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A LIOUVILLE PROPERTY WITH APPLICATION TO
ASYMPTOTIC STABILITY FOR THE CAMASSA-HOLM
EQUATION

LUC MOLINET

ABSTRACT. We prove a Liouville property for uniformly almost localized (up
to translations) H!-global solutions of the Camassa-Holm equation with a
momentum density that is a non negative finite measure. More precisely, we
show that such solution has to be a peakon.

As a consequence, we prove that peakons are asymptotically stable in the class
of H'-functions with a momentum density that belongs to M4 (R). Finally,
we also get an asymptotic stability result for train of peakons.

1. INTRODUCTION
The Camassa-Holm equation (C-H),
(1.1) Up — Utgr = — Uy + QUglpy + Ulgrs, (t, ) € R?,

can be derived as a model for the propagation of unidirectional shalow water waves
over a flat bottom by writing the Green-Naghdi equations in Lie-Poisson Hamilton-
ian form and then making an asymptotic expansion which keeps the Hamiltonian
structure (][9], [25]). A rigorous derivation of the Camassa-Holm equation from the
full water waves problem is obtained in [1] and [15].

(C-H) is completely integrable (see [9],[10], [12] and [14]) and enjoys also a geo-
metrical derivation (cf. [26], [27]). Tt possesses among others the following invari-
ants
(1.2)

M(v) = /R('U—’Umc)dﬂf, E(v) :/

R
and can be written in Hamiltonian form as

(1.3) OB (u) = =0, F'(u)
It is also worth noticing that (1.5) can be rewritted as

(1.4) Yt + uYy + 2uzy =0

v*(2)+v2(2) dr and F(v) = /Rvg(x)—l—v(:zr)vi (z)dx

which is a transport equation for the momentum density y = v — gy .
Camassa and Holm [9] exhibited peaked solitary waves solutions to (C-H) that
are given by

u(t,z) = @o(x — ct) = cp(z — ct) = ce”* ¢ e R*.
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2 L. MOLINET

They are called peakon whenever ¢ > 0 and antipeakon whenever ¢ < 0. Note that
the initial value problem associated with (C-H) has to be rewriten as

g + ug + (1 —92)7 10, (u? + u2/2) =0
(L5) { o

to give a meaning to these solutions.

Their stability seems not to enter the general framework developed for instance
in [3], [23], especially because of the non smoothness of the peakon. However,
Constantin and Strauss [18] succeeded in proving their orbital stability by a direct
approach. This approach is based on two optimal inequalities: one involving E(u —
) and maxg v and the other one involving E(u), F(u) and maxg u.

In a series of papers (see for instance [29], [30]) Martel and Merle developped
an approach, based on a Liouville property for uniformly almost localized global
solutions close to the solitary waves, to prove the asymptotic stability for a wide
class of dispersive equations. The Liouville property is based on the study of a
dual equation related to the linearized equation around the solitary waves. Such
approach to prove the Liouville property seems not to be applicable for the C-H
equation. Indeed, first working with the dual problem requires more regularity
on the solution and, in contrast to KdV-like equations, one cannot require the
asymptotic objects of the C-H equation to be smooth (see the peakon !). Second,
for the same reasons for which there is no proof of the orbital stability by the spectral
method, it seems very difficult to get a non negative property on the underlying
linear operator.

In this paper we prove a Liouville result for uniformly almost localized (up to
translations) global solutions to the CH equation and then follows the general strat-
egy developed by Martel and Merle to deduce the asymptotic stability of the peakon.
The main ingredient to prove our Liouville result is the finite speed propagation
of the momentum density of the solution. We would like to underline that our
arguments are not specific to the Camassa-Holm equation but can be adapted for
a wide class of equations with peakons as we will show in a forthcoming work.

In this paper we will work in the framework of the solutions constructed in
[17]. This class corresponds to solutions emanating from initial data that belong to
H(R) with a density momentum that is a non negative finite measure. It has the
advantage to contain the peakon and to enjoy good properties as global existence,
uniqueness and H '-continuity of the flow.

It is worth noticing that, recently', Bressan and Constantin ([6], [7]) succeed
to construct global conservative and dissipative solutions of the (1.5) for initial
data in H*(R) by using scalar conservation laws techniques. The uniqueness of
the conservative solution has been shown very recently by Bressan-Chen-Zhang [5]
but its continuity with values in H*(R) is not known. In consequence, the orbital
stability of the peakon with respect to these solutions is still an open problem.
In this direction, note that a Lipschitz metric on H'-bounded sets has been very
recently constructed in [8].

Before stating our results let us introduce the function space to which our initial
data belong. Following [17], we introduce the following space of functions

(1.6) Y = {u € H'(R) such that u — u,, € M(R)}

ISee for instance [31] for a survey on previous existence results.
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where M(R) is the space of finite Radon measures on R. We denote by Y, the
closed subset of Y defined by Y, = {u € Y /u — uy, € My} where My is the set
of non negative finite Radon measures on R.

Let Cy(R) be the set of bounded continuous functions on R, Cy(R) be the set of
continuous functions on R that tends to 0 at infinity and let I C R be an interval.
A sequence {v,} € M is said to converge tightly (resp. weakly) towards v € M if
for any ¢ € Cp(R) (resp. Co(R)), (vn,¢) — (v,¢). We will then write v, —* v
tightly in M (resp. v, —x v in M).

Throughout this paper, y € Cy;(I; M) (resp. y € Cy,(I;M)) will signify that for
any ¢ € Cp(R) (resp. ¢ € Co(R)) , t <y(t), ¢> is continuous on I and 3, —* y
in Cy(I; M) (resp. yn, —* y in Cy,(I; M)) will signify that for any ¢ € Cp(R) (resp.
CoR)), (yn(),6) = (y(),6) in C (D).

Definition 1.1. We say that a solution v € C(R; H'(R)) with u—uz, € Cy(R; M)
of (1.5) is Y-almost localized if there exist ¢ > 0 and a C'-function z(-), with
& > ¢ > 0, for which for any € > 0, there exists R, > 0 such that for all £ € R and
all ® € C(R) with 0 < ® <1 and supp ® C [—R., R]°.

(L.7) /R(uQ(t) +u2 (1) (- = a(t)) da + (B(- = 2(t)), u(t) = wu(t)) <=

Theorem 1.1. Let u € C(R; H(R)), with u — uzz € Cyp(R; M), be a Y-almost
localized solution of (1.5) that is not identically vanishing. Then there exists ¢* > 0
and o € R such that

u(t) =c" (- —mog — c't), VteR.

Remark 1.1. This theorem implies, in particular, that a Y-almost localized solution
with non negative momentum density cannot be smooth for any time. More pre-
cisely, if u € C(R; H'), with u — u,, € Cp(R; M), is a Y-almost localized solution
of the Camassa-Holm equation that belongs to H2 (R) for some ¢ € R then u must
be the trivial null solution.

As a consequence we get the asymptotic stablity of the peakons :

Theorem 1.2. Let ¢ > 0 be fized. There exists a universal constant 0 < ny < 1
such that for any 0 < 0 < ¢ and any ug € Y1 satisfying

o\ 8
(L8) luo = el < mo(=)
there exists ¢* > 0 with |c — c*| < ¢ and a C'-function v : R — R with lim & = c*

t—o00
such that

(1.9) u(t,-+z(t)) — @ in H'(R),

t— o0

where u € C(R; HY) is the solution emanating from ug. Moreover,
(1.10) t£+mm [u(t) = e (- = 2(O) ot 400 = 0 -

Remark 1.2. Using that (1.5) is invariant by the change of unknown wu(t,z) —
—u(t, —z), we obtain as well the asymptotic stability of the antipeakon profile ¢y
with ¢ < 0 in the class of H!-function with a momentum density that belongs to
M_(R).
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Remark 1.3. This theorem implies the growth of the high Sobolev norms for some
smooth solutions of the Camassa-Holm equation. Indeed, it is proven in [13] that
any initial datum ug € H*(R) NY} gives rise to a solution u € C(R; H>*(R))
and the above theorem ensures that if such initial datum satisfies (1.8), then
[lw(t)]| grare — +o0 as t — +o00.

Remark 1.4. Theorem 1.2 and especially Theorem 6.2, in Section 6, are first steps
towards the peakons decomposition of solutions with a non negative momentum
density that is studied by the inverse scattering approach in [19].

This paper is organized as follows : in the next section we recall the well-
posedness results for the class of solutions we will work with and, in Section 3,
we derive an almost monotonicity result that implies an exponential decay result
for Y-almost localized global solutions. Section 4 is devoted to the Liouville the-
orem for Y-almost localized solutions which is the heart of this work. Finally, in
Section 5 and 6, we respectively prove the asymptotic stability of a single peakon
and of a train of peakons.

2. GLOBAL WELL-POSEDNESS RESULTS

We first recall some obvious estimates that will be useful in the sequel of this
paper. Noticing that p(z) = %e‘m satisfies pxy = (1—02) "1y for any y € H *(R)
we easily get

ullwrr = [|p* (u— uza)lwra S |lu— uzz|lm
and
[uaallae < [ullzr + (v — vaa v
which ensures that

(2.1) Y < {u € WHY(R) with u, € BV(R)} .

It is also worth noticing that since for v € C§°(R),

1 [ 1 [T ,
v(@) = 5 / € (0 = vz (@) da’ + 5 / €7 (v — vy (2')da”

and
1 ‘ ' —x / / 1 e z—x’ / /
vy () = 3 e (0 = V) (2" )da" + 5 e (U — Vg ) (2" )da" |

we get v2 < v? as soon as v — v, > 0 on R. By the density of C§°(R) in Y, we
deduce that

(2.2) |vp] < v for any v € Yy .
Finally, throughout this paper, we will denote {p;, }»>1 the mollifer defined by

Y@= for |z <1

(2.3) Prn = (/R p(&) dé)_lnp(”') with p(z) = { 8 for |z|>1

In [13] a global well-posedness result is shown for smooth solution to (1.5) with a
non negative momentum density. This result can be summarized in the following
proposition
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Proposition 2.1. (Global smooth solutions [13])

Let ug € H3(R), satisfying yo = uo — woze > 0 with yo € L*(R), then the ini-
tial value problem associated with (1.5) has a unique solution u € C(R; H3(R)) N
CL(R; H*(R)). This solution satisfies y = u — uzy > 0 on R? and M(-), E(")
and F(-) are constant along the trajectory . If moreover ug € H*(R) then
u e C(R; H*(R)).

Unfortunately, the peakons do not enter in this framework since their profiles
do not belong even to H2(R). In [17] an existence and uniqueness result of global
solutions to (1.5) in a class of functions that contains the peakon is proved. This
result will be crucial in our analysis. We give below a slightly improved version:

Proposition 2.2. (Global weak solution [17])
Let ug € Y4 be given.

1. Uniqueness and global existence : (1.5) has a unique solution u € C*(R; L*(R))N
C(R; HY(R)) such that y = (1 — 92)u € Cy(R;My). Moreover, E(u) F(u) and

M(u) = <y, 1> are conservation laws .

2. Continuity with respect to initial data in H'(R): For any sequence {ug n }
bounded in Yy such that ug, — ug in H*(R) and (1 —902)ug ., — *ug — o ze tightly
in M, the emanating sequence of solution {u,} C C*(R4; L?(R)) N C(Ry; HY(R))
satisfies for any T > 0

(2.4) up — u in C([-T,T]; H'(R))
and
(2.5) (1= 8)up —xy in Cu([~T,T), M) .

