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SOME LOGARITHMICALLY COMPLETELY
MONOTONIC FUNCTIONS AND INEQUALITIES FOR
MULTINOMIAL COEFFICIENTS AND MULTIVARIATE

BETA FUNCTIONS

Feng Qi, Da-Wei Niu, Dongkyu Lim, Bai-Ni Guo*
Dedicated to people facing and battling COVID-19

In the paper, the authors extend a function arising from the Bernoulli trials
in probability and involving the gamma function to its largest ranges, find
logarithmically complete monotonicity of these extended functions, and, in
light of logarithmically complete monotonicity of these extended functions,
derive some inequalities for multinomial coefficients and multivariate beta
functions. These results recover, extend, and generalize some known conclu-
sions.

1. BACKGROUND AND MOTIVATION

Let us denote by P, x(p) the probability of achieving exactly k successes in
n Bernoulli trials with success probability p. Then

I'(n+1)
k+1I(n—k+1)

R Pt = (),
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where T'(z) denotes the classical Euler gamma function which can be defined [1},
19, 24] by

F(z):/ t*~le7tdt, R(z) >0
0

or by
ze€C\{0,-1,-2,...}.

In the technical report [16], Leblanc and Johnson considered a problem: which is
more likely to happen: k successes in n trials or 2k successes in 2n trials? They
proved that

(1.2) Ponok(p) < Poi(p), 0<k<n, pec(0,1).

This means that k successes in n trials is more likely to happen than 2k successes in
2n trials. One year later, the same authors generalized the inequality (1.2)) in [17]
Corollary 2.4] by

(1.3) Piis1yn,(j+1)k(0) < Pinje(p), jeN.

About ten years later, Alzer extended the inequality (L.3)) in the note [2] by
considering the function

I(nx +1)

L 6@ =Cen@) = 5 R = B+ 1)

pkm(l _ p)(n—k):c

and essentially proving that the function G(z) is logarithmically completely mono-
tonic on (0, 00), where k and n are integers with 0 < k <n, p € (0,1), and an in-
finitely differentiable and positive function F'(z) is said [4, 5}, 27, 29} [37] to be loga-
rithmically completely monotonic on an interval I if and only if (—1)"[In F/(z)]™) >
0 for all m > 2 and = € I. We observe that we can write

nr _ n ke (1 _ (n—k)z

kz k(n — k) 2B(kz, (n — k)z)’
where
T\ L(z+1) B 1
9 (y> S Ty+D)l(z—y+1) (z+1)Blx—y+1y+1) z,y €C
and

B(x,y) = /0 "1 — ¥t R(z),R(y) >0

L(x)T(y)
T(z+y) -

Recall from [18], Chapter XIII|, [37, Chapter 1], and [38, Chapter IV] that
an infinitely differentiable and nonnegative function f(z) is said to be completely
monotonic on an interval I if and only if

denotes the classical Euler beta function and B(z,y) =

0< (=)™t Y(g) <00, m>2, xzel.
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The Bernstein-Widder theorem [38, p. 161, Theorem 12b] characterizes that a
necessary and sufficient condition for f(z) to be completely monotonic on (0, c0) is
that

ﬂmzémf“wm,xe@mx

where p(t) is non-decreasing and the above integral converges for z € (0,00). In
other words or simply speaking, a function is completely monotonic on (0, 0o) if and
only if it is a Laplace transform. Recall from [5l, 1T, 27, [37] that a logarithmically
completely monotonic function must be completely monotonic on the same defined
interval, but not conversely. This is why we restate here the main result in [2] in
terms of the logarithmically complete monotonicity. For more information on new
developments of this topic, please refer to [10], 12} [25], B0, B4, B5], B7] and closely
related references therein.
In this paper, we first consider the function

Llla+Bz+1) 4 .
Tlaz T DTGz D7 ¢ -0

B (a—i-ﬁ)x N 5m_a+ﬁpkw(1_p)(n_k)w
_< ax )p (L=p)™ = af xB(azx, fx)

(1.6) Q(2) = Qapp(x) =

for x € (0,00), where o, 5 > 0 and p € (0,1). It is easy to see that the function
Q(z) is an extension of G(z) and P, x(p) and satisfies

Qa,ﬁ;p(x) = Qﬁ,a;l—p(x)a Qk,n—k;p(x) = Gk,n;p(x)v Qk,n—k;p(l) = P k(p)-

In Section , we will verify that the function Q(z) is logarithmically completely
monotonic on (0, 00).
More generally, we can consider the function

