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MINIMAL PLANES IN ASYMPTOTICALLY FLAT
THREE-MANIFOLDS

LAURENT MAZET AND HAROLD ROSENBERG

ABSTRACT. In this paper, we improve a result by Chodosh and Ketover
[2]. We prove that, in an asymptotically flat 3-manifold M that contains
no closed minimal surfaces, fixing ¢ € M and a 2-plane V' in T, M there
is a properly embedded minimal plane ¥ in M such that ¢ € ¥ and
T,% = V. We also prove that fixing three points in M there is a properly
embedded minimal plane passing through these three points.

1. INTRODUCTION

This paper is inspired by the recent work of Otis Chodosh and Daniel
Ketover [2]. They consider an asymptotically Euclidean 3-manifold M that
contains no closed minimal surfaces. Then, for any point ¢ in M, they prove
the existence of a properly embedded minimal plane passing through the
point gq.

Here we obtain some more information:

o ifgc M and V C T, M is a 2-plane, then there is a properly embed-
ded minimal plane ¥ in M with ¢ € M and T;X = V.

e if q1,qo, g3 are 3 points of M, there is a properly embedded minimal
plane ¥ in M containing the three points.

The main ingredient is the following Theorem

Theorem. Let B be the unit ball of R? and let M be B with a Riemannian
metric g satisfying

e OM is strictly mean convex, and

e M contains no closed minimal surfaces.

Then we have the following statements.

(1) If ¢ € int(M) and V. C TyM is a 2-plane, there is an embedded
minimal disk D € M with 0D = DNOM, g€ D and Ty;D =V.

(2) If q1,92,q3 are 3 points in int(M), there is an embedded minimal
disk D in M with 0D = DN OM and q1,q2,q3 in D.

The introduction to the paper of Chodosh and Ketover [2] contains an
excellent exposition of the problem o the existence of minimal surfaces in
asymptotically flat 3-manifolds, in particular, properly embedded minimal
planes. They discuss the relevance of this theory to general relativity. They

also explain why they employ the theory of Brian White "moduli space
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2 LAURENT MAZET AND HAROLD ROSENBERG

of minimal surfaces and degree theory” to prove their theorem rather than
variational techniques, solving Plateau problems in geodesic balls and taking
limits.

Our proof of our main Theorem above also starts with the theory of
White, the moduli space of embedded minimal disks in the ball M = (B, g).

A natural question is what are the complete Riemannian 3-manifolds that
contain properly embedded minimal planes and what are such planes. In the
Euclidean R3, we know the only such planes are affine planes and helicoids
[3]. Moreover affine planes are completely characterized by a point in it and
its tangent plane at that point or by 3 non collinear points contained in it.
This explains why we are interested in prescribing these constraints. We
notice that in the case of the Euclidean R3 our proof produces affine planes
and no helicoids.

Actually, in the general case, the minimal planes we construct have qua-
dratic area growth. It would be interesting to know that these minimal
planes are the only ones with a prescribed point and unit normal or 3 non
collinear points (i.e., not on a geodesic) and quadratic area growth as it is
the case of R3. Actually, we believe this is true.

For other ambient spaces, the existence of properly embedded planes is
still an open question. For example, when ¢ is a complete metric of non
positive curvature on R? (a Hadamard manifold), we do not know if such a
minimal plane exists. When the curvature is strictly pinched, by the work
of Anderson they exist [1]. When S is a closed surface, there is no properly
embedded minimal plane in S x R, with the product metric. The same
problem for embedded minimal annuli S* x R is also very interesting: is it
possible to construct ”catenoids” in some ambient manifolds?

The paper is organized as follow. In Section 2, we recall the main points
of White’s theory. Section 3 is devoted to the proof of item 1 of the above
main theorem (Theorem 3). Section 4 deals with item 2 of the main theorem
(Theorem 9). In the last section, we explain how one can pass from a
minimal disk in a compact ball to a properly embedded minimal plane in
an asymptotically Fuclidean space, here we use ideas developed by Chodosh
and Ketover in [2].

2. THE SPACE OF MINIMAL DISKS

After Tomi and Tromba [6], White [8] has developed the theory of the
moduli space of minimal submanifolds. Here we recall some of the aspects
of this theory that we will use.

Let us denote by B the closed unit ball in R? and D the closed unit disk
in R2. Let M be B endowed with a Riemannian metric g.

Let f; : D — R3 (i = 1,2) be two C* maps (k > 2 and 0 < a < 1).
They are said to be equivalent if f; = f5 o ¢ for some C! diffeomorphism ¢
of D that is the identity on 0D = S' ; let F denote the set of equivalence
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classes. We also denote by Diffy (D, dD) the set of C*® diffeomorphisms
of D that are the identity on o.

On F, there is a boundary operator & : F — C*<(S!, R3) which is defined
by 0([f]) = fis1- The space of immersed minimal disks M* is then the space
of equivalence classes [f] of C*® minimal immersions f : D — M such that
5([f]) € C**(S',0M) and f is never tangent to OM (see Section 8 in [8]).
We notice that if [fi] = [f2] where fi and f» are two C*® immersions then
¢ € Diff;(D,0D) such that fi = f2 o ¢ is actually in Diff o (D, 0D) (see
Appendix A).

The main result of [8] is the following theorem.

Theorem 1. The space M* is a smooth Banach manifold and
§: M* — Ch(St, aM)
is a smooth Fredholm map of indez 0.

The descriptions of the charts of M* are given in [8, Theorem 3.3] (see
also the proof of Lemma 6).

Actually, we are going to consider just the open subset M of [f] € M*
where f is a minimal embedding of the disk. M is the space of minimal
embedded disks in M with boundary in M and never tangent to OM.

A second important result gives conditions under which the map ¢ is
proper.

Theorem 2. Let us assume that M satisfies the following two conditions

e OM is strictly mean-convex towards M and
e M contains no closed minimal surfaces.

Then the map & : M — CH*(S', OM) is proper

This result comes by combining different results by White: Theorem C in
[9] gives the properness thanks to the area estimate of Theorem 2.1 in [10]
(M has mean convex boundary and no closed embedded minimal surfaces)
and the curvature estimate given by Theorem 0 in [7].

3. PRESCRIBING THE TANGENT PLANE TO A MINIMAL DISK IN A
RIEMANNIAN 3-BALL

In this section we want to find a minimal disk in M passing through
a point g with a prescribed tangent space. We still assume that M is B
endowed with a metric g but we also assume that g can be extended to the
whole R3. Thus the main result of this section is the following theorem

Theorem 3. Let M = (B, g) be as above such that

(H1) OM is strictly mean convex towards M and
(H2) M contains no closed minimal surfaces.

