N
N

N

HAL

open science

Extreme value theory for synchronization of coupled
map lattices
D. Faranda, H. Ghoudi, P. Guiraud, Sandro Vaienti

» To cite this version:

D. Faranda, H. Ghoudi, P. Guiraud, Sandro Vaienti. Extreme value theory for synchronization of

coupled map lattices. Nonlinearity, 2018, 31 (7), pp.3326-3358. 10.1088/1361-6544/aabc8e .

01768182

HAL Id: hal-01768182
https://hal.science/hal-01768182

Submitted on 22 May 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01768182
https://hal.archives-ouvertes.fr

arXiv:1708.00191v2 [math.DS] 7 Apr 2018

EXTREME VALUE THEORY FOR SYNCHRONIZATION OF
COUPLED MAP LATTICES

ABSTRACT. We show that the probability of the appearance of synchronization in
chaotic coupled map lattices is related to the distribution of the maximum of a cer-
tain observable evaluated along almost all orbits. We show that such a distribution
belongs to the family of extreme value laws, whose parameters, namely the extremal
index, allow us to get a detailed description of the probability of synchronization. The-
oretical results are supported by robust numerical computations that allow us to go
beyond the theoretical framework provided and are potentially applicable to physically

relevant systems.

D. Faranda[]f, H. Ghoud{] P. Guiraud]] S. Vaient]

1. INTRODUCTION

Coupled Map Lattices (CML) are discrete time and space dynamical systems intro-
duced in the mid 1980’s by Kaneko and Kapral as suitable models for the study and
the numerical simulation of nonlinear phenomena in spatially extended systems. The
phase space of a CML is a set of scalar (or vector) sequences indexed by a lattice L,
eg. L =17% Z or Z/nZ. For instance, a configuration = € I of the lattice may rep-
resent a spacial sample of a mesoscopic quantity with value in an interval I, such as a
chemical concentration, the velocity of a fluid, a population density or a magnetization.
The dynamics of the lattice is given by a map T : I* — I% which is usually written
as the composition of two maps, i.e. T .= D, o TO, where Tp : IY — I* is called the
uncoupled dynamics and ®., : I* — I* the coupling operator. The uncoupled dynamics
acts on a configuration x € I* as the product dynamics of a local map T : I — I, that is
To(a:)i := T'(z;) for every i € L. The coupling operator models spacial interactions, which

intensity is given by the parameter v € [0, 1]. In particular, in the absence of interaction
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v =0 and ®, = Id. For example, for L = Z or L = Z/nZ the coupling operator often
writes as
(®y(2))i ==Y eyymiy Vi€ L, (1.1)
jeL
where ¢, ; > 0, ZJEL cy; =1land coo = 1.

In the huge literature about CML, one can find many possible choices for the local map
and the coupling operator. For instance, the dynamics of CML of bistable, unimodal, or
chaotic maps have been studied for different kind and range of coupling, revealing a rich
phenomenology including spatial chaos, stable periodic points, space-time chaos, clusters,
traveling waves and synchronization, (see [0, 4l [I0] and references therein). In this paper,
we will consider a system of n coupled chaotic local maps (the precise properties are given
e I" by:

n)
i Vie{l,...,n}.

Note that the study of this system is equwalent to that of a CML on a periodic lattice
where the coupling operator is defined by (L.1)) with L = Z/nZ, c¢,o = (1 — v + ) and
cy; = 2 forall j € {1,...,n—1}. The chaotic and synchronization properties of CML of

in Section [2)) defined for any 7 := (x4, . ..

(1)) = (1~

3|~2

logistic local maps with this mean-field-type global coupling were observed and studied
by Kaneko in [23] and then, among others, by P. Ashwin [2] (and references therein).

The first contribution which looked at CML in the framework and with the tools
of ergodic theory, was the work by Bunimovich and Sinai. In the famous paper [3],
using thermodynamic formalism, they proved the existence of mixing SRB measures for
infinite CML with chaotic local map and weak (nearest neighbor) coupling. Since then,
the progress in the study of the statistical properties of chaotic CML has been enormous,
with the contribution of several people, and the development of a spectral theory [15] [16].
We defer to the book [4] for a wide panorama on the different approaches to CML and
for exhaustive references.

In this paper, we present a new application of Extreme Value Theory (EVT) to CML
on a finite (or periodic) lattice. Our aim is to provide a first approach to CML by using
EVT and to show how to get a certain number of rigorous results about the statistics
of some rare events, such as the synchronization in chaotic CML. We say that the CML
is synchronized when it is near a homogeneous configuration (in a small neighborhood
of the diagonal of the phase space). Synchronization is usually intended to last for a
while once it has started and this is what usually happens for some kinds of chains of
synchronized oscillators. This is not the case of course for chaotic CML, since almost every
orbit is recurrent by the Poincaré Theorem. What we actually investigate is therefore the
probability of a first synchronization and how long we should wait to get it with a prescribed

accuracy. EVT provides this kind of quantitative information, since synchronization
2



processes can be interpreted and quantified by computing the asymptotic distribution of
the maximum of a suitable random process, see Sections [3] and [

Although we could not get a global synchronization persisting in time, we could ask
about the distribution of the number of successive synchronization events when the sys-
tems evolves up to a certain time. We will see that after a suitable rescaling, the dis-
tribution of that number follows a compound Poisson statistics: it is worth mentioning
that for two uncoupled expanding maps of the circle, this result dates back to a paper by
Coelho and Collet, [5].

Actually a first result in our direction was given in the paper [13], although not ex-
plicitly related to EVT, where the authors considered two coupled interval maps and
applied their spectral theory of open systems with holes to investigate the first entrance
of the two components into a small strip along the diagonal, which is equivalent to the
synchronization of the two-components lattice up to a certain accuracy. In more general
situations, we will present arguments about the spectral properties of the transfer opera-
tor of the system to sustain the existence of a limit distribution for the maxima of some
observables related to synchronization, and we will discuss a formula approximating the
extremal index (a parameter of the distribution) for lattices with an arbitrary number
of components. We therefore estimate the behavior of such an index when the number
of components is large. We will then generalize the theory to CML which are randomly
perturbed with additive noise and show, in particular with numerical evidence, that the
extremal index is 1 for any dimension of the lattice. We hope that our approach could
be helpful to understand and quantify those phenomena, like in neuronal spikes or in
business cycles of financial markets, where bursts of synchronization happen, disappear,
happen again, apparently in a disordered manner, but very often following the extreme

distributions arising in chaotic systems.

In Section 2, we present a powerful and general approach based on perturbation of the
transfer operator, and which has the advantage of being applicable to a large class of
observables arising in the study of EVT. In Section 3, we give a short insight into basic
notions of EVT, especially when it is applied to recurrence in dynamical systems. In
particular, we define the extremal index and show that it goes to one when the size of
the lattice goes to infinity or in presence of noise. In Section 4, we apply EVT to com-
pute the probability of synchronization events, and sustain the results by computing the
extremal index in Section 5. This computation depends on the behavior of the invariant
density in the neighborhood of the diagonal; our formula can be proved under the
assumption P8 which we believe to be unavoidable. In Section 6, we study the distribu-
tion of the number of successive synchronization events. In Section 7, we show that our
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analytic results and estimates are supported by numerical computations. They confirm
the existence of an extreme value distribution for a different kind of synchronization,
which we called local, and they validate the expected compound Poisson statistics for the
distribution of the number of successive visits. The fact that the extremal index for local
synchronization seems not to depend on the size of the lattice is an interesting numerical
discovery. In forthcoming papers we will study more general CML with non-local form of
coupling including the important case of diffusive or Laplacian interaction. A few other

possible developments are presented at the end of the paper (see section 7.2).

