00T
! _ 2*(5)_2_pe
Lep(r) 7' = (ho — o) — b(x)|u€|

plx)  — |=f? |z[*

We choose 0 < pg < 1 such that
/ j—
7 1 T forall e > 0 small and

pgsgplho — he| <

2" (5)-2)(22—a_(7) _ 2% (s)—2 v =
Bllepy T e O 28052 ) < (57)

It follows from point (A8) of Proposition 2 that there exists Ry > 0 such that for any R > Ry and any
0 < p < po, we have for all € > 0 sufficiently small

Pe

1_2*(5)72 fyl — m
< P
- <22*(s)+2)
for all z € By, . (0) \ER;%E(O).

With this choice of py and Ry we get that for any 0 < p < pp and R > Ry, we have for ¢ > 0 small
enough

1 n=2 —n=2 x
|b(z)| =2 x|z |uc(z) — Pigre Uit (k‘)
i+1,¢e

* * _n-—2 2*(3)_2_p5
b)) 97207 < 27O o2l o) — i o )
’ i+1,¢e
2—s 2% (s)—2—pe
(s x| x
+ 22 ()= 1-p (' ) b(x)| | ()
kit b@)l @1 ki,
el 7
< 1 for all € By, .(0) \ Brg,.(0). (88)
Hence as in Step 5.1 we have that for € > 0 small enough
EEH($> EEQO(.'I?) n
0 d 0 f 11 Bk, 0) \ Bgrg, (0).
H) >0 an (1) >0 forall z € Byg,,,.(0) \ Bre,.(0)
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Step 5.2.2: let i € {1,..., N — 1}. It follows from point (A4) of Proposition 2 that there exists C7(R) > 0
such that for all e > 0 small

BL()-B_(")
i 2
/ i€
And then by the estimate (72) on H we have for some constant Cy(R) > 0
B4(H=B_ (")
lue(z)| < C1(R)p; . ° H(x) for all 2 € 0Bgy, . (0). (90)
From point (A4) of Proposition 2 it follows that there exists C4(p) > 0 such that for all € > 0 small
1
lue(z)] < Ch(p) ECUEe for all z € OBy, . (0). (91)
7 z]p-om

Hit1,e
Then by the estimate (74) on ¢ we have for some constant Co(d) > 0

lue(z)] < 02(,0)% for all 2 € DB, , .(0). (92)
Hit1,e :
We let for all e > 0
- B+ (H=B_(") o(x)
Ve(z) == Cr1(R)p; . ° H(z)+ CQ(p)m for x € Q\ {0}
Hit,e :

Then (90) and (92) implies that for all € > 0 small
luc(z)] < U, (z) for all z € 9 (Byk,,, . (0) \ Brx,.(0). (93)
Therefore it follows from (86) and (93) that € > 0 sufficiently small
LU.>0=Lue  in By, (0)\ Brk, . (0)

Ve > ue on 9 (B, . (0) \ Br,,.(0))
Lob, >0=—Lou,  in B, (0)\ Brg,.(0)
Ve > —u, on 9 (Bpk,,,.(0)\ Brg,.(0)) .

Since ¥, > 0 and LU, > 0, it follows from the comparison principle of Berestycki-Nirenberg-Varadhan
[1] that the operator L. satisfies the comparison principle on By, .(0) \ Brk, . (0). Therefore

|ue(x)] < We(x) for all @ € B, ,, . (0) \ Brk, . (0)).
So for all € > 0 small

5+(’Y/);57(’Y/) So(x)
ue(z)] < Cr(R)p; . H(x) + Co(p)—on—a o
Hit1e :

for all € By, .(0) \ Bgg, . (0), for R large and p small. Then using the estimates (72) and (74) we
have or all € > 0 small
Byr(vH)-B_(2")
lu‘i,e : + CQ(p)
|:L.|,6+('y’) BL(vH=B_(")

\ue(x)| < Cl(R) for all z € Bpki+1,e(0) \ERM,E (0)

Pigi,e ° |z |- ()

for R large and p small.
Taking ~ close to ~, along with point (A4) of Proposition 2 it then follows that estimate (85) holds
on By, .(0)\ By, (0) for all R, p > 0. O

Step 5.3: We claim that for any 7 > 0 small and any p > 0, there exists C(7, p) > 0 such that all € > 0.
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1
lue(z)| < C(r, p) TR for all € Bk, . (0) \ {0}. (94)

/U‘l,e : 7T|x|a_(7)+

Proof of Step 5.3: Fix ' such that v < v/ < (n=2) 2)

(71).

. Consider the function ¢ defined in Step 5.1 satisfying

Step 5.3.1: We claim that given any v <+ < (n=2 2) there exist pg > 0 such that for any 0 < p < py we
have for € > 0 sufficiently small

Lep(x) >0 for all 2 € B, (0)\ {0} (95)
We choose 0 < pg < 1 such that

, J—
i for all € > 0 small and

p%SgPIho—hel <

(s)—2 v -
> (B2(0)NR™) = 92*(s)+3

2" (5)-2) ("2 —a- (7))

[1b]] o< P ]2~ |17, (96)

It follows from point (A7) of Proposition 2 that for any 0 < p < pg, we have for all € > 0 sufficiently

small 1
1——Pe R S
1 n_2 _n-2 T 2% (s)—2 ’Y/ — 2% (s)—2

PPl = Juele) — ™ (kl)‘ = <22*<s>+2)

for all x € By, . (0) \ {0}.
With this choice of py we get that for any 0 < p < pg we have for € > 0 small enough

* « _n2 2\ |2 E)-2-pe
[b() [~ ue(@)|* 7277 < 22712 P70 b(2)| fue(x) =y ® (k )
) 1,e
2—s 2% (8)—2—pe
92" (s)-1-p. (121 b e (2
+ e [b(2)] |1 T
Y-
< 0 for all € B, . (0) \ {0}. (97)
Hence similarly as in Step 5.1, we obtain that for € > 0 small enough
Lep
go(:z(t)) >0>0 for all z € 2 € By, . (0) \ {0}. (98)

Step 5.3.2: Tt follows from point (A4) of Proposition 2 that there exists C4(p) > 0 such that for all e > 0
small

1
lue(z)] < Ch(p) ECUEe for all z € OB, . (0) (99)
:u’l,e : |$|ﬁi(7/)
and then by the estimate (74) on ¢ we have for some constant C5(4) > 0
()] < Colp)—25)_ forall z € 9B, (0) (100)
el = ©2\P) 5 en—s_an or all L phr,e(0)-
Ml,e :
We let for all € > 0 (@)
oz

2

:ul,e



28 NASSIF GHOUSSOUB, SAIKAT MAZUMDAR, AND FREDERIC ROBERT
Then (100) implies that for all € > 0 small
luc(z)| < ¥0(z) for all x € 0Bk, (0). (101)

Therefore it follows from (95) and (101) that € > 0 sufficiently small

LV >0=L.u, in By, .(0)\ {0}
W0 >y, on 05,1, (0)\ {0}
LV >0=—-Lu in Bk, .(0)

PO > on 0By, .(0).

Since the operator L. satisfies the comparison principle on By, _(0). Therefore
lue(z)] < UO(z) for all € By, . (0).

And so for all € > 0 small

()] < Calp) 2L for all = € By, (0)\ {0}.

Br()=B_(")
2
Ml,e

for p small. Using the estimate (74) we have or all € > 0 small

Ca(p)

lue(@)| < —mr=mon
Hie : |x|/87(7/)

for all x € By, (0)\ {0}.

for p small. It then follows from point (A4) of Proposition 2 that estimate (94) holds on = € B, ,(0)
for all p > 0. O

Step 5.4: Combining the previous three steps, it follows from (70), (85), (94) and Proposition 2 that for
any 7 > 0 small, there exists C'(7) > 0 such that for all € > 0 we have
apr(—a_()

N ] 2
@) < O | X~y
i=1 M

i€

B 1122~ Mg || Lo 2y

|x|a,('y)+7' + |x|a+('y)—7- ‘.’E|a*(’\/)+7

(102)

)

for all z € Q\ {0}.
Next we improve the above estimate and show that one can take 7 = 0 in (102).

For e small, we let G, be the Green’s function for the coercive operator —A — MQ — he on Q with Dirichlet

boundary condition. Green’s representation formula, the pointwise bounds on the Green’s function (204)
[see Ghoussoub-Robert [19]] yields for any z € Q

ue(z)|2 () =2=pe 4 (2
z) :/Ge(z,ac)b(ac)| (@)l (z) dx
Q

|z[*
[ ()2 ()~ 7Pe

|z[*

a_(v) 2% (s)—1—pe
<cC / <max{|z m|}) 1 Jue(@)] dz. (103)

min{|z], |z[} |z — 2|2 |z[*

e (2)] </G 2 2)b(@)] dx
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Using (102) we then obtain with 0 < 7 < 3153:? (a+(v)ga7(7)) that

lue(2)] <
N - ay(M-a_(y) 2*(s)—1—p.
a_(y 1 e 2 o

CZ/(maX{lZ x|}> n—2|,p|s (o (v)—a—( ;;7727 dx

2 ) \wminflellely ) To— o2l | e 002 st (e )

a-(7)
1 1

Cllof- o gt [ (exleblel o
+ €l ol min{|2], |z} =22l e e i @ (104
The first term in the above integral was computed for each bubble in Ghoussoub-Robert in [19] when

pe = 0. The proof goes exactly the same with p. > 0. The last last term is straightforward to estimate.
We then get that there exists a constant C' > 0 such that for any sequence of points (z.) in 2\ {0} we
have

ay(MN—a_()

N 2 a_(v)
x IS
e I T e ) o)
— a+ y)—a_(v) |Z€|a7('y) + ‘Ze|o¢+('y) ‘Z€|a—(7)
This completes the proof of Proposition 3. |

6. SHARP BLOW-UP RATES AND PROOF OF COMPACTNESS
When the expression makes sense, we define
2—0 N
(32" ) — | i d
27()=2 gn
Cns = (106)

’ N
1 [ n-s [@i;|2* (=)
(%) (2*@)) < S an B )

The proof of compactness rely on the following two key propositions.

Proposition 4. Let Q be a smooth bounded domain of R™, n > 3, such that 0 € Q and assume that

0<s<2 v< %. Let (ue), (he), (pe) and b be such that (E.), (33), (31), (34) and (36) holds.

Assume that blow-up occurs, that is

n—2
2

li_r>r(1) ||| we || Lo () = +o0  for some a_(y) (107)
Consider the fi1, ¢, ..., in,e and tq,...,tn from Proposition 2. Suppose that
either { ay(y) —a—(y) >4—-20} or {at(y) —a—(v) >2—0 and ug = 0}. (108)

Then, we have the following blow-up rate:

n [ xixslml gy

lim De o 7Cn,s K, + 19:0 Z ab(O)R" lX‘S
50 M2 20 b(0) ho 2+(s) £ ij
7,7=1

109
T dn (109)
Rn

Proposition 5 (The positive case). Let 2 be a smooth bounded domain of R™, n > 3, such that 0 € Q

and assume that 0 < s < 2,0 <~ < %. Let (u.), (he), (pe) and b be as in Proposition 4. Assume
that blow-up occurs as in (107). Consider pi1,e,..., in,e and t1,...,tn from Proposition 2. Suppose in
addition that

ue >0 for all e > 0.

Then, we have the following blow-up rates:
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(1) When ay(y) —a—(y) >4 — 26, we have

li Pe o Cn,s <Kh0 + 19:0 (n - 2)(71(71 - 4) - 47) Ab(O)) )

B0 270 120 b(0) n(2n—2—3s)  b(0)

(2) When ay(y) —a—_(y) =4 — 20, we have

. Pe (n—2)(n(n—4) —4y) Ab(O)\ .,
LO;P () )(K’“’H" CTan@n—2-5 b0 ) if uo =0.

