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HOLOMORPHIC VOLUME FORMS ON REPRESENTATION
VARIETIES OF SURFACES WITH BOUNDARY

MICHAEL HEUSENER AND JOAN PORTI

ABSTRACT. For closed and oriented hyperbolic surfaces, a formula of Witten establishes
an equality between two volume forms on the space of representations of the surface in
a semisimple Lie group. One of the forms is a Reidemeister torsion, the other one is
the power of the Atiyah-Bott-Goldman symplectic form. We introduce an holomorphic
volume form on the space of representations of the circle, so that, for surfaces with
boundary, it appears as peripheral term in the generalization of Witten’s formula. We
compute explicit volume and symplectic forms for some simple surfaces and for the Lie
group SLy (C).

1. INTRODUCTION

Along this paper S = 5, denotes a compact, oriented, connected surface with nonempty
boundary, of genus g and with b > 1 boundary components. We assume that x(S) =
2-2g-b<0. The fundamental group 7(S) is a free group Fy of rank k=1-x(S5) > 2.

Let G be a connected, semisimple, complex, linear group with compact real form G,
e.g. G =SLyN(C) and Gg = SU(N). We also assume that G is simply connected; notice
that since 71(S) is free, their representations lift to the universal covering of the Lie
group.

Fix a nondegenerate symmetric bilinear G-invariant form on the Lie algebra

B:gxg—C,

such that the restriction of B to ggr, the Lie algebra of Gg, is positive definite. This means
that B is a negative multiple of the Killing form.

Let R(S, G) denote the set of conjugacy classes of representations of m1(S) = Fy, into G.
We are only interested in irreducible representations for which the centralizer coincides
with the center of G. Following Johnson and Millson [12] we call such representations
good (see Definition [I0]), and we use the notation R*(S,G) to denote the corresponding
open subset of R(S,G).

For a closed surface ¥, the bilinear form B induces two C-valued differential forms
on R*(X,G), a holomorphic volume form Q5 defined as a Reidemeister torsion and the
Atiyah-Bott-Goldman (holomorphic) symplectic form w. Witten has shown the following
theorem for compact groups, here we state its complexification:

Theorem 1 (Witten, [29]). If 3 is a closed, oriented and hyperbolic surface, then
wn

Qy =

n!

on R*(2,G), where n = 3 dimR*(Z, G) = -1x(XZ) dim(G).
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For surfaces with boundary S, we need to consider also R(.S,0S,G),,, the relative set
of conjugacy classes of representations (for each peripheral curve we require its image
to be in a fixed conjugacy class), see Subsection Let R*(S,0S5,G),, denote the
corresponding open subset of good representations. The holomorphic volume form 2g is
defined on R*(S, G) but the holomorphic symplectic form w is defined on R*(S, 995, G),, -
To relate both spaces and both forms, we need to deal with each component of 95, which
are circles.

We identify the variety of representations of the circle S' with G, by mapping each
representation to the image of a fixed generator of m(S!'). We restrict to regular
representations, namely that map the generator of m(S!) to regular elements. Then
Rred (ST, G) 2 Gr9/G. Using that G is simply connected (see Remark 20 when G is not
simply connected), one of the consequences of Steinberg’s theorem [25] is that

R™(SY,G)2G™|G = C",
where 7 = rank G, and that there is a natural isomorphism (Corollary [I9):
H'(SY Adp) 2 T}y R™(S", G).
In Section we show the existence of a form v: A" H'(S', Adp) - C defined by the
formula
(1) v(Av) = ﬂ:\/TOR(Sl,Adp, 0,u,v) (AvV,Au).

Here u and v denote bases of H°(S', Adp) and H'(S', Adp) respectively and Au and
Av their exterior product. Moreover, TOR denotes the Turaev’s sign refined torsion,
o an homology orientation of H*(S';R) (see Section [£2)), and (.,.) the duality pairing
H'(SY,Adp) x H(S*,Adp) - C. We prove in Lemma 29 that the value v(Av) € C is
independent of u.

Steinberg theorem ([25], see also |26, 21]) provides an isomorphism

(01,...,0,):G™ |G — C,

where o1, ...,0, denotes a system of fundamental characters of G, which also proves the
isomorphism G /G = Cr.

When G = SLy(C), then = N -1 and (oy,...,0,) are the coefficients of the charac-
teristic polynomial.

Proposition 2. When G s simply connected, then
v=+Cdoy A ANdo,,
for some constant C' € C* depending on G and B. In addition, for G = SLy(C) and
B(X,Y)=-tr(XY) for X,Y esly(C),
C = j:(_1)(N—1)(N—2)/4\/N.

Let po € R*(S,G) be 0-regular, i.e. the image of each peripheral curve is a regular
element of G (Definitions [[8 and [I6). We have an exact sequence (Corollary [19):

b
00— T[p]R*(S, 85, G)po - T[p]R*(S, G) - G_?T[p(ai)]RrW(@i, G) —> O,

where 0S5 = 0 U - U 0, denote the boundary components of S. For a J-regular rep-
resentation p:m(S) - G we let v; denote the form corresponding to the restriction
Pleia):m(0;) - G asin (@) on 0; = S'. Set d = dimG, r = rank G, and b > 0 be the
number of components of 9S. The following generalizes Theorem [] to surfaces with

boundary, [29] see also [1, Theorem 5.40].
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Theorem 3. Let py € R(S,G) be a good, O-reqular representation. Then on Ti,,1R* (S, G)

we have:
n

Qri(s) = E— AV A A,
n!
where n = 3 dimR*(S,95,G),, = 3(-x(S)d - br).

Notice that we write (1, (5) instead of (g, as the simple homotopy type of S only
depends on 71 (.S). Following Witten [29] in the closed case, the proof of Theorem B is
based on Franz-Milnor duality for Reidemeister torsion.

The formula of Theorem [ is homogeneous in the bilinear form B:gx g — C: if B is
replaced by A2B for some A € C*, then w is replaced by Aw, v; by A"v; and Qg (s) by
AZibr Q) sy, as 2n+ br = —x(S)d = dimR(S, G).

We focus now on G = SLy(C), which is simply connected and has rank r= N —1. We
fix a bilinear form on the Lie algebra:

Convention 4. Along this paper, when G = SLy(C) we always assume B(X,Y) =
—tr(XY) for X,Y esly(C).

We compute explicit volume forms for spaces of representations of free groups in SLo(C)
and SL3(C). We start with a pair of pants Sy 3. The fundamental group m;(Sp3) 2 F5 is
free on two generators v, and .. By Fricke-Klein theorem, X (%, SLo(C)) = C3 and the
coordinates are precisely the traces of the peripheral elements 71, v2, and 7172, denoted
by t1, t2, and t15 respectively. In this case the relative character variety is just a point, and
the symplectic form is trivial. Thus, by applying Theorem Bl and equality v = +\/2d tr,
(Proposition 2]), we have

QF2 = QF1(50,3) = :|:2\/§dt1 A dtz A dtlg,

on R*(FQ, SLQ(C))
By [8], for k > 3, the 3k — 3 trace functions ti,ts,t12,13,t13, 23, - - - , tg, t1x, tox define a
local parameterization
T:R*(Fy,SLy(C)) \ crit(T) — C373,

where crit(T") = Ujs3{t12; = to1:} U {t1913 = 2}. Here, t;,..;,: R*(Fj, SL2(C)) — C stands for
the trace function tr., if v = v;,---y;, with the convention ~; = ;.

Theorem 5. The holomorphic volume form on R*(Fj,SLa(C)) \ crit(T) is Q%Q(C) =
+T*Q), where
t; A dtlz A dtgl

k
Q= :b2\/§dt1 A dtg A dtlg /\\/id
i=3 ti2i = to;
Next we deal with SL3(C). To avoid confusion with SLy(C), the trace functions in
SL3(C) are denoted by T;,..;,; notice that T; # T;. Lawton obtains in [14] an explicit
description of the variety of characters X (F5, SL3(C)). It follows from his result that

T := (11,71, T2, T3, T12, T13, T13, T12): R (F2, SL3(C)) ~ {Tlﬂé = Tzléi} - C®

defines a local parameterization. Using the computation of the symplectic form in [15],
we prove in Proposition B9 that, on R*(Fy,SL3(C)) \ {Ta131 = Ty213} the volume form is
Q© = T+Q) where

2

3V-3
O=t————dTi AdTi AdTaAd T3 AdT12 Ad T3 Ad T3 A dTs.
T21217 — T1212
This is generalized to a free group of arbitrary rank. First we start with the generic

local parameters:
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Proposition 6. For k > 3, the 8k — 8 trace functions

T= (T17T17T2,Ti, ooy Ty T, T12, 112, T13, T3, - - -, Tk, T1k, T23, 33, - - -, T2k, Tog,
Ti3, Ti2, T13, T13, - - - » T1fs Tik)

define a local parameterization T:R*(F},,SLz(C)) ~ crit(T) — C¥-8 with
crit(7) = ({7 = Tz} U U{ A% = 0},

i>2 i3
1 _ _— - ,, - _
Ay = (Ti2i — T1i2) (T1zs — Trz) — (Tazi — Tui2) (Tizs — Tia2)-
Next we provide the holomorphic volume form:

Theorem 7. The volume form on R*(Fy,SL3(C)) ~ crit(T) is QS;;“C) =+T*Q, for

k W1i NV NV N\ Vo
Q=u}12/\1/1/\l/2/\l/12/\

1=3 3A§i

where

1
v =V-3dt; NdT, vy =V-3dtyAndTp, wy = ——————d T Ad T,

T1its — Titil
and AL, is as in Proposition [G.

The paper is organized as follows. In Section 2l we review the results on spaces of repre-
sentations that we need, in particular we describe the relative variety of representations.
In Section Bl we recall the tools of Reidemeister torsion, including the duality formula, on
which Theorem [ is based. In Section d] we describe all forms and we prove Theorem
Section [l is devoted to formulas for SLy(C), the form v and as well as the volume form
for the free groups of rank 2 in SLy(C) and SL3(C). In Section [6] we use Goldman’s
formula for the Poisson bracket to give the symplectic form in terms of trace functions
for the relative varieties of representations of Sy 4 and S; 1 in SLy(C). Finally, in Section [7]
we compute volume forms on spaces of representations of free groups of higher rank in
SLQ(C) and SLg(C)

Acknowledgements. We are indebted to Simon Riche for helpful discussions and for
pointing out Steinberg results to us.