Let us consider ¢ € M \ OM and V be a 2-dimensional subspace of Ty M.
There exists o0 € M such that ¢ € 0 and V = Tjo.
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The remaining part of this section is devoted to the proof of this theorem.

Let us describe the boundary curves that we will consider. The unit
tangent bundle to S? is US? = {(p,v) € §? x S?|(p,v) = 0}. For t € (—1,1),
(p,v) € US? and € € S', we define P(p,v,t,e?) = tp + /1 — t2(cos v +
sinfp A v). When e’ runs along S!, this describes the parallel circle {q €
S?|(p,q) = t}.

Thus we obtain a map:
US? x (-1,1) —  Cko(SL,s?)

(pv,t) — ¢+ P(p,v,t,Q)

Actually ® gives the whole family of parallel curves on S?. By changing
v, we only change the origin of the parametrization.

Basically, the idea of the proof of Theorem 3 consists in considering all
the minimal disks in M bounded by a parallel ®(p,v,t) and then finding a
perturbation of one of them that satisfies the desired property.

(1) D

3.1. Study when |[{| is close to 1. In this section we prove than when
|t| is close to 1 there is only one minimal disk in M bounded by ®(p,v,t).
More precisely we have the following statement.

Proposition 4. There is € > 0 such that, for any (p,v) € US? and 1 —¢&
|t| < 1, there is a unique minimal disk Dy, in M bounded by 6(Dyp . +)
®(p,v,1).

Moreover, when (p,v) are fized, the D, form a foliation fort € [1—¢,1)
and t € (—1,—1+ &] by stable non-degenerate minimal disks. Dy, can be
parametrized by

F(p,v,t): (z,y) € D= V1 —t2(xzv+yp Av) + (t + upoi(z,y))p

where (p,v,t) — Upyt i a smooth family of C** functions with up, =
(1—t)hpn+o(1—t) (we have the same formula close to —1) and 0 boundary
values.

Il IA

Proof. First let us recall that if a Riemannian metric in R? is given by
symmetric matrices G and w is a function defined on a subset of R? then its
graph is minimal if

1 _ Vdet G 1
0= Vo ™ ( NGV v3f>(

where f is the function on R? defined by f(z,y,2) = u(x,y) — 2z and div,
and V, are the Euclidean divergence and gradient operator on R3.

For (p,v,t) € US? x (—1,1) we are looking for a minimal disk that is a
graph over the Euclidean disk bounded by ®(p,v,t). So we are looking for
a function u, . defined on D with vanishing boundary values such that the
surface

F(p,v,t): (z,y) €D V1 —-t2(xzv+yp Av)+ (t + upyi(z,y))p

z,y,u(,y))
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is in B3 and is minimal for the metric g. Since ¢ is close to 1 (the same can be
done for ¢ close to —1), we write ¢t = cos  and we look for w), , 3 = Up 4 cos 8
such that

F(p,v,B) : (x,y) € D = sin B(av + yp Av) + (cos B+ wp 5(z,y))p

is in B3 and is minimal for the metric g. For fixed p, v, 3, we define the
conformal map M, 5: D xR — R?; (2,y, 2) — sin (zv +yp Av) + (cos B+
sin fz)p. So F(p,v,t) is minimal if the graph of Wy, 3 = Ypvb in D x R

sin 3

M*
is minimal for the metric g,, 5 = S;’g‘gg. As explained above if G is the

matrix of g in R?, the graph of @ in D x R is minimal for Ipw,3 if

1 y/det Gp7 v,8

0= d1V3

deth \/v f(G pv,B \Waf

p, ,/3 Vsf

|(z,y,9(z,y))
= H(p,v,B,0)(z,y)

where f(z,y,2) = w(x,y)—z and G, , 3 = (v,pAv,p)* (GoM, , 3)(v,pAv,p)
where (v,p A v, p) is the matrix whose columns are v, p A v and p.
So one can consider the map

H:US? x (—¢,€) x Cy*(D) — CK=2%(D); (p, v, B,0) > H(p, v, 3,0)

where Cg “*(D) is the subset of C¥“-functions vanishing on 9. We want to
solve H (p, v, 3,w) = 0.

Let us remark that for 5 =0, H(p,v,0,w) computes the mean curvature
of the graph of @ in the constant metric G, 0 = (v, pAv,p)*G(p)(v, pAv, p).
So the function w = 0 is a solution, H(p,v,0,0) = 0. Besides we have

DujH(p,’U,0,0)(h) G33 3/2 Z p,vO p,vO GvaGp,vO)h
i,5=1

where the G g 0,0 AT€ the coefficients of G 1

constant Coefﬁments so it is invertible from C’O’a(]D)) to C*=2%(D) and the
implicit function theorems applies. So there is a family of functions w,, g
(B close to 0) which solves H(p,v, ,1Wp 4 3) = 0 and wp0 = 0. Moreover
we have Wy, g = Bhp + 0o(B).

Thus the family (up.) is well defined for any (p,v) € US? and t €
(1 —¢,1). Using that t = cos 3, we obtain up,¢ = (1 — t)hp, 4+ o(1 — t).
It still remains to prove that these disks are in B and form local foliations.
By (H1), we notice that in the metric g the Euclidean spheres S? of radius
r are mean convex for r € [1 —§,1 + J). Since the F(p,v,1)(D) = p, for
t close to 1, F(p,v,t)(D) is contained in the part of R? foliated by the S2
(1-85 <r<1+06). Since (F(p,v,t)(D)) C S?, the comparaison principle
implies F(p,v,t)(D) C B for any (p,v,t) € US? x (1 —¢,1).

»uv,0- Lhis operator is elliptic with
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If t <t < 1, the boundary curve ®(p,v,t')(S!) is between ®(p,v,t)(S')
and p. Besides, for ¢’ close to 1, F(p,v,t')(D) is close to p and does not
intersect F'(p,v,t)(ID). So by the maximum principle F(p,v,t")(D) does not
intersect F(p,v,t)(D) for any 1 —e < t < ' < 1. Thus at fixed (p,v), the
minimal disks {F(p,v,t)(D)}1—c<i<1 form a foliation. As a consequence,
these minimal disks are stable, non degenerate and moreover they are the
unique minimal disk with boundary ®(p, v,t)(S!) at least for 1 —£ <t < 1
(€ < ¢). This uniqueness statement comes from the work of White in [9]
(the arguments start at the bottom of page 148, notice that here we have
already constructed a foliation, see also Remark 2 below). g

Remark 1. Actually the function hy,, can be computed by the equation 0 =
DgH (p,v,0,0)+DgH (p,v,0,0)(hy.) that can be solved since Dg H (p, v, 0, 0)
is invertible. Moreover, DgH (p,v,0,0) can be computed and is given by the
difference of the mean curvatures at p of S> C (M, g) (which is positive) and
S? C R3 endowed with the constant metric G(p) (which is also positive). So
DgH (p,v,0,0) is a constant function on D and hy (2, y) = A(1 — (2% +3?))
for some A.