Pe _ Cus (n = 2)(n(n —4) — 4v) Ab(0)
ll_mu 0 — ( ) <Kho+K+1 60=0 471(27’1—2—8) b(O) ) Zf’LL()>O,

for some K > 0.

(3) When ay(y) —a—(y) <4 —260, we have ug =0 and

27 T ) (Khoﬂe—o n@n—2-5  b0) >
if ay(y) —a_(7) > 2—9.
lim b = —C, Kio  ifor(y)—a (v) =20 (110)
5_>0,u,2 91117 - n,sb(o) +\7 -\v)= )

where
2-0\ 2
= )/C Wn—1

FONTE )\ S Fom g T
with IC as defined in (142).

. Pe .
i ——5 =y = X M () () —a-(y) <2 -6, (111)
luN,s

where x > 0 is a constant and m., p, () is the mass of Q associated with the operator —A —
% — ho(z), defined in Theorem 1.7.
x

Proof of Theorems 1.6 and 1.8: We argue by contradiction and assume that the family is not pre-compact.
Then, up to a subsequence, it blows up. We then apply Propositions 4 and 5 to get the blow-up rate
(that is nonegative). However, the hypothesis of Theorems 1.5, 1.6 and 1.8 yield exactly negative blow-up
rates. This is a contradiction, and therefore the family is pre-compact. This proves the three compactness
theorems. O

We now establish Propositions 4 and 5. The proof is divided in 14 steps in Sections 7 to 8. These steps
are numbered Steps P1, P2, etc.

7. ESTIMATES ON THE LOCALIZED POHOZAEV IDENTITY

We let (ue), (he), (pe) and b be such that (E.), (33), (31), (34) and (36) holds. Assume that blow-up
occurs as in (107). Note that

w<(”42)—(1—§) = ai(h)—a(m)>2-0,
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In the following, we will use the following consequence of (A9) of Proposition 2: for all i = 1, ..., N, there
exists ¢; > 1 such that

Ci_l,ui,s < ki,e < Ci g e - (112)

Step P1 (Pohozaev identity). For dg > 0 small, we define

60 ZfU() = 0,
e = ’ 113
P { Te :=./pNe fugZ0 (113)

and

) i (o) (V0P 2wt (@) o bla) fudl )
o 2 2 [a? 2 2%(s)—pe |zl

- (xiaiue + 2= 2u€> Byte. (114)

We then have

he(z) + (Vi;,x)) u? dx

B, (0\By; (0)

n—s |u6‘2*(3)7pe

Pe
+ b(x)———— dx
() (2*<s> —pe) |/ w R
B, (0\Byz (0)

1 2" (s)—pe
+ / (z, Vb(x)) [ i dx

By, (0)\Bk%€ (0)

_ / Fu(z) do + / F.(z) do. (115)

0B, (0) 8Bk% E(O)

Proof of Step P1: We apply the Pohozaev identity (193) with yo = 0 and Ue = B,_(0) \ Byz (0). This
ends the proof of Step P1. O

We will estimate each of the terms in the above integral identities and calculate the limit as € — 0.

Estimates of the L2'(®) term in the localized Pohozaev identity.

Step P2. Assuming that b satisfies (34), we claim as e — 0

|ue

2% (s)— N ~ 2% (s)
b(z) || Z b(0) “TLls dz + o(1), (116)
e

B, (O\B,2 (0) R"

where (pe) is as in (113) and the 1;’s are as defined in Proposition 2 (A4).
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Proof of Step P2: For any R, p > 0 we decompose the above integral as

2% (s)—pe 2% (s)—pe
b(x)L dx = / b(x)L dx

|[® J |z]®
Br. (0)\Bk?,e (0) Br (0\Brky  (0)

N 2%(8)—pe
Bk, (\Box, . (0)
N-—1

|z[*

By (O\Bax, . (0)
|ue |2 (5)—Pe
+ / b(x) dz.
|z[®
Bri, (0\Byz (0)
We will evaluate each of the above terms and calculate the limit lim lim lim.
R—+4o00 p—0€—0
From the estimate (69), we get as ¢ — 0
|ue|?" (5)—Pe
b(x)————| dx
/ ‘ |z[*
Br (0\BRky (0)
et M=) ou gy i
e :“Ni,e 3 (27 (s)—pe) 1 .
= [ E G pors | [ga-mEE-pats | Y

B (0\Briy,, (0)

w(g*(s),pf)

<C :U“N,e : d
= |+ @ () —pe)ts v
Bre (0\Briy  (0)
1
¢ / ||o= (M (2*(5)=pe)+s du
BT;(O)\ERICNVS(O)
1
=¢ / ne2 () (=) peay () o
B . (0\Br(0) I
EN,e
1
+C — dx
n72*(s)(7a+(7)2a_(7))*Pea—(’Y)
B1(O\B iy, (0) 2]

Te

< <R_2*(s>(a+<v>2a<v>) e | 2 ("*”);"‘”)mam) .

Therefore

|ue|?" (5)—Pe
lim lim / b(z)————— dx = 0.

R—+o00 e—0
By ()\Bruiy,  (0)

ks

2*(8)_176
+ / b(x) Juae® 7P d

(117)
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It follows from Proposition 2 with a change of variable x = k; .y, that for any 1 <7 < N

2" (s)=pe b 127 (s)
lim lim lim / b() el do = 2O [lwlE =, (118)

R—+o00 p—0e—0 |{E|S t#_){? |:L‘|5
Bru, , (0\Byx, ,(0) : R

Let 1 < ¢ < N —1. In Proposition 3, we had obtained the following pointwise estimates: For any R, p > 0
and all € > 0 we have

ay(M—a_()

. C
jue()| < B o
|.’13|O‘+(7) ay(M—a_(v)
Pit1e’ |z|*= ()
for all z € By, . (0) \ Bgs,. (0).
Then we have as € — 0
|ue|?" (5)—Pe
b(x)———| d
[ et e
BPki+1)E(O)\§Rki,e (0)
_ﬂfl+(7);f¥7(7) (2*(s)—pe) ‘LL7 D‘+("/);0‘7(’Y) (2*(s)—pe) T
S C i€ _ i+1,¢e . dx
|| o+ (M (@* () =pe)+s || (V2" (5)=pe)+s
Bpki+1,e(0)\§3ki,e (0) -
'Mf*-#(v);a_(w) (2% (s)—pe) ‘uf a+(7);a_(~r> (2% (s)=pe) ]
< C i€ i+1,e . dr
||+ (M (@* () =pe)+s || (V27 (5)=pe)+s
Bpki+11€(0)\§Rki)€(0) - -
1
=¢ / nt2+ (s) (=) peay (9) o
By, O\Br(o) |7
ki e
1
+ C — dx
n—2+(s) (=) —pea (7)
Bap(ONB niy, (0) 171
Kit1,e
< (RQ*(S)<Q+<7>;(1(7))p5a+(7) N pz*@)(“*mg”(”’)+pfa(7)> .
And so
2*(5)_1‘76
lim lim lim () el da = 0. (119)
R4 00 p—0 €0 |z|*

Bokssy.. (O\Bax, , (0)
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Again, from the pointwise estimates of Proposition 3, we have as € — 0

|uc|?" (5)—Pe
b(z) ————| dz
o
Bk, (0\Byz (0)
Ml a+(w)2a (v)(2 (s)—pe)
=C o @ 9
BPklye(O)\Bk%E(O)
1
<C dx

— n—2%(s) ar(M—a_ (M) _ ca_(v)
B,\Bz 0 || () et

SC’ p2*(s)(a+(7);a’(7))+p5a,('y).
Therefore
lim lim b(x)

p—0e—0 |J}|s
By, (0\Byz (0)

Combining (117), (118), (119) and (120) we obtain (116).

We now prove (116) under the assumption that ug = 0. We decompose the integral as

2% (s)—pe 2% (s)—pe
/ b(m)'ue‘is dx = / b(ar:)|u€|7S dx
|z |z

Bs, (0\Byz2 _(0) Bsy (0)\Br. (0)

+ / b(x)
Brs (0)\31‘:%5 (0)

with ¢ :== /fin,c. From the estimate (69) and ug = 0, we get as e — 0

|uc|?" ()=
b(a) el
[ Pt

By (0\Br, (0) By (0)\Br (0)

Since a (7)2*(s) + s > n, we then get that

/

B, (0\Br (0)

ay(M—a_() (2% (s)—pe)

dz < C / e dx

[z]or (M@ ) =p+s

2 (ap (v)—a— (7))
) —o(1)

dz < C (“N’f

Te

as € — 0. Then with (116) we get (116) and this proves (116). This ends the proof of Step P2.

Step P3. Assuming that b satisfies (34) and taking (pe) as in (113), we obtain as e — 0
2(5) (a+(v) — a—(7)) > 2, then, we have that

2% (s)—pe 8,60 2% (s)
(x7Vb(x))|UE|75 dr = M?Ve — /X X] ‘UN| s ax
|z ’ 2t2*<> 2 = |X|
B, (O\Byz (0) i-j=1gn

(120)

(121)



HARDY-SCHRODINGER OPERATOR: COMPACTNESS AND MULTIPLICITY 35

o If 2" (s) (at(v) — a—(vy)) = 2 then, we have that

2
2%(8)—pe 1
(x, Vb(:v))L dx =0 (,u?v In ) . (122)
|x|S ’ HN,e
B, (0\B,z (0)
o If X (ar(v) —a_(7)) <2, then
|u€‘2*(5)7p£ « -
(0, V(@) = e = o (MN;W W) (123)

B, (0\B,2 (0)

Proof of Step P3: The proof is very similar to Step P4 and we only sketch it. For convenience, for any
i=1,..., N, we define

ap(MN—a_ ()

2
Mi,e

Bie xX) = . 124
«(®) 7= plac () 4 |g]as () (124)
We have the following useful estimates:
Lemma 4. For any i € {1,...,N} and (r.) such that ci; e < 1e < &g, we have that for k>0
|x|kBZ_2*E(S)*pe
[ e,
||
B (0)
i if Z(ar(7) = a- (7)) > ks
<C (1 m =) if 72 (as () —a-(7) = b
2% (s) o _2) (0 () 9% (s
i762 (OH»('Y) 7(7))7,5 p) ( +(7) ('Y)) Zf 2 2( )(Oé_l,_(’}/) . Oé_(’)/)) < k
and
1 B-TE(S)_”‘
/ |2z|F <1—|— th — e dx
520 || ||
pl In o if 2 (s (y) —a-(9) > K
<c plen g (14 2= ) 220 () —a- () = k
(

e ()=a- (), b= s (1) =a- () (1 n ’m 1

)i E () - a-() < k.

[rel

The proof follows from straightforward estimates and the change of variable = p; (2. Note that we
have used that ;5 —¢; # 0 as e — 0.

2*
We start with the case 2(8) (ag () — a—(vy)) > 2. With the same change of variable, we get that
2|2 B2 ~Pe
/ "|]|V do < e(R)pi,c, (125)

(Bre (O\Briy, (0)UBg-1, (0)
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where hm €(R) = 0. With the change of variables © = ky .y, the definition (A4) of 4y and k; . and the
asymptotlc (A9) in Proposition 2, we get that

2% (s)—pe
(z, Vb(x))ue||$s da (126)
BRkN,E(O)\BR—lkNﬁe(O)
. bk . i |2 (5)—pe
ke.n ]

Br(0)\Bg-1(0)
Since Vb(0) = 0, we have that
(z,Vb(z)) = 9;;b(0)z"z? + o(|z|*) as x — 0. (128)
Finally, with re := \/fic N, we have that

2 . 2% () _
/ 25 e @ @00 gy — 0 (u}i 2 (ay () a(w))).