2. THE MAP AND THE OPERATORS

As mentioned in the Introduction, we consider a finite CML of size n > 2 with a local

map T : I — I and a global coupling. It is defined for any T = (x1,...,2,) € I"™ and
v €[0,1) by [}

~

T(T)s = (1 — )T(xs) + % > Tlwy)  Vie{L2...n}, (2.2)

where T = (x1,...,2,) € I",v € [0,1]. We suppose that T" is a piece-wise expanding
map of the unit interval onto itself, with a finite number of branches, say ¢, and which we
take of class C? on the interiors of the domains of injectivity Aj,..., A,, and extended
by continuity to the boundaries. The C? assumption is used in the proof of Propositions
and , although it could be relaxed with a C1* condition. Instead the finitness
of the number of branches is widely used in almost all the arguments. Let us denote by
Ug,k=1,...,¢" the domains of local injectivity of T. By the previous assumptions on
T, there exist open sets W}, D U, such that T|Wk is a C? diffeomorphism (on the image).
We will require that
Sp i=Sup sup HDT‘;[}k(f)H <A<,

k zeT(wWy)
where A := sup; sup,epa,) DT‘Zj(ZL‘”, and || - || stands for the euclidean norm. We will

write dist for the distance with respect to this norm.
An important tool for our further considerations is the transfer, or Perron-Frobenius
(PF), operator. The PF operator P of the map T is simply defined by the duality integral

relation
/ P(f)gdLeb = / fg o TdLeb,

where Leb denotes the Lebesgue measure on I, f € L' and ¢ € L°°.E| The spectral

properties of the PF operator become interesting when it acts on suitable Banach spaces.

5We will not index the map T with n, hoping it will be clear from the context.
In the following we will use the same symbol Leb for any n. Moreover L', LP and L will be

taken with respect to Leb. Finally the integral with respect to Lebesgue measure will be denoted with

J dLeb(z) or [ dx.



Let us therefore suppose that there exists a Banach space B with norm || - ||, which is

compactly injected in L' and the following properties holdﬁ

e P1 (Lasota-Yorke inequality) For any f € B there exists n < 1 and C' > 0 such
that

1Pflls < nllflls + CII ]|

The Lasota-Yorke inequality implies that P has an isolated eigenvalue equal to 1 which is
also the spectral radius of P (spectral gap property). We will often call i the contraction

factor in the Lasota-Yorke inequality.

Remark 2.1. By iterating the previous inequality one easily get that

. C
||Pkf‘|6SnkaHB"‘ﬂHth VE>1. (2.3)

This last inequality is actually needed in the perturbation theory used below. If one cannot
achieve it because P1 fails, it is enough to get P1 for an iterate of T. In this case a
standard argument allows us to get again .

e P2 The eigenvalue 1 is simple and P has no other eigenvalue on the unit circle.
This implies that P preserves a mixing measure ft which is the unique absolutely
continuous invariant measure with respect to Lebesgue. We moreover assume that
the associated density he L™,

It is well known that with our assumptions on 7', the uncoupled dynamics T 0,1.ey=0
in , satisfies P1 on any reasonable functional space B. We will give examples of such
spaces just below. Therefore, the spectral decomposition theorem of Ionescu-Tulcea-
Marinescu, see for instance [21], guarantees the existence of a finite number of absolutely
continuous ergodic components. They reduce to a unique absolutely continuous mixing
measure, which is P2, with some topological transitivity condition on the map 7', which
could be achieved by asking, for instance, T' to be Bernoulli, Markov, covering, etc (see,
e.g., Example [2.2).

In order to transfer the properties P1 and P2 to the map T with ~v > 0, we invoke the
perturbation theory by Keller and Liverani developed in [14]. According to that theory,
one should previously show the persistence of the Lasota-Yorke inequality for the
map T and then check that, for any f € B, we have

(P = Po) Il < p, I f15, (2.4)

where F is the PF operator of the uncoupled system (y = 0), and p,, is a monotone upper
semi-continuous function converging to 0 when ~ goes to 0. We defer again to Example

for a particular case, where this technique can be applied.

8 We will call a Banach space with this property adapted (to L1).
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The aforementioned perturbation theory was successively improved in [I3] by the same
authors, in order to deal with open systems which produce a different kind of perturbation
for the transfer operator. This perturbation arises naturally in the context of the EVT,
as we will see in the next section. In order to introduce and define it, let {D,;},en be
an increasing collection of nested subsets of I™ such that Leb(D;) — 1 when [ — oc.
Moreover, suppose that the sets D; are the closures of their interiors and have piece-wise
C* and co-dimension 1 boundaries. According to the observable used for the application
of EVT, the sets D; have a specific definition, and they will be given by and (4.22).
The EVT can be related to the spectral theory by considering the perturbed transfer
operator P, which is defined for any h € B by:

P,(h) := P(h1p,).

We now add new assumptions this operator must satisfy in order to apply the pertur-
bation theory for open systems. The goal is to compare the operators P and 151 and get an
asymptotic expansion for the spectral radius of ]31 close to 1 for large values of [. We will
see that it will give us the extremal index in the limiting distribution of Gumbel’s law.
We follow in particular the scheme proposed by Keller in [12], that we also summarized
in [I], Section 5, and in Chapter 7 of the book [25] to which we defer for more details.
There are 6 assumptions in [12], Section 2. The first three ask for uniform (in the “noise”
parameter [) quasi-compactness for the operator 151 We summarize them in the following

single assumption:

e P3 The operators ]Sl satisfy a Lasota-Yorke inequality, uniform in [, on the space

B, namely, the factors 7 and C' are the same for every sufficiently large [.

The next two properties P4 and P5 cover assumptions (5) and (6) in Keller [12]. We
also notice that P4, together with P2, implies assumption (4) in [12], as explained in
Remark 3 still in [12].

e P4 For any h € B, the quantity

r = sup |/(15h — Ph)dLeb)

h||hll8<1

goes to zero when [ — oo.

e P5 The density h of the (unique mixing) invariant measure fi of T" verifies
ril|(P = P)hlls < C'a(Dy), (2.5)

where C” is a constant independent of [ and Dj denotes the complement of D;.

We moreover assume that the density his strictly positive, namely its infimum is

inf)

larger than (") > 0 on a set of full measure.

We finally assume that



e P6 The following limit
J(P = B)BE(P — B)(h)dLeb
(D7)

(2.6)

qr = lim g, := lim
l—o0 l—o0

exists for any £ € NU {0}.
Under the assumptions P1-P6, it has been proved in [I3] that

0:=1-> q, (2.7)
k=0

exists and is equal to lim;_,., %, where p; is the spectral radius of 151 Therefore we
l

have the following asymptotic expansion for p;:
1 —pr = p(D;)0(1 4 o(1)), in the limit [ — oo. (2.8)

We stress that p; is the largest eigenvalue of f’l, that there are no other eigenvalues on
the circle of radius p;, and that there exist functions ¢, € B and measures ji; for which

the operators P, satisfy
Ph = pigy / hdfy + Qih (2.9)
for all h € B. Moreover [ gdi =1, [hdjy — [ hdji when | — oo and finally @, is a

linear operator with spectral radius strictly less than p; and satisfying: ||Q}||s < ¢/, for

a suitable 0 < ¢ < 1, see again [13] for the derivation of these formulas.

It is a remarkable fact that this approach automatically provides the scaling exponent
0 for the asymptotic distribution of the maxima, see below, and therefore it gives
a new proof of the existence of that distribution. The quantity 6 is called the extremal
index (EI) and it will play an important role in the following. We will see in particular
that it gives a correction to the pure exponential law for the distribution of the maxima.
In that respect it coincides with the extremal index as it is defined in EVT, see [§], [25].
Our next task will therefore be to look for a Banach space which verifies the preceding
six properties.

One natural candidate would be the space BV (I™) of functions of bounded variation
on R™ restricted to the L' functions supported on "= interior(I™). This space was used
in [13] in dimension 2, but it seems difficult to use it in higher dimensions to obtain P5.
The reason is that in order to get P5 one needs first to compute the quantity r; in P4.
Since h may not be necessarily in L*°, we should use Sobolev’s inequality to estimate
the integral and we get r; of order Leb(Dc)%. This is not enough to recover P5, since
the Banach norm ||(P — B,)h/||s is simply bounded by a constant as a consequence of the
Lasota-Yorke inequality. Instead for n = 2 the characterization of the total variation as
the maximum of sectional variations along the coordinate axis is sufficient to get (P5),
and it was just used in [13]. By referring to below, we can in fact bound the integral

7



J |h1pe
of the section of Dy along one of the two coordinate axis (we are using here the corollary

dLeb by 1/2 times the total variation of the density times the Lebesgue measure

2.1 in [15]). But that sectional measure is of the same order of the Lebesgue measure of
the whole Dy, just because we are on the unit square. We therefore turn our attention
to another functional space, the quasi-Holder space, whose importance for expanding
dynamical systems was stressed in the seminal works by Keller [I1] and Saussol [27].