2. VARIETIES OF REPRESENTATIONS

Throughout this article G denotes a simply-connected semisimple complex linear Lie
group. We let d denote the dimension of G, and r its rank. Also recall that along this
paper S =5, denotes a compact, oriented, connected surface with nonempty boundary,
of genus g and with b > 1 boundary components, 0S = 0; U ---u d,. We assume that
X(S) =2-2g-b < 0. The fundamental group of S is a free group Fj of rank k= 1-x(5) > 2.

2.1. The variety of good representations. The set of representations of m;(S) = Fj
in G is
R(S,G) =hom(m(S),G) = G*.
It follows from 20, Chap.4, §1.2] that G is algebraic, and hence R(S,G) is an affine alge-
braic set (it has a natural algebraic structure independent of the choice of the isomorphism
7T1(S) = Fk)
The group G acts on R(S,G) by conjugation and we are interested in the quotient

R(S,G) = R(S,G)/G.
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This is not a Hausdorff space, so we need to restrict to representations with some regu-
larity properties. Following [12], we define:

Definition 8. A representation p € R(S,G) is irreducible if its image is not contained
i a proper parabolic subgroup of G.

For p e R(S,G), its centralizer is

Z(p)={9€G|gp(v) =p(v)g, ¥Vyem(S)}.

Proposition 9 (Proposition 1.1 of [12]). The representation p € R(S,G) is irreducible
if and only if the orbit O(p) is closed in R(S,G) and Z(p) is finite.

Definition 10. A representation p € R(S,G) is good if it is irreducible and its centralizer
Z(p) is the center of the group G, i.e. Z(p) = Z(G).

The set of good representations is denoted by R* (S, ), and its orbit space by R*(.5,G) =
R*(S,G)/G.

Proposition 11 (Proposition 1.2 and 1.3 of [12]). The set of good representations R* (.S, G)
is a Zariski open subset of R(S,G). Furthermore the action of G on R*(S,G) is proper.

The variety of characters is the quotient in the algebraic category:
X(S,G)=R(S,G) ] G.

Namely, it is an algebraic affine set defined by its ring of polynomial functions, as the
ring of functions on R(S, &) invariant by conjugation.

The projection R(S,G) - X (S, G) factors through a surjective map R(S,G) - X(S,G).
For good representations we have:

Proposition 12. The natural map restricts to an injection
R*(S,G) - X(S,G)
whose 1mage is a Zariski open subset and a smooth complex manifold.

For the proof, see for instance [12, §1], or [19, Proposition 3.8] for injectivity, as irre-
ducibility is equivalent to stability in GIT [12], §1]. For smoothnesses see [3].

Given a representation p € R(.S,G), the Lie algebra g turns into an 7 (.S)-module via
Adop. If there is no ambiguity this module is denoted just by g, and the coefficients in
cohomology are denoted by Ad p.

Proposition 13. Let p € R*(S,G) be a good representation. Then there is a natural
isomorphism

T R*(S,G) = H'(S; Ad p).
In particular the dimension of R*(S,G) is —x(S)d.

This proposition can be found for instance in [24, Corollary 50|, but we sketch the
proof as it may be useful for the relative case.

Proof. Let Z' = Z1(S;Ad p) denote the space of crossed morphisms from 71(S) to g,
i.e. maps d:m(S) — g satisfying d(yp) = d(v) + Ad,)d(p), Vv, € m(S). Let B! =
B1(S; Ad p) denote the subspace of inner crossed morphisms: for a € g the corresponding
inner morphism maps v € 7 (S) to Ad,,)(a) —a. Weil’s construction identifies Z! with
T,R(S,G) (usually Z is the Zariski tangent space to a scheme, possibly non-reduced, but
as m(9) is free, R(S,G) is a smooth algebraic variety). The subspace B! corresponds to

the tangent space to the orbit Adg(p). Then, in order to identify the tangent space to
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R*(S,G) with the cohomology group H'(S;Adp) = Z'/B!, we use a slice, for instance
an étale slice provided by Luna’s theorem [23, Theorem 6.1}, or an analytic slice (cf. [12]).
In the setting of a good representation p, a slice is a subvariety S ¢ R(S,G) containing
p, invariant by Z(p) = Z(G), such that the conjugation map

G/Z(G) xS - R(S,G)

is locally bi-analytic at (e, p) and the projection § - X (S, G) is also bi-analytic at p. (If
p was not good, we should take care of the action of Z(p)/Z(G). In addition, for " not
a free group the description is more involved). Then the assertion follows easily from the
properties of the slice. O

2.2. The relative variety of representations. Let
0S =0,U--U0dy

denote the decomposition in connected components. By abuse of notation, we also let 0;
denote an element of the fundamental group represented by the corresponding oriented
peripheral curve. This is well defined only up to conjugacy in 71(.S), but our constructions
do not depend on the representative in the conjugacy class.

Definition 14 ([13] §4.3). For py € R(S,G), the relative variety of representations is
R(Sa aSaG)pO = {[p] € R(SvG) | p(az) € O(pO(az))v = 17 s 7b} .
Here O(po(0;)) denotes the conjugacy class of po(0;). We also denote
R*(S,05,G),, = R(S,05,G),y nR*(S,G).

Besides considering good representations, we restrict our attention to representation
which map peripheral elements to regular elements of G.

Definition 15 ([26] §3.5). An element g € G is called regular if its centralizer Z(g) has
mainimal dimension among centralizers of elements of G. Equivalently, its conjugacy class
O(g) has mazimal dimension.

This minimal dimension is r the rank of G [26 §3.5, Proposition 1]. In SLy(C), a
diagonal matrix is regular if and only if all eigenvalues are different. More generally,
g € SLy(C) is regular if and only if its minimal polynomial is of degree N [26, §3.5,
Proposition 2|. In particular the companion matrix of a monic polynomial is regular.

Definition 16. A representation p € R(S,G) is called O-regular if the elements p(01), ..., p(p)
are reqular.
Proposition 17. Let py € R*(S,G) be a good, O-reqular representation.
(a) R*(S,05,G),, is a complex smooth manifold of dimension
do=-dx(S)-br=d(29(S)-2)+b(d-r).
(b) For [p] € R*(S,0S,G),,, there is a natural isomorphism:
TiR*(S,05,G), 2 ker (H'(S;Ad p) -~ H'(0S5;Ad p)).

Proof. We first show that the map H!(S;Adp) — HY(0S;Adp) is a surjection. By
Poincaré duality H2(S,0S5;Ad p) 2 H°(S;Ad p) = gAdr(m1(5)) | that vanishes because Z(p)
is finite. Thus, by the long exact sequence of the pair (S,0S5), the map H'(S;Adp) —»
H'(0S;Ad p) is a surjection.
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We use a slice at py, S ¢ R(M) as in the proof of Proposition The fact that
HY(S;Adp) — HY(0S;Ad p) is a surjection means that the restriction map

b
res|s:S > R(9S,G) = [[ R(9;,G) = G°

i=1
is transverse to the products of orbits by conjugation

0= HO(P(az‘))-

i=1
Namely, (res|s)«(T)S) + Tres(p)O = Tres(p) G°. Tt follows from the rank theorem [16], C.4.1]

that O(p(0;)) ¢ G is a complex analytic subvariety of dimension d - r because p is 0-
regular. Thus (res|s)™1(O) is an analytic C-submanifold of codimension

b
dimG? - dimO = Y (dim G - dim O(p(9;))) = br.
i=1

Now the proposition follows from the properties of the slice. O

2.3. Steinberg map. In order to understand the space of conjugacy classes of regular
representations of Z we identify each representation with the image of its generator, so
that

R(Z,G)=G" and R'YNZ,G)=G"|G.
Consider the Steinberg map
(2) (01,,0.):G—C"

where oy,---, 0, denote the characters corresponding to a system of fundamental repre-
sentations (for SLy(C) those are the coefficients of the characteristic polynomial).

Theorem 18. (Steinberg, [25]) If G is simply connected, then the map ([2) is a surjection
and has a section s:C" — G"9 so that s(C") is a subvariety that intersects each orbit by
conjugation in G precisely once.

For instance, when G = SLy(C) the section in Theorem [I§ can be chosen to be the
companion matrix (see [20, p. 120] and [I1} Sec. 4.15]).

Corollary 19. If G is simply connected, then:
(i) The map (2) induces natural isomorphisms between the space of reqular orbits by
conjugation, the variety of characters, and C":
R™9(SY,G) =2 X(SY,G)=C".
(i1) The Steinberg map induces a natural isomorphism
H' (S, Adp) 2 T,y R™(S',G) = C".

Moreover, for each good, 0-regular representation py € R*(S,G) and [p] € R*(S,05,G),,
there 1s an exact sequence

b
0 - T, R*(S,05,G),p, = T1)R*(S,G) — _E_BlT[p(ai)]RrW(&, G) - 0.

Proof. For (i), notice that what we aim to prove is the isomorphism G™9/G =~ G JJ G = CT;
which is straightforward from the existence of the section in Theorem [I8
For (ii), by the existence of the section we also know that the differential of Steinberg’s
map ZY(Z,Adp) 2 g — Cr is surjective whenever p is regular [11, §4.19]. In addition
it maps B'(Z,Ad p) to 0, because Steinberg map is constant on orbits by conjugation.
7



Thus we have a well defined surjection H!(S',Adp) - Cr, which is an isomorphism
because of the dimension. The exact sequence follows from the long exact sequence in
cohomology of the pair (S,05) and the identification of cohomology groups with tangent
spaces, cf. Proposition [I7. O

Remark 20. When G is not simply connected, then the universal covering G- G is
finite and w1 (G) can be identified with a (finite) central subgroup Z of G. The center of
G acts on the quotient G | G and we obtain a commutative diagram

where (G || G, @) is a quotient for the action of Z on G |G (see [21], Lemma 2.5] ). Notice
that ¢ 1s a finite branched covering.

Then part (@) of Corollary 19 can be easily adapted for those [g] € G | G which are
outside the branch set of .

3. REIDEMEISTER TORSION

Let p € R(S,G) be a representation; recall that we consider the action of m1(.S) on g
via the adjoint of p. Most of the results in this section apply not only to g but to its real
form gr, provided that the image of the representation is contained in Ggr. Recall also
that we assume that B restricted to the compact real form gg is positive definite.