3. Continuity with respect to initial data in Y equipped with the weak
topology: For any sequence {ugn} C Yy such that? Ug,, —* Ug n Y, the ema-
nating sequence of solution {u,} C C1(R; L2(R)) N C(R4; HY(R)) satisfies for any
T >0,

(2.6) un = win Cu([=T, T]; HY(R)) ,
and
(2.7) (1= 82)up —xy in Co([~T,T), M) .

Proof. The uniqueness and global existence results are obtained in [17] except the
conservation of M (u) and the fact that y belongs to Cy; (R; My). In [17], only the
fact that y € L>®(R,My) is stated. Note also that in [17] the results are stated
only for positive times but, since the equation is reversible with time, it is direct to
check that the results hold as well for negative times.

To prove (2.4), it suffices to notice that, according to the conservation of the H -
norm and (2.1), the sequence of emanating solution {u,} is bounded in C(R, ; H(R))N
L (R; WHL(R)) with {u, .} bounded in L>*(R; BV (R)). Therefore, there exists
v € L®(R; H(R)) with (1 — 92)v € L®(R; M4 (R)) and an increasing sequence of
integers {n}r>1 such that, for any 7' > 0,

— ve L®([-T,T]; H'(R)) and (1-0%)u,, —* (1-0%)v in L>°(]-T,T[; M4 (R))

Unp
k—o00 k— o0

k

2In particular, y € L (R; L(R)).
3By this we mean that ug, — ug in HY(R) and (1 — 8§)u0,n — % Uy — UQ,ge In M
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But, using that {9;u,} is bounded in L>°(R; L?(R) N L' (R)), Helly’s, Aubin-Lions’
compactness and Arzela-Ascoli’s theorems then ensure that v is a solution to (1.5)
that belongs to C, ([T, T]; H*(R)) with v(0) = ug and that

(2.8) (1= 0% up, —* (1 —0?)vin Cp([-T,T], M) .

In particular, v; € L>(] — T,T[; L*(R)) and thus v € C([-T,T); L*(R)). Since
ve L®(—T,T[; H3~(R)), this actually implies that v € C([=T,T}; H?~ (R)) and,
using again the equation, it follows that v; € C(R; L*(R)). Therefore, v belongs to
the uniqueness class which ensures that v = u and thus the above weak convergence
results hold for the whole sequence {u,}. The conservation of E(-) together with
these weak convergence results then lead to (2.4).

Let us now prove that M(-) is a conservation law for our solutions and that
y € Cu(R; My ). For this we apply the same arguments as above but for a smooth
sequence {i,,} C H?*(R) N Y, that converges in the same sense to ug € Y.
According to Proposition 2.1, M (-) is a conservation law for the solutions emanating
from 4o, and, by hypothesis, M (ig,,) — M (ug). Therefore, the convergence result
(2.8) ensures that M (u(t)) < M (ug) for all ¢ # 0. But, approximating in the same
way u(tp) for tg # 0, the same arguments lead to M (u(t)) < M (u(tg)) for all ¢ # ¢,
which forces M(-) to be a conservation law. Hence, M (@, (t)) — M (u(t)) for all
t € R. Since {(1 — 92)a,(t)} C M, it is well-known (see for instance Proposition
9, page 61, in [4]) that this convergence result together with the weak convergence
(2.8) ensure the tight convergence of (1 — 92),, (t) towards y(t) for all t € R. Using
again that {9,@,} is bounded in L>°(] — T, T[; L*(R)) and Arzela-Ascoli’s theorem,
we obtain that y € Cy;(R; M4 ) and that (2.5) holds for {u,}.

Now, coming back to the sequence {u,}, we deduce from the tight convergence
of {(1 — 0%)up,} towards ug — up 4. together with the conservation of M(-) that
M (un(t)) — M(u(t)) for all t € R and the same arguments as above lead to (2.5).

Finally (2.6) can be proven exactly in the same way, since {ug,,} is bounded in
Y} by Banach-Steinhaus theorem. (]

Remark 2.1. 3. of Proposition 2.2 ensures that (1.5) is a dynamical system in Y,
endowed with its natural weak star topology, i.e.

on —* @ in Y iff o, = ¢ in H'(R) and (1 — 92)p, —* (1 —02)¢p in M(R) .

3. DECAY OF Y-ALMOST LOCALIZED SOLUTION MOVING TO THE RIGHT

Proposition 3.1. Let u € C(R; HY) with y = (1 — 92)u € Cp(R;M+) be a Y-
almost localized solution of (1.5) with infg & > co > 0. Then there exists C > 0
such that for allt € R, all R > 0 and all ® € C(R) with 0 < ® <1 and supp P C
[—R, R]°.

(3.1) / (u3(t) + 12 (O))P( = 2(1)) dz + co{P(- — 2(t)), y(t) ) < C exp(~R/6) .

To prove this proposition, the main tool is an almost monotonicity result for
E(u) 4+ coM (u) at the right of an almost localized solution. Actually, the almost
monotonicity is more general and says somehow that if z(¢) moves to the right with
a positive speed strictly less that & (¢) then the part of E(u) + coM (u) at the right
of z(t) is almost decreasing as soon as |z(t) — x(t)| stays large enough.
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As in [30], we introduce the C'*°-function ¥ defined on R by

2
(3.2) U(z) = = arctan (exp(x/ﬁ))
™
It is easy to check that ¥(—-) =1 — W on R, ¥ is a positive even function and that
there exists C' > 0 such that Va <0,
(3-3) [W(z)] + [¥'(2)] < Cexp(z/6) .

Moreover, by direct calculations, it is easy to check that
" 1
(3.4) v < v

Lemma 3.2. Let 0 < a < 1 and let u € C(R;H'), with y = (1 — 82)u €
Cw(R; M), be a solution of (1.5) such that there exist x : R — R of class C*
with infr & > ¢g > 0 and Ry > 0 with

(1—-a)cy

(3.5) [u@ L (a—wwi>ry) < —557—» VEER.
For0<p<a, 0<~v< %(1 —a)cg, R >0, tg € R and any C*-function
(3.6) z: R=Rwith (1 —a)z(t) < 2(t) < (1-p)x(t), VteR,
setting
(3.7) IER() = (u2(t) + u2() + 790, ¥ (- — =571 )
where

2t = 2(to) F R+ 2(t) — 2(to)
we have
(3.8) I R (o) — I (1) < Koe /0, vt <t
and
(3.9) IR () — IR (o) < Koe B8, vt >ty

for some constant Ko > 0 that only depends on E(u), ¢y, Ry and B.

Proof. We first approximate u(tg) by the sequence of smooth functions g, =
pn *u(ty), with {p,} defined in (2.3), that belongs to H*(R)NY, and converges®
to u(tp) in Y. According to Propositions 2.1 and 2.2, the sequence of solutions
{un} to (1.5) with wu,(to) = uo,, belongs to C'(R; H*(R)) and for any fixed T' > 0
it holds

(3.10) U, —  win C([tg —T,to+T); HY)

(3.11) yn —* yin Cu(Jto — T, to + T[; M)

where y,, = u, —0%u,,. In particular, for any fixed T' > 0, there exists ng = no(T) >
0 such that for any n > ng,

(1—a)cy
llun — UHLOO(]tofT,tOJrT[X]R) < 96
which together with (3.5) forces
(1—a)eoy
(3.12) sup Hun”Lm(lmfﬂc(t)bRo) < T .

te]tofT,t()JrT[

4By this me mean that ug n, — u(to) in HX(R) and (1 — 82)ug n — (1 — 82)u(to) in M.
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We first prove that (3.8) holds on [to — T, to] with u replaced by w,, for n > ng. The
following computations hold for u,, with n > ng but , to simplify the notation, we
drop the index n. For any function g € C*(R) it is not too hard to check that (see
Appendix 7.1)

(3.13) — [ (W +ud)g = /uuig'+2/uhg’
dt Jr R R
where h := (1 — 92) " (u® + u2/2). Moreover, it easily follows from (1.4) that
d
7 | vgde = - / Ox(yu)g — / Yuag
R R R
= /yug/ - /(U — Uga)Uay
R R
1
(3.14) = [+ 5 [ =)y
R 2 Jr
Applying (3.13)-(3.14) with g(t,z) = ¥(z — 2 (t)) we get
d
— I R(t) = —2(t)/ \I/’[uz +uZ + vy} +2 /(u2 — )’
—l—/(uui + yyu) ¥’ + 2/ uh W’
R i
(3.15) < —z'(t)/ \ [uz +u2 + ”yy] + %/(uQ —u2)V + Ji + Js.
R R

The crucial observation is that the second term in the right-hand side of (3.15) that
provides from the momentum part of I can be absorbed thanks to the term coming
from the energy part of I. More precisely, for 0 < v < %(1 — a)cp, it holds

1 _
—z'(t)/ v’ [u2 +ul + vy} +2 /(u2 —uy)¥' < _d=ae / o’ [uz +u2 + w}
R 2 R 4 R

Now, the terms .J; and Js are treated as usually. To estimate J; we divide R into
two regions relating to the size of |u| as follows

() = / (wuz + yyu)¥' + / (wuz + yyu)¥'
|z—z(t)|<Ro |x—x(t)|>Ro

(3.16) = Ju+Jio

Observe that (3.6) ensures that @(t) — 2(t) > feo for all ¢ € R and thus, for
|z — z(t)| < Ro,

(3.17) z—2z[*(t) = z—2(t) — R+ (x(t) — 2(t)) — (z(to) — 2(t0)) < Ro—R—Beo(to—1)
and thus the decay properties of ¥’ ensure that
Ju(t) < )l (llus )7 + Colly(t)llu)} efto/0¢R/BeGeolto 0

~

(3.18) S Mol (luoll + collyoll et/ e /e~ Geotto=0
On the other hand, (3.12) ensures that for all ¢ € [tg — T\ to] it holds
Jiz < 4”u”Lmﬂzfz@H>R@L/‘ (ul +yy) ¥’

lz—x(t)|>Ro

1—
(3.19) < ﬂ/ (uf +yy) v’
8 lz—2(t)|>Ro
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It thus remains to estimate Ja(t). For this, we decompose again R into two regions
relating to the size of |u|. First proceeding as in (3.18) we easily check that

/ uw¥'(1 — 92)7 1 (2u? + u?)
|z—x(t)|<Ro

<A||ullg~  sup |\1ﬂ(a:_z,£§(t))|/e*lml*(uuug)dx
R

le—x(t)|<Ro
(3.20) < Cluo||3: eRo/8eR/6 = Fealt—to)
since
1
(3:21) VieL'(R), (1-0>)'f= Eefm . f

Now in the region |z —z(t)| > Ry, noticing that ¥’ and u? +u2 /2 are non-negative,
we get

/ uw¥'(1 — 92) 71 (2u? + u?)
lz—x(t)|>Ro

< )l ooty R / W((1— 031 (242 + u?)
|z—z(t)|>Ro
(322) < [ul®)l(ostniome / (20 +u2)(1 - 82) W

On the other hand, from (3.4) and (3.21) we infer that

(1= > -0 = (1-93)" v <20 .