We start by defining for all functions h € L'(I™) a semi-norm, which given two real
numbers €5 > 0 and 0 < a < 1, writes

|h|o == sup 1 osc(h, B.(Z))dLeb,
0<e<egg €
where osc(h, A) := Esupzc41(T) — Einfze4h(T) for any measurable set A. We say that
h € Vo(I™) if |h|l, < oco. Although the value of |h|, depends on ey, the space V,(I")
does not. Moreover the value of ¢y can be chosen in order to satisfy a few geometric
constraints, like distortion, and to guarantee the forthcoming bound ﬂ We equip
V,, with the Banach norm
[Allac := [Bla =+ [[A]1,
and from now on V,, will denote the Banach space B = (V,(I"),]|-||o). With the assump-
tions we put on the map T, in particular for the nature and smoothness of the boundaries
of the domains Uy, it can be shown that the transfer operator P leaves V,, invariant with
a = 1, and moreover a Lasota-Yorke inequality (P1) holds, whenever
4s, Y. 1

7 <1
1—s, Y, ’

where Y,, is the volume of the unit ball in R™ and Z is the maximal number of the

n = s, + (2.10)

boundaries of the domains of local injectivity that meet in one point, see [27]. Also, one
can show that B can be continuously injected into L* and in particular, [27], ||h]|e <

Cil[h]|a, where Cpy = =5,

Our next step is to show that B is invariant under the perturbed operator f’l By
comparing with the computations in [27], we see that the new term we should take care
of is:

|h1p,|o = sup ia osc(hlp,, B:(T))dLeb.

O<e<eg €
Using the results in [27] and with B.(D,) denoting the e-neighborhood of the set DB we
have:
osc(hlp,, B-(T)) < osc(h, D, N B.(T))1p,+

2 [Esup g, @)np, M) 1B.(0)n(B. () (T)-

9For explicit computations of g on concrete examples, see [27] and [22]; for the example (2.2)) below,
that value was computed in Proposition 6 in [28§].

10To be more precise we have B (D)) := {Z e R™ : dist(z, D) < €}
8



By integrating and dividing by ¢™* we get

2
|h1pla < [hla + sup — sup [h(T)|1 . (p)n(B.(pg)) (T)dLeb <
0<e<eo € JB.(z)ND
Leb(B.(Dy) N (B:(Dy))
e '
Before continuing we must say what really the set D; is in our case. Its complement, Dy
is given in (4.22)) and with the actual notation reads

[ola 4 2[[ ][ oo

Df ={7 € I" : max |z; — z;| <y},
i#£]
where 1, goes to zero when [ — oo. In this case it is easy to see that
Leb(B:(D;) N (B:(Dy)) < Creuwy, (2.11)
see Appendix 1 for the proof. Therefore we can continue the previous bound as:
|h1p,|a < |hlafl + 2CHC e y)).

This computation shows that B is preserved by 151, but if we want to get a Lasota-Yorke
inequality for it, and therefore satisfy (P3), we should multiply n by (1 + 2CyC,1;)
and ask that n(1 + 2CyC,v) < 1, which is surely satisfied by taking [ large enough.
Alternatively, one could take higher iterates of T. In this case the backward images of
D, will grow as well, but linearly with the power of the map and their contribution will
be dominated by the exponential decay of the contraction factor.
As we said above property (P2) requires that the invariant measure of the unperturbed
map be mixing; we will give an explicit example below.

Since quasi-Holder functions h are essentially bounded, it is easy to get Property (P4)

estimating as:
|/(ph — ngh)dLeb\ < /|h1ch|dLeb < ||h]|coLeb(D}) < Cyllh||oLeb(Dy). (2.12)

To check (P5), we begin to observe that the Banach norm ||(P — P,)h||s is bounded by
a constant, say C depending on has a consequence of the Lasota-Yorke inequality. Since

the density is bounded away from zero, we immediately have r;||(P—P,)h||s < %M(Df)

Example 2.2. We now give an easy example which satisfies P1 to P3 with B the
space of quasi-Holder functions; P4 and P5 follow from the above arguments and finally
Property (P6) will be proved in Section 5 under the additional assumption PO and for
a much larger class of maps. We stress that our example will be used for the numerical
simulations in Section 7. Moreover the techniques we are using could be easily extendable
to other transformations not necessarily affine. As the one-dimensional map 7" we will take
T(xz) = 3z modl. By coupling n of them as in we get a piece-wise linear uniformly

expanding higher dimensional map. We first notice that this map is not necessarily
9



continuous on the n-torus, but it satisfies the assumption (P0) in Section 5. The Lasota-
Yorke inequality can be proved for [ large enough, say for [ > [y if we verify the
condition . If it does not hold for the map 7" it will be enough to get it for an iterate
of T' and this is surely possible thanks to Theorem 11 in Tsujii’s paper [28], which holds
for expanding piecewise linear maps whose locally domains of injectivity are bounded by
polyhedra. The constants  and C' in depend in our case (local affine maps), simply
on the contraction rate s, = 37" to the power [. The next step is to prove the bound
)

This can be easily achieved by adapting our proofs of Proposition 4.3 in [1], or of Lemma
7.51n [20]. The basic ingredients of such proofs are: (i) the control of the distance between
the preimages of the same point z € I" with the maps Tj and T' (for a given 7); (ii) the
distortion, involving the two determinants | det(DTp)| and | det(DT)]| (for a given +). By
the structure of the map , one immediately sees that the distance at point (i) is of
order «v times a constant depending on the dimensionality n of ambient space. The ratio
of the determinants at point (ii) is instead of order (1 — )" as it follows from the proof
of Proposition below. This is enough to obtain the bound ; we left the details to
the reader. We should finally check that the invariant density is bounded away from zero
for the map T. We dispose of, at least, two criteria of covering type for that. The first
is taken from Section 7.3.1 and Lemma 7.5 in our paper [20] and requires the existence
of a domain of local injectivity Uy (see Section 2), whose image is the full hypercube I".
The second is described in Sublemma 5.3 in [22] and requires the so-called topological
exactness, namely the existence for any T € I and £ > 0, of an integer N, = N.(z,¢) > 0
such that TN B, (z) = I"™. Both results rely on an interesting property of the quasi-Holder
functions, namely the existence of a ball where the (essential) infimum of such a function
is bounded away from zero, see [27]. We believe such covering conditions are satisfied in
our cases. As an example, we report the computation of the density for two and three
coupled maps; it is also interesting to observe that the density does not oscillate too much
in the vicinity of the diagonal, which is required by our assumption P8, see Figure (1| for
n = 2 and Figure[2] for n = 3.

3. EXTREME VALUES AND LOCALIZATIONS

In this section and in the next one, we apply EVT to the study of a few recurrence
behaviors for our system of CML.

There are, at least, two approaches to EVT. The first, which we call the pure prob-
abilistic one (PPA) uses strong mixing properties to get fast decay of correlations for
a suitable class of observables and to control short returns around a given point. It is

worth mentioning that the PPA covers cases where there is no spectral gap and therefore
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the correlations do not decay exponentially fast, see for instance [25] for a rich variety of
examples.

The second approach, developed by Keller [I2] and which we name the spectral ap-
proach (SA), is based on the perturbation technique discussed in the preceding section
and which allow us to get Gumbel’s law directly by a smooth perturbation of the spectral
radius of the operator 151 We will show explicitly in Section 4 how this method works.
The SA seems particularly adapted to investigate synchronization, while the PPA is not
suited, for the moment, to study observables which become infinite on sets with uncount-
ably many points, which is what happens when we consider synchronization (along the
diagonal). As we have already pointed out in the previous section, the issue in the SA is
to verify the properties P1-P6.