Consider a cell decomposition K of S. If C*(I? ;7)) denotes the simplicial chain complex
on the universal covering, one defines

(3) C*(K;Ad p) = homy, (5)(C.(K; Z), g).

We consider the so called geometric basis. Start with a B-orthonormal C-basis {my,...,mq}
of g. For each i-cell eé of K we choose a lift é;. to the universal covering K, then

¢’ ={(&)" ®my}jk
is a basis of C'(K;Adp), called the geometric basis. Here, (€})* ® mi:C(K;Z) - g is
the unique 7 (5)-homomorphism given by (&)* ® my(€}) = d;m.
On the other hand, if B? = Im(0: C*~1(K; Ad p) —» C*(K; Ad p)) is the space of cobound-

aries, chose b a basis for B* c C* and chose lift b’ to C'~! by the coboundary map. For a
basis h? of H*(K; Ad p), consider also representatives hi € C*( K; Ad p). Then the disjoint

union
b+l Lhi U b
is also a basis for C?(K;Adp). Notice that we are interested in the case where the zero
and second cohomology groups vanish, so we assume that h® = h? = @.
Reidemeister torsion is defined as

[b2uhlub!:c!]
[bl: c0][b2: c?]
Here, for two bases a and b of a vector space, [a: b] denotes the determinant the matrix

whose colons are the coefficients of the vectors of a as linear combination of b.
8
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Remark 21. The choice of the bilinear form B is relevant, as we use a B-orthonormal
basis for g and x(S) # 0. Namely, if we replace B by A\2B, then the orthonormal basis
will be +{my,...,mq} and the torsion will be multiplied by a factor Ax(5)d = \dmR(S.G).

For an ordered basis a = {ay,...,a,} of a vector space, denote
A=A A Ay, .
Since Aa = [a: b](Ab), the notation
[a:b]=nra/Ab
is often used in the literature (cf. [18]).

3.1. The holomorphic volume form. The tangent space to R*(S,G) at [p] is iden-
tified to t H'(S;Ad p), by Proposition [[3l There is a natural holomorphic volume form
on H(S;Adp):
Qg(Ah) = £tor(S,Ad p, h)

where h is a basis for H'(S;Ad p).

The surface S has the simple homotopy type of a graph. Moreover, graphs that are ho-
motopy equivalenet are also simple-homotopy equivalent, thus this volume form depends
only on the fundamental group

Qrys) = Qs.

The bilinear form B defines a bi-invariant volume form 64 on the Lie group G in the
usual way. Hence (6g)* is a volume form on R(m(S),G) = G*.

For a good representation p the form 6 induces also a form 6y, on the orbit O(p)
by push-forward: the orbit map f,:G - R(m(5),G), f,(g9) = Ad, op factors through the
quotient G/Z(G). The quotient map G — G/Z(G) is a Lie group covering and we get an
isomorphism f,:G/Z(G) - O(p), and hence

(5) 0oy = (fp)-(0c) -

The next lemma justifies why Reidemeister torsion is the natural choice of volume form
on the variety of representations up to conjugation.

Lemma 22. Let m: R*(S,G) - R*(S,G) denote the projection. Then at p € R*(S,G) we
have:
(eg)k = :teo(p) A W*QS .

Proof. We use a graph G with one vertex and k edges to compute the torsion of S. The
Reidemeister torsion of this graph is tor(G,Ad p,h) = £[b! uh:ct]/[b!: c"]. If we make
the choice b! = ¢, which is a basis for g, then

tor(G,Adp,h) = [6c’ uh:c'] = (Adc’ Ah)/Ac.

We identify the 1-cells with the generators of Fj, so that every element in ¢! is viewed as
a tangent vector to the variety of representations, and ¢! has volume one,

(66)*(re) = 1
because we started with an B-orthonormal basis for g. Thus
(6) (0c)F(Adc® Ah) = +tor(G,Ad p,h) = £Qg(Ah).
As 6¢ is a basis of the tangent space to the orbit , (6c®) = 0. Moreover, using 7, (h) = h:

(7) (eo(p) AN W*QS)(/\écO A H) = eo(p)(/\éco)Qs(/\h).
9



By (@) and (), to conclude the proof of the lemma we claim that 6o, (Adc?) = 1. For
that purpose, we use the canonical identification 7,0(p) = B!(m1(S); Adp). Using this
identification, the tangent map of the orbit map f,:G - O(p) ate € G, df,(e):g = T,0(p),
corresponds to
4, (€)(X) = ~6(X).

where 0:g - Bl(m(5); Ad p) denotes the coboundary operator

(X)) (7) = Ad,)(X) - X, for v e m (.9).
Therefore for the basis dc® of B (m(S);Ad p) we obtain by (H):

Ho(p)(/\éco) = Go(p)(/\dfp(e)co) = iHG(/\co) =1.
This concludes the proof of the claim and the lemma. O
3.2. The nondegenerate pairing. Consider K’ the cell decomposition dual to K: for
each i-dimensional cell ¢/ of K there exists a dual (2 - 4)-dimensional cell f?~* of the
dual complex (K’,0K"). The complex C*(K',0K';Z) yields the relative cohomology of
the pair (5,0S5). This can be generalized to cohomology with coefficients. If C.(K;Z)
denotes the simplicial chain complex on the universal covering, recall from (3] that
C*(K;Ad p) = homy, (5)(C.(K;Z), 9),
and we similarly define
C*(K',0K'; Ad p) = hom,, sy (C.(K',0K"; Z), )

where 7 (S5) acts on g by the adjoint representation.
Following Milnor [18], there is a paring

[.,.]:Ci(K;Z) x Coli(K',0K";Z) - Zmy (S)

defined by
[e.d]:= X (e
yem1(S)
Here “” denotes the intersection number in the universal covering. The main properties
of this paring are that for n € Zm(S) we have:
(8) [ne,c'=nle, ], [e,nd]=[e,d']n and  [De, ] = £[c, 0 ].

Here the bar . : Zm (S) - Zm(S) denotes the anti-involution that extends Z-linearly the
anti-morphism of 7 (') that maps v € 71 (S) to v~!. Notice that the sign + in equation (8]
depends only on the dimension of the chains.

For each i-dimensional cell e;. we fix a lift é; to K. Also, we chose a (2—1i)-dimensional

cell f]?—i which projects to fj?—z‘, By replacing sz—i by & translate, we can assume that
& fit =
We obtain, for each i-chain ¢ ¢ Ci(KQZ) and each (2 —14)-chain ¢’ € CQ—i(f?’,af?’;Z)
that - .
c= 2[07 ij_Z] ¢; and = Z [é}’cl] sz—z.

J J

Given a € C'(K;Adp) and o/ € C?>~-1(K',0K'; Ad p) the formula
(@,0) » ¥ B(a(E), 0’ (7))
j

defines a nondegenerate pairing

9) (- ):C(K;Adp) x C*(K',0K"; Ad p) - C.
10




By using equation (), it is easy to see that this pairing satisfies
(10) (da, ') = £{cr, 00},
and therefore it induces a non-singular pairing in cohomology
(11) (-,-): H*(S; Ad p) x H*(S,0S;Ad p) - C.
Given a basis h = {h;}; of H!(S;Adp) and h' = {h}}; a basis of H'(S,05;Ad p), we
introduce the notation

(12) (nh, Ah') :=det ((h;, h))ij)

iy 105

which is the natural extension of the pairing (II) to

d d
NH'(S;Adp) @ A\ H'(S,08;Ad p) - C,
where d = —x(S5) dim G.

3.3. The duality formula. Let p € R(7(S),G) be a representation.

Proposition 23 (Duality formula). Let h = {h;}; be a basis for H'(S;Adp), and let
h' = {h!}; be a basis for H(.S,05;Ad p). Assume that the cohomology groups H*(S; Ad p)
and H*(S,0S; Ad p) vanish in dimension k=0,2. Then

tor(S,Ad p,h) tor(S,05,Ad p,h’) = £(Ah, Ah’)

This is E. Witten’s generalization of the duality formula of W. Franz and J. Milnor. We
reproduce the proof for completeness. In Witten’s article [29] the proof of this particular
formula is only given in the closed case, and Milnor [18] and Franz [2] consider only the
acyclic case.

Proof. We chose the geometric basis of C*(K;Adp) and C**(K’,0K’;Ad p) to be dual
to each other, by choosing dual lifts of the cells and a B-orthonormal basis of the Lie
algebra g. In this way, the matrix of the intersection form (@) with respect the geometric
basis is the identity, in particular its determinant is 1: (Ac?, A(c?%)") = 1. Thus we view
the product of torsions in the statement of the proposition as three changes of basis, one
for each intersection form:

(13) tor(S,Adp,h) tor(S,0S,Ad p,h")
{rct, A(eh))
B - (AcP, A(c?) W (Ac2, A(cV))
[b2ub! uh:c!] [(b?) u (b!)u h': (c!)] (nct, A(ch))
(B0 e[ 2] (61 (@) J[(B7)'+ (2] (el (@) Hne? AeT) )
_ i(/\tﬂ)’2 A bl /\’ﬁ,/\(’k?)’ NCRPNY)
(ABL, A(D2))(nb2, A(BY))

Next, following Witten, we may chose the lift of the coboundaries to be orthogonal to
the lift of the cohomology of the other complex:

(s, (B2)7) = (B2, 1) = 0.

17°7)

= xtor(S, Ad p,h) tor(S,05,Ad p,h’)

==+

In addition, by direct application of (I0):
(bi, (b)) = (bi, ;) = (i, (5)') = 0.

17779
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Thus the numerator in (I3)) is the determinant of a matrix with some vanishing blocks,

and (I3) becomes:

, {22 A(b1)){ab, A(B2))(ah, Ab)

(14) = -
(AbL, A(Db2)){Ab2, A(D1))

Finally, since §bi = bi and §(b') = (b?)", (Ab2, A(b)") = £(Ab2, A(b1)") and (Ab!, A(b2)’) =
+(Ab, A(b?)’), by (I0). Hence (I4) equals +(Ah, Ah’), concluding the proof. O

Remark 24. Notice that the proof gemeralizes in any dimension, after changing the
product by a quotient in the odd dimensional case, and taking care of the intersection
product in all cohomology groups.