_ T+ )
(e )mmm_ZQWi I, v
( [vi =

= i = =
Ta1,Tas,. .., Ty, i1 a; " B(zay, zag, ..., xan)

i=1

for z € (0,00) and m > 2, where a = (a1, a9, ...,a,) with a; > 0 for 1 < i < m,
p = (p1,p2,...,pm) with p; € (0,1) for 1 <i <m and y..*, p; = 1, the notation

m .
Dlity G _ H D1 ar
a1,02;--.,0m - a;
=1
in terms of the notation in (1.5) is called the multinomial coefficient, and

I'(a1)T(a2) - -T(am)
T(ar +ag+ -+ am)

B(ai,a2,...,am,) =
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is called the multivariate beta function. It is obvious that the function Qq p.m () is
a generalization and an extension of the functions Q4 g.p(2), Gk n:p(x), and P, 1 (p)

defined in (|1.1)), (1.4), and (1.6 respectively. Concretely speaking,

Q(a,8),(p,1-p);2(2) = Qa,Bip(T),
Q(’fvn—k),(nl—p)ﬂ(x) = Grnip(®),
Q(k:,nfk),(p,lfp);Z(l) = Pn,k(p)'
In Section , we will show that the function Q(z) is logarithmically completely

monotonic on (0, 00).

In Section , in light of logarithmically complete monotonicity of Q(x) and
Q(z), we will offer some inequalities for multinomial coefficients. In Section , we
will reformulate combinatorial inequalities obtained in Section in terms of multi-
variate beta functions, that is, we will present some inequalities for multivariate
beta functions. In Section the last section of this paper, we will recover some
known results in [2} [I7] from those inequalities obtained in Section for multinomial
coefficients.

2. COMPLETELY MONOTONIC FUNCTIONS

We now start off to prove our first main result in this paper: the function
Q(z) is logarithmically completely monotonic on (0, o).

Theorem 2.1. For «, >0 and p € (0,1), the function Q(x) = Qu,p;p(x) defined
in (1.6) is logarithmically completely monotonic on (0, 00).

Proof. Straightforward computation yields

InQ(z) =InT((a«+B)x+1) —InT(az+1)
—InT(Bz+ 1)+ azlnp + Bz 1n(l — p),
Q)] = (a+ B)Y((a+ Bz +1) — ap(az + 1)
= BY(Br + 1)+ alnp+ Bn(l - p),
mQ(2)]" = (a+ B)*¥'((a + B)z +1) — a®¢'(azx + 1) — f2¢'(Ba +1).

From

V' (2) = /000 t e *tdt, R(z) >0

1—et

in [l p. 260, 6.4.1], it follows that

> t
/ 1) = 7(Tz+1)tdt
Y'(tz+1) /0 =

= / ﬁe_”tdt = */ h(v>€_vzdv7
0 — T Jo T
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where 7 > 0 and h(t) = . Accordingly, we have

€

2.8)  [mQ(z)]" = /OOO {(a + B)h<aj}r6> - ah(Z) - 6h<;>} e~ dv.

Since the function h(t) is decreasing on (—oo, 00), we obtain

o) (i) () () ()

Substituting this inequality into the equation (2.8]) reveals that the second deriva-
tive [In Q(x)]"” is completely monotonic on (0, 00).
"

By the complete monotonicity of [In Q(x)]
[ln Q(x)]" is strictly increasing on (0, 00), hence,

I Q) < Jim @+ B)((a-+ B+ 1) — avla +1) — (3 + 1)
+alnp+ Bn(l —p)

= 1im [(a+ B)0((a + 9)a) — avtas) - B0(2)
+alnp+ BIn(l —p)

= lim ((a +B)[¢Y((a+ B)x) — In((a + B)z)] — aly(ax) — In(az)]

Tr—r00

, we see that the first derivative

1

X

~ Blu(B2) ~ ()] — < + (o + 5 In((a + B)2)

—aln(azx) — Bln(ﬂx)) +alnp+ Bln(l —p)

B
1-p

:(a-i-ﬁ)ln(oz—i-ﬁ)—aln%—ﬁln

- [pz +(1 p)lﬁ] 1H{pz +(1 P)}

—-p 1-p

_p(gmz>—%1—m<1€pm1€p>

<0,

where we used the facts that the function zlnz is convex on (0,00) and that

(2.9) lim [Inx —¢(z)] =0,

T—00

see [13, Theorem 1] and [14]. In conclusion, the function Q(z) is logarithmically
completely monotonic on (0, 00). The proof of Theorem [2.1]is complete. O

We now prove our second main result in this paper: the function Q(z) is
logarithmically completely monotonic on (0, c0).
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Theorem 2.2. Let m > 2, a = (a1,a9,...,an) with a; > 0 for 1 <i < m, and

p = (p1,p2,- - Pm) with p; € (0,1) for 1 < i < m and Y.* p; = 1. Then the

function Q(x) = Qg p:m () defined in (L.7)) is logarithmically completely monotonic
n (0,00).

