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Abstract:

Planned lead times are crucial parameters in management of supply networks that continue to
be more and more extended with multiple levels of inventory of components and
uncertainties. The object of this study is the problem of determining planned lead times in
multi-level assembly systems with stochastic lead times of different partners of supply chains.
A general probabilistic model with a recursive procedure to calculate all the necessary
distributions of probability is proposed. A Branch and Bound algorithm is developed for this
model to determine planned order release dates for components at the last level of a BOM
which minimize the sum of inventory holding and backlogging costs. Experimental results
show the behaviour of the proposed model and optimisation algorithm for different numbers
of components at the last level of the BOM and for different numbers of levels and values of
holding and backlogging costs. The model and algorithm can be used for assembly
contracting in an assembly to order environment under lead time uncertainty.

Keywords: Multi-level assembly systems, Assemble-to-order, Assembly contracting,
Stochastic lead-times, Planned lead times optimization, Stochastic modeling, Branch and
Bound.

1 Introduction

In today's global marketplace, planners have to take appropriate actions in response to supply
disruptions (Snyder et al. 2016, Speier et al. 2011, Kleindorfer and Saad 2005) and supply
uncertainty (Flynn et al. 2016, Simangungsong et al. 2012, Wazed 2009). In comparison to
supply-demand coordination uncertainties, Revilla and Saenz (2013) defined disruption as
random, unplanned events that stop operation either completely or partially for a certain
duration. Snyder et al. (2016) specified that disruptions can often be viewed as a special case
of lead time uncertainty.



In the last few years, academics and decision-makers have recognised that supply chains have
become extremely vulnerable due to uncertain lead times, demand prediction and price
variability. For planners, it seems difficult to improve the efficiency of the supply chain when
lead times frequently have uncertain values (Bandaly et al. 2016). They therefore have to
manage assembly and delivery as an uncertain process.

In the Assemble-To-Order (ATO) environment, finished products are assembled only after
customer orders have been received. This kind of environment enables firms to assemble on
customer orders with a specific quantity and due date, and so unwanted inventory of finished
products can be zero.

Despite the widespread adoption of the ATO environment, there are considerable weaknesses.
Some input data are often considered as deterministic parameters, but in reality are inherently
uncertain. For example, the assembly process can be interrupted by machine breakdown and
components replenishment lead times may be significantly longer than planned ones.
Therefore, the stock-out of one component may delay the delivery of finished products.

The literature reports many investigations into production planning that consider the
randomness of the finished product demand (see Peidro et al. 2009, Mula et al. 2006 and Koh
et al. 2002), but few studies have examined how to cope with the uncertainty of lead times
(see Damand et al., 2013 and Guide and Srivasta 2000). Safety stocks have largely
highlighted how to handle different uncertainties, whereas safety lead times have not been
sufficiently studied. Interested readers may refer to Van Kampen Tim et al. (2010), where the
cases in which the use of safety stocks and/or safety lead times could be advantageous are
explained, or to Jansen and de Kok (2011) for further details on the importance of lead time
anticipation. More generally, readers who are interested in supply planning models under
uncertainty may turn to Aloulou et al. (2014), Diaz-Madrofiero et al. (2014), Dolgui et al.
(2013), Ko et al. (2010), Peidro et al. (2009), Mula et al. (2006) and Koh et al. (2002).

Therefore, it is necessary to examine the influence of lead times on supply planning and to
develop methods that minimize costs, considering the non-deterministic behaviour of lead
times.

In this study, we consider an ATO environment. The whole supply network is configured for
a given tailored finished product. This product is customized according to the customers’
requests and composed of a given set of personalized components.

Our problem arises at contract negotiation step. A client orders a specific product, we need to
design the corresponding supply network and decide both (i) the due date for client delivery
and (ii) the date when the overall process is launched at the bottom level. All partners of the
supply network (local assembly units or suppliers) are independent enterprises. Thus we
cannot coordinate activities inside them. But we are responsible for client delivery at the fixed
due date, and we know, at the supply network design stage, the statistics on lead times of all
partners. We are thus able to give to the client an estimate of the total lead time, and launch
the overall process at the bottom level.

In our case, the demand of clients is not known in advance, and no stocks of finished products
or components are planned to anticipate this demand. As stated in Berlec et al. (2008),
Chandra and Grabis (2008), Arda and Hennet (2006), Golini and Kalchschmidt (2011),
Farhani et al. (2014), in this case, the planners need information about the tailored product,



personalized components and assembly process to negotiate the delivery time with the
customer, select suppliers and plan release dates based on cost and lead times.

Obviously, the lead time are uncertain because of different factors including capacity
constraints, machine breakdowns, stochastic variations on operation processing times, etc.
However, at the considered stage, we know only the distributions of probability for partners’
lead times (based on statistical data). Different components produced by different partners
need to be assembled to obtain a finished product. So to decide the client delivery due date
and the start times for supply chains, a model based on the probability distributions of the
partner lead times is developed. This is a common approach in contracting and planning under
uncertainty (Song et al. 2000, Fiala 2005, Berlec et al. 2008 and Yoo et al. 2015), which is
commonly used owing to the complexity of the problem (Guide and Srivasta 2000, Koh et al.
2002, Dolgui and Prodhon 2007, Damand et al. 2013, Dolgui et al. 2013 and Diaz-Madrofiero
et al. 2014).

The rest of the paper is organized as follows. Firstly, we make a short review of previous
work on the optimization of assembly systems under lead time uncertainty (Section 2). A
description of the problem is presented in Section 3. The analytical model is given in Section
4. In Section 5, a technique is given to reduce the initial space of research. It will be used with
a Branch and Bound algorithm to optimize the mathematical expectation of the total cost
(Section 6). Some results are shown in Section 7. Finally, we outline the work done in a
conclusion, and give some perspectives for future research.

2 Related publications

An analysis of the literature shows that in the case of assembly systems, the lead time is most
often considered deterministic and rarely uncertain. To handle the uncertainty of lead times,
the studies found in the literature can be split into two categories: one-level and multi-level
assembly systems (Dolgui et al. 2013). Yano (1987a) was among the first to study assembly
systems with supply timing uncertainties after her studies on serial production systems (Yano
1987b, c). In Yano (1987a) only the case of the single-period model was considered. The
assembly system is composed of one component at level 1 and two components at level 2.
The lead times of these three components are considered stochastic. An algorithm was
developed to find optimal planned lead times, which minimize holding and backlogging costs.
This study has been cited 148 times and in subsequent publications, models have been limited
to one or two-level assembly systems (Chu et al. 1993, Tang and Grubbstroém 2003, Mohebbi
and Choobineh 2005, Hnaien et al. 2008a, Fallah-Jamshidi et al. 2011, Dolgui et al. 2013,
Hnaien et al. 2016 and Borodin et al. 2016). Chu et al. (1993) addressed the same problem,
but in the case of one-level assembly systems. The convexity of the expected total holding
and backlog costs was proven, and an iterative algorithm was used to minimize it.

Dolgui et al. (1995) and Dolgui (2002) developed an approach based on the coupling of an
integer linear programming and a simulation to model a multi-period problem. They studied
one-level assembly systems under a deterministic demand and random lead times in the case
of the lot-for-lot policy. The authors considered several types of finished product. Several
types of component are needed to assemble a finished product, and for each component, an
inventory holding cost is considered. In this study, both the number of components to be
ordered at the beginning of each period and the number of products to be assembled during
each period are determined.



Ould Louly and Dolgui (2002), Dolgui et al. (2008) and Ould Louly et al. (2008) were
focused on one-level assembly systems for one product under component lead time
uncertainties. The demand for the considered product was assumed to be known and fixed
and the capacity was considered unlimited. A multi-period under component lead time
uncertainties was considered. A generalization of the discrete Newsboy model was suggested
to find optimal release dates which maximize the customer service level for the finished
product and minimize the expected inventory holding cost for the components for a specific
case where the distributions of probability of lead times and holding cost are the same for all
components. A Branch and Bound procedure was developed to solve it for a general case of
distributions of probability and costs. In Shojaie et al. (2015), the same model was studied,
but for the case of POQ policy, service level constraints and over a single inventory. The
authors explain that the proposed model can function with no major restriction on the type of
the lead time distribution. However, a concrete example is missing in the study.