N =

Therefore, on account of (3.12),
/ W (1 — 021 (2u? + 12)
|z—z(t)|>Ro

< 2] (oo 0 / (2u® 1+ u2) V'

< (1 —Oé)CO /(’U,Q—f—ui.)\lfl
8 R

Gathering (3.16), (3.18), (3.19), (3.20) and (3.23) we conclude that there exists C
only depending on Ry and E(u) such that for R > Ry and t € [—T + t¢, to] it holds
(3.24) %I;R(t) < Qe R/6e=5(to—t)

Integrating between ¢ and ¢y we obtain (3.8) for any ¢ € [to — T, to] and u replaced
by wu, with n > ng. Note that the constant appearing in front of the exponential
now also depends on 3. The convergence results (3.10)-(3.11) then ensure that (3.8)
holds also for w and ¢ € [ty — T, to] and the result for ¢ < to follows since T' > 0 is
arbitrary. Finally, (3.9) can be proven in exactly the same way by noticing that for
|z — z(t)| < Ro it holds

(3.25)

T — z%R(t) =z—xt)+ R+ (x(t)—2(t)) — (x(to) — 2(to)) > —Ro+ R+ Beo(t —to) -

O

(3.23)
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Proof of Proposition 3.1 First, since u is Y-almost localized, it is clear that
u satisfies the hypotheses of Lemma 3.2 for « = 1/3. We fix a = 1/3 and take

B =1/3,v = co and z(-) = 2z(-) which clearly satisfy (3.6). Let us show that

I;gR (t) P 0 which together with (3.8) will clearly lead to
——00
(3.26) I R(tg) < Ce™1/0

For R. > 0 to be specified later we decompose I;g R into

L) = <u2(t) +ul(t) + coy(t), U(- — zfﬁ(t))(l (= x(t)>)>

{u20) + u2(0) + ay(t), W — R O)o( D))
— L)+ L)

where ¢ € C*°(R) is supported in [—1,1] with 0 < ¢ <1 on [-1,1] and ¢ =1 on
[-1/2,1/2]. From the Y-almost localization hypothesis, for any € > 0 there exists
R. > 0 such that I1(¢) < e/2. On the other hand, we observe that

1
Io(t) < (luolls + colyolln0)¥ (Re = B = 5(x(to) — x(1)))
But & > ¢¢ > 0 obviously imply that, for |z — z(¢)| < Re,

1 1
-z Rt) =2 —a(t) - R - g(x(to) —z(t)) <R.—R-— gco(to —t) T, T
which proves our claim since lim ¥(x) = 0.

Tr—r—00
It follows from (3.26) that for allt € R, all zp > 0 and all ® € C(R) with0 < & <1
and supp ® C [xg, +00].

/R (u3(t) + 12 (0)D( = 2(1)) dz + co B(- = 2(8)), y(t) ) < C exp(~R/6)

The invariance of (C-H) under the transformation (¢, z) — (—t, —x) yields the result
for supp ® C] — 00, —xg] which completes the proof of the proposition.

4. LIOUVILLE RESULT FOR Y-ALMOST LOCALIZED SOLUTION MOVING TO THE
RIGHT
In this section we will need the following lemma (see for instance [24])

Lemma 4.1. Let p be a finite nonnegative measure on R . Then u is the sum of a
nonnegative non atomic measure v and a countable sum of positive Dirac measures
(the discrete part of ). Moreover, for all € > 0 there exists 6 > 0 such that, if I is
an interval of length less than § , then v(I) < e.

4.1. Boundedness from above of the support of the momentum density.

Proposition 4.2. Let u € C(R;Y}) be a Y-almost localized solution of (1.5) with
& > co > 0. There exists ro > 0 such that for all t € R, it holds

(4.1) supp y(t, -+ x(t)) ] — 00,70},
and
6—27‘0
(4.2) u(t,x(t) +ro) = —uz(t, z(t) + 1) > VE(u).

W
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Proof. Clearly, it suffices to prove the result for t = 0. Let u € C(R; H!),with y =
U —Ugy € Cyp(R; ML), be a Y-almost localized solution to (1.5) and let ¢ € C°(R)
with=0onR_, ¢’ > 0and ¢ =1 on [1,+00]. We claim that there exists rg > 0
such that

(4.3) (4(0),6(- = (@(0) +70))) = 0

which proves the result since y(0) € M.

We prove (4.3) by contradiction. We approximate ug = u(0) by the sequence of
smooth functions ug, = pn * ug that belongs to H*°(R) NY, so that (2.4)-(2.5)
hold for any T > 0. We denote by u,, the solution to (1.5) emanating from ug
and by yn = Up — U,z its momentum density. Let us recall that Proposition 2.1
ensures that u, € C(R; H®(R)) and y,, € Cy,((R; L*(R)). We fix T > 0 and we
take ng € N large enough so that for all n > ng,

L
(4.4) et = ll o= ey < g min(eo, [u(0)]]z2)
and
9
(4.5) 0. = wolloe < 5

where g9 > 0 will be specified later. Thanks to the Y-almost localization of u ,
there exists ro > 0 such that

.
(4.6) [u@ll @120 —r0 2t +roh) < 75 min(eo, [[u(0)][ ), VE € R.
Note that by Sobolev’s embedding theorem, it also holds
1
(4.7) u(t,z(t) + x) < 10 min(co, [|u(0)]|g1), V(|x|, t) € [ro, +oo[xR.
Combining these two estimates with (4.4) we infer that for n > ng,

1 .
(4.8) wn ()| 51 (/12 (8) o,z () +r0]) < R min(co, [|[w(0)| 1), Vt € [T, T]
and
1
(4.9) un(t, () +2) < Zminfeo, [[u(0)]m1), V(|| £) & [ro, +oo[x[-T,T].

Now, we introduce the flow ¢, associated with u,, defined by

i) = un(t,a(t,z))  (t,7) €R?
(4.10) { w(0,x) = a L zeR
Following [11], we know that for any ¢ € R,

(4.11) yn(0,2) = yn(t, qn(t, 2)) g (t, 2)?

Indeed, on one hand, (1.4) clearly ensures that

% (yn (t, qn(t, I))€2 Jo wnw(s,an(5:2)) ds) =0

and, on the other hand, (4.10) ensures that g, »(0,2) =1, Vo € R, and
(4.12)

a t
gqn,m(t,x) = ug(t, q(t, 2))qu(t, ) = qn.o(t, x) = exp (/0 Uz (8, q(s,)) ds) .



12 L. MOLINET

We claim that for all n > ng and ¢t € [-T,0] ,
(4.13) 4u(t,2(0) + 10) = () > 7o + It

Indeed, fixing n > ng, in view of (4.9) and the continuity of wu,, there exists ty €
[—T,0[ such that for all ¢ € [t, 0],

tn (£ a(t,2(0) +70)) <
and thus according to (4.10), for all ¢ € [to, 0],
d c
2 n(t,2(0) +70) < 7
which leads to
Gn(t,2(0) + 1) — x(t) > 7o + C2—O|t|, t € [to,0] .

This proves (4.13) by a continuity argument. We thus deduce from Proposition 3.1
that for all ¢ € [-7,0] and all = > 0,

1
(4.14) u(t, qn(t, 2(0) +ro + 2) < Cexp(—g(ro + co|t|/2))

Therefore, in view of (2.4) and (2.2), there exists n1 > ng such that for all ¢ € [T, 0]
and all x > 0,
(4.15)

1
Un(t, gn(t, 2(0) + 70 + ) + |tn o (t, gn(t, 2(0) + 70 + )| < 4C€XP(—6(T0 + Co|t|/2))

The formula (see (4.12))

(4.16) Gn(t,x) = exp(— /to Un,o (8, qn (s, 1)) ds)

thus ensures that Vt € [—T,0], Va > 0 and Vn > ny,

0

exp(—4C’/ e~ s(roteolsl/2) ds) < Gn,o(t, 2(0)+ro+z) < exp(4C/
-T =T

0
o~ (rotcols|/2) ds)

48ce—"0/6

Setting Cp :=e~ <o this leads to
1

(4.17) ron < gnz(t,x(0)+ 1o +x) <Co, Vt € [-T,0].
0

Now, if (4.3) would not be true then, in view of (4.5) there exists r{, > ro and
€o > 0 such that Vn > nq,

x(0)+r,
/ yn(0,2)dx > €9 > 0.
z(0)+7ro

It then follows from (4.11) that for all ¢ € [T, 0],

z(0)+r,
[ altanlte)analt ) do > oo
z(0)+7ro

and (4.17) leads to

x(0)+r,
/ Yty @u(t,2))an.o () do > Ci e
z(0)+7ro
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Therefore, the change of variables z = ¢, (¢, x) yields

an (t,2(0)+70)
/ Yn(t, z)dz > C'O_lao
qn (t,2(0)+r0)

and (4.13) ensures that

—+oo
(4.18) / yn(t,z)dz > Cyleg, Vt € [-T,0].
z(t)+ro+colt|/2

Letting n — 400 using (2.5) and then letting 7' — oo, this ensures that
(y(t), 6 = 2(t) = 10 — coltl/2) ) = Cge0, ¥ 0.

This clearly contradicts the Y-almost localization of u and thus completes the proof
of (4.1).

Let us now prove (4.2). We first notice that thanks to (4.6) and the conservation
of the H'-norm it holds

1
[u(t, - = 2Oz =rorol) = 3 E(u) .

But since for all ¢ € R, |u, ()] < u(t) on R, this forces

1 1
2 2
(4.19) Jnax u (t,-—a(t) = e lu(t, - = 2(O)NT20=ro,rop = —8TOE(u) :

Moreover, since u, > —u on R?, for any (,2¢) € R? it holds
u(t,z) < u(t,mo)e "™, Vo <uxg.
Applying this estimate with xg = z(¢) + r¢p we obtain that
u(t, z(t) + 7o) > [EE(?::;"(U] u(t, - — x(t))e 2"
which, combined with (4.19) yields (4.2). O
4.2. Study of the first jump of u,. We define

24 (t) = inf{x € R, suppy(t) C] — oo, z(t) + x]}

In the sequel we set

0= = VE)

to simplify the expressions. According to Proposition 4.2, t — x4 (¢) is well defined
with values in | — oo, rg| and

(4.20) u(t,z(t) + x4 (1) = —ux(t,x(t) + 24 (t)) > ap .

The following lemma ensures that ¢ — x(¢) + 24 () is an integral line of u.
Lemma 4.3. For allt € R, it holds

(4.21) z(t) + x4 (t) = q(t,z(0) + 24 (0)) .

where q(-,-) is defined by

I e

u(t,q(t,z)) , (t,r) € R?
T , v eR
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Proof. First, it is worth noticing that the result would follow directly from the def-
inition of x4 (-) and ¢(-) if u would belong to C'(R; H3(R)). Since (1.5) is reversible
with time, it suffices to prove that (4.21) holds for all ¢ € [0,1]. We proceed by
contradiction by assuming that there exits ¢o €]0, 1] such that ¢(tg, z(0) + z+(0) =
x(to) + x4 (to) + Ao with Ay # 0. We separate the cases A\g > 0 and Ao < 0.