Proof. Direct calculation gives

InQ(z) = lnF<1 —|—1:Zai> — ZlnF(l + a;x) —|—:rZai In p;,
i=1 i=1

i=1
[ln Q(x (Za2> <1+xiai> —iaiw(l—i—aix)—&—iailnpi,
i=1 i=1 i=1
and
[ln Q(x (Z al> (1 +xZai) — Za?w’(l + a;x)
i=1 i=1

As did in the proof of Theorem [2.I} we can obtain

e wowr [7](Sa (i) - Sen()]een

Since the function h(t) is decreasing on (—o0, o), we obtain

(Sn)r(sa) = Sonn(is) 2 S ()

Combining this with (2.10) yields that the second derivative [In Q(z)]” is completely
monotonic on (0, 00).

Complete monotonicity of [In Q(x)]” implies that the first derivative [ln Q(x)]’
is strictly increasing on (0, c0), therefore,

[ln Q)] < xl;rxgo l(Z al> <1 + xicg) — i a; (1 + a;x)
:IILIEO[(Z%) <xZaz> Zalw a;r) — ——

()] <xiaz>—m<x2m>1

- Z%W(az ) — In(a;x (Z az> In <12a2>

=1

_ i a; ln(aix)} + Z a; In p;
i=1 i=1

+ iai hlpz
+ Z a; Inp;
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&
:

<0,

) ln<iai> — iailnai +iai1npi

AN
=1

>
>

7 Z

where, as did in the proof of Theorem we used the limit (2.9) and convexity of
the function zInz on (0, 00). The proof of Theorem is complete. O

3. THREE INEQUALITIES FOR MULTINOMIAL COEFFICIENTS

In light of logarithmically complete monotonicity of Q(z) and Q(x), we now
offer some inequalities for multinomial coefficients.

Theorem 3.3. For {,m > 2, let a = (a1,a2,...,ay,) with a; >0 for 1 <i<m,
x; >0 for1<j </ and \; € (0,1) with E§:1 Aj =1. Then

£
> =1 AT D ai )
£ £ £
ay Zj:l )\j:vj, a Zj:l )\j{,Ej, BRI ¢ 79% Zj:l )\j(Ej

L m Aj
<11 ( T Y im )
- 1 \Tja1, Tjaz, ..., Tjlm

(3.11) <

and the equality in (3.11)) holds if and only if v1 = xo = -+ = x4. In particular,
when { =m = 2,

(3.12) ((“1 +az) (Mo + A29«“2)) - ((a1 + ag)xl))‘l ((al n az)@)Az

al()\lxl + )\2{132) a1y a1
and the equality in (3.12)) is valid if and only if x1 = xa.

Proof. Logarithmically complete monotonicity in Theorem implies that the
function Q(x) is logarithmically convex on (0, 00). Hence, we acquire

¢
Q(Z )\jl'j> < H QY ().

Making use of the expression

_ Ty A za;
Qx) = (xal,a:ag, .. zam) Hp

=1
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arrives at

4
( D Ny D ) ﬁpf“’ St N

£ 4 4 i
aq Ej:l /\jl‘j, a Ej:l )\jl‘j, BRI 079% Zj:l /\jl‘j i—1

L m m Aj
< I I < Tj i Wi ) ] [pqzrj
— K3

1 TjA1,Tj02,...,Tj0m i1

J=

which can be rearranged as (3.11)).
The inequality (3.12]) can also be independently derived from logarithmically

complete monotonicity of Q(z). The proof of Theorem is complete. O
Theorem 3.4. For {,m > 2, let a = (ay1,as,...,a,) with a; >0 for 1 <i<m
and let x; > 0 for 1 < j < {. Then
(3.13)
¢ ¢
< Ty a > < ( > =1 %) Dt ai )
=1 \Tj01, L5025 Tjlm ar Z§:1 Zj, a2 Z§:1 TjyeensOm E§:1 xj

In particular, when £ =m = 2,
(3.14) ((al + a2)1‘1) <(6L1 + a2)$2> < ((Ch +az)(z1 + 332))
a121 a1T2 ar(z1 + x2)