4. SYMPLECTIC FORM AND VOLUME FORMS

4.1. The symplectic form on the relative variety of representations. For a good
and O-regular representation pg, the tangent space to R*(.S,05,G),, is the kernel of the
map @ H'(S;Adp) - HY(0S;Adp) induced by inclusion (Proposition 7). The long
exact sequence in cohomology of the pair is:

0 HO(DS; Adp) 5 H'(S,05;Adp) > H'(S;Ad p) > H'(8S;Ad p) > 0

For a,b € ker(7), we define

(15) w(a’a b) = (67 b>v = <a’7 >

where @,b € HY(S,0S; Ad p) satisfy j(@) = a, j(b) = b. This form is well defined (indepen-
dent of the lift), because i and [ are dual maps with respect to the pairing (1), that is
(6(+),") ={(-,i(-)). Moreover we have:

Theorem 25 ([B, 10, 15]). Assume that py is a good and O-regular. Then the form w is
symplectic on R*(.S,0S,G),, -

The fact that w is bilinear and alternating is clear from construction, non-degeneracy
follows from Poincaré duality, and the deep result is to prove dw = 0. When S is closed
this was proved by Goldman in [5]. When 0S # @, the result with real coefficients is due
to Guruprasad, Huebschmann, Jeffrey, and Weinstein [10], and in [I5] Lawton explains
why it works in the complex case.

4.2. Sign refined Reidemeister torsion for the circle. Let V' be a finite dimensional
real or complex vector space, and

i1 (S1) > SL(V)

be a representation. In what follows we use the refined torsion with sign due to Turaev,
that we denote TOR(S?, p,0,u,v) [28, §3]. This torsion depends on the choice of an
orientation o in cohomology with constant coefficients of S and the choice of respective
basis u for H%(S'; ) and v for H!(S%;¢). For a circle S1, the choice of an orientation
determines a fundamental class, hence an orientation in homology.

We start with a cell decomposition K of St with i-cells €i,... €%, i=0,1, and a (real
or complex) basis {my,...,my} for the vector space V. The geometric basis for C*(K;p)
is then ¢’ = {(€})*®my, (€})* ®ma, ..., (€))* ®my}. As before, let B! = Im(0: CY(K; @) —
C(K;¢)) denote the coboundary space and chose b! as basis for B! and lift it to b! in

12



CO(K; ). Consider also v c C1(K; ) a representative of v and similarly 1 c CO(K;p)
for u. Then we define the torsion:
[Vub!:c!]
[blut: 0]
Notice that there is no sign indeterminacy, because we include ¢? in the notation. In fact
sign indeterminacy comes from changing the order or the orientation of the cells of K.
The sign is not affected by the choice of a basis for V, because x(S!) = 0.

Following [28, §3] we consider «; = Y, ,dim CY(K;¢), 5; = ¥ odim H'(S'; ) and
N =350 ;8;. We define

Tor(S, ¢,u,v,c’ ct) = (-1)N tor(St, p,u,v,c’, ct).

This quantity is invariant under subdivision of the cells of K, but it still depends on
their ordering and orientation. To make this quantity invariant, Turaev introduces the
notion of cohomology orientation, i.e. an orientation of the R-vector space H°(S!;R) &
H'(SY; R). We consider a geometric basis the complex with trivial coefficients C?( K;R),
¢ ={(e)*, ..., ()"}, with the same ordering and orientation of cells. We chose any
basis h? of H*(S';R) that yield the orientation o.

tor(St, ¢, u,v,c’ ct) = eC*.

Definition 26. The sign determined torsion is
TOR(S', p,0,u,v) = Tor(S*, p,u,v,c% c')-sgn (Tor(Sl, 1, ho,hl,co,cl))

Let —o denote the homology orientation opposite to o. It is straightforward from
construction that

(16) TOR(S",¢,-0,u,v) = (-1)"™?TOR(S",¢,0,u,v)

In particular, we do not need the homology orientation when dim ¢ is even. For a circle
S, the choice of an orientation determines a fundamental class, hence an orientation in
cohomology.

Let p;:m(S) — SL(V;) be representations into finite dimensional vector spaces, for
i=1,2. Then H*(S'; 01 ®¢2) 2 H*(S';01) ® H*(S';p2). Let u; and v; denote basis for
HO(SY; ;) and H'(S?; ;) respectively. The following lemma reduces to an elementary
calculation:

dim ¢

Lemma 27. Let @;:m(St) — SL(V;) be representations into finite dimensional vector
spaces, fori=1,2. Then

TOR(S", 01 ® 0o, 0,15 x {0} U {0} x ug, v1 x {0} L {0} x vs)
= TOR(Sl,cpl,o,ul,vl) 'TOR(Sl,QDQ,O,UQ,Vg).

4.3. An holomorphic volume form on R"(S!,G). As in the introduction we let
G denote a simply-connected, semisimple, complex, linear Lie group, d = dimG, and

r=rkd.

Definition 28. We call a representation p:mi(S') — G regular if the image of the gen-
erator of w1 (S') is a regular element g € G. The set of conjugacy classes of reqular
representations is denoted by R™9(S', G).

Let p:m(S') - G be regular. Then dim H°(S'; Ad p) = r, because H(S'; Ad p) = gAdr.
As the Euler characteristic of S' vanishes, dim H'(S'; Ad p) = r. Furthermore, since G is
simply connected, we have H'(S';Adp) = Tj,R™9(S!, G) (Corollary 09).

By Poincaré duality, the pairing

() H(SY Adp) x H'(S';Adp) » H'(S';,C) = C
13



is non degenerate.

In the next lemma we use the refined torsion with sign due to Turaev (see Section [A.2]).
By (I€) changing the orientation of S! changes the torsion TOR(S',Adp,0,u,v) by a
factor (-1)? = (-1)", as well as (Av, Au) by the same factor.

Let Ggr denote the compact real form of the semisimple complex linear group G. We
will assume that the restriction of the nondegenerate symmetric bilinear G-invariant form
B on the Lie algebra to ggr is positive definite. This means that B is a negative multiple
of the Killing form. In what follows we will denote by Adg: Gg - Aut(gr) the restriction
of Ad to the real form Gg.

Lemma 29. If p:71(S') - G is a regular representation, and if w and v are bases of
HO(SY; Ad p) and H'(S'; Ad p) respectively, then the product

TOR(S',Ad p,0,u,v) (Av, Au)
1s independent of u.

Lemma 30. If p:m(S') = Gg is a reqular representation and if u and v are bases of
HO(SY; Adg p), and HY(S'; Adg p) respectively, then

TOR(SY, Adg p,0,u,v) (Av,Au) > 0.

Proof of Lemma[29. Let u and u’ be bases for H°(S'; Ad p), and v and v/, for H'(St; Ad p).
We change bases by means of the following formulas:

[v':v]

TOR(SY, Adp,0,u’,v') = TOR(S',Ad p,0,u,v)

[0 :u]
and
(AV' AU') = (Av, Au)[v i v][u’ s u].
Hence
(17) TOR(S*, Adp,0,u’,v'){(Av', au') = TOR(S?, Ad p,0,u,v){(Av, au)[v' : v]*
This proves independence of u. O

Proof of Lemma[30. We are assuming that the image of p is contained in the compact
real form, p(m(S)) c Gg. By ([7) in the proof of Lemma 29 the sign is independent of
v. By regularity, H°(S!; Adgr p) c gr is a Cartan subalgebra h, and B restricted to b is
positive definite. Hence we may chose an R-basis of gg compatible with the orthogonal
decomposition gg = h L ht. This is also a decomposition of 71 (S')-modules, and by
Lemma [27] the torsion decomposes accordingly as a product of torsions.

We compute the torsion of f first. Since the adjoint action of H on b is trivial, we have
natural isomorphisms

(18) HY(SYh) 2 HY(SY,R)eh and H(S';h)=2H(S',R)®h.

We chose a cell decomposition of S' with a single (positively oriented) cell in each di-
mension. In particular, as the adjoint action of H on b is trivial, the boundary opera-
tor 0:CY(K;h) - C'(K;bh) vanishes. Chose a B-orthonormal basis for b, this provides
geometric basis ¢! and ¢, and since § = 0, those are also representatives of basis in
cohomology. By choosing those bases (u=c? and v = ct),

tor(S*, Ad ply,c’, ¢t c') = 1.

Following the construction in Section B2 we compute ag = By = 7 and a3 = 51 = 2r =
0 mod 2. Thus N =72 =rmod 2 and

Tor(S", Ad ply, ¢!, e, ¢) = (~1)".
14



As the torsion for the trivial representation corresponds to the case r = 1, Tor for the
trivial representation is —1 and

(19) TOR(S*, Ad |y, 0,c,¢?) = (-1)" -sgn(-1)" = 1.

Also, by construction, (Act, Ac?) = 1.
Next we compute the torsion of h+. We have H*(S;h') =0 and, since dim h* is even,

TOR(SY, Ad ply:, 0) = tor(S*, Ad ply:,c®, ¢*) = det(Adr(g) - Id) |y,

where g € G is the image of a generator of m1(S'). Notice that, as dim h* is even, the sign
is independent of the cohomology orientation.
Let Ag be the Weyl function [9]. Then

det(Ad(g) ~1d)ly: = Ac(9)Ac(g™) =1Ac(g)l >0
(see [9, (7.47)] for details). This finishes the proof of the lemma. O
Definition 31. Let p:m(S') = G be a regular representation. The form
y:/r\Hl(Sl;Adp) -C
is defined by the formula
(20) v(Av) = i\/TOR(Sl,Ad p,0,u,v) (AV, Au)
for any basis w of H'(S'; Adp). (By Lemmal29, it is independent of u.)

We are interested in understanding v as a differential form on R"¢9(S?, ) for G simply
connected. Recall from §2.3 that when G is simply connected, the Steinberg map has
coordinates the fundamental characters (oy,...,0,.):G - C.

Proposition 32. For G simply connected, there exists a constant C' € C* and a choice
of sign for v such that

v=Cdoy A+ Ado,.

Proof. Using Steinberg’s section s:C" — G (Theorem [I§]), consider for each p € C" the
subagebra gA4s(®) of elements fixed by Ad s(p). By the constant rank theorem this defines
an algebraic vector bundle

gAdos_)E(S)_)CT.

Since algebraic vector bundles over C" are trivial [22] 27], there is a trivialization u =
(ui,...,u.):C" - E(s), so that {ui(p),...,u,(p)} is a basis for grds(®) for each p €
Cr. By the identifications, Tis;)R™9(St, G) = H'(S',Ads(p)) (Corollary 19), and the
identification gAds(®) = HO(S1 Ads(p)), we have two (r,0)-forms on C":

(21) (s+(=),Au) and TOR(S',Ads,0,u,s,.(-)).