A two-level assembly system was studied by Tang and Grubbstrom (2003) in the case of both
stochastic lead times and the process time for components at level one of the BOM. Both the
demand and the due date are assumed to be known. The capacity is considered unlimited. To
determine the optimal safety lead times, which minimize the total backlogging and inventory
holding cost, a Laplace transform procedure was introduced. Later, Hnaien et al. (2008a)
treated only a one-period demandor a two-level assembly system and developed a genetic
algorithm to minimize the total expected cost, which equal to the sum of the backlogging cost
for the finished product and the inventory holding costs for components. The authors assumed
that the components at level 1 of the BOM were stored and the finished product was
assembled only after the given due date. Fallah-Jamshidi et al. (2011) exploit the same
problem in a multi-objective context. An electromagnetism-like mechanism is proposed to
reinforce the GA and to determine minimal expected costs. However, the authors focused on
the number of components at the last level and neglected the influence of different costs. The
case of a one-period inventory model for a one-level assembly system under stochastic
demand and lead times was studied by Hnaien et al. (2016). A mathematical model and a
Branch and Bound procedure were developed to determine optimal quantity and optimal
planned lead times for components. Drawing on this work, Borodin et al. (2016) proposed a
joint chance constrained model and an equivalent linear formulation to solve this problem.

Recently, Atan et al. (2015) considered a parallel multi-stage process feeding of final
assembly process. To determine optimal planned lead times for different stages minimizing
the expected cost for a customer order, an iterative heuristic procedure was developed. It
could be considered as a special case of our problem.. Bollapragada et al. (2015) examined a
multi-product, multi-component, procurement and assembly problem under supply and
demand uncertainty. A numerical example illustrates the impacts of lead times and capacity
on the performance of the assembly system. However, no resolution method is provided.

To our knowledge, in the literature, there is no other multi-level model that determines
optimal order release dates with several levels in the BOM, several types of components and
stochastic lead times for each component at each level. The existing models are limited:

e to one-level assembly systems, continuous random lead times, real decision variables
and one-off demand (Chu et al., 1993),



e or to one-level assembly systems, discrete random lead times, discrete decision
variables and a constant demand which is the same for all periods (Ould-Louly et al.,
2008 and Ould-Louly and Dolgui 2013),

e or to two-level systems with only one component at level 1 and two components at
level 2, continuous random lead times and one period planning (Yano 1987a),

e or to two-level assembly systems and several types of components at each level
(Hnaien et al., 2008a, Fallah-Jamshidi et al., 2011).

In the field of project planning, Trietsch (2006) performed a study on a problem closest to our
problem. It focused on the role of gates by creating safety time cushions, and optimized the
later by optimizing gates. These gate times are considered as lower bounds on the actual start
times of activities, and the final activity is completed at the earliest on the due date (as in Chu
et al. 1993 and Hnaien et al. 2008a). Trietsch (2006) considered a centralized model of a
supply network. The decision-maker can decide the start times at every level. By contrast, our
model was developed for the case of decentralized decisions in the supply networks where all
partners are independent enterprises. Thus we cannot decide the start times at all levels. We
decide only the due date for the final product and release dates for the components of last
level of BOM, i.e. the dates of launching of the corresponding supply chains. The decisions
which can be made with our model are useful at the assembly contracting step in ATO
decentralized environments. We have selected a modeling approach based only on lead time
distributions of probability for all partners. To obtain these distributions of probability, we use
statistics and consider that a partner lead time starts when all components for the considered
partner are available. Thus the difference from Trietsch (2006) is in the modelling approach,
which is based on a different objective, and in the system studied (decentralized in our case).

Moreover, in Trietsch (2006), the duration of activities is assumed to be continuous random
variables (they are discrete in our model), the costs for starting activities earlier are linear, and
a linear project tardiness penalty cost is also introduced. The objective function of the
proposed project-gating model is convex under gate constraints. An optimal solution is found
by simulation. The author does not specify the number of simulations, the size of the studied
problem, or the limits of the approach. In addition, to obtain the convexity of the cost
function, specific assumptions on costs were proposed. By contrast, in our model, there is no
specific assumption on costs and decision variables are discrete.

In the present paper, there is no specific assumption on costs. The supply planning and plan
execution activities are decentralized and only the aspect of synchronization between partners
of supply chains is considered. We cannot manage the coordination issues inside of each
partner. At our decision level, we know only the distributions of probability of partner lead
times. At this level of abstraction, considering the available information, all other aspects are
assumed to be integrated into the probability distributions of partner lead times. This is a
standard assumption made by several scholars worked in this field (May et al. 2017, Kuang et
al. 2016, Ding et al. 2005, Petrovica et al. 1998). We assume that the lead time of a partner
starts when all needed components are available. A partner manages its own production
process considering capacity and coordination issues. But we cannot take into account these
decisions because we do not know them at the considered planning stage. We have only the
distributions of probability of lead times obtained by using the statistics that are also results of
similar past decisions.



To summarize, the available information for us is only the probability distributions of lead
times. Based on this information, we search for planned lead times for all components of last
supplier level for every new customer order. In other words, taking into account the supply
network design and the distributions of probability of partner lead times obtained with
statistics or estimated by partners themselves, we need to define the client delivery due date
and when at the latest the supply network should start all the supply chain processes.

Based on the approaches presented in the literature, this paper proposes a new generalized
model to study multi-level assembly systems under lead time uncertainty in an ATO
environment. To the best of our knowledge, our paper reports the first study of a model for
multi-level assembly systems with stochastic lead times with the number of level greater than
two. Moreover, the model and algorithm developed in this paper are different from the model
and Branch and Bound procedure presented in Ould-Louly et al. (2009) and Hnaien et al.
(2016). The later have required specific assumptions about costs: (i) the inventory holding
cost of a component i is greater than the sum of unit inventory holding costs of all the
individual components k which make it up; and (ii) the unit inventory holding cost r of the
finished product is greater than the sum of unit inventory holding costs of the individual
components k which make it up. In our paper, these constraints are lifted.

3 Notation and background

To get closer to the industrial methods of planning, we consider a discrete temporal
environment and integer decision variables. Fig. 1 shows that the finished product is produced
from components themselves obtained from components of the next level and so on.

The assembly system is constituted by m levels and N; components at each level [ (I =
1,...,m). X% N; is the number of components necessary to assemble the finished product. It
is necessary to define the order release dates for components ¢;,, (i = 1,...,Ny,) at level m
(the last level). No decision is possible on the start date for intermediate levels. At
intermediate levels, ¢;; (i = 1,...,N;,l = 1, ..., m — 1) components are assembled.

Without loss of generality, we assume that the finished product demand D is known and equal
to one, and exactly one unit of each component is required to produce the finished product.
The unit backlogging cost b and the unit inventory holding cost r for the finished product,
and the unit inventory holding cost h;; for the component c;; are known. Note that we assume
that each supplier or local assembly unit is independent. Overall, we know relatively a little
about how they manage production. Nevertheless, we suppose that distribution of probability
of lead time for each component and partner are available to assess lead times. They can be
obtained from the statistics or estimated by partners. In the case of statistics, the time
statistics automatically include not only processing times, but also additional times depending
on load, capacity constraints and variations, local planning decision, etc. This is a common
approach at the contracting stage to predict lead times under uncertainty. The lead times L;,
of components are modelled as independent random discrete variables with known probability
distributions and finite upper values.
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Figure 1. A multi-level assembly system

For each level [, when all the necessary components are available, level [ delivers the
components to level [ — 1 after a random discrete lead time. When a semi-finished product
arrives at the final level (level 0), it undergoes the necessary final assembly operations and
afterwards the finished product is delivered to the customer in order to satisfy the demand D.
The assembly capacity at every level is considered as infinite. It is assumed that each
component of level [ is used to assemble only one type of component at level [ — 1. Thus, for
this model, only planned order release dates X; ,,, for components c; ,,, at level m are unknown

parameters and are the set of our decision variables.