Let us suppose the vector Z is given. When the orbit of a point T enters in a sufficiently
small ball centered at zZ we will say that there is localization of the orbit around the point
Z.

Let us introduce the observable
(@) = —log{) _ lo; — zl}, (3.13)
i=1
and consider the maximum
M, (%) := max{o(T), o(TT), ... o(T™'T)}. (3.14)

By adopting the point of view of EVT, we will fix a positive number 7 and we will ask

for the existence of a sequence u,, for which the following limit exists
m (o > Upy) — T, M — 0. (3.15)

We will say that the sequence M, has an Extreme Value Law, (EVL), if there exists a
non-degenerate distribution function H : R — [0, 1], with H(0) = 0 such that

(M, < wuy) —1—H(T), m — oo. (3.16)

By using the expression of ¢ we can rewrite (3.15) as

m p(UM) = 7. (3.17)
where
U .= {zel": Z |z; — zi| < v}, with vy, = e " (3.18)
i=1

and consequently (3.16)) can be restated as
pEel™:T@) ¢ UM k=0,...,m—1) = 1— H(r). (3.19)

We call v, the accuracy of the localization and we use the symbol a. to denote it. Of

course it depends on m, but as we will see soon, it is sometimes convenient to fix the
11



value of a. and choose m accordingly. If we see {Tk}kzl : [" — I™ as a vector valued
random variable on the space {I", i} associating to the point T € I" its orbit, then the
limit could also be interpreted as the probability that each component {Tf}kzl is
localized with accuracy a. = e~ around z; for the first time when k > m. In order to
get the probability of such an event, we have to insure a few assumptions, which were
already anticipated in the previous section, and which will allow us to apply Proposition

3.3 in [I] that we restate in the following proposition:

Proposition 3.1. Suppose that the system (I”,T, it) has a unique absolutely continuous
mvariant and mizing measure [ with density bounded away from zero and erponential
decay of correlations on an adapted Banach space. Let (Xo, X1, -+ ) be the process given
by X, = po Tm, m € N, where ¢ achieves a global maximum at some points zZ. Then we
have an EVL for the mazimum M, and:

(1) if Z is not a periodic point, then the EVL is such that H(T) =1—¢e77;

(2) if Z is a (repelling) periodic point of prime period p, then the EVL is such that
H(r) =1—e" | where the extremal index (EI) is given by 0(Z) = 1 —| det D(1?)(z)| .

We notice that eventually (repelling) periodic points fall in part (1). Our observable
(3.13)) satisfies the assumption of the Proposition. On the other hand, by using Theorem

1.7.13 in [24], we have a sufficient condition to guarantee the existence of the limit (3.15))
1-F(x)
1-F(z—)

distribution function of Xy, the term F'(x—) in the denominator denotes the left limit of

for 0 < 7 < 00. Such a condition requires that — 1, as * — up, where F is the
F at z and up = sup{x : F'(z) < 1}. For the observable just introduced ur = oo and if
the probability /i is not atomic at Z, then it is easy to conclude that F' is continuous at

7z and therefore the above ratio goes to 1.

This general result will not allow us to explicitly compute the sequence u,,. Let us
take the affine sequence: u,, = % + by, with a,, > 0, and y € R. This suggests that
we redefine u,,(y) as a one parameter family in y. When the sequence (M, < u,,) =
f(am (M, — by,) < y) converges to a non-degenerate distribution function G(y), in the
point of continuity of the latter, then we have an EVL. It is a beautiful result of EVT,
just related to the affine choice for the sequence u,, H, that such a G(y) could be only of
three types, called Gumbel, Fréchet and Weibull, see [24], and what determines it in a

particular situation is just the common distribution given by the function F.

For instance and in our case, if we suppose that the invariant measure behaves like
1
Lebesgue, a(UW) = O(V;Q) then e7*m ~ (Z)" , or equivalently u,, ~ < logm — LlogT

HFor other choices of the sequence u,,, see [24].

12 Actually we have /l(Uy(f)) = O(2"v]}), but the factor 2" will become negligeable by taking large m.
12



and therefore the probability of the first localization after m iterations with m large and
1

with accuracy a. of order (%)5, is e

T e

, or equivalently e=¢"", having set 7 = e~¥. The
distribution function e=¢”,y € R is just the Gumbel law. In this easy example a,, =
n,b,, = %log m, but we used very crude approximation in estimating the ji-measure
of the parallelepiped U,Sf ) since we simply forgot the local density of the measure at
the point Z. Very often it is a difficult task to get an explicit expression for the scaling
coefficients a,,, b,,. In a few cases one succeeds, see the results in [25], Propositions 7.2.4,
7.4.1, 7.5.1. Otherwise and for practical purposes, the distribution function (M, < y)
is modeled, for m sufficiently large, by the so-called generalized extreme value (GEV)
distribution which is a function depending upon three parameters £ € R,y € R0 > 0 :
GEV(y; p,0,€) = exp {— [1+¢ (y%“)]*l/g} .

The parameter ¢ is called the tail index. When it is 0, the GEV corresponds to the
Gumbel type, when the index is positive, it corresponds to a Fréchet and finally when it
is negative, it corresponds to a Weibull. The parameter p is called the location parameter
and o is the scale parameter: for m large the scaling constant a,, is close to o~! and b,

is close to .

The proof of Proposition (3.1]) can be done with the SA or the PPA approaches and the
latter uses the approximation of our process with an i.i.d. process, this being guaranteed
by the exponential rate of mixing of the measure /i on functions in B. It is interesting to
point out the dichotomy in the choice of the target point Z : there is only two functional
expressions for the distribution H(7) and what determines such a difference is the possible
periodicity of Z. We now focus on the EI . Suppose we have successive entrances in
the neighborhood of Z, namely consecutive occurrences of an exceedance of our threshold
u,. We interpret it as a memory of the underlying random process, and we quantify it
with the parameter 6. In particular, see [25], p. 34, when 6 > 0 and for most of the
times, the inverse of the EI defines the mean number of exceedances in a cluster of large
observations, i.e., is the mean size of the clusters. We now show that in our model and
whenever the number of components of the lattice goes to infinity, the EI of periodic
points goes to 1, so there are no clusters in the limit of an infinitely large lattice.

We now have (from now on we write the EI as 6,, to signify the dependence on n)

Proposition 3.2. Let T be the CML with n sites gen by and take v < 1—\. Fiz
p>1,if ZP) € I" is a periodic point of prime period p, the EI 0,,(Z)) satisfies

lim 6, (z%) = 1.

n—oo

Proof. Recall the definition of the uncoupled dynamics

Ty(@) = (T(x1), T (w2), . .. ,T(:cn))13 VT = (21, 22,...,2,) € I,



and let ¢ be the real n x n matrix, whose coefficients (C,),; are defined by (C.);; = v/n
if i #jand (C,);; = (1 —~) +~/nif i = j. It is easy to check that T = @, o T, where
the coupling operator ®., : I™ — I" is the linear map associated to the matrix C, (i.e
¢, (z) .= C,7). )
Let p > 1, Z € I™ and let us compute the determinant of the Jacobian matrix of TP

evaluated in the point zZ. We have,

p—1
det(D5T7) Hdet o T) = [ [ det(Ds, 7+ @2 Dz To)
t=0
p—1 p—1
t=0 t=0

It is an easy exercise in linear algebra to show that the determinant of the symmetric
matrix C, is det(C,) = (1 — )" L.