Remark 2. For the readers benefit, we give the arguments of White con-
cerning uniqueness. So we fix (p,v) € US?. We know that for any (p,v)
there is an open neighborhood (U,,) of p foliated by the minimal disks
(F(p,0,)0(D)h1ecie1 = {Dpushecrcr. Let (pirvi, ) — (5,5, 1). Let Ry
be a minimal surface in M with OR; = ®(p;, v;, t;)(SY) with R; # Dy, 4, ;-

Let T; be a minimal disk with boundary ®(p;,v;,;)(S!) that minimizes
the area in the connected component of M \ R; that contains —p;. T; is an
embedded minimal disk and area(7;) < area(0M).

Unless area(T;) — 0, by Theorem 3 in [7], T; converges to a minimal
surface T with T = p and T is smooth outside p. By Theorem 2 in [7], T
is regular even at p. So this is impossible since M is strictly mean convex.

So area(T;) — 0 and, by the monotonicity formula, 7; can’t contain
points outside of Up, ., so the same is true for R;. Since the minimal disks
{Dp, vit }1—c<t<1 foliate U, ,, this implies that R; = D, ., by the maxi-
mum principle.

3.2. The family of minimal disks. In this section we are going to prove
the following result.

Proposition 5. There is a connected proper 4-dimensional submanifold ¥ C
M that contains all the minimal disks Dy, ¢ for any (p,v) and 1—& < |t| < 1.
Moreover, for any o € 3, 6(0) is close to some ®(p,v,t).

Besides there is a map F : ¥ — C**(D,B), continuous in the C? topology,
such that o = [F(0)].

Actually §(o) can be chosen as close to ®(p,v,t) as we want.

First we recall that ¢ : M — C*%(S!,S?) is proper by Theorem 2.

The map ® is an embedding of US? x (—1,1) in C*%(S!,S?). Moreover,
by Proposition 4, when 1—¢ < |t| < 1, there is a unique minimal disk 0 € M
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such that §(o) = ®(p,v,t) and o is non degenerate. So when t is close to
+1, ® is transverse to the boundary map .

Let us fix (po,vo) € US?. By the Smale transversality theorem [5], there
exists @ : (po,vp) x (—1,1) — C**(S!,S?), a perturbation of ® on (pg, vo) %
(—1,1), which is transverse to §. Moreover we can assume that ® = ' when
1<t <1.

Thus 6~ 1(®'((po, vo) x (—1,1))) is a submanifold of M. Since § is proper,
5§~ 1(®'((po,vo)x (—1,1))) is a proper 1-dimensional submanifold of M. Let ~y
be its component that contains D, ,, + for t close to 1. Since §~1(®’((po, vo) x
(—1,1))) is proper, it must contain also D, 4, ¢ for ¢ close to —1.

Since @' is a perturbation of ® on (po,vo) x (—1,1), we can extend its
definition to the whole US? x (—1,1) as a perturbation of ® such that &’
is still an embedding. We notice that a priori ® is not transverse to § on
US? x (—1,1) but it is the case on (pg,vo) X (—1,1) and (US? x ((—1, -1+
EJU[1 —&,1)) where we choose ®' = ®. The Smale transversality theorem
implies there is a perturbation ® of ® on the whole US? x (—1,1) which
is transverse to § and coincides with ® on (po,vp) x (—1,1) and (US? x
((-1,-14+¢JUfl—-¢1)).

So 6~ 1(®(US? x (—1,1))) is a proper 4-dimensional submanifold of M.
Inside it, we only consider the connected component > that contains D), ,
for any (p,v) and ¢ close to +1 (X exists since v C X).

We denote by 7 the map ® 108 : % — US? x (—1,1). For ¢ close to +1
we know that 7 is a bijection. Let us define

Yy =0 N (@US*x[£(1-8),£1))) = {Dpus;i (p,v,t) € US® x [£(1 — &), £1)}

Let us also define ¥ = 67! (EI;(US2 X [-1+¢1—g])).

So let us construct the map F' that parametrizes all these minimal disks.
First when o € X4, we know that we can identify o with (p,v,t) = 7 (o)
and we define:

F(o)=F(p,v,t): (z,y) e D> V1 —t2(zv+yp Av) + (t + uppi(z,y))p

as in Proposition 4. So we need to define F'(¢) when o € X.

Lemma 6. There is a map F : ¥ — C%*(D,B) continuous in the C?
topology which coincides with the above definition on ¥4 such that o =

[F(0)]. We have F(o)jop = ®(7(0)).

Proof. First we notice that F' is well defined on 0%y. Let us recall what
are the charts around ¢ € M. By Theorem 3.3 and Section 8 in [8], if
ker D§(7) has dimension j (the set of Jacobi fields on & that vanish on the
boundary has dimension j), there is a neighborhood of ¢ in M that can
be identified with a submanifold in C*%(9D, M) x R’ of codimension j
(such that ¢ correspond to the projection on the first factor). Moreover
there is H : C*%(0D,0M) x RI — C**(D, M) such that its restriction
to the submanifold gives a parametrization of any minimal surface in a
neighborhood of &.
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Let Y =YY C ... € Y* be a triangulation of ¥y such that each 4-cell is
contained in one of the above charts of M that are diffeomorphic to a ball.
First for any o in Y, we choose a parametrization F(c) of o such that, if
o € YN 9%y, F(o) coincides with the preceding definition of F.

By induction, let us assume that F : Y? — C%%(D,B) continuous in the
C? topology is defined and consider e a p + l-cell in Y?T!. If e belongs
to 0%, we extend F' by the preceding definition. If not, e belongs to an
above chart of M. So combining the inclusion of e in the submanifold of
C?(0D,0M) x RJ with H, there is a continuous X : e — C>%(D,B) such
that [X (0)] = 0. Besides there is a continuous map Z : de — Diff, o (D, OD)
such that F'(c) = X(0) o Z(0). Since Diff (D, D) is contractible (cf. [4]
and by Appendix A), Z can be extended continuously (for the C? topology)
in Diffy o(ID,0D) to the whole e. We then extend F by F(o) = X(o0) o
Z(0) € C**(D,B). So we can extend F to the whole Y?*1; this finishes the
proof. O

The proof of Proposition 5 is finished.