Note the following notations:

Product delivery

Level 0

Level 1

Level 2

Level m

Parameters

T Due date for the finished product, T > 0

l Level in the bill of material (BOM), [ =1, ...,m

D Demand (known) for the finished product at the date T, without loss of generality, let D = 1




N, Number of components at level [
Ciy Component i of level [l of BOM, i = 1, ..., N,
Si Set of components needed to assemble a component ¢; ;
L;; | Random lead time for component c;;
u;; | Maximum value of L; ;; each L;; varies in [1, ui,l]
The longest time between the release date for component ¢;,, and T. It is equal to the
Uim | maximum value of Y7y L; o, Xpty Ly, varies in [m, p uiv,v], vo € [1,m — 1] and
Veig, il € Sigi-1
hi; | Unit holding cost for component c; ; per period
b Unit backlogging cost of the finished product per period
r Unit inventory holding cost for the finished product per period
Variables
Decision variable: release date for component c; ,, (this type of variable is defined
Xim only for components at level m), X; ,, € [T —Uim; T — m]
Functions
E[.] | Expected value
F;;(.) | Cumulative distribution function of L;;
Q(.) | The recursive function used to calculate E[.] value

Table 1. Notation

We use the following notations to simplify several expressions of the model:

e Assembly date for ¢; ,_1 : M;p_y = max (Lk,m + Xk,m)
’ Ck,mE€Sim-1

» Assembly date for ¢;;_q : M;,_1 = max (Mkl + Ly 1)
’ ’ Ck,1€Si1-1 ’ ’

1=2,..,m—1
» Assembly date for the finished product: Mgp= max (Mi 1+ L 1)
i=1,..N; S ’
e Maximum between Myp and the due date T : Mept = max(Mpp, T)
e Minimum between Mgp and the due date T : Mgp~ = min(Mgp, T)

N; N;
‘ZHi =Z hi; — Z hic1+1
i=1 =

i Ck1+1€Si1




4 Mathematical model

We search to know when the overall processes should be launched to satisfy the demand of
our customer for a due date. This model is used at the stage of contracting with our customer
in an assembly to order environment. Note that for the considered problem, taking into
account that all partners of supply networks are independent enterprises and the network will
be managed in a decentralized manner, we search only for values of decision variables X; ,,.
From the moments X; ,, when we order components c; ,,, from suppliers at the last level m,
and until the date when we deliver the finished product to our customer, all the processes at
different levels are considered to be launched when all necessary components from previous
levels are available. The assembly capacity is considered infinite. We know the distributions
of probability of lead time for each level and component.. we use the infinite capacity model.
There is no decision variable for internal levels (no possibility to take into account the future
local decisions only the distributions of probability of lead times of our partners are known).
The production cycle extends from order release dates X;,, of c;,, to the delivery date

Mgp* (max(Mgp, T)) of the finished product.

Inventory holding costs are considered if components arrive before the triggering of the
assembly process.
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Figure 2. The composition of the total cost (the case of backlog)

Then, the total cost C(X,L) is the sum of inventory holding costs for components and
inventory holding or backlogging costs for the finished product. An example when the
finished product is assembled after the due date T is given in Fig. 2.

The proofs of the following theoretical results are in the Appendix.

Property 1.

An explicit form for the total cost is the following:

Nq m-1 N; m Ni N
CX,L) = Z hi1Mgp — Z Z H; M;; — Z Z hiiLi; — Z himXim (1)
i=1 =1 i=1 =1 i=1 i=1

+b x (Mpp* —T) =7 x (T — Mgp™)
with L = (Ly1, ., Li1, e, Ly,1s eoor Ly s Lins coor Ly m)

al’ldX = (Xl,m; ---;Xi,mr ""XNm,m)'

The objective is to find the order release dates for components at level m minimizing the
expected value of the total cost C(X, L). This total cost is a random discrete variable (because
the lead times L;; and assembly dates (M;; and Mgp) are random variables, Vi = 1, ..., N; and
VIl =1,..,m). Thus, we can calculate the mathematical expectation of the total cost
E[C(X,L)]. In Fig. 3, different mathematical expectation costs are presented.
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Property 2.

From Eq. (1), the total expected cost, which is noted by E[C(X,L)] can be formulated:

Ny m—1 m N;
E[C(X,L)] = 2 hysEIMgp] — 2 (H; x E[M;,]) - 2 2 hiE[Ly,]
= - S (2)

— 2 RimXim + b X (E[Mgp*] = T) + 7 % (T — E[Mgp~ 1)

=1

The expressions E [[M FP+]], E[Mgp~1, E[Mgp] and E [[Mi,l]] are calculated and the exact
expression of E[[C (X, L)] is given in the Appendix.

E[M,,] Expected backlogging
E [[LL3 cost for finished
E[ Ll,Z]] product

E[[L,5] >t A\

+ > ] | ) Expected inventory

? : cost of finished
S E product

+—n I E —> Expected lead time
|
|

— i Expected inventory

E [[M 3,2]] E [[M 2,1]] ' cost of component
|
|
|

¢ > —_— ' + Oder release date
+ > E|L

< [ Zi]] I Expected assembly

d
1 date
| L :
[[ 4'2]] > it ' E[M Fp]]
|
E[Lgs] i :
]
EIIMFP_]] T E[[MFP+]]
Xg3

Figure 3. Composition of the total expected cost

The intervals T — U;, < X;; < T —m are the initial space of research. It depends on
maximum and minimum lead times and the number of levels. In the next section, a technique
is proposed to obtain upper limits for decisions variables.

5 Reducing the space of research

The main idea is to decompose the multi-level assembly system (Fig. 1) to N,,, (the number of
components at level m) multi-level linear supply chains (Fig. 4). Each linear chainj,j €
{1,.., N}, delivers a finished product on a specified delivery date ;. There are (i)
backlogging costs if the finished product is available after the due date T and (ii) an inventory
holding cost if it arrives before. The optimal order release date for one linear chain will be
used to reduce the initial space of research for the corresponding component release date at
last the level in the BOM.
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Figure 4. Decomposition of the assembly system to several multi-level linear chains

Let u;; the maximum value of L;; and U;, the longest time between the release date for
component ¢;,, and T. Each L;, varies in [1,ui,l] and each order release date X; ,, varies in
[T — U T —m].

Letc; . a component at level m whose lead time is equal to L; ,,. This component is
necessary to make up the component ¢; 4 (its lead time is equal to L; _ .,—q) ; itself
make the component ¢; .7 , €tc. (Fig. 4). The availability date of the product of this linear
chainisequaltoy; =¢; =L+ X; nwithL=1L; ;+Ly,+-+L;  m1+Li m

Let l/)j+ = max(t/Jj,T) and Y;" = min(t/Jj,T). The total cost C(Xj,L) is a random variable
and equal to: C(Xj,L) =b X (l/)j+ - T) —rX (T - l/)j_).

Therefore, it can be inferred that the total expected cost E [[C X, L)]] is equal to:
Elcx;, D] =bx (E[y;"] - T) —rx (T —E[w,7])

From Eq. (A.7) and Eq. (A.8) we can deduce that E[[l/)j+]] =T+ ZSZT(l — PT[[I/)j < s]]) and
E[[t/;f]] = ZOSSST—l(l — Pr [[1/;,- < s]]) Then, the total expected cost can be written as:

Elec ] =bx( > (1-pry; <s]) |+rx (T - > (-rrlw s s]])>

T<S<Ssup

Subsequently, let F (X j) = Pr [[1/) i < T]] and for each linear chain j, X/ be the optimal order
release date which minimizes this total expected cost E [[C X L)]].
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Property 3.

The optimal order release date X;™ satisfies the optimality condition for the discrete Newsboy

model, where the cumulative distribution function F(.) of the total lead time L is used:
b
— X < < — X (3)
F(T - X; 1)_b+r_F(T X™)

The complete proof is detailed in Appendix A.3.

Remark 1.

It is worthwhile to mention that in our case, each multi-level linear supply chain is composed
of m levels (successive production stages) with m random processing times and without
planned production dates (see Elhafsi (2002) for the case when there are planned production
date for each stage). A due date for the final product is known, and each production process
starts the moment the previous one is completed. Therefore, inventory-holding costs for
intermediary processes do not exist and only backlogging and inventory-holding costs of the
finished product appear in expression (3).

Numerical example

To illustrate the procedure for reducing the research space, the example in Fig. 5 is studied. A
three level assembly system is considered (m = 3). Two components ¢; ; and ¢, ; constitute
the first level. The second one contains four components (N, = 4) and the third one contains
eight components (N; = 8).

Ci3
> C.a
Cy3 \
Ciq
C33 \ /
/ CZ'Z
Ca3
FP
= ™~
/ o
C6,3 \
Can
Cr3 \ /
/7 e
Ca3
Level 3 Level 2 Level 1 Finished product

Figure 5. A three-level assembly system
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The due date T is equal to 15. The unit inventory holding cost r of the finished product is
equal to 10. The unit backlogging cost b of the same product per period is fixed to 11 values:
1073, 1072,107%,1,10,102,103,10% 105 10° and 107. The unit inventory holding costs for
components per period are given in the following table:

i 1 2 | 3 4 | 5] 6 7 8
h;, 8 1

hi; | 2 1 |02 0.05

his | 1 |05]0.3]025[0.1|0.05]0.02]0.01

Table 2. The unit inventory holding costs for components per period

The maximum lead time of each component u;; is equal to 5 and each lead time varies
between 1 and 5. Its probability distributions are given in the Table 3.

Initially, each order release date X; ., varies between 0 (T — Ui,m) and 13 (T — m). The initial
cardinality of research space is equal to 138 ((T — m + 1)"¥m) solutions.