Proof. In [2, Lemma 3], it was established that, if g : [0,00) — (0, 1] is differentiable
and £ is strictly increasing on (0,00), then g(z)g(y) < g(x + y) for z,y € (0,00).
From this, we can inductively derive

¢ ¢
Hg(xj) < g(ij>.
j=1 Jj=1

Applying this inequality to the function Q(x) yields

Z m m
I I ( T i i ) l lpt_zirj
%
i=1 TjA1,T;02,...,Tj0m

i=1
L ) m ) m P
< ( Z]‘:l T Zi:l a; > pai =1 %y
¢ ¢ ¢ i
A1 51 Ty A2 D Gy Ty s m Dy Tj/
which can be rewritten as (3.13]).

The inequality (3.14)) can also be independently derived from logarithmically
complete monotonicity of Q(x). The proof of Theorem is complete. O

Theorem 3.5. For m > 2, let a = (a1,a9,...,6,,) with a; >0 for 1 <i<m. If
0<a<candz >0, then
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(3 15) (a—i_x) Z:il ai czyil a/i
' (a + x)ay, (a + x)asg, ..., (a + x)am ) \cai,cas, ..., can
< ad i a; (c+z)>i, a;
~ \aai,aas,...,aay ) \(c+ z)ay, (c+ z)ag, ..., (c+ z)am,
and the equality in (3.15)) holds if and only if a = c. In particular, when m = 2,

(3.16) ((a +2)(a; + az)) (c(al + a2)> - (a(a1 + a2)> (<c +a)(ay + a2)>

(a+ x)ay cay aay (c+ x)ay
and the equality in holds if and only if a = c.
Proof. For 0 < a < ¢, define

V(z)=InQ(a+z)+In9(c) —In Q(a) — In Q(c + ).

Since , ,
vy Qatn) Qe
Qla+z) Qlc+ux)
and logarithmically complete monotonicity of Q(x) implies that QQI((;)) is strictly

increasing on (0, 00), we conclude that V' (z) < 0 and V(z) < V(0) = 0. Therefore,
InQa+z)+In9(c) <InQ(a)+1InQ(c+ x),

which is equivalent to

<(a + x)ala(gla—:_?)%zi . 1 az(a . am) ﬁ a+x)‘|

In

=1

m m
sz 1 i Hpa el <n ad g @ Hpqia
cay,Can, . .., Clny, aal,aa%...,aam ¢

i=1 i=1

((C o (c x))a; . 1 al(c . x)am) il;[pl (c+m)1

This can be simplified as (3.15)).
The inequality (3.16]) can also be independently derived from logarithmically
complete monotonicity of Q(z). The proof of Theorem is complete. O

+In

+ In

4. INEQUALITIES FOR MULTIVARIATE BETA FUNCTIONS

For a; > 0 and i € N, the multinomial coefficient and the multivariate beta
function have the relation

( Yt ai ) _ D @i 1
am

a1,a2, ..., H;’;lai B(al,ag,...,am)'
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Therefore, from those inequalities for multinomial coefficients in Section , we can
derive some inequalities for the multivariate beta function B(ay,asg,...,ay). In
other words, Theorems to can be respectively reformulated as the fol-
lowing forms.

4.1 First inequality for multivariate beta function

For {,m > 2, let a = (a1,a2,...,ay) with a; > 0 for 1 < i < m, z; > 0 for
1<j </ and )\ €(0,1) with 327 A; = 1. Then

¢ ¢ ¢ S\ m—

(4 17) B(a1 Zj:l )\jIj, as Zj:l )\jl‘j, N . Zj:l )\jmj) - < H§=1 SU;\J ) 1

: 7 r I

II- BV (@125, 0025, ..., amx;) D j=1 AT

and the equality in (4.17) holds if and only if 1 = z9 = --- = x4. In particular,
when £ =m = 2,
(4 18) B(al()\lxl —+ )\21’2)7(12()\1%1 —+ )\2.%2)) > $i\1$§2

’ BM (a121, aom1) B (a120, agzs) Az + Ao

and the equality in (4.18) is valid if and only if z; = 5.