In the case Ao < 0, by the continuity and monotonicity of x — q(t,z), t € R,
there exists dgp > 0 such that ¢(to,xz(0) + x4(0) + do) < z(to) + x+(to) — I)‘Q—OI
We approximate u at time ¢ = 0 by the sequence @, = p, * u(0) where p, is
defined in (2.3). By construction ¢, € H®(R)NY, and (1 — 8%)p, = 0 on
[2(0) + 24+ (0) + dg, +00[ as soon as n > 2/Jy. Let u, be the solution of (1.5) such
that u,(to) = @n. Defining ¢, : R — R by

{ %qn(t) = un(tu%z(t)) , VteR
an(0) = z(to) + 2+ (o) + o

it follows from (4.11) that (1 — 92)u,(0,-) = 0 on [g,(to), +oo[ for n > 2/6.
On account of (2.4), q,(-) = q(-,z(to) + x4 (to) + o) in C([0,1]) and thus (1 —

02)un(to) = 0 on [x(ty) + x4 (to) — %, +oo] for n large enough. (2.5) then ensures

that suppy(ty) C] — 0o, z(to) + x4 (to) — l)‘T"l[ which contradicts the definiton of

24 (to).
In the case Ao > 0, there exists dp > 0 such that g(to,z(0) + 21(0) — dp) >

x(to) + x4 (to) + l)‘2—°‘ Then we obtain again a contradiction by following the same
arguments, exchanging the role of ¢t = 0 and ¢t = ty. This completes the proof of
the lemma. O

In the sequel we define ¢* : R — R by

(4.23) q"(t) = q(t,z(0) + 24(0)) = x(t) + x4 (t), VteR.
Proposition 4.4. Let a : R — R be the function defined by
(4.24) a(t) = ux(t,q"(t)—) —uz(t, ¢ (t)+), VteR.

Then a(-) is a bounded non decreasing differentiable function on R with values in

[, 2v/E(u)] such that
(4.25) a(t) = %(u2 —u)(t,q* (t)—), Vt €R.

Proof. First, the fact that a(t) < 2y/E(u) follows directly from |u,| < u < ||ul|g:.
To prove that a(t) > %, we proceed by contradiction. So let us assume that
there exists ¢y € R such that a(ty) < ao/8. Since y(ty) € M4 with suppy(to) C
| — 00, ¢*(t0)], according to Lemma 4.1 we must have

. Qo
lim t z4oo]) < o -
2 g (to) lly(to)llve(12,+00p) ]

Without loss of generality we can assume that ¢y = 0 and thus there exists 5y > 0
such that

(4.26) 19(0)llve(1g+ (0))—Bo,+o0l) <

g

3

By convoluting ug by p, (see (2.3)), for some n > 0, we can approach ug by a
smooth function @y € Yy N H*(R). Taking n large enough, we may assume that
there exists 4+ > x4 (0) close to x4 (0), such that

(4.27) o = (1 —92)iip = 0 on [z(0) + &, +oo]
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and
_ a  ap
(4.28) 1901l 21 12 (0)+ &4 — Bor+oo]) < 3 T3

where 9o = @ — Uo,zz- Moreover, defining ¢ : R — R by
G2(t) = q(t, x(0) + )

where ¢(-,-) is defined by (4.22) with u replaced by @, (2.4) enables us to assume
that the emanating solution u satisfies

(4.29) Ju() = @)l < 55
and
(4.30) lq* (1) — @2(1)] < m

for all ¢ € [—t1,t1] with ¢; > 0 to specified later. It is worth noticing that (4.29)-
(4.30), (4.27), (4.11), (4.2) and the mean-value theorem - recall that |u,| < u <
E(u) - then ensure that

(4.31) —iig(t, G2 (t) = U(t, G2 (t) > (1 =272y Vt € [~t1,t1] .
We claim that for all ¢ € [—¢1, 0] it holds

(432) ﬂm (t, :E) < _% on [ql (t)7 62 (t)] )

where 1 (¢) is defined by ¢1(t) = ¢(t,2(0) + 4+ — Bo).
To see this, for v > 0, we set
A, ={teR_/Vr e€t,0], uz(r,2) < —yon [Gi(7),G(7)] } .

Recalling (4.2), (4.28), (4.31) and that @ > 0 , we get for 0 < 8 < fy,

U (0,2(0) + I = B) < 10, iC(O) + j+) + 190l 210 (0) 431 — o, +o0D)
< —ap+ 204 % 20 3%
= 0T s Ty s 4
which ensures that Aeao is non empty. By a continuity argument, it thus suffices
to prove that Aao - A3o<0. First we notice that for any ¢ € Aao and any = €

[G1(1), G=2(t)], the deﬁn1t1on of Aag ensures that

Gz (t,x) = exp(— /to Uy (7, G(7, ) dT) >1

where (-, -) is the flow associated to @ by (4.22). Therefore, @ > > 0, a change
of variables, (4.11) and (4.28) ensure that for any = € [G1 (%), Ga( )
Ga2(t) G2 () G2 () z(0)+Z 4
/ Uy (t, ) ds > —/ y(t,s)ds > —/ y(t,s)ds = / g(t,q(t, 8))q=(t,
x x a(t) (0)+z4— ﬁo
x(0)+Z 4 z(0)+24
> it )ialt, 97 ds = — [ ols) ds > — 22 _ 20
z(0)+&+—Bo 2(0)+&4 —fBo 8 2
and (4.31) yields
a2(t) « 3
_ _ 0 Qg
= — < — -
falt.) = (0 220) = [ nlt5)ds < =0+ P+ 52 < 22

which proves the desired result.

s)ds
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We deduce from (4.32) that V¢ € [—t1,0],

L@ - a) = @) - i@ )
a2(t)
= / (t,s)d
a1 (t)
< —Z@H - )

Therefore,

(@2 = @)(t) > (@2 — @)(0)e™ 2" = Be™ 2.
On the other hand, since according to (4.31) and (4.32), u(t,d2(t)) > 2ap/3 and
Uy <0 on |Gi(t),G2(t)[, we deduce that

’a(t,(jl (t)) > a(f,(b(t)) > 20(0/3, on [—tl,O] .

Coming back to the solution u emanating from wug, it follows from (4.29) that
min(u(tdl(fl))au(f,(iz(fl))) 2 7 with (42 —d1)(t1) > Be™ ', Vit e [~11,0].

Taking ¢; > 0 large enough, this contradicts the Y-almost localization of w which
proves that a(t) > %2 and thus wu,(t,-) has got a jump at z(t) + x4 (t).
It is worth notlcmg that,according Lemma 4.1, this ensures that for all t € R,

one can decompose y(t) as

(4.33) y(t) = v(t) + alt)de(tyra, o) + D ai(t)dr, )
i=1
where v(t) is a non negative non atomic measure with v(t) = 0 on Jz(t)+x4 (), +o0,
{a;i}n>1 C (RN with 3002 a;(t) < oo and ;(t) < z(t) + 24 (t) for all i € N*.
It remains to prove that for all pair of real numbers (¢, t3) with t; < to,

1 [
(4.34) afta) —alt) = 5 [~ d)r.q(r)-) dr
ty
Indeed, since |u,| < u and u € C(R?) this will force a to be non decreasing contin-
uous function on R. Then noticing that

(u? —u2)(t,q" (1)) = a(t) (u — us) (. 4" (1))
= a(t) (2u(t,q" (1)) — a(t) ) = a(t) (2u(t, a" (1) — a(t))

with ¢ — u(t, ¢*(t)) € C(R), the fundamental theorem of calculus will ensure that
a is differentiable on R.

Let ¢ : R — Ry be a non decreasing C*°-function such that supp ¢ C [—1, +00]
and ¢ = 1 on R,. We set ¢. = ¢(2). Since u is continuous and y(t,-) = 0 on
Jz(t) + x4 (t), +oo| it follows from (4.33) that for all ¢ € R,

alt) = lim(y(t), ¢=( — ¢"())) -

Without loss of generality, it suffices to prove (4.34) for t; = 0 and ¢ = ¢ €]0,1[.
Let 8 > 0 be fixed, we claim that there exists g > 0 such that for all 0 < € < &y,
(4.35)

(L), - (—a* (1))~ (4(0), de(-—g" (0)))—= / / (W —2)(r, " () +e2) () dz dr| < B,

vt €]0, 1]
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Passing to the limit as € tends to 0, this leads to the desired result. Indeed, since
(u? —u2)(r,-) € BV(R) and ¢/ = 0 on R, for any fixed (7, 2), it is clear that

(u? —uz)(1,¢" (1) +2)¢'(2) — (u? —u3)(1,¢"(1)=)¢' ()

e—0

and, since it is dominated by 2||ug||%. ¢, the dominated convergence theorem leads

e—0

to
t u? —u?) (1, q" e2)d’(2)) dz dr t u? — w2 (1, q* (1)=)¢ (2)) dz dr
/O/R< 2(rq (t) +en)d () dedr //< 2)(r, ¢ (r) )¢ (2)) dz d
- / (u? — u2)(r,q" (7)) dr .

To prove (4.35) we first notice that according to (4.33) for any « > 0 there exists
v(a) > 0 such that

(4.36) 1y (Ol (1g* (0) = (a).a= () < @ -

We take ¢y = 7(%6’2”“0”111 ). As above, we approximate again u(0) by a sequence
{uo,n} € H*®(R) NYy such that ||ugn.|lgr < 2||uo| g and

(4.37) l5(0) = yo,nllvm) < B/4.

where Yo, = uon — 0%up,. We again denote respectively by w, and y,, the
solution to (1.5) emanating from ug,, and its momentum density w, — Upn . Let
now ¢ : R — R be the integral line of w,, defined by ¢*(¢t) = ¢, (¢, ¢*(0)) where g,
is defined in (4.10). On account of (1.4), it holds

d
n ns'_:, :_77,7:7, ’ﬂlg_ 81} nln)Pe — nUn,zPe
e =i 0) = —utai(®) [t = [ 0o~ [ o

dt Jy
= [ ) = vatea @)t 1o+ 5 [ ) = )6

B é /R[u"(t’ )~ un(t, ‘J*(f))]yn(t, ')qﬁ’(#)
+% /R(“i —up )t g (t) +e2)¢(2) dz
(4.38) S

Since, according to (2.2), |tun | < ||uonll g < 2[|uoll g1,

*

Aol [ g0l D) a

Is,n
;] :

IN

IN

g

r—qn(t
2ol | yoltsr)o! (L)
R
Now, in view of (4.16) we easily get

(4.39) e~ 2wl < g (¢, 2) < elwlm | vt 2) €] — 1,1[xR
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and the change of variables © = ¢, (¢, z) together with the identity (4.11) lead to

[onttas 5Dyt = [ otantt a2 200, g,

3

< el [yt )P (BB, g

3

< 62””0”111/yn(O,z)qs’(M)dzl
R

g

But, making use of the mean value theorem, (4.39) and the definition of ¢, we
obtain that, for any ¢ € [0,1], z — gb'(w) is supported in an interval
of length at most ee?l“llut. Therefore, according to (4.36) and (4.37), setting
g0 = e 2luollminy (Be=2luollu) it follows that for all 0 < & < o and all n € N,

t
(4.40) / 127 dr < 38/4.
0

To estimate the contribution of I7;"" we first notice that thanks (2.4) it holds
Up,z — Uy in C([—1,1]; L*(R))

and for all ¢t € [—1, 1], Helly’s theorem ensures that
Un oz (L, ) = ug(t,-) a.e. on R.