The multi-level assembly system is decomposed to 8 linear chains. The cumulative
distribution function of L in each linear chain can be obtained. Only the first one (C;3 —
Cy, = Cy1 — FPy) is presented as follows:

F(3)=0.0558; F(4)=0.3645; F(5)=0.78945; F(6)=0.88719;
F(7)=0.953165; F(8)=0.986065; F(9)=0.995651; F(10)=0.9986;
F(11)=0.999653; F(12)=0.999943; F(13)=0.999985; F(14)=0.999998; F(15)=1.

level I of BOM w 1 2 3 4 5
. PrL,, =w] 093 | 003 | 0.02 | 001 | 001
Pr[Ly, = w] 093 | 003 | 0.02 | 001 | 001
Pr[L,, =w] 0.2 0.7 | 0.05 | 0.04 | 0.01
Pr[Ly, = w] 0.96 | 0.01 | 0.01 | 0.01 | 0.01
2 Pr[Ls, = w] 0.02 | 003 | 005 | 0.1 0.8
Pr[Ly, = w] 0.96 | 0.01 | 0.01 | 0.01 | 0.01
PrlLys = w] 0.3 0.6 | 0.05 | 0.03 | 0.02
Pr[Lys = w] 0.09 | 001 | 01 | 045 | 035
PrLss =w] 025 | 0.15 0.2 0.2 0.2
Pr[Lys =w] 0.95 | 0.01 | 0.02 | 0.01 | 0.01
3 PrLs, 5 = w] 001 | 0.02 | 0.03 | 004 | 09
PrLe,5 = w] 0.95 | 0.01 | 0.02 | 001 | 0.01
PrlL, 5 = w] 0.01 | 095 | 0.02 | 001 | 0.01
PrLg s = w] 0.96 | 0.01 | 0.01 | 0.01 | 0.01

Table 3. The probability distributions of lead times

For the first supply chain C; 3 = C;, = C;; — FP; the optimal release date X;* depends on b
and r and is given by the expression (3). For example for r = 10 and b = 1073: F(2) <
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F(15—X* —1) <10™* < F(15— X;*) < F(3). Thus, X;* = 12. For b = 10%: F(13) <
F(15 — X;* —1) <0.999990 < F(15 — X;*) < F(14) and X;* = 1.

Then, the value of X;* it is the upper limit a(Xm) for the order release date X, ;3 for the
component C;3 in the assembly system. Thus, for b = 1073 the initial research space of
possible solutions [0; 12] is the same. For b = 107, it is reduced to 0. X5*, X3*, ..., X" are
determined in the same way.

For the same example, the influence of b and r is studied. Table 4 and Fig. 6 present the
upper limits a(Xi,3) of the reduced research space of possible solutions according to the
backlogging and inventory holding costs of the finished product.

Figure 6. Upper limits o(X;3) of the space of research according to b/r

In the first case (b/r = 10°), the reduced space of research is equal to one. In the second
case (b/r = 10%), the proposed technique to reduce the space of research decreases it by
99.99% (from 138 to 23). In the seventh case (b/r = 1), the space of research is reduced by
90.57%. In the last one (b/r = 10™*), the space of research is not reduced. This seems be
logical, for a small b/r (the inventory holding cost for the finished product is much greater
than the backlogging cost for the same product) components have to be ordered as late as
possible.

Cases | b/r | 0(X13) | 0(Xz3) | 0(X33) | 0(X43) | 0(Xs3) | 0(Xe3) | 0(X73) | 0(Xs3)
1| 10° 0 0 0 0 0 0 0 0
2 105 1 0 2 0 2
3 104 3 1 2 4 0 1 3 4
4 | 103 4 3 4 6 0 3 5 6
5 | 102 6 4 5 8 1 4 7 8
6 10 8 6 8 10 4 7 10 10
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7 1 10 8 10 12 4 8 11 12
8| 0.1 11 10 12 12 6 10 11 12
9 | 1072 12 12 12 12 8 12 11 12
10 | 1073 12 12 12 12 10 12 12 12
1 | 107* 12 12 12 12 12 12 12 12

Table 4. Upper limits of the space of research

The research space of possible solutions can have a significant impact on the choice of
resolution methods. For a high unit backlogging cost a Branch and Bound procedure can be
sufficient to resolve this problem independently of the system and the number of components
at the last level of the BOM.

6 Optimization

In this section, a Branch and Bound approach is developed. The total expected cost
E[C(X, L)] mentioned in Eq. (2) is minimized under:

L

T— Ui,m SXi,m < X"

6.1 Branch and Bound procedure

A Branch and Bound procedure was proposed by Ould-Louly et al. (2009) and Hnaien et al.
(2016)for an one-level assembly and a one-level production problems, respectively.
Nevertheless, it is only valid if

hiy — Z Riiv1 20

(
4 Ck,1+1€Si1
|

Ny
r— Z hi,l >0
i=1

In other words, only if: (i) the inventory holding cost of a component i is greater than the sum
of unit inventory holding costs of components k which make it up; and (ii) the unit inventory
holding cost r of the finished product is greater than the sum of unit inventory holding costs
of components k which make it up.

We will use the idea of such a Branch and Bound procedure, adapt it to our problem and
prove upper and lower bounds as well as additional recursive properties to obtain an efficient
Branch and Bound algorithm for our problem and without these restrictive assumptions about
costs and system that were employed in Ould-Louly et al. (2009) and Hnaien et al. (2016)..

6.1.1 Upper bound

An upper bound (UB) is calculated by the following procedure and the algorithm is detailed
in Fig. 7.
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Classify(Xim,m,wim);
Vi« @V, « 0
For k from 1 to N,,, do
While E[[C(®, L)] is decreasing and ¢, < X" , do
V, « E[C(o,L)]
b= P +1
Done
While E[C(¥,L)] is decreasing and ¥, > T — Uy, .., do
Vv, « E[C(¥,L)]
Y« —1
Done
Done

UB « min(Vy,V,);

Figure 7. Calculation of the upper bound

It equals to the minimum between two variables V; and V,. As in section 5, the multi-level
assembly system is decomposed to N, (the number of components at level m) multi-level

linear supply chains (Fig. 3). The different X; ., are ordered (Classify(Xim,m,a)im)) in
descending order according to the costs of linear chains. So, the first X; ., has the largest
cost wim = hi1,1 + hiZ,Z + -+ him_l,m—l + him,m'

Let two vectors & = (ql)l,qbz, ...,ql)Nm) =(T-Uy,msT — Uz m;.;T — Uy, m) and
Y= (l/)l,ll)z, ...,l/)Nm) = (X155 X3"; ..; Xy, ). We start by delaying the order release date ¢
(respectively by advancing 1), the same operation is executed until the E[C(®, L)] does not

decrease anymore. Moreover, there we do the same operations for order release date ¢, of the
next component.

6.1.2 Lower bound

Let A = (X1m) s Xiymo - » XN, m) @ vector composed of order release dates for components
¢; m- Each decision variable is between ay ,, =T — Uy, and by, = T — m.

A vector 4; = (Xl,m' A2ms e Akc! s+ aNm,m) will be noted A; = {Xl,m}' Nodes in the first
level of the search tree correspond to different release dates of the first component X, ,, at
level m. Vectors associated with these nodes are defined as follows: Vi € [O; bk,m], A=
(al,m + 0, Qg s ...,aNm,m). It will be noted A,; = {al,m + i}. The first value a; , +1i
corresponds to the order release date of the first component c;,, and the other values ay ,,
correspond to the order release dates of the other components ¢y ,,, k = 2, ..., k..., Npyy. The
search tree nodes are illustrated in Fig. 8.
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. th
Let the vector Akr'n.ka = (Xl,m,---,Xkan,m, akrrnﬂ,m,---,a,\,m,m) which defines the kj,
m’

node in the search tree. This vector is composed of N,,, dates:

e Vk € [1; ks — 1], Xy are fixed and belong to [ak,m; bk,m] 4)
* Xy m are fixed and belong to [ak;n,m ;b k;n,m] ®)
o Vk € [kp, + 1; Nyl Xi m are fixed and equal to a ., (6)

We introduce the following additional notations:

e The component Cil1 is necessary to assemble the component ¢, ;_q, it is the k,th

component in the search tree.
e k' is defined as follows : (7)

» If ¢, is the last component necessary to assemble ¢;,_,;_; then k;" is equal to k;.

> If Cily is not the last component necessary to assemble ¢, __ ;1 so k;’ is equal to

the sum of the number of components necessary to assemble the components
Ci1—1 Vi € [1;2,_4] from (I — 1)** level of the BOM.

)
A, = {al,m} Ay =1{ag, +1} —— o Apy = {blrm}
1
1
|
Ayy =AU {az,m} Ay =4,V {aZ,m + 1} - Agp,, = Ay U {bzrm}
1 ' ;
| 1 I
At = Ag-1,1 Y {@iefym }
1
|
ANm_l'l = ANm—2,1 U {am—l,m} memm———
ANy = Anp-11 Y {aNm,m} Ay 2 = Anp-11 Y {aNm,m + 1} == Ay, by = ANp-11Y {by, m}

Figure 8. The representation of search tree nodes.
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1!
_kla

The assembly date of the component ¢; ;. Components in the last level m
of the BOM of the assembly subsystem of c;; have order release dates
Xy m equal to or greater than ay ,,.