€
f ’

B (0)

Now, for R > 0, with the upper-bound (69), we get that

2%(s)
/ (x,Vb(x))|“€|L|s do
(BTF(O)\BR;CNK(()))UBR,lkNYG(O)
23?*1%
<C / |a:| |- (M(2*(s)=pe) dm—i—Cz / |x|z|€ dx
xS
2<N B (0)
2B 7"
+C Bl oNe g, (129)

[
(Bre(O\Briy  (0)UBg-1,, (0)

Using (128), letting ¢ — 0 and then R — +oo in (127) and (129) in the estimates above, we get (121).

2*
This is similar for (121). The estimates for the case 2(8) (a4 (v) — a—(vy)) < 2 are obtained via a rough
upper-bound. This ends Step P3. O

Estimates of the L? term in the localized Pohozaev identity.

Step P4. We have, as ¢ — 0,
o When ar(y) —a_(y) >2—-0,

2 — K
he(z) + W) u? do = p3; ! (9) - N@ dz+o(1)|.  (130)
2 ’ 2 roe |z

B (0\Byz (0)

where Kp, is as in (32).

o When at(y) —

Q
—_ 5
~
7N\
>
a
8
~
—
<
>
2
&
N———
(L)
ISH
S
I
Q

1
<#§V—f In ) : (131)
’ He, N

B (O\By; (0)
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o When ar(y) —a_(y)<2-0,

h 2—0+(ay () —a_(¥)
(hg(a:) + w) u? dr =0 (uN76 2 ) . (132)

Br. (0\Byz (0)

Proof of Step P4: Due to the hypothesis (32) and (33), we have that

(Vhe, x)

he(z) + 5

< Clz|7% for all 2 € Q\ {0} and € > 0. (133)

Case 1: ay(y) —a—(y) < 2 — 0. We estimate roughly the integral with (69)

N oo (M-a-() 1
-0, 2 —0 e
|z|7%us dx| < C / || (Z || 2o+ () + |x2a(7)> de

Br(0\Byz (0) Br(0\Byz (0) =

< Clucu(v) a—(v) / |x|7072a+('y) dx + C / |x‘7072a,('y) de
B, (O\Byz (0) B: (0\Byz (0)

< Cu%—t—e(’Y)*a—(’Y) /rn7072a+('y)71 d$+c/rn7972a,(7)71 dx
0 0

< Cpsp e / p20—(as (= (D)~ g 4 C / P (=g (NF2-0-1 g
0 0

20+ (g (M=o (1)
S CMN,E :

since a4 (y) —a—(y) <2 —6 and re = \/fin .. This proves (132).

Case 2: a4 (y) —a—(vy) = 2—0. Here again since 7. = ,/lin ., we estimate roughly the integral with (69)
to get

2| ~%u? da

B, (0\Byz (0)

N ’uowr(“/)*a—(V) 1
<C x| ~? s + dx
- / ] ( ; ‘u2(04+(’>’) a- 7))|x‘2a_("y) + |z [204 ) |aj|20t—("f)>
Bro (0\Byz (0)

N
1
<o 2t / da +C / w7072 dy
= Zﬂz,e |x|9(|x\2a*(7)+|$|20‘+(7)) ]
i=1 -1 (0) Br.(0)

“7466

<Cz,ﬂ 91n +OuNf<OZM2‘91n <0M§ijlnw

Since p; e = o(pn,e) for ¢ < N, this proves (131).
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Case 3: ay (’y) a_(y) > 2—0. It follows from point (2) of Theorem 13.1 that the for all 1 <i < N,

the function

E |0/2 € L%(R™) in this case. For any R, p > 0 we decompose the integral as

he,
he(z) + (V2x)> u? do =
B, (0\By (0)

/ (he(x) (Vh“‘r ) 2 dy + Z / (he(x) + W) u? dz

By (0)\Briy . (0) BR (O\Byy, . (0)
N-1
(Vhﬂl‘) 2 / (Vheax) 2
he - d he - dx.
+2 / ( (2) + = ) u? da + (2) + 5 ) ui do
= Bﬂki+1,e([))\§Rki,f(()) Bnh,e(o)\Bk%E(O)

From the estimate (69), we get as e = 0

(o he,
G0 [ s T
BTE(O)\ERR‘NYF/(O)
at(y)—a-(7)
(2—0) 1 | AN 1
< O / Wl a2+ +|x|2a_m] "
By (0\Brey,, (0)
1 1
=€ / 2P e e 90
B_re (0\Br(0)
EN,e

ay (V)—a_(v)—(2—-6)
1 IuN,e :
+C / 12]? Jz[r—(ar (N—a=(1)+2) dx
B1(0)\B gy, (0)

Te

ay(v)—a_(v)—(2-96)

<C (R(a+(7)a(7) (2-6)) | MNEQ> ,
Therefore when ay (y) —a—_(y) >2—46

lim lim py (2 9 / (he(:c) + (Vh;,x)) u? dx = 0. (134)

R—+o0 e—0
B (0\Briy,. (0)

Since in this case € L?(R") for any 1 < i < N, it follows from Proposition 2 with a change of

B |9/2
variable x = ky cy, that

lim lim lim ,u;@*e) / (he(x) + W) u? dx

R—+o00 p—0e—0
Bry; (0\Byk; . (0)

2 — Kho
= 135
< ) 2*(s> 2 |$|9 (135)
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Let 1 <i < N — 1. Using the pointwise estimates (69), for any R, p > 0 and all € > 0 we have as ¢ — 0

B Vhe,x
T | O
Bpki+1,e(0)\§3ki,e(0)
ap(y)—a—(v) —(er(v)—a=(7))

< 0yt T e s

i+1,e |£C|0 |$|2a+(’y) |:L.|2a,('y)

Bpokiy1,c (0\Bre,; (0)

—(2—9) 1 ““

S C 'LLi+1,E / ‘mle |x|"+(a+(’7) o— ('7) 2) d

Bykisy.. (O\Br(0)
i

i€

2—0
—(2-0) 1 :u7,+1 €
+ c /’['744’16 / |x|0 |x|n_(a+(7) a—(v)+2) dz

B,(0)\B rk; . (0)
Fitl,e
<Cp 0 (ul ~0 g+ (—a-(M=(2-0) 4 ug;fyepauw)faf<v>+(270>) .
And so as ai(y) —a_(y) > 2
—(2-9) (thx) 2 _
plm Lo g, 0y / (he(x) +——F— |u dz=0. (136)

BpkH,l,E(O)\ERki’E(O)

Similarly from the pointwise estimates (69) of Theorem 3, we have as e — 0

B Vhe,
Hq 22 ? he(x)-i-( 2 = ug dv
By (N\Byg ()
—(ar(M—a-(7)
(2-6) 1 pg e
<O N T

B, 5<o>\Bk; (0)

€

s¢ / |2 || (w(v) a—(7)+2) de
B,(0)
< C prrM—a-(+(2-0)

Therefore
—(2— he,
lim lim py 2% / (he(x) + M) u? dz = 0. (137)
p—0e—=0 = 2
Bpky  (0\Byz (0)
From (134), (135), (136), (137) and Proposition 2 we then obtain (130). This ends Step P4. O

Step P5. Suppose that ug = 0. We claim that, as € — 0
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o When ar(y) —a_(y)>2-0,

Vhe 2—0 K, 02
ho@)+ Ve 2 gy a0 | (220) K[OG o) (ass)
2 * 2 (@2 ||
N Rn

By (O\B,2 _(0)

where Kp, is as in (32);

o When ay(y) —a-(7) =20,

/ (he(x) + (W;“T)) u? dr =0 (ufvjf In MjN) . (139)

Bsy (0\By2 (0)

o When at(y) —a_(y) <2-46,

h€7 [e% —
he(x) + M) u? dr =0 (MNTE(’Y) (7)) . (140)
Big(0\Byz (0)

Proof of Step P5: It follows from (69) that

ay(v)—a-(v)

2 N
u 1 Hi e
S dx < C / —3 ’ dx
/ ‘.T|6 - Z |x|9 /112(04+(’Y)7O‘—(7))|x|2a,(7) + |1.|20¢+("/)

Bso(0)\Br, (0) =185, (0)\B, (0)
N ar(V-a-(7) do

< CZ / M|z,5‘20 O dr < CM?VJ;(’Y)—O‘—(’Y) /r2707(a+('y)7a_(fy))71 dr.
— |2+ ’
=1 B5y (0)\B,, (0) re

Combining this estimate with (130) and (131) yield (138) and (139): this proves Step P5 for a4 (y) —
a_(y) > 2 — 6. For the case ay () — a_(y) < 2 — 6, the same estimate as above yields

)
2
/ |u|€0 dz < Ot == /r2—9—(a+(v)—a—(7))—1 dr < Oyt (== ()
T — €, — NS ?
350 (0) 0
which gives us (140). This ends Step P5. O

Proof of the sharp blow-up rates when uy =0 and a4 (y) —a_(y) =2 —6.

Step P6. We let (u.), (he), (pe) and b be such that (E.), (33), (31), (34) and (36) holds. Assume that
blow-up occurs as in (107). Suppose ue > 0 for all € > 0 and ug = 0. We fix a family of parameters
(Ae)eso0 € (0,+00) such that

lim A\, = 0 and lim 2¥< = . (141)
e—0 e—0 )\e
Then, for all x € R™\ {0}, = # 0, we have that
) )\g+(’)’) K
lg]% Wue()\el’) = W?
'U‘N,e

where

e Lro  [an(x)* O
T g () ‘ |s+a,(’y)
ORI z
N

dz>0 (142)
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and L., q is defined in (206). Moreover, this limit holds in C{ .(R™\ {0}).

Proof of Step P6: We define
)\?4—(7)
we(x) := mue()\ez)

Pl
IU‘N,E

for all z € R™ \ {0} N Bs,-1(0). From (E) it follows that for all € > 0, we have that

{ ~Aw, — Zywe = N he o (Aer)we = ED(Ar) L in R\ {0} 1 By 1 (0)
we > 0 in R™\ {0} N Bjy-1(0).
With
aym—a_(n \ 2 2P
Ee o IU‘N,e : )\2—5

)\g+(v)
Since pfy . — tn > 0 (see (A9) of Proposition 2) and

o 2 as(y o (v
¢ L LlSiIlg the hypothesis (141), we get that

2% —2—p.

2-s < N e
A< O (A

ay (v)—a_(v)
2
/J’N,e

Xj‘*m =o(1)

)a+(7)(2*(8)—2—pe)—(2—8)
as € = 0. Since ug = 0, it follows from the pointwise control (69) that there exists C' > 0 such that
0 < we(x) < Clz|~>+ ™) for all z € R*\ {0} N B;y-1(0). It then follows from standard elliptic theory

that there exists w € C?(R" \ {0}) such that

lim we = w in Cc?.(R™\ {0}) (143)
e—
with
—Aw—#sz in R™\ {0}
0 <w(z) < Clz|~*+)  in R™\ {0}.
From Proposition 11 in Ghoussoub-Robert [19] it follows that there exists A > 0 such that w(z) =

Alz|=+) for all z € R™\ {0}. We are left with proving that A = K defined in (142). We fix 2 € R™\ {0}.
Green’s representation formula yields

)\S‘Jr(’)’) ug(y)Z"(s)—l—p6
wile) = [ S G I dy
Q :uN,e :

= / + (144)
Briy, (0\Bsky,  (0)  Q\(Briy, (0\Bsky (0))
Here G, is the Green’s function for the coercive operator —A — # — he, for € small, on 2 with Dirichlet
boundary condition.
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Step P6.1: We estimate the first term of the right-hand-side. A change of variable yields

)\?+(’Y) ue(y)Q*(s)flfp6
oG ra——
Briy (0\Bsky (0) Kne
i 2"(s)—1-pe
== / GO, o o2) uN,E(z)ZP (1+0(1))dz
Br(0)\Bs(0)
with
= A 221
= = e M ’
HN,e ?
It follows from (206) that for any z € R™ \ {0}, we have that
1 1

Ge(Ac, kn,ez) = (Lya + o(1 ' ’
( N,e?) = (Ly 0 ())/\?+(7)|x|a+(7) k%76(7)|z|a,(v)

and that the convergence is uniform with repect to z € Br(0) \ Bs(0). Plugging this estimate in the

above equality, using that ky . = u}v_epd(g*(s)_m, phs . — ty > 0 and the convergence of iy e to un (see

Proposition 2), we get that

)\éu(v) u (y)Q*(S)—l—pe

Ge()\Cx7y) ‘ |y|s dy

apr(—a_()
Brry (0\Bsky . (0) KN e
— 1 _2‘1?;;‘92 I un (3)2*(5)_1
= lvap ety / e el
Br(0)\Bs(0)

as € = 0. Therefore,

)\04+("/)
lim lim — Gz
R—+00,6—0€—0 2 M- (v e( € ’y)
Briy (0\Bsky . (0) KN e

Ue (y)z*(s)fl

dy
|yl

K

where K is as in (142).