We claim that these forms are both algebraic. Assuming the claim, they are a polynomial
multiple of dz; A -+ A dz,., for (z1,...,2.) the standard coordinate system for C". Since
they vanish nowhere in C", both forms in (2I) are a constant multiple of dz; A -+ A dz,..
Viewed as as forms on R™9(S!,G), they are both a constant multiple of doy A -+ A do,
and the proposition follows, once we have shown the claim.

To prove that the forms in (2I]) are algebraic, use a CW-decomposition K of S! with
a 1 and a 0-cell, so that the groups of cochains C*(K, Ad s(p)), for i =0, 1, are naturally
identified with g. We also have a natural isomorphism (Rs(p)—l)* Ty G — g, which is
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precisely the tangent map to righ multiplicatiuvon by s(p)~!. This identification maps
s.(0,,) at pe C" to

s
u(p) = (). (50 €5
which is a map algebraic on p € C". Hence the intersection product is
($:(0z A1 0, ), ru) = det((5.(0s,), uj)iy) = det(B(vi, uz)i;),

which is polynomial on p € C".

To show that the torsion is algebraic, using again triviality of algebraic bundles on
Cr, complete u to a section of the trivial bundle (uq,...,u,...,uq):C" - g. Setting
bl = {typs1,. .., uq}, then u(p)ubl(p) is a basis for g, for each p € C. We view u(p)ub!(p)
as a basis for C°(K,Ad s(p)), so that u(p) projects to a basis for H°(S', Ad s(p)), for
every p € Cr. Fix ¢ = ¢! a basis for g. By construction:

[vudb!:cl]
[uub!: 0]
where the sign depends on the orientation in homology, but it is constant on p. Thus this

is a quotient of algebraic polynomial functions on C”, but since it is defined everywhere,
it is polynomial. O

TOR(S', Ad s, 0,u,5,(0,, A+ AD.,)) =+

Y

4.4. Witten’s formula. Let p:m(S) = G be a good O-regular representation. Let v;
denote the peripheral form of the i-th component of S (Definition BT), and let w denote
the symplectic form of the relative character variety (I5]). We aim to prove Theorem [3]
namely, that Q. (g) = i%w" AUL A AUy,

Proof of Theorem[3. We apply the duality formula (Proposition 23]) and the formula of
the torsion for the long exact sequence of the pair, Equation (23) below. For this pur-
pose we discuss the bases in cohomology. Start with u a basis for H°(9S;Ad p). If
denotes the connecting map of the long exact sequence, then complete f(u) to a basis
for H'(S,05;Ad p): S(u)uh. Next we chose v a basis for H1(dS; Ad p) that we lift to
V by i, and if we set j(h) = h, then hu¥ is a basis for H(S;Ad p) (and h is a basis for
ker(i) = Im(j)). The bases are organized as follows:

(22) 0 HY8S;Adp) 3 H'(S,08;Ad p) > H'(S;Adp) > H'(S;Ad p) > 0
u B(w)uk huv v

As the bases have been chosen compatible with the maps of the long exact sequence, the
product formula for the torsion [17] gives:

(23) tor(S, Ad p,h u¥) = +tor(S,dS, Ad p, S(u) Lh) tor(8S, Ad p,u,v).
We shall combine (23]) with the duality formula (Proposition 23]):
(24) tor(S, Ad p,hu¥) tor(S, 85, Ad p, f(u) uh) = = (A(hu¥),A(S(u) uh)).
We next decompose the right hand side in (24]). By naturality of the intersection form,
(hes D)) = (ko). ) = (G (R0)) ) = 0.
Hence the right hand side in (24]) becomes:
(A(hu¥),A(B(u) uh)) = (Ah, Ah) - (AT, AB(1)).
Again by naturality

(A AB(W) = (ni(¥), Au) = (Av, Au).
16



In addition, by definition
(Al Ah) = w(Ah, AD).
Thus
(25) (A(hu¥), A(B(u) uh)) = £(Au, AV)w(Ah, Ah).

Hence by ([23), (24), and (23):
tor(S, Ad p,hu¥)? = +w(Ah, Ah) TOR(9S, Ad p,u,v)(u,v).

Notice that on the right hand side we use Turaev’s sign refined torsion. Next we claim that
the sign of this formula is + and not —. It suffices to determine the sign in the compact
case. Then the formula will follow in the complex case by a connectedness argument (the
variety of characters of a free group is connected and irreducible, and O-regularity and
being good are Zariski open properties, hence they fail in a set of real codimension > 2).

We show that the sign is + in the compact case by showing that all terms are positive.

Since TOR(9S,Ad p,u,v){u,v) is positive by Lemma B0, the sign will follow from the
equality

(26) w(Ah, Ah) = (%w"(/\h))Q,

that will also complete the proof of the theorem.
We give self-contained proof of (26) by completeness. By Darboux’s theorem there are
local coordinates so that

w = d.ﬁUl A d.’EQ + .-+ dl’gn,l A d.TQn.

Let A be a matrix of size 2n x 2n whose colons are the components of the vectors of h in
this coordinate system. Then, if J denotes the matrix of the standard symplectic form,

w(ah, Ah) = det (w(hi, hy)i;) = det(A'JA) = (det A)>.

On the other hand w™ = n!dx; A dxy A -+ A dxg,, hence
1 n
s (Arh) =det A

and we are done. O

5. FORMULAS FOR THE GROUP SLy(C)

If G =SLy(C) we can give explicit formulas for several volume forms.

5.1. The form v for SLy(C). We know that v is a constant multiple of doy A--- A d o,
and we shall determine the constant, completing the proof of Proposition 2l Recall that
we chose the C-bilinear form on sl (C) to be

B(X,Y)=-tr(XY)  VX,Y esly(C).

In SLy(C) the invariant functions are the symmetric functions on the spectrum: if the
eigenvalues of A € SLy(C) are Aq,..., Ay, then

1
o(A) =3 N, a2(A) =D NN, o, onaa(A) =Y T
i i<j Y
Those symmetric functions are characterized by Cayley-Hamilton theorem:

AN o (A) AN 4 oy (AYAN2 — o (“1) N oy (A)A + (~1)V T1d = 0.
17



We identify R(S!,SLy(C)) with the group SLx(C) by mapping a representation to the
image of a generator of m;(.5), so that o; is a function on R(S!, SLy(C)) invariant under
conjugation. On the other hand, o1,...,0y_1 are the coordinates of the isomorphism:

R(S',SLy(C)) 2 SLy(C)//SLa(C) = CN-L,

Proposition 33. Let v: AN H1(S', Ad p) — C denote the volume form in Definition[31.
On R(S,SLy(C)) 2 CN-1

V=x+ (\/—_1)6(]\7) \/Ndal AN-Ndon_1,
where e(N) = (N -1)(N +2)/2.
By direct application of the proposition, we get:
Corollary 34. On R™9(S?,SLy(C))
V= i\/ﬁdtrv
where v is a generator of m (S1).

Proof of Proposition[33. We identify the variety of representations of the cyclic group
m1(S?) with SLy(C) by considering the image of a generator, that we call g. To simplify,
we may assume that ¢ is semisimple, by Proposition After diagonalizing:

evr () 0
0 e 0
g= .
0 0 euN

with uq + -+ uy = 0 and all u; are pairwise different mod 27v/~1Z. The Cartan algebra
b is the subalgebra of diagonal matrices. Since the decomposition sly(C) = b L bt is
preserved by the adjoint action of g, the torsion is the corresponding product of torsions,
by Lemma By looking at the action on non-diagonal entries of s[5 (C), the torsion of
the adjoint representation on h* is:

[T(en = 1) = [J(en —em) = ()Y@ DR T e - e,

i+j i+j i>j
which is the product Ag(g9)Ag(g7t) of Weyl functions [9] §7]. Thus
(27) v=x(V=1) TP - ey oy
>]

where
(28) 0 (Av) = /TOR(SL, b, 0, AV, Au){AV, Au).

We use coordinates for the Cartan algebra via the entries of the diagonal matrices:
b = {(Ul,... ,UN) e CN | Yu; = 0},
Lemma 35. The form 0y is the restriction to {(uy,...,uy) € CN | Y u; =0} of the form

w~N-1) 1 XN y —
:l:(\/—l) ﬁ ;(—1)N dul/\---/\dul-/\---/\duN,

or, equivalently, of

(N-1)
:I:(\/—].) \/Ndul/\---/\duN_l.

18



Proof. In order to compute TOR(S, b, 0, Av, Au) we proceed as in the proof of Lemma 30l
In particular we chose a cell decomposition of S! with a single (positively oriented) cell
in each dimension, and bases in homology represented by the geometric bases. With this

choice of u and v, by (I9),
TOR(SI,[],O,V,U) = ]‘

Next we compute (Av,Au). The basis u and v are constructed from dual basis in
H*(SY;Z) tensorized by a basis of h. We choose a basis for the Cartan subalgebra,

e = {61,.. . ,eN,l}:

10 01 0
e1:( )7 62:( )7 CERE ele( -.1 )
-1 -1 -1

Since the cells of S are positively oriented,

(Av, Au) = det(B(ei,e))ij)-
In addition, as B(e;,e;) = -2 and B(e;,e;) = -1 for i # j, det(B(e;,e;))i;) = (-1)N-IN.
Thus

(29) Oir(Av) = /(1NN

On the other hand, direct computation yields:

N
Z(_l)N*idul YN /\dui/\.../\duN(el /\"'/\eN—l) — N
i=1

By the natural identification of H'(S1; ) with the Cartan algebra b we get the lemma. [J

We conclude the proof of Proposition B3l By (27) and Lemma [33],

(30) A (dug + - +duy) = (\/—_I)E(N)\/Nn(e“i —e“)duy A Aduy.

©>7

Next we use Newton’s identities:

o1 = el 44N
oy = —2(e™ 4+ €™ —Pol(oy))
_ j+11 ju ju
O'j = (—1)] 5(€J Ly 4¢d N—POI(O'l,...,O'j,l))
were Pol(oy,...,0j_1) denotes a polynomial expression on oy, ..., 0,_1, whose precise value

is not relevant here. From them we deduce

1
d0'1 A A dO'N,l = imd(z euj) A d(z e2uj) A A d(z €(N71)Uj)

Since
d(d ™) =iy e"duy,
fori=1,...,m -1, Vandermonde determinant yields
(31) (dug ++++duy) Adoy A Adoy_g == ][(e" —€“)duy A Aduy.