The assembly date of the componentc;;. The last (N — ky,)

components in the last level m of the BOM of the assembly subsystem
of ¢;; have order release dates Xy ,,, equal to ay .

The maximum between Mpp and T with Mpp the assembly date of the
finished product. The order release dates Xj ,, belong to the search

intervals [ak,m; bk,m] withagy, =T — Ugpmand by =T — m.

The maximum between Mpp and T with Mpp the assembly date of the
finished product. The order release dates Xj,, are detailed in
expressions (4), (5) and (6).

The lower bound corresponding to the vector Ak’,xk, mis equal to:

2t
BI(Ay) = z hiy E HM
i=

3

=

M

3

+
=

m-—

=

,_\»—\

1 Cv,l+1eszl,l
14 !
Kipa<kskip,

N

1 Cv,l+1eszl,l

i=1

+
M FP

Vk>k1,n,' Xk,m=ak,m_

z hyie1 |E HM ﬂ

Cy1+1€Si.1

FP
Vk>k1,n' Xk,m=ak,m

|+s(s

!
Z]

i,l+1
Vk; Xk’mZak’m

hv,l+1E M

Zl,l
Vk>k1,n,' Xk,m =ak,m.

hv,l+1E M

v,l+1
Vk>k1,n,' Xk,m =ak,m

K
- z hi,mE[[ai,m]]
i=1

n !
Fepy<kskpy,

m ki

ZZh lE[[Lll]] zh 1E[[L11]]

with:

Z EIN\Ckl’

andz; — 1 <z < z,.

!
i1 €Sz ZL €INN G g €801, Chr 11144 € Szl'+1,l'kl+1 < kiyq
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The complete proof of the previous lower bound is detailed in Appendix A.4. Please also note
that a depth-first search, a reduced space of research and other strategies based on vertical and
horizontal dependencies between nodes are used to reduce the search complexity.

6.1.3 Vertical dependencies

Each lower bound is cut into three parts. This technique has already been used to calculate a
lower bound for the Knapsack problem (Kellerer et al., 2004 and Martello and Toth, 1990). The
idea is not to redo some calculations where we explore in the depth. Let a node s’. To determine
the lower bound BI(A,/) related to this node, a part var(A,s) is calculated every time, another
part fix(A,) is recovered from the parent node and a last part is calculated and is added
to fix(A,) ; it constitutes the fixed part related to this node and to be used by son nodes. An
illustration is given in Fig. 9.

BI(Ay) = var(Ag) + fix(Ayr)

A

BI(Ay) = var(Ag) + fix(Ay) + al(4g)
= var(As) + fix1(Ay)

BI(A,) = var(A,) + fix1(Ay) + a(4,) | ===

Figure 9. Vertical dependencies between nodes.

Then, the lower bound BI(A,r) is equal to the sum of var(A,s), fix(A,) and a(A,r) with:

1
evar(Ay) = b+ z hi; | X (E NMJF PF N - T)
i=1 '

Vk>s H Xk,Z =ak 2

n i hix (E :M— N) + ’:12:1 i Z hv 41 (E[M])

=1 vi>s'; X"Z_a“ '=y 1 C1+1€S5;;
!
VsS4
!
z{ m-1 ki
-ftx(Akf)=—§ hiq — E hy2 E[[Mi,l]]—g E hy — E hyier |E[M;,]
i=1 Cy2€Si1 =2 i=1 Cy1+1€Si1

m ki

ZhlE[[Lll]] ZZhlE[[L”]] Zhlmalm
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!

V1
ca(4y) =— z hii— z hys | E[M;4]
i=z]+1 Cv,2€5i1
i
Z Z = > b |EIM] = ) ko]
=2 i= kl+1 Cy1+1€Si 1 i=z{+1
m l
- Z Z hi,lE[[Li,l]] - hs{n,mas{n,m
=2 !

i=kl+1
It can be easily proven by devising the upper bound of a given node according to the upper
bound of a son node.

6.1.4 Horizontal dependencies

As with vertical dependencies, it is easy to prove that a given node can be composed of fixed
and varied parts. We note that f is the quantity which is calculated and added to fix(A4,) to
determine fix (A, + 1).So, BI(A;r + 1) = varH(A, + 1) + fix(A4,) + B(A, + 1) with:

evarH(A, + 1)

:bx(ENM’f - N ) ZhllEﬂ P ﬂ
Vk>k'; Xy =ay Vk>kin; Xgm=0akm
m-1 Zi
> > by (B[M])

=1 i=zl'+1 Cy1+1€Si1
!
vskyy,

+

mlzl mlkl

o fixV(4,) = Z Z Z hyie1 E[My ] - Zhl E[M ] - Z Zhl E[M]

=1 i=1 ¢y14+1€Siy

m ki

Z hi E[Li1] - ZZh”E[[L”]] Z Ry @

oAy +1) = _hk,’n+1,m
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BI(Ayr-1)

BI(Ay) =
: varH (4 + 1) varH(Xy')
UaTH(Ak’) + -—— - +
¢ /fix(Ak’) e fix(Xi ~ 1)
BlAw +1) B(X¥)
var(Ay + 1)
+
fix(Ay +1)==T"

Figure 10. Horizontal dependencies between nodes.

This horizontal dependency can easily be proven.

Numerical example

The proposed methods have been implemented in C++. The experiments are executed on a
computer with a 2.93 GHz CPU and 4 GB of RAM. We analysed the results obtained in the
example introduced above where: the number of components in the last level is equal to 8
(N,, = 8) and the ratio between b (the unit backlogging cost of the finished product per
period) and r (the unit inventory holding cost for the finished product per period) is known
and variable.

b / Levels of search tree
Tl 2 3 4 5 6 7

10% | 91.67 | 96.00 | 96.00 | 88.00 | 94.12 | 94.12 | 84.62
10° | 75.00 | 88.24 | 86.67 | 80.95 | 92.52 | 92.52 | 74.13
10* | 66.67 | 78.13 | 71.65 | 62.59 | 92.33 | 82.30 | 65.71
103 | 50.00 | 70.00 | 62.26 | 47.02 | 92.32 | 63.37 | 49.58
10% | 41.67 | 54.37 | 46.23 | 30.39 | 84.00 | 58.45 | 39.88
10 | 25.00| 38.76 | 30.80 | 14.91 | 74.41 | 49.67 | 29.25

1 8.33 | 38.06 | 26.98 | 37.90 | 79.58 | 51.90 | 30.67
0.1 | 0.00 | 30.36 | 27.27 | 78.56 | 80.53 | 55.96 | 32.88
1072 | 0.00 | 27.38 | 24.41 | 84.13 | 78.00 | 54.34 | 30.27
1073 | 0.00 | 27.38 | 23.78 | 84.82 | 77.41 | 54.12 | 29.50
10~*| 0.00 | 27.38 | 23.78 | 84.82 | 77.39 | 54.21 | 29.43

Table S. Percentage of cut branches at each level of search if RSR is not used
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In the first case, the gap between the upper bound (the minimum between V. and V;,,.) and
the exact solution is null. The Branch and Bound procedure is not required to find the optimal
solution that is determined directly from the reduced space of research (0, 0, 0, 0, 0, 0, 0, 0).
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Figure 11. Percentage of cut branches at each level of search if RSR is not used (%)

=

,E+06  1,E+05 1,E+04 1000 100 10 1 0,1 0,01 1,E-03

BH1 B2 A3 BEH4 BS5 BO6 m7

Levels of search tree

1 2 3 4 5 6 7
10% | 0.00 0.00 0.00 0.00 0.00 0.00 0.00
105 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10* | 0.00 0.00 0.00 0.00 0.00 0.00 0.00
103 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00
102 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00
10 0.00 0.00 0.00 0.00 2.46 0.61 0.40

1 0.00 1.79 6.68 16.88 6.16 1.57 0.84
0.1 | 0.00 | 14.29 | 21.39 | 51.46 | 11.41 2.94 0.83
1072 | 0.00 | 27.38 | 24.41 | 84.13 | 47.23 | 22.66 5.56
1073 | 0.00 | 27.38 | 23.78 | 84.82 | 62.03 | 32.19 | 11.87
10™* | 0.00 | 27.38 | 23.78 | 84.82 | 77.39 | 54.21 | 29.43

b/r

Table 6. Percentage of cut branches at each level of search if RSR is used (%)

In Table 5 and Fig. 11, are reported the results for the case where the Branch and Bound
procedure does not use the reduced space of research (RSR). In Table 6 and Fig. 12, are given
the results with RSR procedure. For a ratio b/r > 1, RSR reduces considerably the
percentage of branches to be cut (null for b/r > 10 and < 3% for b/r = 10).
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Figure 12. Percentage of cut branches at each level of search if RSR is used (%)

Then, the efficiency of this technique decreases according to the ratio b/r and the percentage
of branches to be cut when the RSR is considered (Table 5) and tends to the same percentage
when this RSR is not used (Table 6). This finding is confirmed when b/r is equal to 107%.