Step P6.2: With the control (204) on the Green’s function and the pointwise control (69) on u., we get
that

)\?4—(7) u{(y)Q*(s)flfpe
e GeAer y) = dy
Q\(Briy  (0\Bsky  (0) HN,e
N—-1
i=1
where
) ™) arM=—a () 2% (s)=1-pe
)\?+ 7 EE ) x4 i€ 2
Aje:=C ar(M—a_( / Y - y)nfz s o (7)7(1#(;) dy
N Aew —y" 2yl \ o @7 Opyla-() 4 fylas )

Ky e 2 Br, (0)
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ap (V—a_ (V) 5%
A2+ () Ce(z, )= Hﬁ@ (s)—1-pc)
BG(R> =C ar(MN—a_(¥) / |>\e$ _ y|n—2 ‘y|a+('y)(2*(s)—1—pg)+s dy

Pne ° Bry (0\Bri .. (0)

)\g+(v)+2—n+a7(7) dy
Ce(é) = C($> a+(w);a_(w)_(2*(s)7p€) / ‘y|a,(7)(2*(5)717p5)+s+a7('y)

/J’N,e B&kNﬁe(O)

max{Ac|z|,|y[}

where ee(m7y) = min{Ac|z|,|y|}’

Step P6.3. We first estimate Cc(d). Since n > s+2*(s)a—(y) (this is a consequence of a_(y) < (n—2)/2),
straightforward computations yield

2% (s)

C.(8) < C(z)5™

(e (M) —a-(7))

and therefore
lim lim Cc(6) = 0. (147)

6—0€e—0

Step P6.4. We estimate B.(R). We split the integral as

R - [ Lwar [ Lwas [ Lwad

Rk n<|y|<2elzl 2Aelzl 1yl<22 |2 ly|>2Xc ||
B 2 2

where I(y) is the integrand. Since
2*(s) — 2

n=(s+ar(1@(s) -1 +a-(7) = ——F—(a+(y) —a-(y) <0,
straightforward computations yield
/ Ie(y) dy
Rk, <|y|<2<zl
o+ () +am () +2-n N%m*(s)—km
<C@) 7““7);“*("’) / |y‘a+("7/)(2*(8)—1—pe)+s+a7(7)—1 dy
,uN,e Rkn <|yl< >\e2\1\
< C(z)R~TF @ =a-(),

For the next term, a change of variable yields

Aclel / B

=5 <|yl<2Ac|z|

a+(’v);04— () (2% (s)=1)

o )\?‘F(’Y) \ o PN d
< CO)—mmaey Az =] ylar M@ E-D+s Y

J : A
N,e Aelol o 1y| <22 ||

e (ar (v)—a—(7))
<o ()

2% (s)—2

/ |t — 2> " dz = o(1)

L2l <)z)<2)2|
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as € = 0. Finally, since ay(y) + a—(y) = n—2 and n — s — ay(7)2*(s) = 2*2(5) (ay(7) — a_(v)), we

estimate the last term

I(y) dy

ly[>2Ac[z|

2% (s)—2

< C(:I;)MN,E2 (04+(’Y)—0¢—(’Y)))\S+('y)—a,('y)

|y|a,(7)+1—n—s dy

[y[or =D
[yl >2xJo|

ZEH=2 (0 () —a- ()

< CO(x) (”f) = o(1)

as € = 0. All these inequalities yield

lim lim B.(R) = 0. (148)

R—+o00 e—0

Step P6.5. We fix i € {1,..., N — 1} and estimate A; .. As above, we split the integral as

Aje= / Jie(y) dy + / Jie(y) dy + / Jie(y) dy,

ly| < 2elzl Aelol o ly| <22 |2 ly|>2Ac ||

where J; . is the integrand. Since ;. < pn,, as one checks, the second and the third integral of the

right-hand-side are controled from above respectively by Ik I.(y) dy and [ I.(y)dy that
Aelol c1y| <2 |a] ly|>2A¢ ||

have been computed just above and go to 0 as € — 0. We are then left with the first term. With a change

of variables, we have that

/ Jie(y) dy

lyl< 2™
)\?+(v)+a7(7)+2*n
< C@)—mam
IU’N,E :
a+('y)7a7('y) 2*(8)_1_1)5
« / Mi,e : dy
. u?+(w)—a—('y)|y|a_(7) + |y|a+(’y) |y|s+a—(“/)
lyl<25= ’
’uﬁ—s—a—(v)—"’;2(2*(8)—1—pe)
1,€
= C(ZL‘) ay(M—a_()
/”LN,e :
1 1 2% (s)—1—pe
X dz
lzl<50

ar(—a_()

. 2
< CO(x) (““)
,UN,e
since n > s+ 2*(s)a_(y) and n < a— () + s+ (2*(s) — L)a4 (). Since pie = o(pn,e) as € = 0, we get

that
lim A; . = 0. (149)
e—0
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Step P6.6: Plugging (145), (147), (148) and (149) into (144) and (146) yields liH(l)’LUE(JC)
e—
all z € R™\ {0}. With (143), we then get that A = K. This proves Step P6.

= T o

Now we get the optimal asymptotic when ay(y) —a_(y) =2 —6:

Step P7. We let (uc), (he), (pe) and b be such that (E.), (33), (31), (34) and (36) holds. Assume that
blow-up occurs as in (107) and ay(y) — a—(y) =2 — 0. Suppose ue > 0 for all e > 0 and ug = 0. Then

e, 2—10 _ 1
he(x) + (VZ:E)> u? dr = (2K2wn1Kh0 + 0(1)) e . (150)
’ N,e
Bso (0\Byz (0)
Proof of Step P7: Note that it follows from (33) that
he, 2—0)K 1
he(x)+(v z) :( ) h°+0()asx—>0ande—>0. (151)
2 2|z|?
1
We define 0, := ———, a, := ui)\je and [ := u}\,—f‘. As one checks, we have that
V |In :UN,6| ’ ’
HN,e = O(Be) 56 = O(QE) Qe = 0(1)
1
InZ~n In Be =0 (ln > Ina. =o(lnpun,) (152)
56 KN, e HN,e KN e
as € = 0. It then follows from (69) and the properties (152) that
u? ( 1 1
= dxr =0 2_91n>:o< 2701 );
/ ‘x|9 MN,E Q. /j’N,e [N e
Bsy (0)\Ba (0
50 (0\Ba, (0) .2 » X (153)
—dr=o0 . In .
/ [al? (’“‘Nve m)
Bp (0\B,2 (0)
Since pn,e = o(Be) and a. = o(1) as € — 0, it follows from Proposition P6 that
204 (7),2
lim  sup [P @) el (154)
e—0 a:GBue (0)\335 (0) 'LL%TE('Y)_O(—('Y)
and therefore
2
Ue _ 2 ar(MN-a-(7) dz
/ ‘.7,‘|‘9 dxr = (’C + 0(1))MN,6 |x|9+20‘+(7)
Ba, (0)\Bg, (0) Ba (0)\Bg, (0)
1
= (K2wp—1 +o0(1))par? In —.
’ KN ,e
Plugging this last estimate into (151) yields (150). This ends the proof of Step P7. O

Estimates of the boundary terms.

Step P8. We let (uc), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. We assume
that blow-up occurs as in (107). For any € > 0, we define

Ue(x) := rg—(V)uE(rex) forxz e 32507_;1(0) \ {0},
with re == \/fin. We claim that there exists © € C1(R™) such that
lim 9 (z) =0 in CL(R™\ {0})

e—0
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where U is a solution of

~ Yo~ .
{ —Av — Wv = 0 mR"\{0} (155)
Proof of Step P8: From (E.) it follows that for all € > 0, the rescaled functions o, weakly satisfies the
equation

[ (*) 2P,

— Ave — #ﬁe — 7’62 heo (rex) 0. = rf“’fo‘*(”)b(rex)
T

P (156)

with o := (2*(s) — 2)M >0.
Using the pointwise estimates (69) we obtain the bound, that as e — 0 we have for x € R"

ap(M—a_(7)
lu’i,e :
~O |- 4 |g|es )

N
fpela)| < Cre Y

i=1 Mi,e

) [z~ Mgl oo ()
|1’|a7(7)

+ Cre-0

ap(N—a_(v)

oy (o)
i=1

L ar(=a-() | _je-() » |2+ ()
(W) Te Te
2= Pug]l] oo ()
+c e
ay(MN—a_ ()
N (o) 7 o ()
. T wo|| 7,00
< C Z Hz\i + ||| | O||L Q)

: " ap(y)—a—(v) |x|a—(7)
=1 ( IZI\; ) |$|0¢—(’)’) + |gj|a+("/)

1 [z~ Mug|| oo ()
= ¢ <|gj|a+(’)’) T |x|057("/) ’

Then passing to limits in the equation (156), standard elliptic theory yields the existence of & € C?(R™ \
{0}) such that @ — 0 in C2(R™\ {0}) and ¥ satisfies the equation:

{—M—Vﬁ = 0 iR\ {0}

and we have the following bound on v

1 zle- MMy -
b(z)| < C <|x|am) 1 Nl |x|a_0(7|f <n>> for all z € R™ \ {0}.

This ends the proof of Step P8. |
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Step P9. We let (u.), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. We assume
that blow-up occurs as in (107). We claim that, as € — 0,

ap(MN—a_(v)

Fe(x) do=py, °* (Fo+o(1))

9B (0)
ay (V)—a_(v)
and / F.(x)do=o0 <[LN,€ 2 > , (157)
2B,z (0)
with
~12 ~2 . -9
Fo = / (z,v) ('V;" - ’27;’:|2> - (ﬂ@ﬁ +Z > v) 0, do (158)

0B1(0)
Proof of Step P9: We keep the notations of Step P8. With a change of variable and the definition of 7.,

and ¥ := (2*(s) — Z)M > 0, we get

/ F.(x) do =

9B, (0)

b |2 ~2 ) _9
pos(—a- () / (z,v) <|V;’ ©_ 7 “€|2> - <x Ve + v) 0,0 do
T

9B1(0)
h ?4‘0‘—(’7)176 ~ 12 (s)—pe
—ree e [ ) ( L2~ b )

2 2%(s) =pe  |m[*
9B1(0)

Then from the convergence result of Step P8, we then get (157). This ends Step P9. g

Step P10. We let (u.), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. Assume
that blow-up occurs as in (107). Suppose ug = 0. We define

_ Ue
PN — (159)
lu’N,e :
We claim that there exists u € C*(Q\ {0}) such that
_ v o .
lim @, = @ in C2, (@) {0}) with { ~2¢~ <|x|2 + ho) u=0inQ\{0} (160)
e—0 _ .
u=0 in 09
Proof of Step P10: Since ug = 0, it follows from (69) that there exists C' > 0 such that
|t (x)| < Clz|~+ D) for all z € Q\ {0} and € > 0. (161)

Moreover, equation (E.) rewrites
B ~y B Qe D r () oy | |2*(s)—2—psa )
—AUE - <|(E|2 + he) Ue = IU/N,e : 3 P b(x)# mn Q,

and a4, = 0 on 0. It then follows from standard elliptic theory that the claim holds. This ends Step
P10. a
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Step P11. We let (u.), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. Assume
that blow-up occurs as in (107). Suppose that ug = 0. We claim that

F.(z) do = (Fs, + o(1)) uoyi V==

,€

9Bj, (0)
od [ R do= o (07 0), (162)
9B, (0)
where ) )
— [Vl Y u i, M2 -
Fso 1= /(x,y)< 5~ |x|2+h0 5 )~ z'0;u + 5 U o,u do. (163)

dBs, (0)

Proof of Step P11: With a change of variable, the definition of @, and the convergence (160), we get

F.(x) do (164)
9Bs, (0)
_er(m—as(y) Va* (v u?
7IU’NTE / ([1771/) ( B — W+h5 ? dU
0Bs,(0)
ayp (V—a_(7) jqx
——————(2"—po) e
e 7l ~<a,
—— b(z)——— d
— (o) P o
9Bs, (0)
o n—22_ _
— / (xlaiue + u€> 0,u. do
9B3, (0)
= u5t 7O (Fsy 4 0(1)). (165)
where Fs, is as above. And directly from the bound (69) we obtain
F.(z) do= o (M?V;(v)faf(v))
0B, (0)
This ends Step P11. O

Step P12. We let (u.), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. Assume
that blow-up occurs as in (107). Suppose that ue > 0 for all e > 0. We have Fo > 0 and

Fo>0 < wug>0.
where Fy is as in (158).