Hence, for any fixed ¢ € [—1, 1] there exists a set €, C R of Lebesgue measure zero
such that u, () is continuous at every point x € R/, and

Un,o(t, ) = ugp(t,x), Ve eR/Q .
Since ¢ (t) — ¢*(t), it follows that
Un.e (b, @ (8) + ) = ua(t, () +2) Vo € R/7ge ) () -

where for any set A C R and any a € R, 7,(A) = {x — a,a € A}.
Since the integrand in II;"™ is bounded by 2||uo|g1¢’ € L'(R), it follows from
Lebesgue dominated convergence theorem that for any ¢ € [—1, 1],
1
I — — [ (u? —u?)(t,q (1) +e2)¢ () dz .

n—roo R

Therefore, invoking again Lebesgue dominated convergence theorem, but on |0, ¢],
keeping in mind that {|u,|}| and {|u, .|} are uniformly bounded on R? by 2||ug|| g1,
we finally deduce that for any fixed ¢ €]0, 1],

(4.41) /OnjndT — //u —u2)(7, ¢ (t) + €2)¢' (2)) dz dr

n— o0 2

Now, we fix t €]0,1[ and ¢ €]0,e¢[. According to the convergence result (2.5), for
n large enough it holds

[(un () = y(t); de(- = g (D)) + [(yn (0 = y(0), p=(- — 4. (0)))| < B/4.
which together with (4.38) and (4.40)-(4.41) prove the claim (4.35). O

Lemma 4.5. There exists (a—,ay) € [S2, 2||uol|g1]?, with a— < ay such that
@42 ue® e @) = lim a0)/2= 02,
(1.43) i u(ta(t) +oi(®) =l a(t)/2=a_/2,
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Proof. The existence of the limits at Foo for a(-) follows from the monotonicity of
a(-). Now, in view of Proposition 4.4, for all ¢t € R,

0<a(t)= L~ )t a®) + 2 ) = D)t a) + 2. (0)-)
(4.44) - ?(ZU(t,x(t)—l—er(t))—a(t)).

Therefore, since a takes values in [ /8, 2||ugl| 1], it remains to prove that o’ (t) — 0
as t — £oo. Since

/a’(T)dT <00,
R

the desired result will follow if a’ is Lipschitz on R. But this is not too hard to
check. Indeed, first from (4.25) we have for all ¢ € R, |a(t) — a(0)| < t||luo||3;: and
thus ¢ — a(t) is clearly Lipschitz on R. Second, since z(t) + 24 (t) = ¢*(¢), it holds

d . % %
S Ut z(t) + 24+ (1)) = ult, ¢ ())ua(t, " (1)) + ue(t, 0" (2)) -
But, sup( 4)cre luug| < 2Hu0||§11 and

1
sup |uy| < sup |uug|+ sup |(1— 85)_181(u2 + —ui)
(t,z)ER? (t,x)ER? (t,x)ER? 2

A

luoll e + sup Ju?® + w3 2
teR

A

Juol| 72 -

Therefore ¢t — wu(t,z(t) + x4 (t)) is also Lipschitz on R which achieves the proof
thanks to (4.44). O

4.3. End of the proof of Theorem 1.1. In this subsection, we conclude by
proving that the jump of u,(0,-) at 2(0) + 24 (0) is equal to —2u(0, z(0) 4+ x4 (0)).
This saturates for all v € Y, the relation between the jump of v, and the value of v
at a point £ € R and forces u(0, -) to be equal to u(0, 2(0)+z(0))p(-—x(0)+24(0)).

We use the invariance of the (CH) equation under the transformation (¢,z) —
(—t,—x). This invariance ensures that v(t,z) = u(—t,—z) is also a solution of
the (C-H) equation that belongs to C(R; H*(R), with u — uz, € Cy(R; M) and
shares the property of Y-almost localization with x(-) replaced by —z(—-) and the
same fonction € — R. (See Definition 1.1). Therefore, by applying Propositions
4.2, 4.4 and Lemma 4.3 for v we infer that there exists a C'-function z_ : R
] = 00, 79] and a derivable non decreasing function a : R — [ag/8, 2||ug||g1] with
limy,+o a(t) = ax such that

(4.45) a(t) = ve(t, (—x(=t) + 24 (t)+) — va(t, (—2(—t) + 24 (t))—), VteR.

Moreover,
lim v(t,—x(=t) +24(t) = lim a(t)/2=ax/2.

t—Foo t—Foo

Coming back to w this ensures that

(4.46) tETwu(t,x(t) —z_(-t) = t_l)ir_nood(t)/2 =a_/2,
(4.47) tiillnoou(t,x(t) —xz_(—t)) = tiigrnoo a(t)/2=a4/2,
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At this stage let us underline that since

z(—t) = sup{z € R, suppy(—t) € [(t) — w(—t), +-00[}
and v # 0 we must have z(—t) + x(t) > 0 for all t € R. We claim that this forces
(4.48) - =ay =a_ =ay .

Note first that since a— < a4 and a— < a4, it suffices to prove that a_ > a4
and d4 < a_. This follows easily by a contradiction argument. Indeed, assume for
instance that a— < a4.Then, there exists ¢ € R and ¢ > 0 such that u(t, z(t) —
x_(=t)) <ul(t,z(t)+xy(t))—eforallt > tg. Since z(t) —x_(—t) = q(t —to, z(to) —
x_(—to)) and z(t) + x4 (t) = q(t — to,z(to) + x4+ (to)), it follows from (4.22) that

ze()+o () Ze(t—t) — +oo

which contradicts that (z(t),z_(t)) €] — 0o, 7]?. Exactly the same argument but
with ¢ = —o0 ensures that a; < a_ and completes the proof of the claim (4.48).

We deduce from (4.48) that a(t) = a+ for all t € R and thus (4.44), (4.21) and
(4.24) force

u(t, z(0) + 2, (0) + “7*15) - “7* VteR
and

s (t, (2(0) + 24 (0) + %*t)—) — Uy (t, (2(0) + 24 (0) + %*t)Jr) =a,, WeR.

In particular, in view of (4.33),
a
u(0,2(0) + 24 (0)) = % and y(0) = a46(0)+x, (0) + K

for some f € M4 (R). But this forces u = 0 since
_ a
(1= 827 (s Gao) ) = 5 exp (=] =(@(0) + 4 (0))])

and for any p € M, (R), with g # 0, it holds
1
(1-05)"1v= 56_‘1‘ xv>0onR.
We thus conclude that y(0) = a404(0)+x. (o) Which leads to

u(t,z) = % exp(—‘:v —2(0) —24(0) — %—tD

5. ASYMPTOTIC STABILITY OF THE PEAKON

Let ¢ > 0 and ugp € Y} such that

2

E 4
(5.1) o — ol g < (@) L O<e<e,

then, according to [18],

2

(5.2) sup [[u(t) = el = €Ol < =

where u € C(R; H') is the solution emanating from ug and £(t) € R is any point
where the function u(t,-) attains its maximum. By the implicit function theorem,



A LIOUVILLE PROPERTY FOR THE CAMASSA-HOLM EQUATION 21
one can prove the following lemma (see for instance® [21]) whose proof is postponed
to the appendix.

Lemma 5.1. There exists 0 < eg < 1, kg > 0, ng € N and K > 1 such that if a
solution u € C(R;Y) to (1.5) satisfies

(5:3) sup [[u(t) = ep(- = ()l < 20,

for some function z : R — R, then there exists a unique function z : R — R such
that

(5.4) sup |x(t) — z(t)] < ko
teR
and
(5.5) [ u®on <)~ at) =0, VieR,
R

where {pn} is defined in (2.3) and where ng satisfies :
69 Wel1212 [ el =0ey=0.
Moreover, x(-) € CY(R) with
(5.7) sup |i(t) — ¢ < &

teR 8
and if
5.9 sup [u(t) = ol = =)l < = = o(5)’

' ek 7 e c
for 0 < e < ceg then
(5.9) sup [[u(t) = ep(- — 2(®))llm < Ke .
€

At this stage, we fix 0 < 6 < ¢ and we take
1 0
(510) g = ﬁ min(ﬁ, CEO)

For up € Y, satisfying (5.1) with this e, (5.2) ensures that (5.3) and thus (5.7)
hold. Moreover, (5.9) is satisfies with

0 ceo

Ke <min( 5, 20)

e <min{ o5,

It follows that & > %c on R and that u satisfies the hypotheses of Lemma 3.2 for
any 0 < a < 1 such that

5.11 1—a)>—

(5.11) (1-a)2 L
and any 0 < v < (1 — a)c. In particular, u satisfies the hypotheses of Lemma 3.2
for « = 1/3. Note that the hypothesis (1.8) with

o 1 . 1 €0 8
= Ks mm(ﬁ’ E)

5In [21], this lemma is stated with ¢’ instead of pp, * ¢’ in (5.5). However, there is a gap in
the proof since the non smoothness of ¢ makes the C! regularity of 2(-) difficult to prove with
this orthogonality condition.
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implies that (5.1) holds with e given by (5.10).

In the sequel we will make use of the following functionals that measure the
quantity E(u) + yM (u) at the right and at the left of u. For 0 < v < %, veY
and R > 0 we set

(5.12) Jfr(v) = <v2 + 02 + 5 (v — Vgp), V(- — R)> )
and
(5.13) TP (v) = <1)2 02 4 (v — vaa), (1 — (- +R))>

Let tp € R be fixed. Fixing o = f = 1/3 and taking z(-) = (1 — a)z(-), z(*)
clearly satisfies (3.6). Moreover, we have Jf, (u(to, - + x(to)) = 1P (to) where I}
is defined in (3.7). Since obviously,

JE, (u(t, -+ x(t))) > IR, Yt < to,
we deduce from (3.8) that
(5.14) JE, (u(to, -+ x(to))) < JE, (u(t, -+ x(t))) + Koe /6 | vt <1,
where K is the constant appearing in (3.8). Now, let us define
IR (t) <u2(t) a2t +ey(t), 1 — U(- — z(t) + R+ ala(ty) — :C(t)))>
= Blu(t) + eM(u(t) - I;R(t),

where we take again z(-) = (1 — «)z(-). Since M(-) and E(-) are conservation laws,
(3.9) leads to

IR(t) > IR (to) — Ce /0, Vi > 1o .
We thus deduce as above that Vi > g,

(5.15) JE (u(t, S+ :c(t))) > Ik, (:c(to, o+ x(to))> ~ Koe RIS

The following proposition proved in the appendix ensures that, for & small
enough, the w-limit set for the weak H'-topology of the orbit of ug is constituted
by initial data of Y-almost localized solutions. The crucial tools in the proof are
the almost monotonicity properties (5.14) and (5.15).

Proposition 5.2. Let ug € Y satisfying (5.1) with € defined as in (5.10) and let
u € C(R; HY(R)) be the solution of (1.5) emanating from ug. For any sequence
t, /' oo there exists a subsequence {tn, } C {tn} and tg € Y1 such that

(5.16) Wtn,, +2(tn,)) — o in H(R)
ni—r+00

and

(5.17) Uty +x(ty,)) — o in HL.(R)
ngp—r—+00

where x(-) is a C-function satisfying (5.5), (5.7) and (5.9). Moreover, the solution
of (1.5) emanating from ug is Y -almost localized.