On the other hand D57} is a diagonal matrix with diagonal entries T"(21),- -+, T"(2n)
and corresponding Jacobian determinant in Z given by det (DZT o) = [Ty T/ (2k). It
follows that

p—1 p—l

| det (DETP)|:(1—7)p<”—1> [[I7(T'@)0 = (1 -~ [T Gl

t=0 k=1 t=0 k=1
According to [I], if Z(P) is a periodic point of period p, the EI satisfies
1

en ET(ZP) — 1 — _ )
( ) ‘ det (Dz(p) Tp) ’
Since ( Ly P
N 1 1 _ ’Y niLyn
det (D,p Tp> > (1 — )P D2y = (—A) :
and as v < 1 — ), we have that lim 6,(z?) = 1. O

n—oo
3.1. Random perturbations. There is another situation which produces an extremal
index equal to 1. We can perturb the map T with additive noise, see [1], by defining a
family of maps Tg = T +w, with each vector w belonging to the set {2 and chosen in such
a way that each Tg sends I™ into itself. The iteration of 7' will be now replaced by the

concatenation

17 =1, o-- 0T, , with @:= (v, ,w e N,

ny

and the w,, chosen in an i.i.d. way in €2 according to some (common) distribution P. If we
now take any measurable real observable ¢, the process {p o Tg}nzl will be stationary
with respect to the product measure /i, x P, where i, is the so-called stationary measure,
verifying, for any real measurable bounded function f: [ fdjs, = [ fo deﬂs : see [25]
Chapter 7 for a general introduction to the matter. We call the couple {Tw, fis x PN}

a random dynamical system. In the framework of EVT we could therefore consider the
14



process { Xmz(-)Ins1 = {@ 0 T7(-)}n>1, where @ is the observable introduced in ,
and consider accordingly the distribution of the maximum (3.14]) with respect to the
probability measure i, x PY. By adopting for T the same assumptions as in Proposition
3.1} it is not difficult to show that [ is equivalent to Lebesgue and we finally proved in
[1], Corollary 4.4, that for any choice of the target point Z, an extreme value distribution
holds with H(t) =1—¢e 7.

4. EXTREME VALUES AND SYNCHRONIZATION

We now introduce a new observable which allows us to consider synchronization of the

n components of an initial state iterated by T. Let us therefore define

Y(T) == —log{max |z; —z;|,i #j: 1,7 =1,...,n} (4.20)

and consider the maximum

M,,(T) := max{(T), »(TT), ... p(T™'T)}.

By adopting the point of view of EVT, we fix again a positive number 7 and we ask
for a sequence w,, for which the following limit exists m (¢ > w,,) — 7, m — oo.
We say again that the sequence M, has an Ezxtreme Value Law, if there exists a non-
degenerate distribution function H : R — [0,1], with H(0) = 0 such that a(M,, <
Um) — 1 — H(7), m — oo. By using the expression of ¢ we can rewrite as

m a(SM) = 1 (4.21)
S .= {FeI": max \z; — x| < vy}, where v, :=e (4.22)
i#]

and consequently (3.16)) can be restated as
AT el T5T) ¢ SW k=0,...,m—1) = 1— H(T). (4.23)

The limit could also be interpreted as the probability that the n components have
synchronized for the first time after m iterations with accuracy a. of order e "m.

We cannot use the PPA to prove the existence of the limit . The reason is that
our new observable becomes infinite on a line (the diagonal), and for the moment rigorous
results are avalaible when the set of points where the observable is maximised is at most
countable, see [7] for a discussion of these problems.

The SA will bypass that issue by using the Banach space B given by quasi-Hoder
functions, since for such a space we can check properties P1-P5. Nevertheless there is
still a problem remaining, namely prove the existence of the limits . We will return

to that in the next section.
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We now show how to get the asymptotic distribution functions of the extreme value
theory by using the SA. Let us begin by rewriting the maximum given in (4.23)) using
the density h of the measure i

O < 1) = [ B g O 0 (Pl o 1 g (T @)L = [ Py,
(4.24)

where, from now on,

P.() = P(l(s,‘,?))c')'
Notice that (Sf# ))C plays the role of the set D; in Section 2. By invoking the spectral
representation (2.9) we have with obvious interpretation of the symbols

/ P™(h)dLeb = p / hd i, + / Q™ hdLeb,

where [ fzd,&m - [ hdLeb = 1, as m — oo, and the spectral radius of @), is strictly less
than p,,,. We now need to bound p,,, the largest eigenvalue of f’m, for increasing m and
it is given by (12.8)). Let us now denote the exponent # the EI along the diagonal set

A :={T € R"; x1 = x9,--- = x,} and its existence will follow if we prove limit ([2.6). We
then write:

1— ppm = 1(ST)04(1 + 0(1)), in the limit m — oo,

then
/ﬁg(h)dLeb:6—(0Amﬂ(57(g>)+m0(/2(55,?)))/hdﬂm_|_O(p;lm||Qm||B) (4.25)

which converges to e~™2 under the assumptions on fi,, the spectral radius of @, and
the condition (4.21)). From now on we will simply write 6,, for the EI along the diagonal

set for lattices with n components.

We now return to (4.23) since we now know that 1 — H(7) = e 7. If we suppose
1
that ,&(ST(??)) = O(V”_l) then e ~ (Z)"1 and therefore the probability of the first

m
1
synchronization after m iterations with accuracy a. ~ (%) n1 s e~ 7 M If the compo-
nents of the vector Tk(f) are seen as the positions of different particles on a lattice, we
have a quantitative estimate of the probability of synchronization of the lattice after a

prescribed time and with a given accuracy.

13 Actually this is a very crude approximation. In fact what is possible to prove easily is an up-
per bound on the Lebesgue measure of the domain {Z € I",|z; — zj| < vy, : @ # j} which is
simply (2v,,)" 1. We sketch the argument for n = 3. In this case, the measure we are looking for
is [dry [ deolye, —uy)<v} (@) [ desliz, —ay<un} (T)1{jzy—as|<vm} (T). The last integral will contribute
with 2v,, and so the second one.

M\We defer to the discussion after Proposition 3.1 for the validity of this argument and its

approximations.
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Example 4.1. e Ex. 1. Suppose we use the data in Section 7, with an EI 03 ~
1— (%)2 ~ 0.86, having chosen A = 1/3 and v = 0.1, and take 3 particles each
living on the unit interval. If we want to synchronize them with a probability larger
than 1/2 and an accuracy a. = 0.01 before m iterations, then we have to iterate
the lattice around m = 8 100 times.

e Ex. 2. Analogously, if we want to observe with a probability larger than 1/2 the
synchronization of 100 particles each living on the unit interval with an accuracy
a. = 0,01 and before m iterations of the CML, then m has to be larger than 1001,

5. COMPUTATION OF THE EXTREMAL INDEX

The extremal index is given by formula (2.7). Keller showed in [I2] that it coincides
with that given in Proposition for the process X,, = po T™ and the proof is exactly
the computation we performed in the previous section. As we said in the introduction,
the rigorous computation of the EI for two coupled maps was given in [13]. Their map
was slightly different from ours in the sense that for the i-th component the averaged
term 137" T(x;) does not contain the contribution of T'(x;). They first observed that
in , all the gx but gy, are zero due to the fact that the diagonal is invariant and gq

reads:

S nT1s@)
P = h_r}n A 5(2))
m—0o0 //l/ m
This quantity was explicitly computed giving the formula [13]:

(5.26)

1 1 h(z,z)
Oy =1-— - dzx,
? 1—20 [ j(x,z)dz ) |DT(x)]

where the density A has bounded variation and for almost every z € I the value ﬁ(x, )

is the average of the limits of h(z — u, 2 4+ u) and h(z + u,z — u) as u — 0.

We get a similar result and still for n = 2, with a modification due to the fact that our
map is different, see formula in the remark below. Instead the density along the
diagonal is defined again as a bounded variation function. It seems difficult to extend
such a result in higher dimensions without much stronger assumptions. Before doing
that, we will explore how the EI 6,, behaves for large n in a quite general setting with the
objective to show that for large n such an index approaches 1 and therefore the Gumbel’s
law will emerge as the extreme value distribution.