>7

Then combine ([B0) and (3I)) to prove the theorem, knowing that our tangent space is the

kernel of duy + -+ dupy. ]
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5.2. The form v for SU(NN). An element in SU(NV) is conjugate to a diagonal element
ei91

elon

with Y 6; € 27Z. A matrix is regular if and only if e # e for j # k.

By identifying R™9(S1, SU(N)) with the image of the generator (or its conjugacy class),
functions on 6y, ..., 0y invariant under permutations are well defined on R™9(S*, SU(N)).
Also the form df; A--- AdBy_q is well defined up to sign by the relation Y. 6; € 277Z.

Proposition 36. On R™9(S1,SU(N)) (for B(X,Y)=-tr(XY)),

0; - 0;
V= i2N<N1>/2¢N1‘[sin( 5 J)del A AdOy .

i<j

Proof. From the proof of Proposition B3] if g € SU(V) is the image of the generator of
m(SY), v =1Aq(9)|0n. By [9, Exercise 7.3.5],
0, -6,
|Ag(g)| = 2NV-D/2 I sin( 5 ]) .
On the other hand, by Lemma [35],
O =tV Ndby A A dOn_1,

i<j
which proves the formula. O

Remark 37. We may consider also the restriction to SLy(R). Then the expression of
the volume form is just the restriction of Proposition[33. It may be either real valued or
V=1 times real, because B is not positive definite on sly(R). The restriction of B to soy
is positive definite, but its restriction to its orthogonal soy, c sly(R) is negative definite.
Notice that dimsoy, = (N -1)(N +2)/2=€e(N) mod 2, that determines whether it is real

or /-1 times real.

5.3. Volume form for representation spaces of F5. In this subsection we compute
the volume form on the space of representations of a free group of rank 2, Fy = (v1,72),
in SLy(C) and SL3(C). We use the notation ¢;,..;, for the trace functions of 7;,---y;, in
SL2(C), with the convention v; = v;'. For instance, the trace function of y;75! will be
denoted by ;5.

We start with R(F»,SL2(C)). By Fricke-Klein theorem, see [4], the respective trace
functions of v, 75 and 7,7y, define an isomorphism

(32) (tl,tg,tlg)iX(FQ,SLg(C)) —>Cg.

Since [} is the fundamental group of a pair of pants Sy 3, and 71, 72 and 717, correspond
to the peripheral elements, by Theorem [3 and Corollary B34k

Corollary 38. The volume form on R*(F»,SL2(C)) is
QF2 = :l:2\/§dt1 A dtg AN dtlg .

We next discuss the space of representations of Fy = (7;,72) in SL3(C).

The symmetric invariant functions o; and o9 of a matrix in SL3(C) are, respectively, its
trace and the trace of its inverse. Recall that the trace functions in SL3(C) are denoted
by T;,..4, instead of ¢;,..;,. According to [14], X (F3,SL3(C)) is a branched covering of C8
with coordinates

T = (14,71, T2, T3, 12, Ti3, T3, Ti2): X (F2, SL3(C)) - C®.
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The branching is given by the trace of the commutators T;513 and T9;57 that are solutions
of a quadratic equation
22-Pz+Q=0

for some polynomials P and ) on the variables tq, T1, T2, T3, T12, T13, T13, T2, the expression
of P and @ can be found in [14] [I5]. Notice that P = Ty575 + Tg131 and Q = Tio13 To131-

Thus, as 1, 72 and <172 represent the peripheral elements of a pair of pants Sy g3,
a generic subset of the relative variety of representations is locally parameterized by
(713, Ti2); in the subset of points where there is no branching, i.e. Tj513 # Toj37. Lawton
has computed in [I5, Thm. 25] the Poisson bracket:

{713, T12} = To131 — T1013-

As (7113, Ti) are local coordinates, an elementary computation yields

(33) w=- o, TiQ}dTIQ A dTis.
Therefore
(34> w = dle/\dTiQ

 Toi37 — Tioiz
On the other hand, by Proposition 33 the form 14 corresponding to v, is
v = i\/—_?)d’tl AdTy,
and similarly for v5 and v12. Using Theorem [3 and these computations we get:
Proposition 39. For
T = (14,71, T2, T3, T12, Ti3, T3, Ti2): R* (F2, SL3(C)) N {Ta131 = Tyo13} » C°

the restriction of the holomorphic volume form on R*(F3,SL3(C)) N {Ta131 = Ti213} 1S
918;;3(@) = +7*Q where
3V -3

NO=t———dT AdTIAdToNdT3 AdT12 AdTis Ad T3 AdTiy.
T2121 — T1212

6. SYMPLECTIC FORMS

Let pg € R*(S,SLs(C)) be a good, d-regular representation. In this section we discuss
the symplectic from on the relative character variety R*(S,0S5,SL2(C)),, for the two
surfaces S1,; and Sp 4, which are the surfaces with 2-dimensional relative character variety
R*(S,08,SLy(C)),,. We use Goldman’s product formula for the Poisson bracket for
surfaces [0], as well as Lawton’s generalization [15, Sec. 4] to the relative character variety.

For this purpose, let f:G — C be an invariant function (i.e. a function on G invariant
under conjugation). Following Goldman [7], its variation function (relative to B) is
defined as the unique map F:G — g such that for all X eg, A€ G,

(35) %f(A exp(tX))|,_, = B(F(A),X).

When G = SLy(C) and f = tr, the corresponding variation formula T:SLy(C) — sly(C)
must satisfy, by @), tr(4X) =—tr (T(A) X), VX €sly(C) and VA e SLy(C). Thus

T(A)=tA1d-A-= —%(A—Al) for A € SLy(C).
Notice that T(A) € sly(C) is invariant by the adjoint action of A, and T(A) # 0 for

A+ +1d.
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Proposition 40 ([7, [15]). Let o, 8 be oriented, simple closed curves meeting transver-
sally in double points py,...,px € S. For [p] € R*(S,05,SLs(C)),, and each p;, chose
representatives

pizm (S, pi) > SLa(C)
of [p]. Let cvy, B; be elements in m(S,p;) representing o, B respectively. For the bilinear
form B(X,Y) =-tr(XY), the Poisson bracket of the trace functions t, and tg is

{ta;ts}([p]) = 2. e(pi, o, B) B( T (pi(c:)), T(pi(5:)))
!

_ _;dpi,a,/a) tr( T(ps(ai)) T(oi(5:)))

where €(p;, a, B) denotes the oriented intersection number of o and 5 at p;.

For later computations, it is useful to recall (cf. [8]) that for all A, B € SLy(C)
(36) tr(A) tr(B) = tr(AB) +tr(AB™),
and a direct calculation gives

1

(37) tr(T(A) T(B)) = B tr(AB - AB™).
6.1. A torus minus a disc. Let S;; denote a surface of genus 1 with a boundary com-
ponent. Its fundamental group is freely generated by two elements 7, and 7, that are
represented by curves that intersect at one point. The peripheral element is the commu-
tator [v1,72] = 117277 ;¢ The variety of characters X (S;1,SL2(C)) is the variety of
characters of the free group on two generators, and it is isomorphic to C? with coordinates
t1,t9,t19, by Fricke-Klein ([32)). Equality (36]) implies that ¢its = t15 + t3.

Generically, the relative character variety is the hypersurface of C? that is a level set
of the trace of the commutator, t575 = ¢ for some ¢ € C, where

(38) tioiz = 1] + 13 + 15y — titat1n — 2.

Therefore, given a good representation p, the variables (¢1,t2) define local coordinates of

R*(S1,1,051,1,5L2(C)),, precisely when gt—utlﬂg # 0, ie. when

(39) 2t19 —t1tg =t19 — 115 # 0,

where ¢35 = t1, is the trace function of y;9;!. Hence we obtain a local parametrization
T = (t1,t2): R*(S1,1,0511,SL2(C)) o ™ {t12 = t15} — C*.

We compute next the symplectic form.

Proposition 41. Let py € R*(S,SLy(C)) be a good, O-reqular representation such that
t12(po) # t1a(po). Then the symplectic form on R*(S1,1,0511,SL2(C))pe N {t12 = tiz} is
the pull-back T*w, where

dtl N dtg
12—

tiz =113
Proof. For [p] € R*(S1,1,051,1,SL2(C)) o N {t12 = t13} we put A = p(v1) and B = p(72).
As 71 and 7y, intersect in a single point, by Proposition 40 and (B7) the Poisson bracket,
for B(X,Y) =-tr(XY), between trace functions is

{12} ([p]) = £ 0 (T(A) T(B)) = 5 (02~ o).

The proposition follows from Equation (33)). O
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Remark 42. From Proposition[{1 we can compute again the volume form on R*(Fy, SLa(C)),
already found in Corollary[38. Namely, by Theorem[3, Proposition[{1], and Corollary[54),
since the commutator ~y1y2y7 5t s the peripheral element,

dty Adts A dtyrs
(40) Qp, = Qg, , = +2y/2 L0022 CTiala

t12 —t13

Differentiating [B8), we get
(41) dt12i§ = (2t1 — tgtlg)dtl + (2t2 - tltlg)dtQ + (2t12 — tth)dtlg s
thus, as tity = t1o + ty3, by replacing (@) in (40):

Qp, = 22V/2d 1ty Adiy A ditys.
6.2. A planar surface with four boundary components. Let Sy 4 denote the planar
surface with four boundary components and let A and p be two simple closed curves so
that each one divides Sy 4 in two pairs of pants and they intersect in precisely two points.
Chose also one of the intersections points as a base point for the fundamental group.

Orient the curves A and p and obtain two new oriented curves a and [, by changing
both crossings in a way compatible with the orientation, according to Figures [1l and 2

F1cURE 2. Construction of o and 8 from another orientation of A and p

Since the curves are oriented, we may talk about the elements they represent in 7 (So.4),
in particular the products Ay and a8 and their trace functions, ¢, and ¢,g, that depend
on the orientations.