Proof of Step P12: We let © be defined as in Step P8. It then follows from Step P8 that © > 0 and v
satisfies (155) and we have the following bound on ¢

1 2]~ Mug|| oo (0
‘$|a+(w) |x|a7(’7)

[o(z)| < C ( ) for all z € R™\ {0}. (166)

Given a € R, we define v, (x) := ||~ for all x € R™\ {0}. Since © > 0, it follows from Proposition 6.4
in Ghoussoub-Robert [19] that there exists A, B > 0 such that

0= Ava+(7) -+ Bva,('y)- (167)
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Step P12.1: We claim that B = 0 when ug = 0.
This is a direct consequence of controling (167) with (166) when uo = 0 and letting |z| — oco.
Step P12.2: We claim that B > 0 when ug > 0.

We prove the claim. We fix € R™ \ {0}. Green’s representation formula yields

u?* (s)—1—pe (

Y) 4

Ve(x) = /r?‘*("’)GE(rex,y) Y.

Q

lyl°
We fix D cC Q\ {0}. Then there exists ¢(D) > 0 such that |y| > &) for all y € D. Moreover, the
control (205) of the Green’s function yields

*(8)—1—pe
V() > C/ |6(D) — relz||” (n— Z)UE—(y)d%
e <”>|x|a ™) lyl*

and then, passing to the limit € — 0, we get that

2*(s)—1
o(z) > ¢ /uo (®) dy,

‘x|(¥—(“/) lyl®

ug 7 (y)

for all z € R™\ {0}. As one checks, this yields B > C’f J =
Y

P12.2.

Step P12.3: We claim that A > 0.

The proof is similar to Step P12.2. We fix z € R™ \ {0} and D cC R™\ {0}. Green’s representation
formula and the pointwise control (205) yields

dy > 0 when ug > 0. This ends Step

U2 (s) 1(y)
be(z) > / re-0G, (rez, y) ¥ gy

3 lyl*
kn,e
- (ke y)2 ()1
> 5(2))/7037@)@6(7,6% kN,ey)k}h% dy
J ' |kN,€y|s
D
R a—(7) 27(s)—1
> &D /@(v)( re|z| > re — k.ol nk*%dy
(D) / Enelyl | | lyl*
Since 1 1= /AN, letting € — 0, we get with the convergence (A4) of Proposition 2 that
-n ~ 2*(s)—1
ve(z) > /TQQ‘(W)_("_Q)lmla‘(V) T — LN’ey kN’j’:a‘(V)ug’N(T/;S dy

N 2 (s)—
> d
= |a:\a+ ) / |y\s Y

- 2% () —
for all z € R™ \ {0}. Therefore, as one checks, A > c(w) [ an(y)” 77 dy > 0. This ends Step P12.3.
Y

Step P12.4: We claim that
- 7> - AB. (168)
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We prove the claim. Definition (158) reads

— |V1~)‘2 li i~ n—2_ -
Fo = /(Jc,u)< 5 ArE z' 00 + 50 0,0 do (169)

0B1(0)

For simplicity, we define the bilinear form:

Ho(u,0) = / {(m,u) ((Vu,Vv) - 7;1"2) _ (:ci@iu + 2u) B0

9B5(0)

- <xi3w + n ; 21}) 8yu} do

As one checks, using (167)

1
Fo = SHi1(Ava,(y) + BUa_(3), AVay () + Bra_ (7))

A2
= ?Hl(vour(’y)a Uour('y)) + ABHl(UaJr('y)a vaf('y))
2
+5 H1(Va (3), Vo ()

In full generality, we compute H;(vqa,vg) for all a, 8 € R and all 6 > 0. Consequently, straightforward

computations yield
. —2 —2
(x’@iva 4+ 5 va> Oyvg = —p3 <n 5~ a) La¥p

|z
and
VeV
(@20) ((F00: 709 = s ) = (0= ) 2
|z| Ed
and then
n—2 n—2 VaUg
Hs(va, 03) = af—+0 ("5 =0 ) v ("5 -5) ) o
9B;5(0)
Plugging all these identities together yields
n—2 —a—B—1+n—1
Hé(vaavﬁ): _aﬁ_7+(a+/8)T 0 Wn—1
Since o (), a—_ () are solutions to X2 — (n —2)X + v = 0, we get that
Hs(Va_ (v): Va_ () = Hs(Va i (4)s Vay () = 0.
Since ay () + a—(y) =n —2 and ay(y)a_(y) = v, we get that
n—2)?2
Hs(Va_ (4), Vay (+)) = 2wWn-1 <(4) - 7) .
Plugging all these results together yields (168). This ends Step P12.4.
These substeps end the proof of Step P12. ]

Step P13. We let (u.), (he), (pe) and b(x) be such that (E.), (33), (31), (34) and (36) holds. Assume
that blow-up occurs as in (107). If uc > 0 for all € > 0 then ug = 0, when ay(y) —a_(y) <4 —26.
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Proof of Step P13: Since M < 20, plugging (116), (130), (131), (132) and (157) and (122)
and (122) into the Pohozaev identity (115), we get as € — 0

N -~ *
pe (n—s b(0) |27 () ax—a_()
— — dz +0o(1) | == (Fo+o(1 2 , 170
2*(s) (2*(5)) ;tzfés)iz EE (1) (Fo ( ))MN,e (170)
=Y R"
where Fy is as in (169). Therefore o < 0. Since u. > 0, it then follows from (168) of Step P12 that
ug = 0. This proves Step P13. O

8. PROOF OF THE SHARP BLOW-UP RATES
We now prove the sharp blow-up rates claimed in Propositions 4 and 5

The case a;(y) — a_(y) > 2 — 6. Tt follows from the Pohozaev identity (115), (116), (121), (130) and
Step P9 when ug # 0, and the Pohozaev identity (115), (118), (121), (138) and Step P11 when ug = 0
that

_ 2—-46 Ky, a3,
ILL?V750 <) n—z |$|9 dx + O( )

N o
De n—s b(0) |12 ()
+ — dxr + o(1
i (570 2t | lal o
=l Rn
1y—o 2 amb / |U‘N|2 2
Xixie/ dX . 171
+2*(S> €, 2*() 5 |X| +O(,LL€,N) ( )

epM—a_ )
_ ) —bne ? (Fo +o(1)
_,u%;(y)—af(v) (Fs, +0(1)) if ug=0.

We will use the following lemma;:

Lemma 5. Suppose we have ay(y) — ('y) >2,v>0 and uny > 0. Then
XixiE PO
9:50(0) g ) ‘Xl _ A(0) (n=2)[(a4 () —a-(1))* — 4] (172)
2%(s) Ik IZTINB dx b(0) dn(2n —2 —s)

This lemma will be proved at the end of the present section.

Case 1: as(y) —a_(y) > 2(2—-10) or {up = 0 and ar(y) — a_(y) > 2 —0}. Then (171) yields
(109) and Proposition 4 is proved. When @, > 0, then 4y > 0 and ay # 0: it then follows from
the strong comparison principle that 4y > 0 and then Lemma 5 holds. This yields Proposition 5 for
ar(y)—a—(y) >2(2—-10) or {up =0 and a4 (y) —a_(y) > 2 —0}.

Case 2: uc >0 and a4 (y) — a—(y) = 2(2 — 0). It then follows from (171) that

a_9\ Kn 1 9i;b(0) lan|*"
, (52 )t/z:(zi fn‘zle dz + 32=8 e anXJ e Y AxX + F
llII(lJ 259 =— X
o q (nis) év: bO)_p e
@ \20) \ & won QRn EE

Then Step P12 and (172) yield Proposition 5 when ay () —a—_(y) = 2(2 — 6).
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Case 3: ue >0 and 2 —0 < ay(y) —a—(vy) < 2(2-10). It follows from Step P13 that ug = 0. Then (171)
and (172) yields Proposition 4 for 2 — 6 < a4 (y) — a—_(y) < 2(2 —0).

The case u. > 0 and a4 (y) — a_(y) = 2 — 6. The Pohozaev identity (115), (118), (121), StepP7 and
Step P11 yields Proposition 4 for ay(y) — a_(y) =2 — 6.

The case u. >0 and oy (y) —a_(y) <2-196.

Step P14. We let (ue), (he), (pe) and b(zx) be such that (E.), (33), (31), (34) and (36) holds. We assume
that blow-up occurs as in (107). Suppose ue > 0 for all € > 0 and at(y) —a—_(y) < 2—0. Then (111)
holds, that is

o2

e 229 (U ) a2 ) )

% Miﬁ(v)—af(v) - N o @ “ My, 1 () (173)
o (n - S) p 2*72.:)_2 [L [z[s d

for some A > 0, where m., ,(Q) is the mass.

Proof of Step P14: Tt follows from Step P13 that ug = 0.
Step P14.1: We now claim that

N =125 (s
. - b(0 i[> o (1) -0
L (n S) ( ) |u ‘ dx + 0(1) =pu +(7) - (M50 + 0(1))

2 \26)) \ & ot )l ¢
i n
where
Vhy,
M50 = — / (ho(x) + (20$)> @’ dx — ]:50 (174)
Bs, (0)

with Fs, is as in (163) and @ is as in (160).
Indeed the convergence (159), (160), (161) and a4 (y) — a—(y) < 2 — 6 gives

/ <h6(a:) + (W;g”)) 2 do (175)
By, (0)
i 0O [ (rato) + T Y @ o)
Bs, (0)

Then from the Pohozaev identity (115), (118), (121), (138) and Step P11 we obtain (174), which proves
the claim and ends Step P14.1.

Fix 6 < §'. Taking U := Bs(0) \ Bs(0), b =0 and u = @ in (193), and using (160), we get that Mj is
independent of the choice of 4 > 0 small enough.