The heuristic mentioned in Fig. 7 calculates an upper bound. This bound is equal to
min(V;,V,). Table 7 shows the gaps between the exact solution, provided by the Branch and
Bound procedure, and V; (gapy,) and between the exact solution and V, (gapy,). The gap,,
is equal to min(gapy,, gapy,) and for all b/r, it is less than 21%. We see from Table 7 that
the upper bound is generally determined by V/; when the unit backlogging cost for the finished
product is more important than the unit inventory holding cost for the same product; and is
determined by V, in other cases. It is worthwhile to mention that for this example, it seems to
be possible to get optimal solutions only using both RSR and a heuristic (as the one given in
Fig. 7, which calculates an upper bound) in less than 0.01 seconds. This assertion is valid only
if the unit backlogging cost of the finished product is 100 times more than the unit inventory
holding cost of the same product.

b/r 106 105 | 10* | 103 | 102 | 10 1 0.1 | 1072 | 103 | 10~*

gapy, 0.00 0.00 1.88 | 0.16 | 0.68 1.25 | 794 | 36.18 | 53.67 | 52.64 | 94.68

gapy, 0.00 0.00 0.00 | 400 | 2.79 | 3.80 | 6.81 | 20.54 | 17.24 | 16.12 | 16.01

gap,, 0.00 0.00 0.00 | 0.16 | 0.68 1.25 | 6.81 | 20.54 | 17.24 | 16.12 | 16.01

Table 7. The gap between the exact solution provided by the Branch and Bound
procedure and the upper bound (%)

CPU times (Table 8) vary significantly according to the ratio b/r. For a very large ratio, the
space of research is small (see Table 4) and the vast majority of nodes in the tree are cut.
When the ratio decreases, the cardinality of the reduced space of research (RSR) tends to the
cardinality of the initial space of research. This explain that the CPU times required for the
Branch and Bound procedure reinforced by a RSR tend to the CPU times required for the
Branch and Bound procedure that used the initial space of research. In other words, reducing
the space of research is not necessary when the unit inventory holding cost is much greater
than the backlogging cost for the finished product. Lower limits for order release dates could
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possibly be developed, using properties and techniques proposed in Trietsch (2006), to further
reduce the initial space of research taking into account a very small b/r.

b/r 10 | 105 | 10* | 103 | 102 10 1 0.1 1072 | 1073 | 10*
B&B+RSR | 0.00 [0.00 [0.01 030 [508 |37.78 |34.66 |12.34 |12.19 |12.17 |12.28
B&B 0.00 001 [0.11 |1.02 |8.68 |50.27 |35.53 |12.52 |12.25 |12.25 |12.31

Table 8. CPU times (seconds)

To understand the effect of dispersion variability on the robustness of the solution, the effect
of variance is studied. The example in Fig. 5 is employed. The following parameters are
unchanged: the due date T, the unit inventory holding cost r of the finished product, and the
unit inventory holding costs for components per period. The unit backlogging cost b of the
finished product per period is set at 3 values: 1,10 and 100. To consider a large variation in
the variance of the lead time, we assume that the probability distributions are the same for all
components: pr[L..= 1] = 0.245, Pr[L., = 2] = 0.48, Pr[L,. = 3] = 0.255,
pr[L..= 4] = 0.01 and Pr[L., = 5] = 0.01.

In Table 9 and in Fig. 13, the effect of variance, between —200% and 200%, is studied. The
evaluation of the relative solution proves that the variation of the total expected cost remains
below 3% when the variance is between —100% and 100%, and below 13% when the
variance is between —200% and 200%. This analysis proves that the variability of the lead
time (a variance less than 200%) affects slightly the expected total cost whatever the ratio b/
T.

Variation of variance | b=1 | b=10 | b =100
-200% 12.50 | 9.138 7.535
-100% 1.97 1.101 2.924
100% 0.59 1.261 0.156
200% 1.24 1.579 0.805

Table 9. The effect of variance on the best solution (%)

15%

10%

Variance of total expected

-200% -100%

b=100 -

0%

100%

200%

s b=1 = = =b=10 vgriation of variance

Figure 13. The effect of variance of lead times on the variance of the total expected cost

In the next section, we analyse the results obtained by instances where the number of levels of
the BOM tree varies between 1 and 5 levels and the ratio b/r varies between 1073 and 10%.
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We note also that the number of components at the last level is fixed to eight components
(N = 8).

7 Tests on randomly generalized examples

The influence of the ratio b/r has been studied for multi-level assembly systems, it varies in
{1073,1072,...,10*}. We consider the results of 150 examples that are generated by a
randomized algorithm and grouped into five families, according to the number of levels
(m=1,2,..,5). In each family, 30 different instances are generated. The input data are due
dates, the distribution function of the component lead times, unit holding costs of
components, and unit backlogging and unit inventory holding costs for the finished product.

The 150 examples are generated randomly as follows:

e Each component lead time L; ;,Vj € {1, ...,5}, Vi € {1, ...,Nj} varies between 1 and 5
with discrete uniform probability distribution;

e The unit inventory holding cost h;
c; j ranges from 1 to Y3 Ny;

o Vi€e{l,..,5} Vie {1, ...,Nj} for component

e The unit inventory holding cost r for the finished product ranges from 1073 to 10%;
e The unit backlogging cost b for the finished product is calculated according to r.

Table 10 shows the influence of the number of levels m of the BOM and the ratio b/r on the
cardinality of research space (S, is the initial cardinality of the research space and Sy is the

average cardinality of reduced research space). We note that if the ratio decreases, S tends to
So-

m | Spaces of search b/r
102 | 102 [ 10t [ 1 [ 10 | 102 | 103 | 10*

So 3.9110°

1
Sk 3.9110°[3.9110°[27610°| ss10 | 111 | 1 | 1 | 1
S, 4.30 107

2 Sk 430107 [3.62107 [2.11107 |6.1410°3.24 10° | 6.33 103 | 646 | 2
So 8.16 10°

3 Sk 7.85 10° ‘ 6.36 10° ‘ 3.06 10° ‘ 7.04 10 ‘ 5.45 10° ‘ 2.3410° ‘ 7630 ‘ 114
S, 6.98 10°

4 Sk 6.04 10° ‘ 4.30 10° ‘ 2.0110° ‘ 4.34 10° ‘ 4.68 10’ ‘ 4.50 10° ‘ 3.09 10° ‘ 1.50 10°
S, 3.78 10"

> Sk 3.1010"[2.35 10" 1.02 10| 2.62 10° | 3.74 10° | 5.51 10" | 6.86 10°| 4.37 10°

Table 10. Cardinalities of the initial and reduced spaces of research

Table 11 shows the gap (gap,;,) between the upper bound (is equal to min (V;,V,)) and the
exact solution provided by the Branch and Bound procedure, only if optimal solutions are
provided for all instances in the corresponding family. We note that, for each instance, an
upper limit of calculation time of one hour was allowed to find optimal solutions.
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b/r
m 1073 1072 107! 1 10 102 103 10*
1 30.75 30.33 27.59 5.43 0.00 0.00 0.00 0.00
2 11.02 11.80 12.91 2.60 1.18 0.26 0.00 0.00
3 8.10 9.26 14.43 2.25 2.40 1.58 0.51 0.10
4 - - - - - 1.74 0.57 0.27
5 - - - - - - - 0.57

Table 11. The gap between the exact solution and the upper bound (%)

The value of this gap depends on both the ratio b/r and the number of levels m. When b/r
tends to +o0 or —oo, gap,,;, tends to 0. For one-level assembly systems from a ratio equal to
10, the upper bound is very often equal to the exact solution, Nevertheless, for five-level
assembly systems, the ratio b/r has to be more than 10* to go under 0.5%.

In other words, the upper bound used in the Branch and Bound procedure has a good quality
when the unit backlogging cost for the finished product is greater than the unit inventory cost
for the same product.

Table 12 reports the percentage of nodes visited by the Branch and Bound procedure at the
last level over the reduced space of research. For one-level assembly systems and for a ratio
b/r equal to 100%, most of the nodes are visited. For five-level assembly systems and for a
ratio equal to 10%, this percentage drops to 83.99%.