So, let ug € Yy satisfying (5.1) with e defined as in (5.10) and let ¢, /* 400 be
a sequence of positive real numbers. According to the above proposition, (5.16)-
(5.17) hold for some subsequence {t,, } C {t,} and @y € Y such that the solution
of (1.5) emanating from g is Y-almost localized. Theorem 1.1 then forces

o = cop(- — o)
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for some xp € R and ¢y such that |c — ¢p| < Ke < ¢/2%. Note that (5.16) together
with (5.9) imply |[cop(- — x0) — cpllgr < Ke and thus (5.10) and (5.17) ensure
that |zg] <« 1/2. Since by (5.16), 1o satisfies the orthogonality condition (5.5),
(5.6) then forces 2o = 0. On the other hand, (5.17) and (5.9) ensure that ¢y =

ngrfoo max u(ty, ) and thus

Ultn,, + 3(tn,)) = Mtn)p  —  0in H'(R)

k—-+oo

where we set \(t) := maxpu(t), V¢ € R. Since this is the only possible limit, it
follows that

u(t,-+x(t)) —At)p — 0in HY(R).

t——+oo
and thus
(5.18) u(t, -+ z(t)) — At)p — 0in H} (R)
—

5.1. Convergence in H!(]—A, +o0c]) for any A > 0. Let § > 0 be fixed. Choosing
R > 0 such that J@, (u(0), - +x(0)) < 6 and Koe /¢ < §, where Ky is the constant

that appears in (5.14). We deduce from (5.14) that J, (u(t, -+ x(t))) < 26 for all

t > 0. This fact together with the local strong convergence (5.17) clearly ensure
that

(5.19) u(t,-+x(t)) — Mty — 0in H'(] — A, +oo[) for any A >0 .

t——+oo

5.2. Convergence of the scaling parameter. We claim that

(5.20) At) — co.

t——+o0

Let us fix again § > 0 and take R > 0 such that Koe /% < §. (5.15) with v = 0
together with the conservation of E(u) ensure that, for any pair (¢,¢') € R? with
t > 1" it holds

/(u2 +u?)(t,)¥(x — 2(t) + R)dx < /(u2 +u2 ), 2)V(z — (') + R)dx + 6
R R

On the other hand, by the strong convergence (5.19) and the exponential localiza-
tion of ¢, ¢’ and W, there exists T' > 0 such that for all ¢t > T,

’/(u2 Fud)(t, )W (x — 2(t) + R)dr — N2(D)E()| < 6.
R
It thus follows that

NV E(p) < N()E(p) +36, Vt>t >T.

Since § > 0 is arbitrary, this forces A to have a limit at 400 and completes the
proof of the claim.
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5.3. Convergence of ©. We set W (t,-) := cop(- — x(t)) and n(t) = u(t) — cop(- —
x(t)) = u(t) — W(t) for all ¢ > 0. Differentiating (5.5) with respect to time and
using that ¢ — ¢ = 28y, we get

/ 00 W = i (02°W, -1, g = —2cod n(x(t)) + a:/ nw,

R R

and thus

G2 | [ o] < sali - allal + 2@+l [ W]
R R

Substituting « by 74+ W in (1.5) and using the equation satisfied by W, we obtain
the following equation satisfied by v :

e — (& — )0 W = — QW — (1 — 82)~10, (2nw + nzwz) :
At this stage it is worth noticing that (5.19)-(5.20) ensures that
(5:22)  In(z@O)] + e (OW @)l 2 + [InOW )22+ n(OWa(®)llz2  —— 0.

Taking the L?-scalar product with 9, W, integrating by parts, using that |0, W||3. =
c? and the decay of ¢ and its first derivative, (5.21), (5.22), (5.9) and the definition
of €, we get
. 2 C
|Z(t) — cof (co - 3co¥> = 0
This yields the desired result since |c — ¢o| < Ke = 55 clearly forces ¢ < 2c¢o.

5.4. Strong H'-convergence on ]0t, +oo[. We deduce from (5.20) that
.) — R — 1 1
u(t, ) — cop(- — z(t)) e 0in H (R)

and

(5.23) u(t,-+2(t)) —cop — 0in H'(] — A, +oc[) for any A >0 .

t—+oo
(1.10) will follow by combining these convergence results with the almost non in-
creasing property (3.8). Indeed, let us fix > 0 and take R > 1 such that
(5.24) @l g —co,—rpo; <0 and || = 1]l Loc(ry2,toop <0
where U is defined in (3.3). According to the above convergence result there exists
to > 0 such that z(tg) > R and for all ¢ > ¢,
1 +m2) (¢, -+ z(O)) | = Rry2,400) <6

where we set 7 = u(t) — cop(- — x(t)). In particular, (5.24) ensures that
(5.25)

B0) = [ (- + 2o+ ualt- + 2o U+ 9)| S5 V>RV 10,

We set z(t) = 4t and notice that (5.11) ensures that (3.6) is satisfied with 1—a = £
and 8 = 1/4. Moreover, as noticing in the beginning of this section (see (5.11)), u
satisfies the hypotheses of Lemma (3.2) for such a. According to (3.9) with v = 0,

we thus get for all ¢ > ¢,

/ (u2+2) (1, -)\If(-—x(to)—g(t—to)—i—R) < / (1241i2) (f0, ) U (r—2(t0)+ R)+ Ko (a)e /0
R R
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which leads to

[+ apte (- atto) - 56— 10) + 8) = [

R

~ 2 /R(u(t)gp(- — (1)) + w(Opa(- — 2(t) ¥ (-~ a(to) - g(t o) + R)

(W? +u?)(t, -)\p(- — w(to) — g(t o) + 170)

- / (& + @2t — 2(0)¥( —alto) — 5t~ 10) + R)
< [0 03t Y at0) + R) + Fofa)e
R
~ 2, /R<u<to>so<- — (to)) + ua(to) pa (- — 2(t0)) ¥ (- — z(to) + R) + C'§
+c /R«o? +@2)(to, - — x(to)) W (- — x(to) + R) + Ce /0

% / (° +0)(t, ) ¥(- = z(to) + R) + C(e” /% + )
R
<G4 B0

where in the next to the last step we used that ¢ decays exponentially fast and
(5.25) since x(t) — z(to) — §(t —to) + R > R for all t > ;. Taking R large enough
and t1 > to such that 01 > x(to) + §(t1 — to) — R, it follows that for ¢ > ¢,

/R (i + 02)(E.)U(- — at) < 6

which completes the proof of Theorem 1.2 with ¢* = ¢y.

6. ASYMPTOTIC STABILITY OF TRAIN OF PEAKONS

In [21] the orbital stability in H!(R) of well ordered trains of peakons is estab-
lished. More precisely, the following theorem is proved ©:

Theorem 6.1 ([21]). Let be given N wvelocities c1,..,cn such that 0 < ¢1 < c2 <
.. < cn. There exist ng € N satisfying (5.6), A >0, Lo > 0 and 9 > 0 such that
if u € C(R; H') is the global solution of (C-H) emanating from ug € Yy, with

N
(6.1) luo =D e, (- = 2Dl < &

j=1
for some 0 < & < g9 and z? — 2]0_1 > L, with L > Lgy, then there exist N C'-
functions t — x1(t),..,t — xn(t) uniquely determined such that

N
(6.2) sup [|u(t, ) - Z e, (- — i) < Ay/Ve+ LT1/8

teR+-

6Here again, in the statement given in [21], Or¢c, appears instead of pn, * Orpc; in the
orthogonality condition (6.3) and thus there is a gap in the proof of the Cl-regularity of the
functions x;, i = 1,.., N. The modifications to get the statement below are exactly the same as
the ones to get Lemma 5.1 that is proven in the appendix.
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and

©3) [ (utt.) Z%] =y (1)) (g * Do) — () dr =0, i € {1, N},

Moreover, fori=1,..,.N

(6.4) i — ci| < AyJVE+ L8, VteR, .

Combining this result with the asymptotic stability of a peakon established in
the preceding section, we are able to extend the asymptotic result to a train of well
ordered peakons by following the strategy developped in [28] (see also [20]).

Theorem 6.2. Let be given N wvelocities ¢y, ..,cny such that 0 < ¢; < co < .. < ¢y
and 0 < 0y < c¢1/4. There exist Ly > 0 and g9 > 0 such that if u € C(R; H') is the
solution of (C-H) emanating from ug € Y, with

N
(6.5) [|uo — Z We; (- — z?)HHl < ag and z? - z;tl > Lo,
j=1

then there exist 0 < ¢ < .. < ¢ and C'-functions t — x1(t),..,t — xn(t), with
#;(t) — ¢} ast — +o0, such that,

(6.6) u(- + x;(t)) LT Pep i H'(R), Vj € {1,.,N}.
Moreover,
(6.7) u— Zcpc —ai(t)) o, O H'(]6ot, +00) .

Finally, we will make use of the fact that Camassa-Holm equation possesses
special solutions called multipeakons given by

Zpl —lz—a: ()]

where (p;(t),qi(t)), i = 1,.., N, satisfy a differential Hamiltonian system (cf. [9]). In
[2] (see also [9]), the limits as ¢ — Foo of p;(t) and ¢;(t), ¢ = 1, .., N, are determined.
Combining the orbital stability of well ordered train of peakons, the continuity
with respect to initial data in H!(R) and the asymptotics of multipeakons, the
H'-stability of the variety

N
= {v => pie U (prpn) € ROV, 1 < e < . < qN} :

is proved in ([21], Corollary 1.1). Gathering this last result with the asymptotics
of the multipeakons and Theorem 6.2, the following asymptotic stability result for
not well ordered train of peakons can be deduced quite directly.

Corollary 6.1. Let be given N positive real numbers pY,...,p%, N real numbers
@) <..<q¥ and let 0 < A\ < -+ < Ay be the N distinct eigenvalues of the matriz

(p-?ei'q?iq?‘/z)lgingj\[. For any B > 0 there exists a positive function € with (y) —
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0 asy — 0 and ag > 0 such that if ug € H'(R) satisfies mg := ug — ug 2z € M4 (R)
with

N
(68) Imollse < B and—Jug — 3" pl exp(- —D)llr < a

j=1

for some 0 < a < g, then there exists 0 < ¢} < - < ¢ and C'-functions
(21,..,xN) with

leq —XNi| <e(a) and  lim @;(¢) =c¢f, Vie{l,..N},

t— o0
such that
al Ait
_ (e — s in B2
(6.9) u ;%i( wi(t) o 0in H' (|5, +o0])

Proof of Theorem 6.2. We first concentrate ourself on the fastest bump located
around zn(-). To adapt Lemma 3.2 to this bump, we define I,fov’xo(-) as I;°(-) in
Lemma 3.2 but with 2;°(-) replaced by

ztjg’wo =axpn(to) + o + 2(t) — 2(to) ,

where z : R — R is a C'-function that satisfies
(6.10) (I-a)in(®) <2(t) <(1-0)in(t)

for some 0 < 8 < a < 1. We start by noticing that to prove (3.8) we can replace
(3.5) by the less restrictive condition :

(1—-a)cy
26 '
Indeed, it is direct to check that the condition z — x(t) < Ry is sufficient to get

(3.17). Therefore, to get the same estimate as (3.8) for I,fov’R(-) it suffices to assume
that there exists Ry > 0 and 0 < o < 1 such that

(1 —-a)eny
(611) Hu(t)HLoo(z,zN(t»Ro) < T s vt € R.