Step P14.2: We claim that u > 0.
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We prove this claim. Since @ > 0 is a solution to (160), it is enough to prove that @ #Z 0. We argue as in
the proof of Step P12. We fix € 2\ {0}. Green’s identity and u. > 0 gives

Tlw) = O /2/0

> ujvfj“”‘“*(””/Q/G )"

2%(s)—1—pe
| |*
2 (s)—1—pe

e

dy

Ue (,[LN ey)Q*(s)ilipE
lyl*

> Cuan:_(a_*_('y)—Ot—("/))/z/GC(I,MN,ey) dy7

D
where D, := Ba . (0) \ Buy . (0), D := By(0) \ B1(0). With the pointwise control (204), we get
Ue(x) >

a—(v) 2% (8)—1—pe
xr _nue, Yy
C(x)/ <y||) |33—,UN,ey‘2 N( )|y|5 dy
D

where u, n is as in Proposition 2. Letting ¢ — 0 and using the convergence (A4) of Proposition 2, we get
that

_ 1
u(x) > C(x)w for all 2 € Q.

And then @ > 0 in ). This proves the claim and Step P14.2.
We fix rg > 0 and n € C*°(R"™) such that n(z) = 1 in B, (0) and n(x) = 0 in R™\ Ba,,(0). It then follows

from [18,20] that, for 7o > 0 small enough, there exists A > 0 and 3 € HZ () such that
LN n(x)
with
_ n(z) n(x)
Ala) = myn @ e o <|x|a—(7)
as € — 0. Here, m, 5,(2) is the mass of Q associated with the operator —A — % — ho(z), defined in
x
Theorem 1.7..
Step P14.3: We claim that
: (n —2)?
(%I_IR) Ms = —2w,_1 (4 — | A% My, 1 (82) (176)

We prove the claim. Since @ is a solution to (160), it follows from standard elliptic theory that there exists
C > 0such that @(z)+|z||Va(x)| < Clz|~*+O) for all x € Bas, (0). Therefore, since ay (y)—a_(v) < 2—6,
we get that

lim / u? dx + / (z,v)u*do | =0.
0—0
Bs(0) 0B5(0)

And therefore,
A? _

Ms = == H5(Va, () + Va_(3)) Pay () + Va_ () +0(1)
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as 0 — 0, where

_ . —2
Hs(u,v) = / {(m,u) ((Vu, V) — |;|2uv> - (xl&»u + 2 5 u) Oy
B3, (0)

, —2
_ (xzaiv + i 5 v) &,4 do

with

_ n _
Vo y () (@) = e and v,_(4)(z) = B(x) for all z € Q.

We then get that
2 — —
Ms = —ZHs5(Va, () o () = A*Hs(0a () Pa_ ()
A% _
_?H(S(@a,('y)y 1_1017(’7)) + 0(1)
as 6 — 0. Since a;(y) —a_(y) <2 -6 and ay(y) + a_(y) = n — 2, we get with a change of variable
that as 6 — 0,

Hs(Var(): V(1) = Ho(Vay (1) Vay(y) + O (00 7= 0Dy
Hs(Tar(1):Pa () = Myn(Q) - Ho(Vay () Va_(v)) + 0(67)
7:[5(6(1_(7)76(1_(7)) — 0(52+(a+(7)—a7(7))).

Using the computations performed in the proof of Step P12, we then get (176). This proves the claim
and ends Step P14.3.

—9)2
End of the proof of Step P14: Since My is independent of § small, we then get that Ms, = —2w,_1 <(n4) — 'y> Agm%h(!

Putting this estimate in (174), we then get (173). This end Step P14. O
Proof of Lemma 5. We assume that uy > 0. We define

n—2
—s

! B
U(z) = -
(@) <|xi§a(w) + |x|i;a+(v)>

for all z € R™\ {0}. As one checks, we have that

~ 4(n—s) ((n—2)2 U2(s)-1
AU — — _
-t = e () T
_ (=s)(ar(y) —a- ()P U
n—2 ||

We define

so that pU is a solution to (54).
We claim that there exists v > 0 such that dy = pv= "= U(r=1.).

We prove the claim. It follows from the convergence (A4) and the pointwise control (69) that

C
’ELN(Z‘) S
|x|0‘7(V) + |x‘0‘+("/)

for x € R™\ {0}.

Since uy solves (54), one has that

—div(|x\*2“*(W)V(|x|“*(7)ﬁN)) _ |z|fa7(7)2*(3)75(|x|a7(w)ﬂN)?(S)fl in R”\ {0}
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with |z]*- My € C2(R™\ {0}) and |z|* My < C(1 + |z|*+M==(D)=1 in R™ \ {0}. Since s > 0, it
then follows from Chou-Chu [7] that @y is radially symmetrical when v > 0.
We define (t) == e~ "= tay(et) for t € R. We get that —¢” + (M - 7) 0= O 1TinR, ¢>0
and t_lgim ©(t) = 0. The ODE yields the existence of S € R such that

o

(¢)?  ((n—2)7? P ¥
— —_— = =38. 177
2 T\ Ta )T o) (177)
Letting t — 400 yields § = 0. Since lim; 1 ¢(t) = 0, there exists ty € R such that ¢'(¢p) = 0, and
(177) yields a unique possible value for ¢(tg). Therefore, the theory of ODEs yields uniqueness of ¢ up
to translation. Since AU is also such a positive solution, we then get that there exists v > 0 such that
iy = pv~ "= U(v~1-). This proves the claim.

With a change of variables and symmetry, we get that

xixi e gx XPLElO g
oy XTI ) S
2%(s) J a3 dx -~ n 2%(s) f u?\,
R’n
. XPUY dx XU ax
20 o2 -2 FUTF ) (0a) - azd KT
N 2n(n — s) J U? dz —b(0) 2n [ U? dz
Rﬂ, RTL
We estimate this ratio as in Jaber [21]. Passing to radial coordinates and taking the change of variable
t=pn3(@=0)) e get that
o0 2751»71.71
2% (s) f 2(n—s) dT
S |X|2U‘X|§ dX 0 (rz o, 255 Mm) 2% s
R™ _ 0+2
2 T ® . - P
S (- )= ar o
D = S = A
where -
2 -2 — 20
R R S P (R S AL
) (1+1)° 2-s (2= s)(ay(y) —a-(7))
Integrarting by parts, see Jaber [21], we have that
P+1 Q-P-1
P+1 P P _ P
IQII = Q IQ and IQ+1—TIQ

We then get that
[ IXPUSEdx
]R'n

T PP 1) (n=2(as() —a-(y) +2)(ar(y) —a-(7) = 2)
an U? dx Qe +1) 2(a4(y) —a-(7))*(2n —2 - s) ’
so that
f XXl gy ,
9,b(0) _AM) -2 o))
2*(s) [ a3 dx b(0) an(2n —2 — s) N
Rn

This completes Lemma 5
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9. BLOW-UP RATES WHEN b & C%(Q)

The function b that arises from the hyperbolic model (see Lemma 1) is not in C? when n = 3,4, and
therefore, the asymptotic rates of Propositions 4 and 5 do not apply. However, due to the behavior of
(2, Vb(z)) in (13) and (14), we are in position to get optimal rates.

The case of behavior like (14). When the expressions make sense, we define

2-6) __ 1 1 2 lan |2
( 2 ) 2*n_92 (2*(5 ) 2 PO f | | R
Cns = In and D,, 5 := (178)
| |2* (o) n—s N 1 ]2 ()
LS R, S o,

s 2% 2 n s
2 t2*< St O & e g 1
i

The proof of compactness rely on the following two key propositions.

Proposition 6 (b € C1\ C?). Let Q be a smooth bounded domain of R™, n > 3, such that 0 € Q and
2
assume that 0 < s < 2, v < ("_Tz). Let (ue), (he), (pe) and b be such that (E.), (33), (31), and (36)
holds. We assume that b € C*(Q) and that there exists C1 € R such that
1
(z,Vb(z)) = C1|z|?In Tl +O(|z]?) as = — 0.

Assume that blow-up occurs, that is

: . - n

15% 2| || Lo () = H+00  for some a_(y) < T < —5

Consider the 1 ¢, ..., in,e and tq,...,tn from Proposition 2. Then, we have the following blow-up rates:

P Cns _ either ay () — a—(y) >4 —20

lg% pit —b(0) Ko i6> 0 and { or {ai(y) —a_(y) >2—0 and up =0}
. Pe _ Dns L either ay (y) — a_(vy) >4
ll—% /ﬁvelnﬁ —b(0) C1if6 =0 and { or {ay(y) —a_(y) > 2 and ugp =0}

Proposition 7 (b € C'\ C2, The positive case). Let Q be a smooth bounded domain of R, n > 3, such
2

that 0 € Q and assume that 0 < s < 2,0 <~y < @. Let (ue), (he), (pe) and b be as in Proposition 6.

In particular

(z,Vb(x)) = Cy|z[*In ﬂ +O0(|z|*) as x — 0.

Assume that blow-up occurs as in (107). Consider pi1 e, ..., un,e and t1,...,tn from Proposition 2. Suppose
in addition that

ue >0 for all e > 0.

Then, we have the following blow-up rates:
(1) When ay(y) —a—(y) =4 —20 and 0 > 0, we have

DPe _ _Cn,s r
iy g = G (1, 4 ),

for some K > 0 such that K > 0 iff up > 0. For 0 =0, see Proposition 6.

(2) When 2 —0 < ay(v) — a_(y) < 4 — 260, we have ug =0 and Proposition 6 applies.
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(8) When ay(y) — a—(y) =2 — 0, we have ug =0 and

. pE C':lS D’ﬂ S
lim ————7— = -5 Kj, — lo—0 5 - C1 (179)
=043 In — b(0) ° b(0)
where
c = (%9) K2wn—1
e n—s g: 1 \ﬁi|2*(s) d ,
2% (5)2 = t’?*%% i B T
with K as defined in (142).
(4) When ay(y) —a_(y) <2—0, then up =0 and
. De .
12% Tar(y—a(y) X Myne () if ap(y) —a-(y) <29, (180)
MN7€

where x > 0 is a constant and m., p, () is the mass of Q associated with the operator —A —

% — ho(x), defined in Theorem 1.7.
x

The proof of the propositions goes as the proof of Propositions 4 and 5, with the use of the pointwise
control of Lemma, 4.

The case of behavior like (13). In this case, when writing the Pohozaev identity there are several
terms to compare. For the sake of simplicity, we only deal here with the case § = 1 that corresponds to
the hyperbolic case when n = 3. When the expression makes sense, we define

~2
1y __ 1 Uy
(3) = J o dr
tN s)— n
Ens 1= ~ (181)
n—s 1 [@;]2* () dzx
2*(5)2 n—2 |I|S

i=1 42 (s_>72 R™
The proof of compactness rely on the following two key propositions.

Proposition 8 (b € CY\ C'). Let Q be a smooth bounded domain of R™, n > 3, such that 0 € Q and

assume that 0 < s < 2, v < ("_42)2, Let (uc), (he), (pe) and b be such that (E¢), (33), (31), and (36)

holds. We assume that § = 1, that b € C%(Q) and that there exists Co € R such that
(z,Vb(z)) = Calz| + O(|z|?) as x — 0.
Assume that blow-up occurs, that is

n—
lim |||2|"uc|| Lo (@) = +00  for some a_(y) <T < ——.
e—0 2

Consider the pi1 ¢, ..., in,e and tq,...,tn from Proposition 2. Assume that
{at(v) —a—(y) > 2} or {ar(y) —a_(y) > 1 and uy = 0}.

Then, we have the following blow-up rates:

[ la/Esli g,
DPe gn,s 2 gn l=f?

lim 2 = — K _
o TG R g
J Tl

. .C
€30 Ly c b(0) 2



58 NASSIF GHOUSSOUB, SAIKAT MAZUMDAR, AND FREDERIC ROBERT

Proposition 9 (b € C°\ C!, The positive case for = 1). Let Q be a smooth bounded domain of R™,

n > 3, such that 0 € Q and assume that 0 < s <2, 0 <y < %, Let (ue), (he), (pe) and b be as in
Proposition 8. In particular 6 =1 and

(z,Vb(z)) = Calz| + O(|z|?) as x — 0.