That proves the importance of the reduced space of research for the performance of the
Branch and Bound procedure. On the one hand, for the unit backlogging cost of the finished
product, which is much bigger than the unit inventory holding cost for the same product, the
RSR reduces the cardinality of the initial space of research immensely and the few remaining
nodes are then visited. In the opposite case, the RSR reached its limits but the Branch and
Bound procedure seems to be effective: a great percentage of branches is cut and a small
percentage of nodes is visited.

b/r
m 1073 102 101 1 10 102 103 104
1 0.07 0.11 0.65 2.59 11.93 100.00 100.00 100.00
2 8.46 9.01 13.20 25.58 53.06 61.29 89.91 100.00
3 3.66 4.19 9.47 33.18 64.75 76.18 67.93 88.33
4 - - - - - 78.11 80.07 80.67
5 - - - - - - - 83.99

Table 12. The percentage of nodes visited by the Branch and Bound algorithm (%)

In Table 13, the average time in which the algorithm finds the exact solution is presented. It
depends on the number of levels and the ratio b/r. For one level assembly systems, exact
solutions are found in less than one second. For the five-level systems and for a b/r less than
103, more than one hour is required to solve the problem. Finally, the CPU times do not
depend only on the number of components in the last level m, but on other parameters as
different costs and the number of levels.
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b/r
m 1073 102 101 1 10 102 103 104
1 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.00
2 1.36 1.23 1.012 0.62 0.09 0.002 0.00 0.00
3 55.84 52.12 58.14 45.34 7.168 0.35 0.02 0.00
4 - - - - - 62.83 2.68 0.15
5 - - - - - - - 15.40

Table 13. Average CPU times

To study the influence of the number of components at the last level, we tested the solution
approach on a randomly generated instance set. We created 12 examples grouped into three
families according to the number of levels (m = 1,2,3). The number of components at the last
level varies in [10,20,30,40]. In each family, 10 test instances for each example are
generated as instances defined in the first part of section 7. Only the unit backlogging cost b is
equal to 5 times the unit holding cost r for all instances. We note that, for each instance, an
upper limit of one hour on calculation time was fixed and CPU times are given only if all
optimal solutions are provided for all instances in the corresponding family. For these
instances, the performance of the Branch and Bound procedure decreases according to the
number of components and the number of levels (Table 14). From three-assembly systems
with more than 10 components, more than one hour is required to find exact solutions.
Therefore, metaheuristics should be developed to generate good quality approximate solutions
for larger instances.

Ny,

10 20 30 40
0.00 | 0.01 0.06 0.19
0.05 | 4.62 | 7347 -

37.93 - - -

Table 14. Average CPU times for B&B

W= 3

8 Conclusion and perspectives

The paper deals with the modelling and optimization of multi-level assembly systems under
uncertainty of components lead times. We have proposed a one-period planning model with
infinite assembly capacity at all levels and for a known demand. The model calculates the
mathematical expectation of the total cost composed of inventory holding costs for
components at all levels and for the finished product and a backlogging cost for the finished
product. The proposed lower and upper bounds and recursive function which expresses the
dependence among levels, enabled us to study assembly systems with more than two levels
and thus extend the results of (Yano 1987a, Chu et al. 1993, Tang and Grubbstrom 2003,
Hnaien et al. 2008a, Fallah-Jamshidi et al. 2011, Hnaien et al. 2016 and Borodin et al. 2016).
Specific techniques were introduced to reduce the initial cardinality of research space, they
considerably decreases the percentage of branches to be pruned. In particular, an original
technique, based on the Newsboy model, was developed to reduce the initial space of
research. In addition, bounds were developed and a Branch and Bound procedure was
suggested to determine planned lead times when the component lead times are independent
and identically distributed discrete random variables.
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The proposed model and optimisation algorithm were developed to furnish a help to decision
maker at the assembly contract negotiation with a customer in an ATO environment under a
complex multi-level structure of supply network and uncertain partner lead times. They help
the decision makers to define a due date for the finished product delivery and release dates for
the components of last level of BOM.

The numerical results analyse the influences of the number of levels m of the BOM, the
number of components in each level, and backlogging and the inventory holding costs for the
finished product. The efficiency of the proposed algorithm does not depend only on the
number of components N,, in the last level, but also on other parameters, such as finished
product backlogging and holding costs and the number of levels. The proposed method is
efficient for solving small and medium-sized problems, and its performance increases if, the
backlogging cost greatly exceeds the inventory cost for the finished product.

Our approach is based on a one-period inventory model: for a given demand and due date, the
optimization is done to determine optimal order release dates. This approach can be applied
not only at the contract negotiation stage for Assembly-to-Order systems under lead time
uncertainty when distributions of probability of lead times are available. For the multi-period
inventory model, for example for MRP parameterization, it can be used to obtain approximate
values of planned lead time parameters for MRP tables. The recursive functions developed
and proved in this paper can be also used to generalize different known models, for example,
those proposed by Ould Louly and Dolgui (2002), Dolgui et al., (2008) and Shojaie et al.
(2015), for multi-period models of one-level assembly systems under lead time uncertainty.
The uncertainty of the demand can be also integrated as in Song et al. (2000).

The contributions of our study are to be seen in the light of the state-of-the-art results, because
similar problems have already been studied in the management science literature. Our model
is based on existing work, and we have proved that our model is more general, and that our
method outperforms the existing ones.

From a practitioner's point of view, the interest in our approach lies in the fact that it can be
used in many industrial situations, because there is no assumption on cost functions and
distributions of probability of lead times. For example, we worked with ZF in France (Saint-
Etienne), a German company that manufactures gearboxes. ZF classifies suppliers according
to the statistics, and a safety coefficient is determined for each supplier to set the
corresponding planned lead times in their MRP system. This coefficient is multiplied by the
contractual lead time to obtain the planned one. This enables the company to anticipate delays
by estimating the reliability of suppliers. In other words, the less reliable a supplier, the higher
its coefficient. However, suppliers were considered independently, and coefficients were
empirical. The synchronization aspects and costs were not taken into account. From the
outcome of our investigation it is now possible to use our model to better estimate these
coefficients by considering inventory and backlogging costs, the independence
(synchronization) of suppliers via the assembly operations, and distributions of probability for
supplier lead times.

It is clear that if some assumptions of our model are not respected, the solution obtained will
therefore be approximate and not optimal. However, in real applications (with complex
structures), decision makers often do not seek optimal solutions; approximate ones may be
satisfactory if they propose good quality decisions.
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Our future work will focus on the coupling of the analytical method with a genetic algorithm.
The Branch and Bound procedure seems to be limited to small and medium sized problems.
To study assembly systems with many more components and levels, metaheuristics are
necessary. A second objective is to extend this model and different proposed techniques to
study coordination between parameters of different replenishment calculation tables in a
complex MRP system, and in particular to calculate parameters of planned lead times for
multi-level multi-period case. The main difficulty will be to express the total expected cost for
multi-period planning of assembly systems.
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Appendix A. Proofs of the theoretical results
A.1. Proof of Property 1

The total cost is the sum of:
e Inventory holding or backlogging costs for the finished product. There will be a

stockout of the finished product if, at least, one type of component at level 1 is
delivered after the due date T. Then the backlogging cost C,gp is equal to:

Crrp = b x (Mgp* —T) (A.1)

If all components i,Vi = 1, ..., N;, are available before T, the finished product may be
assembled and stored. The corresponding inventory holding cost Cgp is equal to:

Cspp =1 X (T — Mgp™) (A.2)

e Inventory holding cost for components. There are inventory for components

¢;1 during the time period between its arrivals at M;; +L;; and Mgp the
assembly date for the finished product. The corresponding inventory holding cost
Csc, 1s equal to:

Ny

CSC1 = 2 hi,1 (MFP - (Mi,l + Li,l)) (A3)

=1

There are inventory for components ¢;;, [ = 2,...,m — 1, ¢, € S;;_1, during the time
period between their arrival at My ; + L,, and M;;_; the assembly date of the

.....

m—-1 /Ni-1
Cscypomer = 2 2 2 g (Mi,l—l — (Mye; + Lk,l)) (A.4)
=2 i=1 \Ck, €Si1-1

The components ¢ ,,, at the last level m are ordered at the date X ,,, and are delivered
at the date Ly, + X . The assembly of the components c¢;,,,_; begins when all
necessary components Cy,, € S;,_; are available, ie. at the date M;,,_;. The
corresponding components holding cost ¢, is equal to:

Nm—1

CSCm = 2 2 hk,m (Mi,m—l - (Lk,m + Xk,m)) u (A.5)

i=1 \Ck,mESim-1
A.2. Proof of Property 2

To calculate the mathematical expectation of the total cost E[[C(X, L)], we calculate [[M FP+]],
E[Mgp~], E[Mgp] and E[[Mi,l]]-
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Let the following recursive function Q*; it allows the expression of the dependence among
levels:

1_[ Z PLig = 0a] X Q" (Liarr, W, + 1), a+ma+l

Cka+1€Siq OqtW=S$

Q" (Lig s, a) =1 1_[ Fom(=Xgm +w), a=m

Ck,mESim-1

1_[ 2 PlLiy = 01] X Q*(Ligsr,w,a+1), a=1

\ i=1,..,N1 01+w=s

E[Mmp*] =T+ 2(1 — Pri Mpp < sT)

s=T

Let I' a positive random discrete variable with a finished number of possible values. Its
expected value is equal to:

E[r] = 2(1 —Prr <sh) = 2(1 = Fr(s)) (A.6)

520 520

This expression (A.6) is used to calculate E[[MFP+]], E[Mgp~1, E[Mgp] and E[[Mi,l]].