We will index with n the invariant densities h,,, while we continue to use the symbol /i
for the invariant measure, despite the fact that i depend on n too, via the density B
Our next objective is to show that all the g but gy are zero. Such a result is claimed in
[13] in dimension 2 and without proof; we sketch it below for the reader’s convenience in

any dimension and asking for a few assumptions.
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We first notice that the quantities ¢, introduced in ({2.6)), read:

[(P = BYBE(P — B)(h)dLeb
(D7)

where fipe is the conditional measure to Dy, and tpe(z) denotes the first return time of the

Qi = = [IJDZC{[E S ch : tDZC([E) =k+ 1} (527)

point x € Df to Df (we will come back on this equality in the next section). Additional

properties are necessary; for that let us first denote with V.(A) an e-neighborhood of the

diagonal A.
e P01: The boundaries of the domains of local injectivity Uy, --- , U, (see Section
2) are union of finitely many discontinuity surfaces D;,j =1,---, pﬁ, which are

co-dimension 1 embedded submanifolds. We denote by D the union of those dis-
continuity sets. Moreover Ve > 0 and k£ € N, let us denote with Fy. ; the set of
points z € VZ(A) for which there is a neighborhood O(x) such that O(x) UA # 0,
and O(z)N(DUT~Y(D)U---T~%(D)) = (). We require the existence of a constant
C independent on € such that j(Fg_,) < Cro(e)i(Vz(A)), where o(e) goes to

zero when ¢ — 0.

e P02: Let us denote with G4, the set of points in V.(A) for which the segment
of minimal lenght connecting one of this point to the diagonal intersects one
component of T D;. For € small enough, we will assume that there is a constant
Cy independent of € such that i(Ga.) < Cy k(e) (V-(A)), where k() goes to

zero when € — 0.

Remark 5.1. The condition PO1 means that for a large portion of points in the vicinity
of the diagonal, we can find a neighborhood which intersects the diagonal but does not
cross the discontinuity lines up to a certain order. The condition P02 means that the
piece of Vo(A) which is crossed by an element of TDj has a length along the direction
of A of order k(e). Both situations happen when the crossing of the discontinuities are
“transversal”: it is easy to produces pictures in dimension n = 2 and n = 3. See Figure
[4 for PO1 and Figure [§] for P02. In both cases we took & small enough in such a way
that the discontinuity behaves locally, when it intersects V.(A), as a line for n = 2 and
as a plane for n = 3; moreover k(c) = O(e). We notice that condition P02 requires the

control only of the first images of D and also it is not necessary if the map T is onto on
each Uj.

We sketch the argument for k£ = 1, the others being similar. By replacing [ with m in

(5.27) we show that:

15We observe that the map could be continuous on such boundaries, but the first derivative surely is

not.
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Lemma 5.2. The quantity
[(P = Py)Pu(P = Bo)(h)fdLeb  p(SS) nT=1(S5)enT-25%)
i(Si) i(Si)

goes to zero when m — 0.

(5.28)

Proof. Let us take a point x € F;.o. With these assumptions T and T? are open maps
on O(z). In particular, T%(O(x)) will be included in the interior of one of the U; and it
will intersect A by the forward invariance of the latter. We now suppose that 7%(z) is in
V.(A) and we try to prove that T'(z) must be in V.(A) too. Let us call D, the domain
of the function 7!, namely the inverse branch of the map sending T'(x) to T2(x). If
the distance between 72(z) and any point z € T%(O(z)) N A, such that the segment
[T2(z), 2] is included in D,, is less than e, we have done since dist(T'(z), T H(T?(z)) =
dist(Z,T(z)) < Ae, where Z = T 1(z) € A. Notice that such a point z € A should not
be necessarily in 72(O(z)), provided the segment [T2(z), z] € D, and dist(z, T%(z)) < e.
What could prevent the latter conditions to happen is the presence of the boundaries of
the domains of definition of the preimages of T, which are the images of D. We should
therefore avoid that 72(z) lands in the set Gy., which means we have to discard those
points = € V.(A) which are in T*QGd,E, and, by invariance, the measure of those point is
bounded from above by Cy x(¢)(V-(A)). We now choose v, < € and work directly with
the sets Sir’. The points which are not in 7 2G4y, N S NF L2 8ives zero contribution
to the quantity /J(Sr(,?) ﬂT‘l(S,(#))C ﬂTA_QSﬁ?)), while the measure of the remaining points
divided by [L(ng )) goes to zero for m tending to infinity.

O

Proposition 5.3. Let us suppose our CML satisfies properties P1-P5 on a Banach space
B with A = inf [DT|! < 1 —~, the density h, € L and h\™ := infn h, > 0. Then
i(SW NTSW) Xl |
insup B VTSR Xl
m—»00 ,U(Sm ) (1 _ ,y>n—lhn

Remark 5.4. The upper bound makes sense of course when the right hand side of the
above inequality is less or equal to 1. Moreover the EI 6, will converge to 1, under the

additional PO assumptions, when n — oo if the ratio ”;{fl'f‘;" does not grow faster than

o with v > (A (1 =)L

Proof. We start by writing

ﬂ(ST(:) QT_ISY(:)) = / dfiln(f)ls(n) (m)ls(n)(ff)
[n m m

/dxl / ..dx,h, (21, ... ,xn)ls(n> (T)-
n-1 "



1o ((1 — T () + % > D), (1= )T (wa) + % ZT(@-)).

W now have to reduce the domain of integration of I 5 x; in two steps: the first, changing
I into I/, consists in removing intervals of length 21, on the left and on the right on each
boundary point of the A;,l = 1,--- ,q. Clearly the difference between the integrals over
I and I], will converge to zero when m — oo since the integrand functions are bounded
(remember the density is in L); this argument is made more precise in Appendix 2
together with the reason of that reduction. For the moment we simply write I(7\ I ) for
the integral over I \ I/ . By introducing the operator P, acting on the variable x;, [ > 2,

we could continue as:

ﬂ(Sﬁ,?)ﬂT‘IST(,?)):I(I\I;)Jr/ dxl/ de...dmnP20~~oPn[lAzn(x17...,xn)ls(n)(f)}-
I, In-1

m

Lo (L= DT (@) + L(Tn) + @2t b )o (L= Pan+ 2 (T(an) + a4 ) ).
If we now introduce the sets

Vm
-~

. VUm . .
,j:2,,n,|xz—x]|<— Z#J%1}7

ST(:;Z{(TII) = {(I2,$37 e ;In> € -[n :| T(.ﬁvl)—ﬂ/’] |§ < 1 - ’y

and
Sg‘)(xl) = {(zo, 23, ,2p) € I" 21— < V7 =2, 0, | xi—x; |[< vy 1#75F# 1}

we have X
S N TS
p(si)
fL’n dxq fSﬁ’L(Tm) dxy...dr,Pyo---0P, [ﬁn(xl, s @) Lo (Z) | + LT\ 1)

~

ff{y’{ dz, fs$>(x1) dxy - dr,h(zy, -+ )

We reduced the domain of integration in the integral in the denominator from I to I} :

this kind of reduction will also affect I, and it will be explained in the Appendix 2. Let

us now consider for simplicity the structure of the operators when n = 3:
Py o P3 [il3(901, $2,I3)13§3>(9€1,$27$3)} =

3wy, T; s, T;Qll’s)lsgy (w1, T; g, Ty )

h
;; | DT(T; o) || DT(T; ) |

1TAj (.’IﬁQ)].TAIC (.%’3), (529)

where { A} denotes the intervals of monotonicity of the map T'. The preceding constraints
and the assumption v < 1 — A imply that: | Tj’lxg — 21 |< Uy | Tk’la:g — 21 |< V. Since
the original partition is finite, if we take first m large enough and having removed the
intervals of length 21, around the boundary point of the domain of monotonicity of T,
for any x; € I], there will be only one preimage which can contribute in each sum. By
generalizing to n components we could therefore bound the term by A" H|h |-

Moreover a simple geometrical inspection shows that the Lebesgue measures of the sets
20



S )V(Txl) and S (1) are independent of the point z; and also the ratio of the two

measures is independent of m and gives

Leb(S57) B 1

; 5.30
Leb(S{) (1 —7) (5:30)
see Appendix 2. We therefore get
1(SWNTISW)  Leb(SUh)Am=1|h I(7\ I
i ) _ Leb(SEN nlloe + 10T\ 1) 530

(S - Leb(S&) A4
We now notice that I(I'\ 1)) can be immediately bounded by ||h| |ooLeb(Smfy)Leb(I\I”)

This allows us to factorize the term Leb(Sf,?, )7) in the denominator and divide it by

Leb(S,(ff )). By taking the lim sup we finally get our result. O
We can now strengthen the previous result by adding further assumptions. We start
first with a stronger hypothesis on the invariant density which we will relax later on.
e P7 The density h is continuous on I™.