Lemma 43. Up to sign, the difference ty,—tos is independent of the choice of orientations

of A\ and . The sign depends on whether we change one (-) or both (+) orientations.
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Proposition 44. Let py € R*(S,SLy(C)) be a good, O-reqular representation such that

tau(po) # tag(po). Then:
(1) the map T = (tx,t,): R*(S0.4,050,4,SL2(C))po N {tau = tap} = C? is a local parameter-

1zation.
(2) the symplectic form on R*(Sp.a,0S04,5L2(C))p N {tay = tas} is the pullback T*w
where
dt>\ A dtu
w=+t———-t,
Iap — tap

We fix the notation for both proofs. The fundamental group of Sy 4 is freely generated
by three elements 7;, 72, and 3, and the peripheral curves are represented by 71, va, 73,
and 717273, see Figure 3l We shall assume that the orientations are so that A = 7,7, and
1= Y27y3. With this choice of orientation, o = 917273 and 5 = s, so

Iap = tap = L1223 — t1232.

(mm
%

FIGURE 3. The loops 71, 72, and 73 that represent the generators of 7 (Sp.4).

Proof of Lemma[{3 It suffices to change the orientation of a single curve, so we follow
the examples of FiguresMland 2l If we change the orientation of x then p = v3'951, a0 = 71,
and § =~;'. We aim to prove

(42) t1223 = L1232 = —(11233 — 113)

(with negative sign, because we change the orientation of a single curve). From Equality

B8) we have:

liotes = ti23 + 11233
43
(43) liats2 = ti232 + 113,
Then equality ([2) follows by subtracting in (43]) and using ¢z = ta3. O

Proof of Proposition[{4). (1) We shall use a computation in cohomology, first by cutting
the surface Sp4 along A = 17, into two pairs of pants P, and Ps, with m(P;) = (71, 72)
and m (P,) = (73,7172). Notice that for [p] € R*(Sp4,050.4,3L2(C))po N {tay = tas} we
have that plr, (p,) is nonabelian. Suppose that, contrary to our claim, p|.,(p,) is abelian
that is p(71) and p(72) commute. Then

tan([p]) = t1223([p]) = tar23([p]) = tr232([p]) = tas([p]) ,

contradicting the hypothesis. This argument also shows that p|.,(p,) is nonabelian.
As plr, (p,) is nonabelian, H%(71(F;); Ad p) = 0. Hence, we obtain the following Mayer-
Vietoris exact sequence:

0 HOO\:Adp) 2 HY(S;Adp) > H'(Pi;Adp) @ H'(Po; Adp) - H' (\;Adp) > 0.
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Using the local parameterization of a pair of paints, this sequence yields that the tangent
space to R*(5,SLy(C)) at p is generated by the infinitesimal deformations 0y,, Oi,, Oy,
Ot1ps> Orpp and B(a), where 0+ a € HO(\; Ad p) 2 sly(C)A4r(M). Hence, the tangent space to
R*(S,05,SL2(C)),, at p is generated by 0y, = 0;, and f(a). Notice that dty(8(a)) =0
since ((a) is an infinitesimal bending along A. In order to prove that (t,,t)) are local
parameters at p we must show that d¢,(5(a)) # 0.

Next we compute dt,(3(a)). By setting A; = p(~;), we obtain p(\) = A; Ay and we can
chose a = %(AlAg - A;'ATY). As A is a separating curve, the infinitesimal bending is the
derivative respect to € of the path of representations:

1 = (L+ea+o(e))As(1-ca+o(e)),

see [12] Lemma 5.1] for details. Since p = 2773 is mapped to A Az + £(Azads — AyAza) +
o(g), we have

1
dt,(B(a)) = tr(Asads — Ay Aza) = 5(752123 —t13 — tog1o + to337).

By Lemma [43] and its proof, and using that the trace is invariant by cyclic permutations
and by taking the inverse:

tag — try = 1232 — t1223 = 2123 — 2312
= 11933 — t13 = 2331 — l13.
Thus dt,(5(a)) =tas —ta, # 0. This proves Assertion (1) of the proposition.

C O

O ()

FIGURE 4. The intersection points p;, ps and the arc between them.

We next prove Assertion (2). Let [p] € R*(So.4,05.4,SL2(C)),p, N {trs = tas}, and set
again A; = p(;). We apply Proposition B0l to compute the Poisson bracket {tx,t,}([p]).

The curves A and p intersect in two points, p; and po, in Figure . Let p; be the base
point of the fundamental group used in Figure 3. The contribution of p; is

etr(T(A1As) T(AzA3)) = %(t1223([,0]) — t1a32([p]))

for some € = +1. To compute the contribution of py we consider an arc from p; to ps to
relate the base points between fundamental groups. Assume that this arc is half of A,
as in Figure @ then pa(\) = p(N) = A1 Ay and pa(p) = p(11727377)) = A1AA3ATL. In
addition, the orientation of the intersection is opposite to the previous one, hence the
contribution of p, is

—etr(T (A Ay) T(A Ay A3 AT)) =
25
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Hence, for B(X,Y) = —tr(XY') we obtain from Proposition 40
€
{tr,tu) = -3 (t1223 — t1233 — o123 + t13)
and by equation (42]) we have

tap = tap = 1223 —to123 = 1233 + 113

Finally, the formula for the symplectic form on the coordinates (¢),t,) follows again
from equation (33)). O

7. VOLUME FORMS FOR FREE GROUPS OF HIGHER RANK

7.1. Volume form on R*(F,SLy(C)). We recall the notation ¢;,..;, for the trace func-
tion tr, of v = ;- , with the convention ~; = ;!

We start discussing the volume form for the free group of rank three. Following [§],
the variety of characters X (F3, SLy(C)) is a branched covering of C5. More precisely, the
branched covering is given by trace functions:

(44> T = (t17t27t37t127t137t23):X(F37 SL2((C)) - (C6 .

The branching is given by the variables t153 and 913, as they are the solutions of the
quadratic equation

22-Rz+S5=0
for
(45) R= tltgg + t2t13 + t3t12 — tltgtg
(46) S = t% + t% + t% + t%Q + t%?’ + tgg + t12t13t23 — tltgtlg — t1t3t13 — t2t3t23 -4,

Recall that the trace is invariant by cyclic permutation of the group elements:

t123 = taz1 = l312.

The branching locus is defined by t193 = t213. Away from it, the variables ([@4]) define local
coordinates.

Proposition 45. For
T= (t17t27t37t127t13at23):R*(F37 SLQ(C)) - CG

the restriction of the volume form to the open subset R*(F3,SLa(C)) N {t103 = ta13} is the
pull-back form (2?,1;2(@) = +T*Q), where

4
(47) QZ:I:idtl/\dtg/\dtg/\dtlg/\dtlg/\dtgg.
123 — lo13

Proof. Consider the surface S = Sp4. Since 71, 72, 3, and 717273 are the peripheral
elements, using Proposition 44] and Corollary [34]

dtio Adt
(48) Q%IQ = QEIQ = :I:4M N dtl A dtg AN dtg AN dtlgg.
3 04 1223 — t1232

It remains to replace dti93 by dti3 in this formula. Differentiating the equality
t%23 - Rtlgg +S = O,
where R and S are given in (@) and (@g]), we deduce:
OR oS
(49> (2t123 - R) dt123 = Z (aTtle — —) dtn .
n

ne{1,2,3,12,13,23} oty
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Since R = t123 + t213,

(50) 26103 — R =1t123 — ta13
In addition, using tit3 = t13 + t;3,
OR oS
(51) 6t_t123 BT totios — (2813 + tiates — tits) = tatiog — tiotes — t1s + t13
13 13
Using the standard relations on traces, we have:
(52) 113 = 11933 = l3195 = t31213 — {31220 = t12302 — t1223
(53) 13 = T1923 = t12l32 — t1232 = t12l23 — L1232

From those equations:

OR oS
54 —ti93—=—— =1 -1 .
(54) Btyg 18 gy, 1228 e
Hence, using (B0) and (54), equality (49) becomes:
(55) (ti2s — to13)dt1os = (t1223 — ti2se )d tys + Z pndt,

ne{1,2,3,12,23}
for some polynomials p,. Using (B3]) to replace dti23 by dtq3 in ([48)), we prove (7). O

Proof of Theorem[d. Write Fy, = (71,72, ...,7) and consider the graph G with one vertex
and k edges, so that m(G) = F,. Consider subgraphs G’ and G”, so that m(G') =
(V1,725 - - - s Yk-1) and w1 (G") = (V1, V2, & ); therefore G = G'uG” and m1(G' N G") = (71, 72)-
Since we assume t1973 # 2, p(71(G’'nG")) is irreducible, therefore, the long exact sequence
of Mayer-Vietoris applied to (G’,G") is:

(56)  0— H'(G,Adp) > HY(G',Adp) ® H'(G",Adp) — H'(G'nG",Ad p) - 0.

Interpreting cohomology groups as tangent spaces to spaces of representations, the asser-
tion on the local parameterization is straightforward from the sequence. By an induction
argument, the formula for the volume form is a consequence of the product of torsions,
Corollary B8 and Proposition 45l O

7.2. Volume form on R*(F}y,SL3(C)). Before proving Proposition [6] and Theorem [7]
we need two lemmas on regular elements in SL3(C). Recall that an element of SL3(C) is
regular if its minimal polynomial and its characteristic polynomial have the same degree.
This is the case if and only if each eigenspace is one-dimensional.

Lemma 46. Let A, B € SL3(C). Iftr(ABA'B™1) # tr(BAB 1A™1) then:

(i) both A and B are reqular and
(i1) the subgroup (A, B) c SL3(C) is irreducible.

Proof. (i) Assume that A is not regular. Then it has an eigenvalue A ¢ C* with an
eigenspace F) = ker(A — A\1d) of dimension dim E) > 2. Therefore dim(E\ n B(E))) > 1.
Chose a nonzero vector v € E\nB(FE)), by construction B~!(v) € E) and (ABA'B~1)(v) =
v. This yields that 1 is an eigenvalue of the commutator ABA~1 B!, therefore it has the
same eigenvalues as its inverse, which implies that tr(ABA-1B~!) =tr(BAB-1A™!).