Assume that blow-up occurs as in (107). Consider pi1,e, ..., un,e and t1,...,tn from Proposition 2. Suppose
in addition that

ue >0 for all e >0 and Cy >0

Then, we have the following blow-up rates:
(1) When ay(y) — a—(vy) = 2, we have that

: De gn s (TL — 2)2 2 02 ~

lim —=—-—x. (K — (n—=2)*"—4y—-1) - —+ K

S0 . b(0) ( ot o2 (n=2)" =y -1) b0) "
for some K > 0 such that K > 0 iff ug > 0.

(2) When 1 < ai(y) —a—(v) < 2, we have ug = 0 and Proposition 8 applies.

(8) When ay(y) — a—(vy) =1, we have ug =0 and

p &,
hmi6 =2 ho
0 puy eI —— b(0)
where
()

with K as defined in (142).
(4) When ay(y) — a—(y) <1, then ug =0 and

. De
I e = X (D) (182)
/U‘N,e

where X > 0 is a constant and m~ p,(€2) is the mass of Q associated with the operator —A —

B ‘2 — ho(x), defined in Theorem 1.7.

The proof of the propositions goes as the proof of Propositions 4 and 5, with the use of the pointwise
control of Lemma 4. We have also used that when 4y > 0, then

Sl st
EB
J 1|L7NI dx
R’Vl

which is proved like Lemma 5.

B 2£Z)i2iz$;j)s) ((O‘+(7) —a_(y)? - 1) ’

For the proof of compactness in dimension 3, the following proposition will be useful: its proof is similar
to the other ones:

Proposition 10 (b € CY\ C!, The positive case with = v = 0). Let Q be a smooth bounded domain of
R™, n = 3, such that 0 € Q and assume that 0 < s <2, v =60 = 0. Let (ue), (he), (pe) and b be as in
Proposition 8. Assume that

(z,Vb(z)) = Calz| + O(|z|?) as x — 0.
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Assume that blow-up occurs as in (107). Consider fi1,¢, ..., tn,e and t1,...,tn from Proposition 2. Suppose
in addition that ue > 0 for all € > 0 and that C3 > 0. Then, ai(y) —a_(y) =1, up =0 and

. De
My ey X Moe(@) —xz - G (183)

y€

where x1, X2 > 0 are constants and mo pn, () is the mass of Q associated with the operator —A — ho(z),
defined in Theorem 1.7.

10. PROOF OF MULTIPLICITY

Proof of Theorem 1.6: We fix v < (n — 2)%/4. Let hg € C1(%, |#|7%) be such that —A — # — ho()
is coercive and let b satisfy (34). For each 2 < p < 2*(s), we consider the C?-functional

1 1 ulP
Tpy(u) = 5/ <|Vu2dx - I2 — hou ) dx — p/b(;zc)||x||S dz
@ Q

on H7 (), whose critical points are the weak solutions of

g P
—Au — Wu—hou = b(x) P on 2 (184)
u =0 on 0f).
For a fixed u € Hf 4(€2), u # 0, we have that
A2 uf? /\2 IUI”
I, (Au) = /|Vu|2dx— 2 |2d hou? dx — —/ |a:|
Q

Then, by coercivity, we have )\lim I, o (Au) = —oo, which means that for each finite dimensional subspace

—00
Ey C E := H} (), there exists Ry, > 0 such that

sup{lp,(u);u € By, [lull gz > Ry} <0 (185)

as p — 2*(s). Let (Ej)p2, be an increasing sequence of subspaces of Hf ;(2) such that dim Ej, = k and
U Ey = E := H7 ((Q) and define the min-max values:
= inf I
ep = I sup Lo (9(w)),

where
H,={g € C(E,E); gisodd and g(v) = v for ||v|| > Ry for some Ry > 0}.

Proposition 11. With the above notation and assuming n > 3, we have:

(1) For each k €N, ¢y, >0 and lim ¢, 1 = Cov(g) 1 = Ck-
p—2*(s) '

<p< s), there exists for each k, functions u, . € such that Up k) =0, an
2) If 2 2% h f h k, f D, H1270 Q h th Iz/w », 0 d
Iy (Upk) = Cpok-

(3) For each 2 < p < 2*(s), we have ¢, > Dnypk%% where D,, ;, > 0 is such that 112m( )Dn »=0.
p—>2*

li =1 . = .
(4) Jm ¢ = Hm cye(s) = +00
Proof: (1) Coercivity yields the existence of Ay > 0 such that

/ <|Vu|2 - l%u h0u2> dz > Ag / Vul? dz for all u € H3 (). (186)
Q Q
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With coercivity, the Hardy and the Hardy-Sobolev inequality, there exists C' > 0 and « > 0 such that
I > AO p=2
poy (1) —||v I3 = ClIVulls = [Vul3 = ClVull;" ) Za>0

for all u € HF 4(€2) such that ||Vull2 = p > 0 is small enough. Then the sphere S, = {u € E; ull 2 @) =
p} intersects every image g(Ej) by an odd continuous function g. It follows that

cpk > Inf{I, o (u);u € S,} >a>0.

In view of (185), it follows that for each g € Hy, we have that
sup I, ,(9(z)) = sup I,,(g(z))
€L €Dy

where Dy, denotes the ball in Ej of radius Ry. Consider now a sequence p; — 2*(s) and note first that
for each u € E, we have that I, ,(u) — I3« (s)(u). Since g(Dy,) is compact and the family of functionals

(Ip.~)p is equicontinuous, it follows that sup I, (g(w)) — sup Iz« (g(x)), from which follows that
zeEy cEE}

limsup ¢p, j < sup I« (s),~(g(x)). Since this holds for any g € Hy, it follows that
1EN

limsup ¢,k < Cox (), = Ck-

ieN
On the other hand, the function f(r) = frp - 2*1( )1"2*(5) attains its maximum on [0, 4+00) at = 1 and
therefore f(r) < % 2*(3) for all » > 0. It follows
b(x) (1 1 2% (4
I — L@y - 1 ) 4
22 0) pﬁmy+!|ﬂs(puwn e @) da

e [ k)

from which follows that ¢; < lim ian Cp; .k, and claim (1) is proved.
1€

If now p < 2*(s), we are in the subcritical case, that is we have compactness in the Sobolev embedding
H?o(Q) — LP(; |z|~°dz) and therefore I, satisfies the Palais-Smale condition. It is then standard
to find critical points uy , for I, ., at each level ¢, (see for example the book [14]). Consider now the

functional
L udo [nlet
u) = — Vul*de — — [ b(x dx
)= [ 1vufde = o)
Q Q

= inf sup I, z)).
b= inf s Lo(o(e)

and its critical values

In [17] it has been shown that (1), (2) and (3) of Proposition 11 holds, with ¢ , and ¢}, replacing c, &
and ¢y, respectively and b(z) = 1. By similar arguments, klim 02 = klim cg*(s) , = +00. On the other
—00 —00 A

hand, with the coercivity (186), we obtain
I (0) > A5 Lolv) for every u € H?,(Q),

where v = A 7 *u. Tt then follows that khm L = hm 0 Cox(s), = = +00.
—r 00

To complete the proof of Theorem 1.6, notice that since for each k, we have

lim I, o(up, ) = lim  ¢p, = ck
piy (Up;, Pi» )
pi—2%(s) pi—2%(s)
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it follows that the sequence (up, x); is uniformly bounded in Hf (€2). Moreover, since I, (up, ) = 0,
letting p; — 2*(s) and using the compactness Theorem 1.6 we get a solution uy of (184) in such a way

that Io«(s)4(ur) = lim I, (upr) = lm ¢, = cp. Since the latter sequence goes to infinity, it
’ p=2(s) p=2%(s)

follows that (184) has an infinite number of critical levels with 2 < p < 2*(s).

11. PROOF OF THEOREMS 1.1, 1.2 AND 1.4

We reduce the problem to a smooth bounded domain of the Euclidean space R™.

Case 1: n > 5. It follows from Lemma 1 that finding solutions to (9) amounts to finding solutions to

,U2*(s)71 -
—Av — (# + h%)\(:c)) v o= b(z)w in Q

v =0 on 0f,

— 4(n — 2 —4 —
where h.,\ € C1(Q) with h, 1(0) = 4\ + M (fy - n(n)> Moreover in this case, b € C?(Q),

n—4 4
Vb(0) = 0 and
Ab(0)  4n(2n—2—s)
b(0) n—4 '
. . . Ab(0) . . : o
Since b is radial, we have that 0;;6(0) = ————=0;;. Therefore with 8 = 0, the limit (109) in Proposition
n

5 reads

[ xR ax

. De Cn.s 4(n —2) n(n —4) Ab(0) gn X1
1 =——= |44+ —— — 187
0%, b(0) s 0 4 n 2+(s) [ a2, du (187)
Rn
(n—2)? . . . o
when v < " 4. Since Ab(0) > 0, then arguing as in the proof of Theorem 1.6, we get multiplicity

4(n —2 —4
of solutions as soon as we have: 4\ + Lél) (7 — n(n4)> > 0.
n—
We now consider the case of positive solutions. We have here § = 0. Using the value of Ab(0), it then
follows from Lemma 5 and Proposition 5 that for v > 0

lim ﬁ < —4/\5283 when ay (7) — a_(y) > 2. (188)
Therefore, for A > 0 we get a contradiction and hence compactness for positive subcritical solutions. This
yields compactness of minimizers and the existence of minimisers when A > 0 for a4 (y) — a_(y) > 2
and v > 0. When ay(y) — a_(y) = 2 and v > 0, we get the same result by using (110). When
air(y) —a—(y) <2and vy >0, we apply (111) to get existence of minimizers when the mass m x(Qg»)
is positive.
Case 2: n = 4. We prove point (2) of Theorem 1.4 for n = 4. By Lemma 1 here h,y € C* (Q\ {0})
and ho\(r) =8yIni 4 ¢4+ O(r), as v — 0. In particular hyx(z) = o(|z| %) as © — 0 for all 6 > 0.
e Assume that v < 0, so that ai (v) —a_(v) > 2. We fix 6 € (0,2) small, so that a4 (y) —a_(y) >2—106
and K, = 0. Then Propositions 6 and 7 do not permit to conclude.

e Assume that v = 0, so that oy (y) — a—(y) = 2 and we have that h, x(r) = ¢4 + O(r). Therefore we
take @ = 0 and K}, , = ¢4 = 2(A —2). Then point (3) of Proposition 7 with C; = 4(2*(s) + 2) yields

Pe o (C:z,s Dn,s

im —— = —2 L 4(2* 2 h e > 0.
g b0) o) MEW T )) when
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With the definitions of C}, ; and D,, 5, we have that

*(s N2 ®
;czm+(4<22£(g)+2) J laf?te

ne i Prs g 4 g) s o
. S =
b(0) b(O) N 1 Ji2,]2* ()
( )zé:l t. (3> f |z‘b

with, according to (142),

~ 2% (s)—1 ~ 2*(s)—1
o Lo /uN(z) Qs — Lo.q /uN(z) &

(iq_(w) z|sta—(v) S 2|
t]2v(s)72R4 | | t]z\f() 2]R4 | |

since oy (y) =n —2 =2 and a_(y) = 0. We first compute Lg . Since for z,y — 0, we have that the

Green’s function for —A — hq ) behaves like ((n — 2)w,—1) "tz — y|>~" (see Robert [21]), we get that
1 1
Lyg=—+—=—.
0,62 (n—2)wp—1 2ws

Arguing as in the proof of Lemma 5 and using the same notations, we get that

u2 )
o lan[* ) viws
71 ith p =
/W| Tl v 9 g ez VP TE o
Integrating by parts as in Jaber [21], we get that for any ¢ > 0

R /RtpﬂdtJr/R i dt il for all R > 0
— = or a .
p+1) )y A+t  Jo 1+ (p+1)(1+ R)rH!