3.3. Rectifying the parametrization. From now on, we will forget about
the metric g on B, so {F(0)}scx is just a family of embedded disks in B3
with the Euclidean metric. Actually, the parametrization of o by F(o) is
not good for what we are going to do next. We use the following result.

Proposition 7. There is a continuous map Y : ¥ — Diff1 (D, 0D) such that
F(o)oY(0) is conformal along OD. Moreover, if o € ¥y, limY (o) = id
when t — +1.

Proof. Actually the proof is based on the following statement: let us consider
X : S' - R? a C! vectorfield such that (X,e.) > 0 then there is Y €
Diff; (D, 0D) such that 0,Y = X on 9D.

In order to construct Y, let 7o € (0,1/2) and ¢ : [0,1] — [0, 1] be a non-
increasing function such that ¢ = 1 on [0,1—79], (1) = 0 and ¢'(1) = 0 (ro
and ¢ will be chosen later in order to satisfy other properties). We define

Y(r,6) = ree, + (1 - 9)(er + (r — 1)X)

We also write X = A(cos ae, + sinaey) with A > 0 and « € (—7/2,7/2).
Thus

0Y =(p+ro)e, — o' (e, + (r — 1)X(cos ae, + sin aey))
+ (1 — p)A(cos ae, + sin aey)
Y =reeg + (1 — p)(eg + (r — 1)(Ng cos ae, + g sin aey

— Aoy sin ae, + Aayg cos aeg + A cos ey — Asin ae,))
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Choosing rg such that 2rgmax(\, \g, Aay) is small and using ¢’ = 0 on
[0, 1-— 7“0],

0.Y =(p+ro — @ (1+(r—1Acosa)+ (1 — p)Acosa)e,

+ (=¢'(r — DAsina + (1 — p)Asina)ey

DY =(ro+1—p)eg +e(r,0)
where (7, 0) can be assumed small by reducing ry and is vanishing if r <
1 — rg. So the Euclidean Jacobian of Y is

1

r

1
J (p+71¢ — @' (14 (r—1)Acosa) + (1 —@)Acosa)(ro + 1 — @) + ;5

since ¢ will be chosen such that ro¢’ is bounded.
Ifr <1-—1rp, we get J=1. So we focus on the sign of

(p+ro — (14 (r—1)Acosa) + (1 — p)Acosa) =
((p+ (r=1)¢') + Acosa(l — (¢ + (r — 1)¢'))

We will choose ¢ such that this quantity is positive. We can assume that

A < Ao, Acosa > n where A\g and n € (0,1) are some constant. Since ¢’ < 0,

we have p+ (r—1)¢’ > 9 >0. Soif o+ (r—1)¢’ <1 and Acosa > 1, one

has

o+ (r—1)¢ +Acosa(l —p—(r—1)¢") > Acosa + (¢ + (r —1)¢')(1 — Acos a)

> Acosa+ (1 —Acosa) >1

Ifo+(r—1)¢ <1and Acosa <1,

o+ (r—1)¢ +Acosa(l —¢ —(r—1)¢") > Acosa+ (p+ (r —1)¢')(1 — Acos a)
> Acosa >

If o+ (r—1)¢’ > 1 we have

P+ (r=1)¢ +Acosa(l == (r=1)¢) 2 o+ (r=1)¢" + X1 = (¢ + (r — 1)¢")
> (re+ (1= @)L+ Xo(r— 1))

So we will choose ¢ such that (r¢ + (1 —¢)(1+ Xo(r — 1)))’ > 0. Actually

we choose 9 : [0,1] — [0, 1] non increasing with ¢(1) = 0, ¥/(1) = 0 and

¥(r) = 1 on [0,1/2] and such that (r¢) + (1 — ¥)(1 + Ag(r — 1))) > 0 on
[1/2,1]. Then ¢ is defined by

{1 ifr<1-—rg

elr) = YL+ ifr>1-r

Thus the expected estimates about ¢ come from the ones on ¢ and are inde-
pendent of rg. Thus Y is a C! local diffeomorphism and then an open map.
Since Yjpp = id, Y(D) C D and Y is a global diffeomorphism. Moreover
oY =X.
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So in order to conclude the proof of Proposition 7, we will apply the above
construction to the vector fields X (o) given for ¢ € 9D by

X(0)(€) = D(F(@)) " (¢) (r—r/2(0pF (0)(<)))

where r_ /5 is the rotation by angle —7/2 in Tr(e)(¢)0-
Let us remark that when (o) = (p,v,t) with ¢ close to 1, we have

F(o)(z,y) = V1—12(zv+yp Av) + (t + uppi(z,y))p

So 9gF(0)(e") = v/1 — t2(—sin v +cosOpAv) +O(1 —t) and 0, F(o)(e?) =
V1 = #2(cos Bu+sin OpAv)+O(1—t). Sor_s /9(9gF (0)(e?)) = V1 — t2(cos v+
sinfp Av) + O(1 —t) = 0, F(0)(e”) + O(1 —t). This gives us X(o)(e?) =
er + O(v/1 —t). The same is true for ¢t near —1.

As a consequence, all the estimates that appear in the construction can
be chosen uniformly in . So rg can be chosen independently of ¢ and Y

depends continuously on o. The last remark is that, as t — +1, Y (o) —
id. O

In the sequel, we denote F(c) = F(c) o Y(c) which is conformal on the
boundary.

3.4. Extending F and the boundary behaviour. We denote by v(o) =

nggg#g\l the Euclidean unit normal to 0. We also define h(o) =
||ZZ§EZ;||‘ Finally we define H : ¥ x D — B x US? by

H(0,¢) = (F(0)(), ¥()(¢): h(0)(C)).

Looking at the parametrization F'(o) when o € $4, we have H(o,() —
(+p, p,v) when 7(o) — (p,v,£1). This allows us to compactify 3 x D and
extend H to this compactification.

Since (7, id) is a bijection from ¥y x D — US? x [1 — £,1) x D, one can
extend ¥ x D as US? x [1 — &, 1] x D then take the quotient by the relation
(p,v,1,{) ~ (p,v,1,¢’). Tts like compactifying [1 — £,1) x D as the upper
part of a 3-ball. Then H extends by continuity by H(p,v,1,{) = (p,p,v).
The same can be done for ¥_.