The inequality (4.17) or (4.18) implies that 2™~ ! B(xay,zas,...,za,,) for
m > 2 is logarithmically concave with respect to z € (0,00). More generally,
we claim that the reciprocal — ) for m > 2 is a logarithmically

m—1B(zai,zaz,..., Ta
completely monotonic function of = € (0, c0).
4.2 Second inequality for multivariate beta function

For £,m > 2, let @ = (a1, a2, .., an) with a; > 0 for 1 <4 <m and let z; > 0 for
1< j5</¢ Then

Y _ Vi m—1
[[;=1 Bla1zy, acwy, . . . s amay) y S a -1 Yy

¢ ¢ ¢ | Hl T ’
Blan i1 25,02 o1 Tjh ey Gm D5 T i=1 j=1%j

In particular, when £ =m = 2,

B(alxl,agxl)B(ale,agxz) > ( 1 n 1 )( 1 1 )

B(ai(z1 + x2), az(z1 + 22)) ar ay)\x1 | m

T €2

4.3 Third inequality for multivariate beta function

For m > 2, let a = (a1,a9,...,a;,) with a; >0 for 1 <i<m. If 0 < a < cand
x > 0, then
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m—1
c ) B(cay, cag, ..., cam)
c+x B((c+x)a1, (c+ x)ag, ..., (c+ z)am)

(4.19) <

a \™* B(aay,aas, ..., aam)
“\a+zx B((a + x)ay, (a + x)as, ..., (a+ x)am)
and the equality in (4.19) holds if and only if @ = ¢. In particular, when m = 2,

c B(aic,asc) a B(aia,aza)
c+zB(ai(c+x),a2(c+ ) ~ a+zBlai(a+ x),a2(a + x))

and the equality in (4.20) holds if and only if a = c.
The inequality (4.19) implies that the function

(4.20)

t ™! B(ait, ast, . .., amt)
t+x Blai(t + x),a2(t + x),...,am(t + x))
for m > 2 and x,a; > 0 is strictly increasing with respect to ¢ € (0, c0).

Remark 4.1. For more information on inequalities for the beta function B(z,y)
and their applications, please refer to [3], [6, [7), [8, [9, 26, B6] and closely related
references therein.

5. RECOVERING FOUR KNOWN RESULTS

From Theorems [3.3] to [3.5] we can recover inequalities and monotonicity for
binomial coefficients in the papers [2], 17].

5.4 First recovery
Taking a; = k € Nand as =n — k € Nin (3.12) results in
(5.21) (AMz1 + Aoxo)n < (T M Ton A2

' ()\1%‘1 + )\2$2)]€ — \x1k Tk
and the equality in (5.21]) holds if and only if 3 = x5 > 0, where z1,x2, A1, A2 > 0
and A1 + Ay = 1. This recovers [2] Corollary 1]. When further letting Ay = Ay = %
and setting 1 = j—1 and x5 = j+1 in (5.21]), we recover a combinatorial inequality
in [I7), p. 4, Section 4].
5.5 Second recovery
Setting ay =k € Nand ay =n — k € Nin (3.14]) gives

nxy\ [nTa n(xy + x2)
0
<k9€1> (kﬂ?z) = (k(ml +$2))’ e

which is a recovery of [2] Corollary 2].
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5.6 Third recovery
Letting a; =k € Nand ay =n — k € N in (3.16]) deduces

(5.22) (a+x)n\ (cn < an\ [((z+c)n
(a +xz)k ) \ck ak ) \(z + o)k
for 0 < a < c and x > 0 and the equality is valid if and only if a = ¢ > 0. The

inequality (5.22)) is a recovery of [2], Corollary 3].

5.7 Fourth recovery

For aj,as,x > 0 and 0 < a < ¢, the inequality (3.16) means that the function

Fasianan () = ((” 7)1 +a2>> / ((c+x>(a1 +a2)>

(a + x)ay (c+ x)ay

is decreasing in x > 0 and

a a“ a a2
. 1 2

lim Fycay.0,(%) = .
T—00 a1 + as a1 + ao

This generalizes [17, Lemma 2.2] which reads that the sequence T, ;(j) = (j(})
ik

for integers 0 < k < n is decreasing in j > 1 and

k n—k
Jj—ro0 n n

Remark 5.2. Because the restrictions ay < 1 and Y ,_, ar = 1 appeared in [20,
Theorem 2.1] are removed off in our Theorem the conditions in our Theo-
rem are more relaxed than corresponding ones in [20, Theorem 2.1]. Because
logarithmically complete monotonicity is stronger than complete monotonicity, just
like that logarithmic convexity is stronger than convexity, our main conclusion in
Theorem is stronger than corresponding one in [20, Theorem 2.1].

Remark 5.3. This paper is a revised version of the preprint [33] whose first version
was announced almost at the same time as the preprint [21] which has been formally
published as [20]. This paper is a companion of the papers [22] 23], 28], [31], 32].
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