1

g With the same notations and the value of

Taking ¢ = p + 1 and letting R — +oo yields I}, , =
—AU given in the proof of Lemma 5, we have that

~ 2*(s)—1 o ne
[ e = [ cava= i w [ cav)e:
i |2] R4 R—+oo B(0,R)

= lim ;w% / —0,Udo = uu% (n —2)wp—1
R—+o0 (0 R)
= 2uvws

Putting these expressions together, we get that

C;L s Dn s * 4M2IJ2W3
o) ) DS X I
2—5 4—s 1 Ui s

and then there exists a constant x; > 0 such that

lim < — .\
e—0 ’uNGlnuT,s

Therefore we get compactness when A > 0.

o Assume that v > 0, so that o (y) —a_(7y) < 2. We choose 6 € (0,2) such that oy (y) —a_(y) <2—6.
Then point (4) of Proposition 7 applies. Compactness for the sequence positive subcritical solutions then
follows from the positivity of the mass as in the proof of Theorem 1.8. So in this case we get existence

of minimizers when - > 0 and the mass m. x(Qgn») is positive. This proves point (2) of Theorem 1.4 for
n =4.
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Case 3: n = 3. We prove point (2) of Theorem 1.4 for n = 3. In this case, by Lemma 1 we have
hyx € CT (2\ {0}) and hy 5(r) = 477 +c3+0(r) asr — 0. Then § = 1 and K}, , = 4y here. Moreover,
we have (z, Vb(z)) = Ca|z| + O(|z|?) with Cy > 0.

e Assume that v < 0, so that a4 () — a—(y) > 1. Since § = 1, it follows from Propositions 8 and 9 and

Cy := (2*(s) +2)b(0) > 0 that
lim Pe _ _gn,s . 16’7 _’_K
e—0 KUN,e a b(O) 8—s

for some K > 0. Since v < 0, we cannot conclude.

e Assume that v = 0, so that a4 (y) — a—(y) = 1. It follows from Lemma 1 that we can take § = 0. It
then follows from Proposition 10 that

Pe

o — e —

—X1 - M0,he () — X2 - C2

Compactness for the sequence positive subcritical solutions then follows from the positivity of the mass.

e Assume that v > 0, so that ay(v) —a—_ () < 1. Then point (4) of Proposition 9 applies. Compactness
for the sequence positive subcritical solutions then follows from the positivity of the mass as in the proof
of Theorem 1.8. So in this case we get existence of minimizers when v > 0 and the mass m. (g~ ) is
positive. This proves point (2) of Theorem 1.4 for n = 3.

A quick analysis as above yields no compactness result for sign-changing solutions for n = 3,4. To be
more precise, when estimating the different terms in the Pohozaev identity, we get compactness when a
combination of several terms is positive: however, it is not possible to give an apriori criterion to get the
positivity.

12. PROOF OF THE NON-EXISTENCE RESULT

Proof of Theorem 1.9: We argue by contradiction. Let hg € C1(€, |x|~?) be such that —A—~|z|~2—hy
—92)2
is coercive and let b(z) be such that (34) holds. We fix v < % and A > 0. We assume that there

is a family (ue)eso € Hi () of solutions to

" L2 -1
—Aue —y—5 — heue = b(z)———— in Q\ {0},
|| . || g (189)
Ue > n
U =0 on 0f)

with [|[Vue||2 < A, and (32), (33) holds.

We claim that (u¢)eso i not pre-compact in HiO(Q). Otherwise, up to extraction, there would be
ug € H7 o(Q), ug > 0, such that ue — ug in Hf 4(€2) as € — 0. Passing to the limit in the equation, we
get that ug > 0 and

u U,Q*(s)fl
—Aug — ’7702 — houg = b()—"——— in Q\ {0},
|z || (190)
() > 0 in
ug =0 on Jf.
The coercivity of —Aug — y|z|~2 — ho and the convergence of (h). yields

2/2*(s
)\ 2

)
K 2*(s)
Ue 2 Y P Ue
Q Q Q

Q



64 NASSIF GHOUSSOUB, SAIKAT MAZUMDAR, AND FREDERIC ROBERT

for some constant C' > 0 and € > 0 small, and then, since u. > 0, there exists ¢g > 0 such that
2% (s)
/ Ue dx > cg
|z[®
Q
for all € > 0 small. Passing to the limit yields ug # 0. Therefore, ug > 0 is a solution to (189) with e = 0.
This is not possible by the hypothesis.
The family (u)e is therefore not pre-compact and hence it blows-up with bounded energy. Let ug €

H3Z () be its weak limit, which is necessarily a solution to (190), and hence must be the trivial solution
ug = 0. Proposition 5 then yields that either

at(y) —a—(vy) =2 — 6 and therefore K, =0,

or a4 () —a—(vy) <2 — 6 and therefore m. 4, (Q) = 0. (191)

) (n—2)2 0\ > . . .
Since vy > —— — |1 — 3 here, this contradicts our assumption on the mass. Therefore no such a
family of positive solutions (u.)e>o exists, which proves the theorem. a

Proof of Corollary 1: First note that if hy satisfies
1
ho(z) + i(Vho(l“), x) <0 for all z € Q, (192)

then by differentiating for any x € €, the function ¢ — ?hg(tx) (which is well defined for ¢ € [0, 1] since
() is starshaped), we get that hg < 0. Therefore —A — v|z|=2 — hg is coercive.
Assume now there is a positive variational solution wug of (189)corresponding to € = 0. The Pohozaev

identity (193) then gives
2
/(x,u)@ do — / (ho + ;(Vho,x)> ud dr = 0.
Q

o2

Hopf’s strong comparison principle yields d,ug < 0. Since €2 is starshaped with respect to 0, we get that
(z,v) > 0 on 9. Therefore, with (192), we get that (z,v) = 0 for all € , which is a contradiction
since € is smooth and bounded. Since a4 () —a—(y) < 2—0, we use Theorem 7.1 in Ghoussoub-Robert
[18] to find K € C*(Q\ {0}) and A > 0 such that

~AK - LK —hK=0 inQ

||
K>0 in Q
K=0 on 90\ {0}.

and such that

K(z)=A < n) B(:c)) for all z € 0,

|1‘|0‘+(’Y)

where n € C2°(R") and 3 € H{ ((Q) are as in Step P14. We now apply the Pohozaev identity (193) to K on
the domain U := B;(0) . Using that K2 € L*(Q) and (+,v)(9,K)? € L'(9Q) when a(y) —a_(y) <2-6,

we get that
L, K)? 1
/(w, V)% do — / (ho + Q(Vho,x)) K% dz = M;
Q

o0
where M; is defined in (174). With (176), we then get

/(33, u)% do — / (ho + ;(Vho,:c)> K*de = —2w, 1 ((";2)2 — 7> A? -y, (D).

o0 Q
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Since Q is star-shaped and hg satisfies (192), it follows that m., p,(€2) < 0 and Theorem 1.9 then applies
to complete our corollary.

13. APPENDICES

Appendix A: Pohozaev identity. We let U C R" be a smooth bounded domain in R"™. Let h € cY(U)
and let b € C1(U). We suppose u € C*(U) and p € [0,2*(s) — 2). The classical Pohozaev identity and
integration by parts yields for any yg € R™

i n—2 u |u|?"(5)—2-p
/ ((a: — 90)'O;u + 5 u) (—Au — WW — hu — b(x)Tu dx (193)
U
1 p n—s |u|?" (5)—P
— hxuzdx—f/Vh,:c— u? dx — ( )/bxdm
/ ( ) 9 ( yO) 2*(8) 2*(8)—]7 ( ) ‘xlg
U U U
1 T (@,90) -
_ ) 7p/(a: — Yo, Vb(z)) 2k dx—v/ o[ u“dx
U U
__ s (%, %0) 2*(s)—p
o Ara S
_ _ Vul> vy w® h(z) 5 b(x)  [u)P
= [ (5530 - - i 5 )|
U
, n—2
— / [((m —y0)'Ou + 5 u) O%u} do,
ouU

where v is the outer normal to the boundary 9U.

Appendix B: Regularity. As to the regularity of the solutions, this will follow from the following
2
result established by Ghoussoub-Robert in [18,19]. Assuming that v < @, note that the function
x + |z|77 is a solution of
(—A— T =0 onR"\ {0}, (194)

|z[?

if and only if 8 € {8-(7), B+(7)}, where

ar(y) = ——=+ 7’ (195)
Actually, one can show that any non-negative solution u € C2(R™ \ {0}) of (194) is of the form

w(x) = C_|z|~* ) + Oy 2|72+ for all 2 € R™\ {0}, (196)
where C_,C, > 0.

We collect the following important results from the papers |
our work.

, 19] which we shall use repeatedly in

Theorem 13.1 (Optimal regularity and Hopf Lemma). Let v < @ and let f : QxR — R be a
Caratheodory function such that

|v|2*(s)72

ol < el (1422

)forallareﬂandveR.
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(1) Let u € Hf 4(Q) be a weak solution of

O T
Au — rer|$|(2|x)u = f(z,u), (197)
for some T > 0. Then, there exists K € R such that
o u(x)

Moreover, if u > 0 and u #Z 0, we have that K > 0.
(2) As a consequence, one gets that if u € DV2(R™) is a weak solution for
g .
Ay — ——u="——7— in R™\ {0},
2 |z[*
then there exists K1, Ko € R such that
1 Ky
u(x) ~ 2|0 W and  u(x) ~ |00 W’
and therefore there exists a constant C > 0 such that for all x in R™\ {0},

()] < ¢ |
|x|0‘—(’)’) + |aj|0‘+(’)’)

(199)

Via the conformal transformation, the above regularity result will yield that the corresponding solutions
for equation (9) in the Hyperbolic Sobolev Space H}(Qpn) will satisfy

lim ————— =K € R, 200
lz|—0 G(|x])*- (200)
where
1 1 ¥
P L 201
a-(7) =3 1 o (201)

which amounts to the regularity claimed in Theorem 1.4.

Appendix C: Green’s function. The next theorem describes the properties of the Green’s function
of the Hardy-Schrodinger operator in a bounded smooth domain. To prove this theorem one argue as in

the case § = 0 in [19].
Theorem 13.2 (Green’s function). Let 2 be a smooth bounded domain of R™ such that 0 € § is an

interior point. Let vy < %, 0 <6 <2 andlet ho € CH(Q,|z|~%) be such that the operator —A
h(zx) is coercive in Q. Then there exists

G (Q\{0})*\{(z,2)/z € Q\ {0} = R

_0__
[[?

such that
(i) For any p € Q\ {0}, G, := G(p,") € H(Q\ Bs(p)) for all § >0, G, € C29(Q2\ {0,p})
(ii) For all f € LP(Q), p > n/2, and all ¢ € H} ((Q) such that

—Ap — <|g:|2+h($))90f in Q; paa =0,
we have

o(p) = / G(p, ) f(x) da (202)

In addition, G > 0 is unique and
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(iii) For all p € Q\ {0}, there exists Co(p) > 0 such that
Co(p) 1

Gp(ﬁﬂ) ~re0 |1-|047("/) and Gp(.’L') ~Nr—p (TL — 2)&}”,1“% — p‘n72 (203)
(iv) There exists C > 0 such that
a—(7)
max{|p], ||} 2
0<G (x)SC(, |z —p|~™" (204)
: min{|p|, |z[}
(v) For allw € Q, there exists C(w) > 0 such that
a—(v)
max{|p|, Il’l}) 2
Clw < x—p|*™" < Gp(x) for all p,x € w\ {0}. 205
(v) There ezists L, q > 0 such that for any (h;) € C1(Q, |z|~%) satisfying
i sup [a]°[h(z) — ho(2)] + [|"* [V (A — o) ()] < ¢,
1—+00 1)
and for any sequences of points (x;), (y;); € Q with
yi = o(|z;|) and x; = o(1) as i — +oo,
we have as i — 400
__Lya+o(1)
G (i, 1) = e D] (206)
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