So we get a compact manifold K where H extends to G : K — B x US?.
We need to describe G on 9K:

o if £ € OK is a point added to > x D along the compactification
corresponding to (p, v, 1), we have G(k) = (p,p,v);

e if £ € OK is a point added to X x D along the compactification
corresponding to (p,v,—1), we have G(k) = (—p, p,v);

e if k is not an added point and k = (o, ) with |[¢| = 1, we have G(k) =

(8(0)(©)s (0)(¢), A(0)(Q))- 1t (o) = (p, v,t), 6(0)(C) = B(p, v, 1)(C)
which is close to ®(p,v,t)(() (and even equal on ¥4 x D). v(o)(()
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is a unit normal vector to ®(p,v,t). Since F(o) is conformal along
0D, we have:

iy _ COS 00, F (o) — sin 09 F (o) Ry
M e
_cos HOTF(J)N— sin 00y @ (7 (o)) (¢)
10p® (7 ()l
= cos 0 (M A V) - sinem
109@( ()]l 109@( ()]l

= cosfég A\ v — sin ey

dyB(n(0))
106 %(x(@))]

Actually we have

where ey =

Proposition 8. On 0K, choosing ® close enough to ®, G is homotopic to
G : 0K — $? x US% (0,¢) — (®(7(0))(¢), m1(0)) where m (o) = (p,v) if
(o) = (p, v, 1).

Proof. In order to construct this homotopy we can construct it for each
factor S? and US?. We focus on the second one.

To do this, we endow US? with a Riemannian metric such that the fol-
lowing identifications RP3 ~ SO3 ~ US? are isometries. Let us recall that
these identifications are constructed in the following way. If (a,b,¢,d) € S?,
the unit norm quaternion ¢ = a + bi + ¢j + dk acts by conjugation on the
unit sphere of purely imaginary quaternions by the following matrix of SOj3:

a2+ b —c2—d>  2(—ad+be) 2(ac + bd)
2(ad + be) a? —b? +c? —d? 2(—ab + cd)
2(—ac+ bd) 2(ab + cd) (a? — b — 2 + d?)

We notice that only (a,b,c,d) and (—a,—b, —c,—d) are identified with the
above matrix; so RP3 ~ SO3. Besides, if (p,v) € US?, we can consider the
matrix (p,v,p A v) € SO3. This gives the second identification US? ~ SOs.
Finally we use them to put on US? the Riemannian metric of RP? inherited
from the one on S3.

As a consequence, the cut-locus of ((1,0,0),(0,1,0)) (whichis [a:b: c:
d =[1:0:0:0] € RP?) is given by {a = 0}. So the cut-locus of I3 is the
set of matrices of trace —1: the rotation of angle .

In order to construct the homotopy, we are going to prove that for any
(0,¢) the matrix (v(0)(¢), h(0)(¢),v(0)(¢) AR(c)(C)) is not in the cut-locus
of (p,v,p A v) where m1(0) = (p,v). Because of the group structure of SO3
and the invariance of the below arguments by left multiplication, we assume
that 71 (o) = (po,vo) = ((1,0,0), (0,1,0)). Moreover we recall that ® is close
to ® and even equal when ¢ is close to +1.
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At ®(po, vo, t)(e?), the unit vector & is close to eg = (0, —sin 6, cos ).
So we can write €9 = (sina, — cosasin @', cos acos ') with « close to 0 and
0’ close to 6. We write v = (cos p, sin ¢ cos 3, sin ¢ sin ) with 3 close to 6
and even equal if ¢ close to £1. Thus

sin « Cos ¢ —cos asin g cos(6' — )
égAv = | —cosasin® |A|sinpcosB | = [ —sinasinpsin S + cos a cos ¢ cos
cos acos §’ sin @ sin 8 sin asin @ cos 8 + cos a.cos p sin 6’

Moreover v A h = v A (cos@ég A v —sinféy) = cos 0ég + sin 0ég A v. Thus the
trace of (v, h,v A h) takes the value

tr(v, h,v A h) = cos ¢ + cos §(— sin asin ¢ sin 3 + cos a cos ¢ cos §')
+ sin 0 cos asin 6’ + cos 6 cos v cos &
+ sin f(sin asin g cos B + cos a cos @ sin §')
= cos ¢ + sinasin psin(f — 3) + cos acos p cos(d — ')
+ cosacos( — ')
As « is close to 0 and €’ close to 6, the trace is close to 1 + 2 cos (.

For |t| > 1 — &, we know § = 6’ = § and a = 0. Moreover ¢ is close to 0
(its value when ¢ = +1). So the value of the trace is close to 3 for |t| > cos¢
(for some positive & close to 0).

For ¢ not close to £1, we know that €y A v points to the outside of B at

®(po, vo, t)(e®) = (cos~,sin~y cos#”,sin ysin #”) where cos is close to ¢ and
0" is close to @ since v is never normal to S? = B. So

0< (g, @(po,vo,t)(ew))
= — cosy cos asin p cos(f' — )
+ sin vy cos §” (— sin asin g sin 3 + cos acos ¢ cos §')
+ sin vy sin 6" (sin o sin ¢ cos 3 + cos a cos p sin ')
= — cosy cos asin ¢ cos(f’ — ) + sinysin asin psin(§” — 3)
+ sin~y cos a cos p cos(6” — 0")
As 0 ~60 ~0"~pFand a ~0, weget 0 <sin(y—¢)+e Soy—m—n<
¢ < v+m+n for some small . We notice that all the above approximations
depends on how far @ is from ®. Since we can choose ® as close of ¢ as we

want, we can make all these approximations very precise. So where we have
to pertub @ into @, ¢ <~ <7 — €. Since we can assume 1 < £, we get

< T+ —n<p<TH+n—-~E<T

So tr(v,h,y ANh) ~ 14 2cos¢ > —1. Thus choosing ® close enough to
®, we can be sure that, for any (o,(), (v(0)(¢),h(c)(¢)) is not in the cut-
locus of m1(0) = (p,v). Thus moving the points along the geodesic from

(v(0)(C), h(0)(¢)) to 71 (), we get an homotopy from (¢, ¢) — (v(0)(¢), h(e)(¢))
to (0,¢) — w1 (o). This finishes the proof for the second factor.
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For the first one, we only remark that (o, ¢) — ®(7(0)(¢)) and (o, ¢) —
®(m(c)(¢)) are close since ® is a perturbation of ® (and we have equality
for points added in the compactification). So the two factors are homotopic.
This finishes the proof of Proposition 8. ([

3.5. The final argument. We are going to prove that G is surjective on
the interior of Bx US?. If it is true, this will tell us that for any (¢, v) € BxS?
there is a disk ¢ passing through ¢ with unit normal v: this is exactly the
statement of Theorem 3.