This condition is for instance satisfied in the uncoupled case for smooth and locally onto

maps 1" of the unit circle.

Proposition 5.5. Let us suppose that our CML satisfies properties P1-P5 and P7 on
a Banach space B with A = inf |DT|™' < 1 —~, then

lim ﬂ(Sq(ﬁ) ﬂT’lsy(,?)) 1 f[ \DT x)|" hd

Proof. We will write the proof for n = 3, the generalization being immediate, and this
will allows us to use the simple formulas in the previous demonstration. By the same
arguments in the latter and by denoting with T ! the inverse branch of T such that

T Y(T(xy)) = 1, we have

1

- hg ZL‘l T [L‘Q T71$3)
L(SENT'SP) / d / ’ 1 deadzs+I(I\I") (5.32

and we have a lower bound for /)(Sy(n NT-18% ) without the I(/ \ 1)) term. We call
I(1]) the first integral on the right hand side.

Since hs is continuous on I? and therefore uniformly continuous, having fixed & >

0, it will be enough to choose vy, small enough (remember that [T, 'zo — x1] < vy,
T w5 — 1] < 1), to have hg(ay, T ag, Ty ws) = ha(a, 21, 21) + O(F).

For the derivative we can use the fact that our map is C? on the interior of the
Al = 1,--- ¢ and extendable with continuity on the boundaries to get by the mean
value theorem

DT(T,'x5) = DT (21)+D*T(&)|T,. va—x1|, DT(T, ' w3) = DT (21)+D*T(23)|T,. w3—21
21



where 25 belongs to the interval with endpoints T;llxg and x1, and 23 belongs to the
interval with endpoints 7T} 'z3 and z; and these two intervals are in the domains where

T is locally injective. By inserting these formulas in the definition of I(I) we have:

hg(l‘l T 1’1) de’le‘g

"y __ Ry

Hfm) _/ DT / o D) 7 DTG (1 *
I 1 Sy (T1) [1 + DT (z1 |T z, L2 1‘1|H1 + DT(z1) ’T T3 — le

1 0(e)
d[El—/ 5 dl’gdl’g
/% IDT @) Js@, e [1+ ZEED Ty — [T+ HEER T s — 2 ]

DT(z1)

We now rewrite the first summand as

iL (1‘1 T *Tl) 1
I = Leb Sr(rzj) / dx 3 ) )
. Bnd) |, T IDT P Lop(s®))

dl‘ngg,
o o (5.33)
/57(n .Y(Txl) [1 + %z?( ) |T—115L’2 — SI}1|][1 —+ %7:{1(213)) |Tx—113§‘3 — LC1H

where we have suppressed the dependence on Tz in the Lebesgue measure of the external

Sr(,?,)«,, which are independent of T'zy when z; € I and the second summand as

1 1
Tym = Leb(S® / dx
: ) [, DT @R TS
/ <~) d[L‘QdI’g
S (Te) [1 + (xl) ’Tﬂle —zq|][1+ %zg(ﬂcyis T as — 2]

Using same arguments we have:

A 1
2(S® — Leb(S® _
M(Sm ) eb(S;; )/m{ dxlhg(asl,xl,xl)Leb(SS)) /(3)(£1)d$2d$3+

1
3) "y _ 1
Leb(S¢ )/m dzl—Leb(ST(s’)) /S (3)(11)O(§)d:£2dx3+1([\[m) L3+ Tam+I(IN\I") (5.34)

and with a lower bound for /l(S,(T::’)) without the I(1\ I]7) term. Hence we get

T + Tom a(sE N T-185) Do+ Lo + U\ 1)
Ty + Lo + LI\ 1)) — a(SS - Ty +Lim

As in the proof of Proposition m we have that I(1\ I”) < ||h]|ocLeb( mv)Leb( \ 1)
and I(I\ I”) < ||h||scLeb(S%) ) Leb(I \ I”). We can then factorize in the numerator and

in the denominator the Lebesgue measures of the sets 57(73)7 and S and remember that
Leb(Sﬁ,‘?’?,y) —
Leb(s() — (1= 7)

After this factorization and when m goes to infinity, the remaining

hs(z1,21, 931)
| DT (21

the fact that [T, 'z; — 21| < v, j = 2, 3, while the remaining part of Z,,, converges to

part of Z;,, converges to [ ;dy by the dominated convergence theorem and
an O(€) term. Still after the previous factorization, the remaining part of Zs,, goes to
fl dxlﬁ;;(xl,a:l,xl), while the remaining part of Z,,, goes to an O(€) term. The result

then follows sending € to zero. O
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It is possible to relax the continuity assumption P7 on the density by asking a much
weaker property. It seems to us that this condition is natural, and probably unavoidable,
in the sense that it controls the oscillations of the density in the neighborhood of the

diagonal.

e P8 Let us suppose the density h is in Vi(I™) and moreover
. 1 .
hp == sup - /osc(h, B.(z,--- ,z)))dr < co.
0<e<eg €
Proposition 5.6. Let us suppose that our CML satisfies properties P1-P5 and P8 on the
Banach space B = Vi(I") with A = inf |DT|™' < 1 —~, then the statement in Proposition

holds.

Proof. The proof follows the line of Proposition [5.5] with an essential change when we
compare the density in the neighborhood of the point (xq,z1,21). In fact, we can now
write

\ha(w1, T o, T ) — g (a1, 1, 21)| < osc(hg, By, (1, -+ ,21)).
An quick inspection of the previous proof shows immediately that the integral | ;dr1 O(E)
will be now replaced with [, dx; osc(hs, By, (z1,--+ ,21)), and this last integral is bounded

by h DVm, Which goes to zero when m tends to infinity. U

Corollary 5.7. As a consequence of Propositions[5.5 and[5.6, the extremal index 6, for
maps satisfying PO too, is given by

hn(z, - x)
1 f[ |DT(z Drap-Tdr

1_ nlf] ,)diL‘

and it will converge to 1 when n — oo.

O, =1— (5.35)

5.1. Random perturbations. As for localization, we expect that the extremal index be
one when we keep n fixed and we add noise to the system. In the paper [I] we extended
the SA to randomly perturbed dynamical systems, mostly with additive noise. Even if
we assume properties (P1)-(P6) on some Banach space B, there will be a new difficulty
related to the computation of the quantities g in in the random setting. Such a
computation as it was done in Proposition 5.3 in [I] strongly relies on the fact that the
observable becomes infinite in a single point, the center of a ball: we do not know how to
adapt it in the neighborhood of the diagonal A. We will present nevertheless numerical

evidences in Section 7 that in presence of noise the EI is 1.

6. DISTRIBUTION OF THE NUMBER OF SUCCESSIVE VISITS

We anticipated in the introduction that once the synchronization is turned on for the
first time, it cannot last since almost every orbit is recurrent. However the orbit T”(fo)

will visit for almost every point T, infinitely often the neighborhood of the diagonal.
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We could therefore expect that the exponential law e™" given by the EVT describes the
time between successive events in a Poisson process. To formalize this, let us take a
neighborhood Sg(") of the diagonal A with accuracy a. = ¢ and introduce the following

quantity (remember that the map T and the measure v depend on n too):

t
ast™)

N6 = Y 1gw(T'(@),
=1
where [-] is the floor function, and consider the following distribution

N(n, s, t, k) = p(N™(t) = k)

<

If the target set was a ball of radius ¢ around a generic point Z or a dynamical cylinder set
converging to this point, one can prove under the mixing assumptions of our paper, that

in the limit of vanishing radius or infinite length for the cylinder, N'(n, ¢, ¢, k) converges to

the—t
k!

z periodic of minimal period ¢, one get the so-called compound Poisson distribution, see
[22] and [9], which in our situation reads, for k > 1:

k . .
, (1 =p) (k-1
N(n,c, t k) = e t(1=p) Zpk*j(l — mgﬂ% <j B 1> (6.36)

the Poisson distribution

, see for instance [17],[18]. Instead if we take the target point

J=0

where

po— (6.37)
| det(D5T7)|
Remark 6.1. We do not dispose for the moment of analogous formulas when a ball
is replaced by a strip along our diagonal set A. To the best of our knowledge the only
known result is in dimension 2 for the uncoupled systems given by the direct product of
two piece-wise expanding and smooth maps of the circle, see [5l, and it is consistent with
our results. Nevertheless a few preliminary considemtionﬂ seem to indicate that the
compound distribution still holds with p in replaced by 1 —0,, in , and
more generally with the EI given by formulas , (@, with the quantities qx; given by
the right hand side of when the transfer operator is not available. In particular one

should recover a pure Poisson distribution when the size n of the lattice tends to infinity.