(ii) By contradiction, assume that L c C3 is a proper subspace invariant by both A
and B. If dim L = 1, then this is and eigenspace of ABA-'B~! with eigenvalue 1, and
if dim L = 2, by looking at the action on C3/L we also deduce that 1 is an eigenvalue
of ABA-1B-!. Therefore, by the discussion on the previous item, this contradicts the
hypothesis tr(ABA-1B~1) # tr(BAB1A™1). O

27



Lemma 47. Let A e SL3(C). If A is reqular then the Ada-invariant subspace of sl3(C)
18

sl3(C)A% = (A - 5l g 41 - =) 1q),

Proof. Tt is clear from construction that both A - # Id and A~! - @ Id are Ada-
invariant. All we need to show is that those elements are linearly independent, as by
regularity dimslz(C)Ada =2, If A - % Id and A-! - % Id were linearly dependent,
then A, Id, and A~! would satisfy a nontrivial linear relation. Multiplying it by A, the
same relation would be satisfied by A%, A and Id, and hence A would have an eigenspace
of dimension at least 2, contradicting regularity. U

Remark 48. [t follows from Schur’s Lemma [3] that every irreducible representation
p:I' = SLx(C) is good, that is the centralizer of p(I") coincides with the center of SLy(C).

Proof of Proposition[d. Assume k = 3, the general case follows from an induction argu-
ment as in the proof of Theorem [Gl

We chose generators Fj = (71,72,73|—) and we identify F3 with m;(Sp4). We represent
So,a as the union of two pairs of pants P’ and P”, so that P’ n P" is a circle. Chose the
generators of the fundamental group so that m1(P’) = (7y1,72), m1(P") = (y1,73), and 7
is the generator of m (P’ n P"). Then the peripheral elements of P’ are 71, v, and 717,
and those of P”, 71, v3, and 7;173. The peripheral elements of S are o, v3, 7172, and
Y173-

Let [p] € R*(F3,SL3(C)) N {T1a13 = Toya1 }U{T1313 = T3131 JU{ A3 = 0} be a representation
where

1 _ o o _ YA _

(57) Aoz = (Ti23 — T132)(T1a3 — T132) — (T1z3 — T132) (Ti23 — Tiz2)-

We have to show that the 16 functions
(T17T17T27T§7T37T37T127T127T137TigaT237T§37T1§7T127T137Ti3)

define a local parameterization at [p]. The hypothesis tr(p([71,7:])]) # tr(p([vi,71]))
for i = 2,3 implies that p(v;), j = 1,2,3, are regular elements (Lemma [Af]). It follows

also that p(y172) and p(y173) are regular since tr(p([v17i,71])) = tr(p([7:,71])) and
tr(p([v1,717])) = tr(p([71,7:])) for i =2,3. The Mayer-Vietoris long exact sequence is:

(58) 0— HO(y1,Adp) > H'(S,Adp) & H'(P',Adp) @ H'(P",Ad p)

2 H' (1. Adp) ~ 0.

Chose u a basis for H%(y;,Adp). We will proceed as in the proof of Proposition [44]
Viewing the cohomology groups as tangent spaces, the proposition will follow from the
local parameterizations for the representation space of P’ and P”, and from (58]), provided
we show that

d T3 AdTa3(AB(u)) # 0.

We prove below in Lemma H9 that dTes A dTs3(AB(u)) = +AL, which is nonzero by
hypothesis. U

Lemma 49. d 1y A dtz(S(Au)) = + AL, where AL, is as in (B7).
Proof. Set Ay = p(71). By Lemma 7] the elements

tr A tr A7t

r=A; - Id and y=A7'-
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form a basis of the invariant subspace sl3(C)A4r01). We choose u = {z,y} via the iso-
morphism HO(vy;, Ad p) 2 sl3(C)Adar,
Then ((z) is the tangent vector to the infinitesimal bending:
me A e B, e (Id+ex)C(Id—ex) = C +e(xC - Cx) in C[e]/e?

and similarly for S(y). To compute dTo3 and dTs3 on S(z) and S(y), we must evaluate
the infinitesimal deformations on 7,y3 and 273. Thus the path corresponding to [(z)
evaluated at 973 is

(59) v2v3 = BC +e(BxC — BCx) = BC +e(BAC — BCA).
Therefore, taking traces we get:

(60) dT23(ﬁ(x)) = T213 — T231 = T132 — T123-

The same argument for y instead of z gives:

(61) dTa3(B(y)) = Ta13 — Tost = Tiz2 — Tias-

To evaluate dT33 = dT33, we take inverses in (59)

(62) (y2y3) > C'B +e(2eC'B - C'eB) = C ' B +£(ACT' BT - CT'AB™)
and taking traces we get:

(63) dTa3(8(7)) = Ti32 — T312 = T132 — T123-
Again the same argument for y instead of = gives:

(64) dta3(B(y)) = Tis2 — T312 = Ti3z — Ti23-
Hence

d oz AdTa3(f(z) A B(y)) = £(T123 — Ti32) (T133 — T133) — (T133 — T133) (T103 — Tis2)
= iA%i’) )

which concludes the proof of the lemma. O

Proof of Theorem[7. We assume again that k = 3. The general case follows with the same
argument as in Theorem

As in the proof of Proposition [6] we decompose S =Sy4 = P’uP”, v = P'n P". Also,
we choose generators of w1 (P’), w1 (P"), and w1 (P'n P") as in the proof of Proposition
The peripheral elements of S are s, 73, 7172, and y17vs.

For a representation p:my(S) — SL3(C) we let p':m(P’) - SL3(C) and p":m(P") -
SL3(C) denote the restriction of p to m (P’) and m;(P"") respectively.

Let [p] € R(S,SL3(C)) N {Tio13 = Torar} U {Tuz13 = Tauzi) U {AL; = 0}. It follows
from Lemma and Remark that p’ and p” are good, O-regular representations.
In what follows we let wyo and wy3 denote the pullback of the symplectic form wpr on
R*(P',0P",SL3(C)), and wpr on R*(P"”,0P",SL3(C)), respectively.

Given a basis v for H!(v;,Adp) we can choose lifts v/ ¢ HY(P’,Adp), and v" c
H(P",Ad p) which map to v. By exactness there exists ¥ ¢ H'(.S, Ad p) which maps to
(v/,=v").

Lemma 50. Let u a basis for H(v1,Ad p) and v a basis for H'(y1,Ad p). Then

. (Au, AV)
(65) s (1 Avgz)(AvV A B(u))

W12 ANWig AN Vo A V3 A Vig A V13 A V1 A Va3.
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Proof of the lemma. Chose a’ a basis of ker(H'(P’,Adp) - HY(P'n P",Adp)) and a”
a basis of ker(H'(P" ,Adp) - H'(P'n P",Adp)). Moreover, we can chose lifts @,
(a”) ¢ H'(S,Ad p) which map under j: H'(S,Ad p) » H(P',Adp) ® H'(P",Adp) to
(a’,0) and (0,a’) respectively.

Then, by using (58), a’'uv’ is a basis for H'(P’, Ad p), a”’uv” is a basis for H'(P",;Ad p)
and (a’) U (a”) uB(u) UV is a basis for H1(S,Ad p).

The product formula applied to (B8] yields:

pr(/\a’ AN V’) qu(/\a” A V")
tor(P'n P" Adp,u,v)

QS(A@A (EJ”) AB(U)AV) ==+

v1(Av)?
tor(P'n P" Adp,u,v)

= :t(wlg AR Z WA 1/12)(/\8,)(&)13 AR ZEA 1/13)(/\8”)

The last equality follows since d 1y, d73, d 72, dTi3, dT13, d Ty vanish on each cocycle
vl of v/ = (v},v}), and dr3, d73, dmi3, d7i3, dTi3, dTi3 vanish on each cocycle v!" of
v = (v],vY).

By Definition BT} 14 (v)?/tor(P’ n P",Ad p,u,v) = £(Au, Av), hence

Qs(r(@’) A (@”) AB(u) AV) = £(wia Avg Avgg)(Ad) (wis A vg Avgz)(Ad”)(Au, AvV)
(1 Avaz)(Av A B(u))

(1 Avas)(Av A S(u))
(Au, AV)

=+ wlz/\wlg/\yz/\yg/\1/12/\V13/\V1/\V23(/\’5;,)/\(3"\”_’)/\6(11)/\%’).

- (1 Avgz)(AV A B(u))

The last equality follows since since $(u) is an infinitesimal bendings that vanish on vy,

and £(u) is in the kernel of j (see (58))). Moreover, the bases (a’) and (a”) map to (a’,0)
and (0,a’) respectively. O

= +(wi2 A g A ) (AQ") (w3 A vg Avgg)(Ad”) (AU, AV)

To conclude the proof of Theorem [l we need to compute the quotient

(Au, AvV)
(1 Avag)(AV A B(u))

As B(u) consist of infinitesimal bendings that vanish on dT; and dy,

(11 Avgz)(AV A (1)) = vy (AV) 3 (ASB(1)).

Write
A=p(m), B=p(12), and C = p(73),
and
sz—@Id and yzAl—wm.

Hence z,y € sl3(C) generate the A-invariant subspace by Lemma [471 By the natural
identification HO(vy1,Ad p) 2 sl3(C)Ad4a, we chose u = {z,y}.

To finish the proof of Theorem [1 we assume semi-simplicity, so that H'(vy;,Adp) 2
H'Y(y1,R) ®g sl3(C)A44 and we may chose v to be {z,y} times the fundamental class.
Therefore

(66) (A, AV) = det (g((if;)) tti(é?;))) |
30



Next we compute v(Av). Write v = {v,,v,}, where v, and v, are the infinitesimal
deformations corresponding to x and y respectively. Namely, the tangent vector to the
infinitesimal paths

67) e (Id+ex)A=A+ecx A and 7+ (Id+ey)A=A+eyA  in C[e]/e?
These infinitesimal deformations evaluated at ;! are, respectively,
(68)

"o AN Id-ex) =At-cAr2 and ' AM(Id-ey)=A"'-cAly  in Cle]/e
Thus, dti(v,) = tr(x A), and as tr(z) = 0, tr(r A) = tr(z A - F-x) = tr(zx). By the very

same argument, tr(y A) = tr(A-lz) = tr(:py) and tr(A-ly) = tr(yQ), and (67) and (68])
yield

dti(vg) = tr(x?), dTi(vy) = tr(zy),
(69) (e = - te(an). i) = (),
From (66) and (69) we have
(70) dt AdTi(AV) = £(Au, AV).

In addition, by Lemma
(71) vo3(B(u)) = V=3dT AdTa3(B(1)) = £V =343,
Hence, as v = /-3d Ty AdTy, by ({0) and (71):

(Au, AvV) (Au, AV) 1

(1 A ) (A A B(W)) (M) ms(AB(0)) - BAL

Now the volume formula follows from Lemma B0, the last equation, and the expression
of the symplectic forms wyy and w3 in (34). O
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