Let us assume that this is not the case. Let A = (a,b) € B x US? be not
in the image of G. Let us notice that B\ {a} can be deformation retracted
to S? and US? \ {b} can be deformation retracted to the equatorial RP? in
RP3 ~ US? with pole at b. So B x US?\ {A} can be deformation retracted
to A = (S? x US?) Ug2 ygp2 (B x RP?) where both terms are glued together
along the common S? x RP?2.

Let us consider homology with Z/27Z coefficients since it is not clear if
K is orientable. Composing G' with the deformation retract defines a map
G’ : K — A which coincides with G on K. As a consequence, [G(0K)] =
[G'(OK)] = [0G'(K)] =0 € H5(A,Z/27).

A part of the Mayer-Vietoris sequence associated to A = (S2xUS?)Ug2 g p2
(B x RP?) is

H5(S? x RP?) — H5(S* x US?) @ H5(B x RP?) — Hj(A)

Since H5(S* x RP?) = 0 and H;(B x RP?) = 0, the inclusion i : $* x US? —
A gives an injective inclusion H5(S? x US?,Z/2Z) — Hs(A,Z/2Z). G is
homotopic to G : 9K — S2 x US? C A;(0,¢) — (®(7(0))(¢), m1(c)) which
is a degree 1 map: indeed when ¢ is close to 1 there is exactly one antecedent.
So [G(OK)] = [G(OK)] = [S® x US?] # 0 € H5(A,Z/27). Thus we have a
contradiction and G is surjective.

4. A MINIMAL DISK CONTAINING THREE POINTS

In this section, we do similar arguments to the preceding section in order
to prove that choosing three points in a Riemannian ball there is a minimal
disk containing these three points.

Theorem 9. Let M = (B, g) be as in Theorem 3. Let q1,q2,q3 € M be three
points, then there is o € M such that q; € o for 1< < 3.

In order to do the proof we need an equivariant version of the construc-
tion of the preceding section. Let R and S be defined as maps C?<(S!, S?) —
C?2(S,§?) or C%%(D,B) — C%%(D,B) by R(X)(z) = X(—2) and S(X)(z) =
X (z). We notice that these maps induce maps R and S on M such that
the boundary map 4 is equivariant. We also notice that R and S generate a
free actions of G = (Z/27)* on M and C%“(S!,S?).
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On US? x (—1,1) we also define r(p,v,t) = (p, —v, ) and s(p,v, t) =
(—p,v, —t). It also generates a free action of G = (Z/QZ) on US? x (—1,1
such that @ or = Ro ® and ® o s = S o & where ® is defined by (1).

Let us denote M = M/G, U = (US? x (-1,1))/G, T = C**(S',§?)/G;
we denote by IT: M — M the projection map. Let ¥ and 4 be the induced
map from ® and §. We then have a commutative diagram

=X

o T
Since the action of G on M and C>%(S!,S?) are free and G is finite, M

and T' are Banach manifolds and & is Fredholm of index 0. Moreover U is
a smooth manifold and ¥ is an embedding. So now the idea is to do an
equivariant version of the work in Section 3.

4.1. The equivariant construction. As in the precedlng section (Propo—
sition 4), when t is close to 41, there is a unique o € M such that 5( ) =
U(p,v,t) and D4 is invertible at 0. So we can perturb ¥ into U:U =T

such that & and U are tragsverse and U = ¥ close to t = +1.
As above S = 6§~ Y(W(U)) is a proper smooth submanifold of M. Let

L=1"1%) c M.

As above, we want to have a parametrization of all the minimal disks in
3.

When ¢ is close to 1, we have the parametrizations

F(p,v,t): (z,y) = V1—=12(zv +yp Av) + (t + upp(z,y))p

We notice that, by the implicit function theorem, we have

E(r(p,v,1))(2) = Fp,v,t)(=2) and F(s(p,v,1))(2) = F(p,v,1)(2)
As above we define ¥4 = {me,t; (p,v,t) € US? x [£(1 — &), j:l)} and Yo =
¥\ (UX4). So we want to extend this to the whole ¥ in an equivariant way.

Lemma 10. There is a continuous map F : ¥ — C%%(D,B) in the C?
topology which coincides with the above definition on ¥4 such that [F(o)] =
o and F s equivariant:

F(R(0))(2) = F(0)(=2) and F(5(0))(z) = F(o)(2)

Proof. Let f]o be T1(Xg). Let YOC...CcY%bea triangulation of f]o such
each 4-cell lifts to ¥ as 4 disjoint 4-cells. We denote by Y? € --- C Y* the
lift of this triangulation. So if e is a p-cell in Y?, R(e), S(e) and R o S(e)
are the other p-cells above II(e).

As above the proof is by induction. For any 0-cell &in Y, let {e, R(e), S(e), Ro
S(e)} be T~1(¢). Let F(e) € C?>%(D,B) be a parametrization of e and de-
fine respectively the parametrizations of R(e), S(e), RoS(e) by F(R(e))(z) =
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Fe)(=2), F(S(e))(2) = F(e)(2) and F(Ro S(e))(z) = F(e)(=2). Since e,
R(e), S(e) and R o S(e) are disjoint this is well defined and moreover F is
G-equivariant.

By induction let us assume that an equivariant F : Y? — C?%(D,B) is
defined. Consider & a p + 1 cell in YP*! and {e, R(e), S(e), R o S(e)} be
I1-1(é). As in Lemma 6, F is defined on Je and can be extended to the
interior of e. Then we define, for any o € e, F(R(0))(z) = F(o)(—=%),
F(S(0))(z) = F(o)(2) and F(Ro S(0))(z) = F(o)(—z). This extends the
definition of F to S(e), R(e) and Ro S(e). So F is well defined on I171(¢)
in an equivariant way. We then end the construction by induction. ([l

4.2. The degree argument. Let us now define H : ¥ x [-1,1] xDx D —
B x B x B by H(o,x1,22,23) = (F(o)(x1), F(0)(22), F(0)(23)). Our goal is
to prove that H is surjective. We notice that x; is real.

On X x [~1,1] x D?, there is an action of G = (Z/2Z)? which is defined
by
R(U, x1, 22, 2’3) = (R(J), —x1, —29, —2’3) and S(U, X1, 22, 23) = (S(J), x1, 22, 23)
Because of the equivariance of F, we have HoR=H and HoS = H. As a
consequence the map H induces a map H on the quotient K = X x [—1,1] x
D?/G. Tt is enough to prove that H is surjective. Let L be the interior of
K ice. (0,31, 29,23) € L if |21] < 1, |22] < 1 and |23] < 1.

o o

Lemma 11. The map H:L—BxBxB has mod 2 degree equal to 1.