1u(®)] oo (z—w(t)> Ry <

Now, because of the presence of the bumps at the left of the Nth bump, we are
able to establish the same estimate as (3.9) only for ¢y > tg where t5 depends on

R. To prove such version of (3.9) with a = g “¥—¥=1 we replace (3.5) by

(1 —-a)eny
612 )], e e o pn < e vt

6
with zx () — zny-1(t) > 2R. For any R > Ry we define
(613) tR:O\/{tZO, LL‘N(t)—,TN_l(t):ZR}.
For R > Ry, assuming that z(-) satisfies (6.10) and that

. . 1
(614) |CN — IN(t)| + |CN,1 — fol(t” < 1—(CN — CN,1) , Vt >0,
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we get for z < w and tg > g,

-z B =z —an(t)+ R+ (x(t) — 2(t) — (z(to) — 2(t0))
< —%(,TN(t) — LL'N_l(t)) + R-i—OéCN(t - to)
< 2R (en —en 1)t~ to) + R+ 2(ex — en )t — to)

2 1
< _§R - g(CN —cen—1)(t — o),
where we took a = %% This leads to

U(x — zﬁ’_R) < e~ T e mlen—en—1)(t=to)

which is sufficient to get (3.18) with B¢ replaced by “X~—X=.
In the sequel, we set
70

00\ 8 16 )
(6.15) g9 = (ﬁ) and Ly = (ﬁ) where 0p = A (Z:rénnN(cl —¢i—1) A 9) .

Taking @ = 3"¥=L we infer from (6.2) that for Ry such that

_ g0
(6.16) NCye o < 318

(6.11) is satisfied . Moreover, for R > Ry, (6.4) ensures (6.14) is satisfied and that
(6.12) is satisfied with 5 defined as in (6.13). Therefore, taking z(-) = (1 —a)xn (+)
and B = a = 28—N=1 o infer that for any R > Ry

8cn
(6.17) IV () — IV () < Koe /0, VO <t <ty
and
(6.18) IRy — 1N (k) < Koe 35, VE>to > tg

where tp is defined as in (6.13) and where Ky = Ky(op). As in Section 5, this
ensures that

JE, (u(to, S+ :Z:N(to))) < JE, (u(t, -+ xN(t))) + Koe /6 V0 <t <tg,
and
J’fl (’U,(to, -+ $N(t0))) > J’fl (u(t, -+ J,'N(t))) — Koe_ﬁ , Vt>tg>tr.

Since, we only need these last two estimates in the proof of Proposition 5.2 as
well as in Subsections 5.1-5.3, we infer that there exists cj; close to ¢y such that
In — cy ast — +oo and

u(t,- + N (t)) e cye in HY(R) .

Moreover,

(6.19) u(t, -+ xn(t)) — cne N 0in H'(] — A, +oc) for any A > 0.
—+00

Now, setting yy = ZXFI¥=1 and noticing that for all ¢ > 0, z(-) = yn(-) also
satisfies (3.6) with a = wﬂgciff’l) and = %, we get that for R > Ry,

(6:20) [ ) =) = 1
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is also almost non increasing for ¢ > tg where tp is defined in (6.13). Indeed, we
have :EN(tR) — yN(tR) Z R Z Ro.
This enables, as in Subsection 5.3, to prove that actually

[ (0 = chepte = an () + (e = chepel —an () ]9 =umt) =2 0.

t—o0

Let us now set y; = (z; +2;-1)/2 for i = 2,.., N — 1 and y;(¢t) = 0t. We claim that
if for some 1 < ¢ < N — 1 it holds

(6.21)
N N
L (0= 3 cot—an®) +(um 3 cont—an(®) ¥=pin@) =2 0
j=1+1 j=1+1

then @;(t) — ¢} as t — oo for some ¢ close to ¢; and
(6.22)

(03 it ) (o~ S en) ot

which clearly yields the desired result by a finite iterative argument.
We start by noticing that for ¢ € {2,..,N — 1}, (6.12) also holds for u with
% and with zn,zn_1, cn, cy—1 and tg replaced by respectively z;,

Ti—1, C; and Ci—1 and
(6.23) i = max({o} Ut >0, zi(t) — 21 (1) = 2R}) .

Moreover, for ¢ = 1, (6.15) and (6.2) ensure that

o =

11—«

(6.24) [u)l Lo —o0,01(6)-Rol < —55—C1

with 1 —a = 4‘%1. Therefore, defining Itif” in the same way as I} but with x(-)
replaced by x;(+) and taking z(-) = (1 — a)x;(+) with a = 3 = % if i >2
and z(t) = gt, a=1- %, B =1/41ifi =1, we get that for any R > Ry it holds

(6.25) I R(t) = IR (ty) < Koe %, Vie {1,.,N 1}, Vt > to > th |

where Ky = Ky(0p). As in Section 5, it follows that for v > 0 small enough,
(6.26) J%, (u(t, + xi(t))> > Ik, (u(to, o+ xi(to))> Koe™ 3, Wt > tg > ti,

Now, the proof of the almost monotonicity of Jfr (u(t, -+ xz(t))) is more subtle.

Indeed, starting at x;(tp) + R at time ¢y for some R > 0 and traveling back in time
with a fixed speed strictly less than ¢;, one will cross z;;1(-) at some time ¢ which
will tend to +o0 if ¢y tends to +oc0. This is clearly not allowed if we want to prove
an almost monotonicity result. To overcome this difficulty we will decompose the
travel back into two parts. First, one travels back with some speed strictly less
than ¢; till one crosses the curve of the middle point y;11(-) = (x;(*) + z5+1(-))/2.
Then, one continues to travel back but along y;1(-) until the time 5 that satisfies
zip (B — 2 (t5') > 2R. This is the idea of the proof of the following lemma

which ensures that J, (u(t, o (t))) is almost non increasing for ¢ > ¢!,
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Lemma 6.3. Let i € {1,..,N — 1} and 0 < v < ¢;. For any R > 0 it holds
(6:27) T3, (u(tov -+ Ii(tO))) < JJ (U(t, -+ xi(t))) + Koe 31, Vi > t > i1
where th is defined as in (6.23).
Proof. Let R > 0 and to > t%. We set
- . 3

to=t7 " V{te [ty to], zilto) + R+ 71 (@i(8) = zito)) = yir1 ()}

On [t(, to] it holds
3
@i(to) + R+ 7 (wi(t) = zi(t)) < yira (1)

and thus seting =" (t) = i(to) + R+ § (2i(t) — x:(to)), we get for any £ > i7" and
any « > w that
1

+24

|

z -z (t) > 2=y (t) > (Cir — ci)(t —t37")

which leads to |
Wz — 2R (1) < e F emFlemme)t=t)
On the other, (6.15) and (6.2) ensure that for R > Ry (with Ry defined in (6.16)),

0 161'

(6.28) Hu(t)”LOO(]zi(t)JrR, Bris1 (D430, (1) < =<

i+1
¥ <ag M=l

Therefore, defining
157 (0) = (u2(t) + w2 () + (1), (- = 2.7(0),
with 0 < < ¢;, we get as in (3.8) that for all ¢ € [t} to],
10 (o) — I27(1) < Koe 2t
It follows as in (5.14) that
TR (u(t, -+ zi(to)) < J2 (u(t, - + 2i(1)) + Koe ™25, Vit € [ty, to]

If t) = tiF* we are done. Otherwise we must have z/;"* = ;41 (). But then the

%
same arguments as in (6.20) lead, for 0 < v < ¢;, to

(2 ()2 (0439 (0), Wi (1)) ) < (w002 (0 1 (2), Wi (0) )+ Eoe ™™, Vi € (15 ]
Since for ¢t > t?{l,

(u2() + w2 (1) +y(6), O = yisa(£) ) < S, (ult, -+ 24(8))
we obtain the desired result for all ¢ € [t4f, o). O

Since the proof of Proposition 5.2 only uses the almost monotonicity of JET (u(t, -+
z(t))) and Jfl(u(t, -+z(t))) for some v > 0 and for ¢ > tg where tg is a non negative
time depending on R, we obtain as in (5.18) that

(6.29) ult, +@i(t) = Xit)p  — 0 in Hy(R).

where
Ai(t) = max  u(t,x 4+ x;(t)).

zE€[—ci,ci]
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Let us now set
N

Wsi(t) = Z cio(-—w;(t) and v = u — Wsi(t),
j=itl
In view of (6.4), for any € > 0, there exists t- > 0 such that for all R > 0 and
t 2>t

’J(fl (u(t, i) — I8 (v(t, . :ci(t))’ <e.

Moreover, decomposing J§,. (u(t, -+ xz(t))) as

I (ult -+ 2®)) = [ @+ e —ailt) = B)[1 = (- =y (1))

/
n /R (w +u2)U(- = iga (1) = R)U (- = g (1)

= A (t) + Aa(t) ,
(6.4) ensures that

Al(t)—/R(&ﬂg)xp(-—xi(t)—R)[l—\y(-—ym(t))] 0

—r 00

and (6.21) together with (6.4) ensures that
N
As(t) — /R(v2 + o) = ai(t) — R (=g () — > Blpe)
i+1

This proves that J§,(v(t, - + z;(t))) and J(fl(v(t, -+ x;(t))) enjoy the same almost
monotonicity property as respectively Ji,(v(t, - +z;(t))) and J& (v(t, -+ i(t))) for
t > tgr large enough.

Let now § > 0 be fixed. According to (6.21) , there exists ¢5 > 0 such that

/R(v2 + 02 (ts, 2)V(z — yiy1(ts)) dz < 6/3 .

Moreover, by (6.4), we may also require
[+ )@ — i)l ~ i (1)) do < 8/3.
R

Therefore using the almost monotonicity of J§¥,.(v(t, - +x;(t))), with R = y;11(ts) —
x;(ts), together with the local strong convergence result (6.29) and (6.4), we get
that for all fixed A > 0,

(6.30)  w(t, -+ x;i(t)) — Ni(t)p — Wsi(t, - + x;(t)) t—+> 0in H'(] — A, +00]) .
—+00
To prove the convergence of the scaling parameter \; we use the above strong

convergence in H'(] — A, +o0o[) and (6.4) to get that for any § > 0 there exists
Rs > 0 and ts > 0 such that

‘/R(UQ—i-vi)(t,x)\If(:c—xi(t)+R5)d:c—)\f(t)E(g0) <5, V>t

The almost monotonicity of Ji7 (v(t, + x;(t))) then ensures that \;i(t) — ¢ as
t — 400, for some ¢ close to ¢;. Hence, we get

(6.31)  wu(t,-+ (b)) — cip — Wsi(t, -+ x4(1)) o 0in H'(] — A, +o0|) .
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To get the convergence of &; towards ¢ we write the equation for

N
n=u-— Zc}‘w(- —x;(t) =u—Wsi =v—cio(-—xi(t))

j=i
and proceed as in Subsection 5.3.

Finally to prove (6.22) we first notice that, proceeding as in Subsection 5.4, we
obtain that for any fixed > 0, there exists R > 0 and tg > 0 such that

N
‘ZE(%*)—/(Wzﬂr(@mWZi)z)\If(-—xi(t)+y) <6, Vy>R,Vt>t,
R

Jjzi
1* +n2) (& + 2Ol -2 400p <05 VE=to

and

N
> B, )—/ (ult, i) Waitun ( +ai(0) 0 Wi )W(-+y)| <8, Wy = R, V=10
izi *

Therefore, using the almost monotonicity of ¢ +— Iti(’)_R(t) with v = 0, 2(t) =
(@i () + (1), 1 —a) = % if i >2and 2(t) = &, a = 1 — ;& and

401

B =1/4if i =1, and proceeding as in Subsection (5.4), we get that for ¢ > to,
[ ey =) = [ e - 2 w)
R R
-2 / (w®Wilt) + ua (D0 W) ) W = 2,7(1))
+(¢)? / (W2, + (0 W) (O (- — 2R (1)
< /(v2 + 02 (to, YU (- — z4(to) + R) + Ko(og)e /6
R
P /R (wlto)Wi(t0) + v (00)0: Wi (0) ) W (- — i(to) + R)
+(¢)> / (W2, + (8:W=0)*) (to) U (- — wi(to) + R) + 26

= /(772 +m2)(t, ) V(- — mi(to) + R) + Ko(oo)e /¢ + 26
R
<G4 B0

)

where z;’)*R(t) = x;(to) — R+ z(t) — z(to) < zi(t) — R, ¥t > to. This yields the
result since, R being fixed, it holds zz[’)_R(t) < y;(t) for t large enough.