Knowing that:
PrMgp < s] = Pr |[ max (Mi; + L) < s]]
1=1,..,Nq
=Pr[My;+ L1 <8 .., Mg+ Ly <5, ,My 1 + Ly 1 <5]

And that Vi = 1, ..., N;, the random variables (Mi,1 + Li,1) are independents, so:

Ny
PriMep < sl = 1_[ z [PrLi; = o, x Pr[M;; < w]]
i=1 01+wW=s
01+WEZ

In addition, Pr[[Mi,1 < W]] is calculated in the same way. By introducing the recursive
function, we can easily deduce that Pr[Mpp < s] = Q*(L;4,s,1).

Then:
E[Mpp*] =T + 2 (1-0*(Liws, 1)) (A7)
We note that E[Mgp~] is calculated in thes _leme way and is equal to:
EMe 1= ) (-PriMp<sD= Y (1-0*(Ls1)) (AS)
0<s=T-1 0<s=T—1

The expression of E[Mp] is calculated using expressions (A.7) and (A.8) and is equal to:

ElMgp]l = E[Mpp™ | + EIMpp™ 1 - T = 2 (1 - Q*(Lis, 1)) (A.9)

520
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The assembly dates M;; are positive random discrete variables with a finished number of
possible values:

E[M;,] = 2(1 — Pr[M;, < 5])

520

Knowing that:

Pr[[Mi,l < s]] = Pr || max (Mk,l+1 + Lk,lﬂ) <s

Ck,1+1€Si1

= Pr{My o1 + Lijss 8o, Miger + Liger <5, wor My iv1 Ly 41 S s]

AndVi=1,..,Nand VIl =1, ...,m — 2, the random variables (Mk,lﬂ + Lk,lﬂ) are
independents, so:

Bl =) (1= [ D [PILee = o] x P[Misar < o]

§20 Ch,1+1€S; 011 02=5
01+0,€Z
The recursive function Q+(Li,l, S, l) is called each time when it is necessary to determine the
probability related to My, ;. The expression of E [[Mi,l]] can be written as follows:

B[] = > (1= 0*(Luws. D)) (A10)

520

Then, using expressions (A.7, A.8, A.9 and A.10), the total expected cost mentioned in
expression (2) can be directly found. It is given by the next expression:

EIC(X,L)] = (r X T) + H X (2 (1-0*(Liws, 1)))

s=T

—R x ( Z (1-0*(Liws, 1))) - Til (Hl- Z (1-0*(Liss, l))) (A.11)

0<s<T-1 1 520
m

1=
N Nm

- Z hiE[Lii] |- Z himXim ®
=1 i=1

=1 \i

A.3. Proof of Property 3

The expression (3) can also be deduced from expression (11) in Hnaien et al. (2008b) by
replacing h by r. X;* can be an upper limit for X;,, of the component ¢;,, from the multi-
level assembly system and the initial research space of possible solutions [T — Ui T —
m can be reduced to 7—Ujm; Xyx+. For this, let us suppose that the vector
X = (Xik,m: ...,X,’\‘,m_m), which is composed of order release dates, minimizes E[C(X*, L)].
v(k,j) € [1;N,,]?, this vector is defined as follows:



36

Xim €T —Upm; X", Vewm € Sim-a

k#j
Xm€lXs T—m], Vcjm €Sima
j#k

That is to say, on the one hand, there are order release dates Xy ,,, which are between T — Uy, ,
and X;” ; and on the other hand, there exist order release dates X;,,, between X;*+ 1 and
T —m.

It is easy to prove that there is a vector A" = (A7, -, Ak ms -+ » AN,,,m) Which dominates X*
such asV ¢y, € Sgm—1,V6 ENY, A}, € [T — Upm; j**] and Ay, = X — 6. That is to

say that all order release dates are between T — Uy, ,, and X;™

Then, we introduce the following function:

G(x*—1)=E[cx;, D] - E[cX; —1,1)]

The optimal solution X;™ has to satisfy, otherwise a neighbouring solution better than X;™
exists:
{ G(X;")=b—[(b+r)xF(T-X")]=0
G(x*—1)=b—-[b+r)xF(T-X;"—1)] <0
Then, expression (3) can be proven. Therefore, to say that all order release dates are between
T — Uym and X;™, we have to prove that (X", 4") = 0.
e(X*,A") = E[[C(X* L)] — E[c(A*, L)]

m-1 m N;
Zhl B [Mopgen] = ) ZH E[Mg] |- D0 D huElLal
=1 =1 \i=1
_ Z himXim + b X (E [[MPF;X*}]] — T) +7r X (T —E [[MPF{_X*}]])
1;1 m—1 m N;
_ Z hisE [Mppgn | + Z Z HiE | My, ] ]+ Z Z hiE[Ly]
i=1 =1 1=1 \i=1

Nm
+ Z himAim — b X (E [[MPF;A*}]] B T) -rx (T —E [[MPF{_A*}]])
i=1
with:

° Mi,m—l{A*} - Ckrrrzrégl)fn 1(Lkm Xlz,m - 5) - Ck;’égyfn 1(Lkm Xlz,m) -6
)

= Ml,m—l{X*}

. MPF;A*} = max(MPF{A*}, T) = max (MPF{Xi,m—5}' T)
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* MPF{A ) mln(MPF{A P T) min ( PF{X} m—8} T)

° MPF{A*} = ma)l(vl (Mi,l{A*} + Li,l) = 1=Ta?1(v1 (Mi,l{x*} + Li,l - 5) = MPF{X*} -6

*Mi; 14y = max (Mkl{A s+ Lkl) = max (Mk wxy + Ly — 5) =M;;_1xy— 6

Ck, 1ES; - Ck, 1E€S; -
Then after some algebraic transformations, we obtain:

o, =0 (8 [ | e ) 75 (5 ] =5 o ]
N.

m-1 [/ Ni m Ny
-6 E E E E E hiier |+ E him — E hi1
=1 i=1 =1 i=1 Ck, l+1€sll i=1 i=1
using
m-1 / Ni m N;
E E hk,l+1 = E E hi,l
=1 i=1 Ck,l+1€Si,l =2 i=1

Therefore, we can easily prove that:

e(X",A) =Q Z (Pr [[MFP{A*} > S]] b : r)
T—-6<s<T

We have Vs, MFP{X} >, so Pr [[MFP{A*} > s]] > Pr[[t/Jj > s]] and e(X*,A") >
QZr-seser (32— F(s = X)),

According to the expression (3), VT —§ < s < T:
F(T-X-6)< b__ F(T — X;*)
J “b+r— J

We finally deduce that e(X*,A*) = 0. =

A.4. Proof of Proposition 4

The Lower bound corresponded to the vector A, X, and is composed of:
4 m

e The inventory expected cost of the first k;, components in the level m of the BOM.
These components have fixed order release dates (see expressions 4, 5 and 6):

E[Cse, A || = Zil / Z Ry (E NM im-1 N —E[Lgm + ak,m]]>\

i=1 \ Ck,mESim-1 Vk>km; Xk,m=0k,m
kskln;
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e The inventory expected cost of the first k; components ¢;;, | = 2,...,m — 1:
m-1 [ 21 kl,-’1-1
ElCse, o] =D (D0 D hura EIMu] = D higa (B[Mygia] + E[Liria])
=1 i=1

=1 Cp,14+1€Si1
e The inventory expected cost of the first z' components in the first level of the BOM:
z
BlCocy ] = D | b (E ﬂM P ﬂ —E[M;] - E [[m]])
=1 Vk>kin; Xim=a%m

e The backlogging expected cost of the finished product related to the vector
Ak',Xk/ whose values are defined in expressions (4), (5) and (6):

E[[Cppr, Ay | = b X (E NW P N — T)

Vk>k’; Xk,m=ak,m