Proof. 1t is clear that H:L>BxBxBis proper. So it has a well defined
mod 2 degree.
Let us compute this degree. Let (p,v) € US? and t close to 1. We are

interested in H~!(tp + V1 — t2v,tp + V1 — t2p A v, tp — V1 — t2v). Clearly
it is made of four points in K:
(F(pa v, t)? 17 7;7 _1)7 (F(p7 -0, t)a _17 _iv 1)7 (F(_pv v, _t)7 17 _iv _1)7
(F(_pa -0, _t)a _17 _7;7 1)
We recall that x; is real here. As a consequence, H “Ltp + V1 —t2u,tp +
V1—1t2p A v,tp — V1 —t2v) has only one element. Let us see that it is

also the case of f]‘l(ql,QQ,qg) for (q1,92,93) € B x B x B close to (tp +

V1—t2v,tp+ V1 —t?p Av,tp — V1 — t?v). First we remark that, if
(F(pn7 Un, tn)(:vl,n)? F(pm Un, tn)('zQ,n)a F(pm Un, tn)(z?;,n)) —
(tp+ V1—tvtp+V1—pAv,tp— 1 —t2v),

then (pn,Un,tn, 10, 22,0, 230) — (p,v,t,1,4,—1). Indeed, we can assume
that (pn, Un, tn, T1,n, 22,0, 23.0) — (P, 0, t, 21, 22, 23) and we notice that ¢ # +1
since otherwise (F'(pn, Un, tn)(1,n), F (Dn, Un, tn)(22n), F'(Dn, Un, tn)(230)) —
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+(p,p,p). Oncet, —t € (—1,1), the convergence to (p,v,t, 1,4, —1) is clear.
So we can focus on a neighborhood of (p,v,t, 1,4, —1).

Let us compute the differential of H (p, v, t, x1, 2, y2, x3,y3) at (p,v,t,1,0,1,—1,0).
Actually we consider the differential of

h(pa v, 975017332729275537%) - H(pa v, COSQ7$15 xX2,Y2,T3, 3/3)

We notice that the tangent space to (p,v) in US? is {(q,w) € T,S? x
TUSQK(']”U) + (pvw) = O} So

D pv)h(q,w) = (cos 0g+sin Ow, cos g +sin g Av+sin Op Aw, cos fq —sin fw)

We write (¢, w) = (av+bpAv,—ap+cpAv) soqgAv=—bpand pAw = —cv
and this derivative becomes

D,y (g, w) = ((—sinbp + cos Ov)a + cos Obp A v + sinfcp A v,
cos fav + (cosfp A v — sinfp)b — sin fcv,
(sin@p + cos Ov)a + cos Obp A v — sinfcp A v)

For the other derivatives we have

Oph = (—sinfp + cos v, — sin Ov + cos fp A v, — sin Op — cos 6v)
Oz h = (OUp v sina(1,0)p + sinbv,0,0)
Ozyh = (0, 0pUp v sing(0, 1)p + sin v, 0) = (0, sin v, 0)
Oy h = (0, Oytp v sin (0, 1)p + sinOp A v, 0)
Ozzh = (0,0, 0ptp v sing(—1,0)p + sin fv)
Oysh = (0,0, Oyt 4 sin6(—1,0)p + sinfp A v) = (0,0,sin0p A v)

We notice that, by Proposition 4, Vi, cosg = O(sin? ). So considering
the family (D, ,h(v, —p), Dph(pAv,0), Dpoh(0,pAv), Ogh, Oy, by Oy h, Oyy vy Oy by Oy h)
in the basis (p, 0, 0), (pAv, 0,0), (0, p, 0), (0,0, p), (v, 0,0)(0, v, 0), (0, pAv, 0), (0,0, v), (0,0, pA
v) the jacobian matrix is

—sinf 0 0 —sinéd dzup v,cos0(1,0) 0 0 0 0
0 cosf sinf 0 0 0 0 0 0
0 —sinf® O 0 0 OyUp v,cos6(0,1) 0 0 0
sin 6 0 0 —sinf 0 0 0 OzUp,p,coso(—1,0) 0
cos 0 0 0 cos 0 sin 0 0 0 0 0
cos 0 0 —sinf —sinf 0 sin 0 0 0 0
0 —cosf® O cos 0 0 0 sin 6 0 0
cos 0 0 0 —cosf 0 0 0 sin 0 0
0 cosf@ —sinf 0 0 0 0 0 sin 0

So this matrix has the form
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~1 0 0 -1 00000
0 coth 1 0 00000
0 -1 0 0 00000
1 0 0 -1 00000
sinf [ cotd 0 0 cotf 1 0 0 0 0] +O(sin?6)
cotf 0 -1 -1 01000
0 —cotd O cotd 0 0 1 0 O
cot 0 0 0 —cotéd 0 O O 1 O
0 ctf -1 0 00001
So if  is sufficiently close to 0 its inverse is
-2 0 0 -1 00000
00 -1 0 00000
001 ¢ 0 000O0O0O
1 -3 0 0 3 00000
M( c 00 0 10000 +o(1)>
21 ¢ 201000
S0 ¢ -£ 00100
0 0 0 ¢ 00010
0 1 2 0 00001

where ¢ = cot 6.

So the local inversion at the boundary applies and the map H sends diffeo-
morphically a neighborhood of the point (D, ,¢,1,0,1,—1,0) in 3 x [—1,1] x
D? into a neighborhood of (tp + v/1 — t2v,tp + V1 — t2p A v, tp \/1 — t?v)

in B? when t is close to 1. This implies that when (g1, g2, q3) € IB% is close to

(tp+V1 — t2v, tp+V1 — 2pAv, tp—/ 1 — t2v) (t close to 1) there is a unique

(0,21, 22,Y2,T3,Y3) € ¥ x (-1 1) X D such that H(a xl,xg,y2,$3,y3) =
(1,42, q3) and the differential of H at this point is invertible. So H has mod
2 degree equal to 1. O

Since H has odd degree, it is surjective. This finishes the proof of Theo-
rem 9.

5. MINIMAL PLANES IN ASYMPTOTICALLY FLAT 3-MANIFOLDS

In this section we prove the following result which is an extension of
Theorem 1 in [2].