7. APPENDIX
7.1. Proof of (3.13). Using that

d
(7.1) pn u? +u? =2/uutg+2/umumg,
R R R
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2/uutg: —2/u2uzg—2/Upm*(U2+ua2c/2)g
R R R

2
(7.2) :g/u?’g/—2/upz>k(u2+ui/2)g
R R

and, recalling that p,, = p — do,

2/uzumg:—2/uig—2/uzuu219—2/uxpzz*(u2+ui/2)g
R R R R
:—2/UE9+/Uig+/UU§g’
R R R

—2/uzp*(u2+ui/2)g—|—2/uz(u2+ui/2)g
R

R

(1.5) yields

(7.3)

2
= [y sz [ups+az/og +2 [upr 2 dimg -3 [y
R R R

R
Gathering (7.1)-(7.3), (3.13) follows.

7.2. Proof of Lemma 5.1. Let ng € N to be specified later. For z € R we define
the function

Rle(R
Y. :
y,v) / )(pro * @) (& — 2 —y) dx

Since py,, and ¢ are both even, one has Y, (0, ¢(- — z)) = 0. Moreover, Y is clearly
of class C! and it holds

14 GOt =2) = [ on+ ) = I —eno) =1~ (o)

with e(n) — 0 as n — 4o00. Therefore by taking ng large enough, we may require
that

TP =) 212,
From the implicit function theorem we deduce that there exists £y > 0, kg > 0 and
a C'-function y, from Bpyi(¢(- — 2),&0) in ko, ko[ which is uniquely determined
such that

Yz(yz(u),u):Y(O,gp):O, VUGBHl(@('_Z)vé()) :
In particular there exists Cy > 0 such that if u € B (¢(- — 2), 8) with 0 < 8 < &g
then

(7.5) |y (u)| < CopB .

Note that, by a translation symmetry argument, £;, ko and Cj are indepen-
dent of z € R. Therefore, by uniqueness, we can define a C'-mapping # from
UserBut (p(- — 2),€0) into |ko, ko[ by setting

Z(u) =z + ys(u) for u € Byi(p(- — 2),&p) -
Now we notice that Y, is also a C'*-function from R x L?*(R) into R with

6}/; /!
S =2) = [ @, w e =z =) de.

g .
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Therefore, in the same way as above we obtain that there exists g > 0and a
Cl-function Z from U,er Br2(¢(- — 2),£0) into a neighborhood of 0 in R such that

/R oy *9)'( — ) = 06 y = F(u), Vuu € UserBra(p( — 2),50)

We set g9 = &9 A £o. By uniqueness it holds & = # on By (¢(- — 2),€0) and thus Z
is also a C'-function on U,er By (p(- — 2),€0) equipped with the metric inducted
by the L?(R)-metric.

Now, according to (5.3), it holds {1u(t,),t € R} C U.er B (¢(-—2), o) so that
we can define the function z(-) on R by setting x(t) = Z(u(t)). By construction z(+)
satisfies (5.4)-(5.5). Moreover, (5.8) together with (7.5) ensure that for any ¢ > 0
and any 0 < € < ceg, it holds
€

(16) lzul®)—¢( =2l < CP+ s o—pl—2)lm S CP+v/Go S

¢ [2|<Co(£)?
which proves (5.9).

In view of (1.5), any solution u € C(R; H!(R)) of (C-H) satisfies u; € C(R; L*(R))
and thus belongs to C*(R; L2(R)). This ensures that the mapping t — z(t) =
Z(u(t)) is of class C* on R. Setting R(t,-) = cp(- — z(t)) and w = u — R and
differentiating (5.5) with respect to time we get

Jwom 0V ¢ =a®) = #(0) [ wipn =)~ a()
R R

= =i(0) [ 00 (pu 9 (- = a(t)
(7.7) = (@) —O(lwllgr) + cO([|w|[s2) -
Substituting v by w + R in (1.5) and using that R satisfies
OR+ (i — )0 R+ RO,R+ (1—02)"'0,(R* + R2/2) =0,

we infer that w satisfies

1 1
wi— (=)0, R = ~ 50, ((w+R)2—R2) —(1-8%)"18, ((w+R)2—R2+§((wm—kRm)z—Ri)) .
Taking the L2-scalar product of this last equality with (p,, *¢)' (- — 2(t)) and using

(7.7) together with (5.9) we get

6= 0)( [ 0:R0u(puy + 90 = 2(0) + cO(lwl)) | < Olfl) $ Keeo

and (7.4) leads, by taking ng large enough and possibly decreasing the value of
g0 > 0 so that Keg < 1, to (5.7).

It remains to prove that (5.6) holds for ng > 0 large enough. For this we notice
that [, ¢'¢'(- —y) = (1 — y)e~¥ which ensures that for ng > 0 large enough

d

/ / 1_1
= . c—y)>Ze 7 on[-1/2,1/2].
dy Jg @' (pn* ©)'( y)_46 on [—1/2,1/2]

Plony + )= ) = [

R

Therefore y — [, ©(pno * ©)'(- — y) is increasing on [—1/2,1/2] and the proof is
complete.
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7.3. Proof of Proposition 5.2. Let ug € Y, satisfying (5.1) with 0 < ¢ < .
First we recall that, on account of (5.9) and Lemma 3.2, the solution u to (C-H),
emanating from ug, satisfies (5.14)-(5.15) with 0 < v < ¢. Let {t,}  4o00. Since,
by (5.7), {x(tn, + ) — z(t,)} is uniformly equi-continuous, Arzela-Ascoli theorem
ensures that there exists a subsequence {t,,} C {t,} and & € C(R) such that for
all T > 0,

(7.8) @(tn, + ) — 2(tn,) — & in C([~T,T]).

t——+oo

Now, since u(t,) is bounded in Yy . There exists @y € Yy and a subsequence of
{tn, } (that we still denote by ¢,, to simplify the notation) such that

u(tnkv : + I(tnk>) — 'ELO in Hl(R)
(7.9) Wt + 2(tn,))  — g in HY) (R)
Yy,  +2(tn,)) —* Jo =t — Uozz in M(R) .

Let u € C(R;Y}) be the solution to (1.5) emanating from @g. On account of (7.8)
and part 3. of Proposition 2.2 for any ¢ € R,

(7.10) tn, +t,-+x(tn, +1)) — a(t,-+&(t)) in HY(R),
(7.11) tn, +t,-+(tn, +1) — at,-+a(t)) in HL.(R)
Moreover, for any function ¢ € Cy(R), it holds

(7.12) <y(tnk b+ atn, + t)),¢> = <gj(t, T+ :E(t)),¢> ,

where § = % — Uy;. Indeed, on one hand, it follows from part 3. of Proposition 2.2
that

(Yl + .-+ 2(ta) +3(6)), 0) > (it + (1), 6)
and on the other hand, the uniform continuity of ¢ together with (7.8) ensure that

(Yt + -+ @(tn) + 50) = Yty + 1, + (b, +1)),0)
= (yltns +1). 9 = {tn,) = E(1) = 9 = {tn, +1))) =0

In view of (7.10) we infer that (a,Z(-)) satisfies (5.5) and (5.9) with the same &
than (u, z(-)). Therefore, (5.10) forces (@, Z(-)) to satisfy (5.3) and the uniqueness
result in Lemma 5.1 ensures that #(-) is a C'-function and satisfies (5.7).

The proof of the Y-almost localization of the asymptotic object u will now pro-
ceed by contradiction. Let us first explain it briefly. In the sequel, for 0 < v < %
fixed, we call by G the conserved quantity

G(u) = E(u) —|—’y<u — Ugg, 1> .

If @ is not Y-almost localized then @ loses a certain amount of G close to Z(t)
between 0 and some Ty > 0. By the convergence results (7.11)-(7.12) we infer that
for n large enough, u loses some fixed amount of G close to z(t) between ¢, and
t, + Tp. By the conservation of G on the whole line and the almost monotonicity
of J,; and J,,, this ensures that for some R > 0 and ¢ > 0,

T (b + T, + @(tn, +T0)) = I3 (ultns -+ 2(t0,))) + 20
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But by the almost monotonicity of .J, ;, taking {t,, } C {t,,} such that ny > ng and
t —tp, > To we get

T2 (ultng, -+ 2(00,))) 2 5 (ulto, + a(t0))) + keo/2

which contradicts the conservation of G.
Let us now make this proof rigorously. For v € Y and R > 0, we separate G(v)
into two parts :

GR(w) = (02 4+ 02 +5(0 = v22), 1 = (- + ) + (- = B)) = JF, () + Iy (0)

MNk+1

which almost “localizes” outside the ball of radius R and
GI(w) = (02 4+ 02 + (v = 022), (- + R) = (- = B)) = G(v) = GF(v),

which almost “localizes” inside this ball. We first notice that it suffices to prove
that for all € > 0, there exists R. > 0 such that

(7.13) GE (a(t, + :E(t))) <e, WteR.

Indeed if (7.13) is true for some (g, R.) then (a, ) satisfies (1.7) with (¢/2,2R,).
As indicated above, we prove (7.13) by contradiction. Assuming that (7.13) is not
true, there exists €9 > 0 such that for any R > 0 there exists tr € R satisfying

(7.14) Gh (ﬁ(tR, -+ :i:(tR))> > €0
Let Ry > 0 such that

Ro (~ < o
(7.15) G, (U(O)) <10

and Kge fo/6 < i—%. The conservation of G then forces

9
G (@tny, - + F(tr,)) < G (@(0) = 750 -
Noticing that ¥(- + R) — U(- — R) € Cy(R), the convergence results (7.11)-(7.12)
ensure that for k > ko with ko large enough,

4
GZRO (u(tnk + iRy, -+ x(tnk + tRo))) < GZRO (u(tnk5 T+ x(tnk))) - 350 .

We first assume that tg, > 0. By (5.14)-(5.15) and the conservation of G this
ensures that

7
(7.16)  J2% (utny + tros - + Tty +ERo))) > J29 (ultny, - + 2(tn,))) + 1550 -
Now we take a subsequence {t,; } of {ts, } such that t,;  —t.; >tg, and nj = n,.
From (7.16) and again (5.15), we get that for any k& > 0,
3
T (s + 2ty ) 2 T3 (ultng, -+ (twg)) + £heo | — 00

that contradicts the conservation of G and thus proves the Y-almost localization of
@. Finally, if tg, < 0, then for k > ko such that t,, > |tg,| we get in the same way

7
I (b + 2(tn))) < TE (wlta, = Itmo |+ 2(tn, = R 1)) = 1550
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As above, this implies the existence of a subsequence {t,; } of {t,, } such that

3
Jfﬁ(u(tn;c -—l—x(tn;c))) < Jfﬁ(u(tné, “+a(tn))) — gk g — —00.

k—+oo

which also leads to a contradiction.
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