Theorem 12. Let (M,g) be an asymptotically flat 3-manifold containing
no closed embedded minimal surface. Let us consider either

e gc M and V C Ty;M a 2-dimensional subspace or

® q1,92,93 € M.
Then there is a complete properly embedded minimal plane ¥ in M satisfying
respectively
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egeXandT,X =YV or
e g; €Y forl1<1i<3.

First let us recall what is the asymptotic flatness hypothesis we consider.
M is diffeomorphic to R? and, in these coordinates, the metric can be written
g = go + h where gg is the Euclidean metric and h satisfies |h| + r|Dh| +
72| D%h| — 0 as r — oo (r the Euclidean distance to the origin of R3).

Actually, once Theorems 3 and 9 are known, the proof of the above the-
orem follows the ideas of Chodosh and Ketover in [2]. More precisely we
use a variant of [2, Proposition 7]. Before let us fix a notation. Let {I'r}
be a family of closed curves in S?(R) = 0B(R) where B(R) is the Euclidean
ball of radius R. We say that they are C*% almost parallel curves if, after
rescaling to unit size, 5T'r C S? converges in the C*® sense to a parallel
curve in S? or to a constant map.

Proposition 13. Let (M, g) be an asymptotically flat manifold diffeomor-
phic to R? that contains no closed embedded minimal surfaces.

Let {3R} be a family of embedded minimal disks in B(R) containing ¢ € M
and whose boundaries 0¥ C OB(R) are C** almost parallel curves. Then
a subsequence of {¥r} converges smoothly on compact subsets of M to a
complete properly embedded minimal plane Y.

The difference with [2] is that we do not assume a priori that 0Xg is
almost equatorial.

Proof. First we notice that, for large R, the length of 90X is less than
27(1+ o(1))R.

Let Ar ~ VR be such that ©zpNS?(\g) is transverse. As in [2], area(X g\
B*(Ag)) < 7(1 4 o(1))R2. So L = (3R \ B*(Ag)) is a stationary integral
varifold in (B, gr) (gr is the homothetic of g by % and converges to the
Euclidean metric as R — 00).

Since | Sg||(B) < 7(1+0(1)), we can assume that ¥ converge as varifolds
to V which is stationary in B3\ {0} endowed with the flat metric and satisfies
IVII(B\ {0}) < 7. Actually, V extends to a stationary varifold of B with
|IV]|(B) < . The origin is in the support of V since q/R € X r/R converges
to the origin.

By the monotonicity formula V' is the varifold associated to a flat unit
disk through the origin with multiplicity one. This implies that 90Xy is
converging to an equator. Now the rest of the proof is similar to the one of
[2, Proposition 7.2]. O

Proof of Theorem 12. Let g and V or q1, g2, q3 be as in the statement. Since
the metric is asymptotically Euclidean, we consider a chart M ~ (R3,g)
with the prescribed asymptotics for g. This implies that for large R, the
ball B(R) is mean convex. So we can apply Theorem 3 or 9 and obtain
a minimal disk > whose boundary is an almost parallel curve such that
(q, V) = TqER or q; € ER.
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By Proposition 13, a subsequence of Y converges to Yo, a properly
embedded minimal plane in M. Since the convergence is smooth (¢,V) =
Ty OT G € Yo O

Remark 3. As in [2], Theorem 12 extends to the case where M is asymp-
toticaly conical: M is R® endowed outside a compact subset with a metric
g = ga + h where g, is the conical metric g, = dr? +r?a’gse and h satisfies
|h| 4+ r|Dhlg, + 7‘2|D2h|ga —0asr— o0

APPENDIX A. ABOUT THE SMALE THEOREM

Let us explain the use of Smale’s theorem in Lemma 6. A priori this
theorem says that the group Diff (D, D) is contractible. But here we are
not considering C™ diffeomorphisms: they are C*.

Let us prove a first result about the regularity of the diffeomorphisms we
consider. We focus on the case k = 2 since this is enough for us.

Lemma 14. Let F,G € C%%(D,R3) be two immersions and ¢ € Diff1(D, D)
such that F' = G o ¢. Then ¢ € Diffy (D, 0D).

Proof. Let o be the surface parametrized by F' and G. It is well known that
¢ is actually a C? diffeomorphism. If we look at the second differential of
F =G o, we have

D*Fy, = D*Gly () (Dp)p, Dp)y) + DGy (D))
Thus

2 -1 2 2

D% = DG (D°Fly — D*Gy() (D, Dep)y))
Let 7, be the orthogonal projection from R3 to Trpyo and Hy : T,DXT,D —
Trpyo C R? defined by H, = D2F|p — D2G‘¢(p) (D, Dypjp). Thus we have

2 2 _ po-l _ po-l
D g = D g = DG Hy = DG Hy
_ -1 _ po-l —1 _ po-l
= DGy = DGy (mpHy) + DGy (mpHy) = DGy Ho
= DG\, o mp(Hy — Hy) + (DG o my — DG, 0 mg) Hy
Since F and G are C%°, |H,— H,|| < C|p—g|* and |]DG|;1(p)o7rp—DG|;1(q)o
mqll < Clp —q|. As a consequence, we have || D¢, — D¢ || < C|p — q|*.
So ¢ € C**(D, D) and ! also. O

Now let us explain what is the consequence of Smale’s theorem : the
contractibility of Diff (D, 0D). Let @ = (a,b) be in Diff;, o (D, D). Let a;
and by be the two solutions of the heat equations:

Oiay = Aa on R} x D Oiby =Ab  on R} xD
ap =a on D and bg=1b on D
ai(z,y) =x on R4y x dD bi(z,y) =y on Ry x 0D

These solutions exist, are unique and a,b € C*(Ry x D) NC>®(R% x D). We
define Yt = (at, bt)
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First we remark that |¢||? = a? + b? satisfies 0y ¢¢]|?> < Allo¢||>. From
the maximum principle, p¢(p) € D for all p € D and ¢t > 0. Thus for ¢ close
to 0, ¢ € Diff (D, 9D) since its Jacobian does not vanish.

Let Z be a map from a compact set to Diffy o (DD, 0D) continuous in the
C* topology. By solving the heat equation as above, we construct a map
t — Z; € Diff}, (D, 0D) for ¢ € [0,¢] with Zy = Z and Z; € Diff (D, oD) if
t > 0. This map is continuous in the C* topology. Since Z. is a continuous
map with values in Diff (D, 9D) which is contractible, we can deform it to
the constant map.

So Z can be deformed in the C* topology to the constant map. As
a consequence, any homotopy group of Diff; o(ID,0D) is trivial. This is
sufficient for the proof of Lemma 6.
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