Example 6.2. (Ez. revisited)

e Suppose we consider as in the example , Ex. 2, n = 100 particles living in
the unit interval and take the accuracy ¢ = 0.01. With that value of n and taking
the coupling v sufficiently small, we could consider that the previous number of
visits N.;(n)(t) follows a Poisson distribution. Since the probability of entering
the neighborhood of the diagonal is of order 10071, the probability to observe

16 At this regard see also the discussion in the last part of Section 7.
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exactly 5 synchronization events during m iterations of the lattice is maximal for
m =5 100'° and is of order 18%.

o [finstead we consider Ex. 1 with 3 particles and the same accuracy, the probability
to observe 5 synchronizations is maximal after 50 000 iterations and it is again
of order 18%.

Comment 6.3. In the case of large n the extremely high number of iterations needed
to get synchronization or a given number of successive synchronizations could surprise.
One reason is surely due to the fact that we considered lattices which are globally coupled
and we looked at global synchronization. It would be interesting, and it will be the objects
of future investigations, to explore CML where only the nearest-neighbors of a given site
contribute to the coupling term (diffusive coupling ), and also synchronization of the closest
netghbors. About the latter we will give a few preliminary numerical results in the next

section.

7. EXTENSIONS AND NUMERICAL COMPUTATIONS

The goal of numerical computations will be to show that in the situations consid-
ered above we have effective convergence toward an extreme value law and moreover the
extremal index satisfies the behavior we predicted theoretically. We will be mostly in-
terested in synchronization, since for localization we have plenty of analytic results. But
there is one aspect where the comparison with localization is particularly useful. In order
to explain that, we first have to introduce a new observable to depict a different kind of

synchronization.

7.1. Local synchronization. Up to now synchronization was defined by asking that
all the components of the evolutionary state become close to each other with a given
accuracy a.. We could ask instead that each component synchronize only with the close

neighbors. This is done by introducing the following observable

O(z) == —log{max |z, —x;[,i #j:j =i+t 1} (7.38)
(of course on the extreme points of the period of the lattice, j will take only one value).
We could generalize to more than one neighbor j =i+ 2, 43, etc., but we limit ourselves
here to the case £1. It is not immediately obvious to have a geometrical description of
the set that the orbit will visit for the first time (and therefore to give analytic results
in terms of the EI), although the “physical” interpretation will be the same, namely we
get the probability that the lattice will have for the first time and after a given number
of iterations m, all the components synchronized with the close neighbors and with a
given accuracy a.. We call this local synchronization, to distinguish from the global

synchronization described in the preceding sections. It seems intuitive from a physical
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point of view, that for m large enough and for a given accuracy a., the probability to get
local synchronization for the first time (from now on we write it as IP;(-) for the different
cases), is larger than that to get global synchronization, IP;(glob. sync.) < Py(loc. sync.),
and this will be confirmed by the numerical simulation as we will see in a moment.
On the other hand as soon as the global synchronization occurs, all the components
of the lattice will be aligned in a narrow strip around all of them, and this is close to
localization. Therefore we will expect that the probability to get localization is larger than
the probability of global synchronization. This is also confirmed by an easy application
of the theory. Suppose we fix m and the accuracy a.; we have also fixed n. By supposing
a pure exponential law for the asymptotic distribution of the maximum, we have

n
mag

e For localization: a, ~ (%)%, which gives Py (local.) ~ e ™ ~ e~

e For global synchronization: a, ~ (%)ﬁ, which gives P;(glob. sync.) ~ e™™ ~

—ma? !

(&

We see that P;(glob. sync.) < P;(local.).

7.2. Blocks of synchronization. The observable (7.38) could be modified further by
introducing a new one which we are going to define. Let us first construct N blocks of
L successive integer indices: B, := {i,,- - ,i; + L} and take these blocks disjoint and

possibly scattered along the lattice. Then we define:
T(E) = —log{max|:1:i - ZL']|7’L 7&] : (27]) € Bq7q = 17 Tt aN}

The distribution of the maximum of this observable will give us the probability that the
particles in the N blocks will synchronise for the first time with a given accuracy. On the
other hand we do not require any synchronization of the particles outside those blocks.
If such a limiting distribution would exist, it could be consistent with the appearance
of chimeras in chains of coupled particles, namely patterns of synchronized sets which
emerge as a consequence of the self-organization of the entire lattice, see e.g. [26]. If our
claim would be confirmed, such a self-organization would be another statistical property

of chaotic systems with several degrees of freedom.

7.3. Simulations. Let us now analyze the results of numerical procedure. The experi-

ment performed is the following: we consider the one-dimensional map T in (2.2) as
T(x) =3z mod 1.

Once we have constructed the CML T we will perturb it with additive noise:

Tg(f)l = T(f)l + ew; mod 1
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where ¢ is here the noise intensity and w with components w; is a random variable drawn
from a uniform distribution between -0.5 and 40.5. The stationary measure for such a
map will be L! close to that for 4 = 0 which is the direct product of the uniform Lebesgue
measures on the unit circle for each component and this independently of the value of
¢. Let us notice that we are considering now a one-dimensional map on the circle. This
is not a restriction to our previous considerations and moreover it allows us to define
correctly the additive noise. Numerically we produce trajectories of 10* iterations for
v < 2/3 and 0.02 increments. The range 3 < n < 53 is analyzed. We consider the two
observables v, see (4.20) and O, see , corresponding to global and local synchro-
nization cases respectively and in the following we will refer to them as the global and

local cases. We analyze also the role of small noise € = 10~* and moderate noise e = 1072.

We first assess the convergence of the maxima of 1 and © to the Gumbel law by
analyzing the tail index &, see Section 3. Here we chose to consider the complementary
approach to the block-maxima selection, i.e. the peak over threshold. The two approaches
are equivalent in chaotic systems as shown in [25]. The maxima of the observable are
defined as the exceedances over the 0.98 quantile of v» and © distributions. If a good
convergence towards the Gumbel law is reached, then ¢ ~ 0. The values of £ as a
function of v and n are reported in Figure f] A maximum likelihood estimator has
been used for computation. The left panels show the global case i) while the local case
O is reported on the right. From top to bottom we switch on the noise. In general,
the convergence towards the Gumbel law is satisfactory although some differences exist
between global and local cases. For the global case the convergence is slower as the global
synchronization event is more rare then the local one.

Moreover, the quality of the fits is lower when n and v are larger. The addition of

noise helps the convergence to the Gumbel law as for the systems analyzed in [25].

We now study the implications of global and local synchronization on the extremal
index 6. For the analysis presented in this paper, we adopt the estimator by Siiveges (see
the book [25] for explanation and to retrieve the codes for the computation). For fixed

quantile ¢, Stiveges’ estimator reads:

SNl —q)Si+ N+ N, — \/(va°(1 —q)S;i+ N + Nc>2 —8NeY M (1-q)S;
>S5 (1 - 0)s,

where NN is the number of recurrences above the chosen quantile, N, is the number

0 —

Y

of observations which form a cluster of at least two consecutive recurrences, and S; the

length of each cluster i. From the numerical point of view, this estimator is the expected
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value of the compound distribution N (n, s, t, k) with S; being the empirical equivalent of
the quantity N ().

We begin by checking the theoretical results predicted in Remark 5.4: for the 3z mod
1 map, 6, can now be estimated by taking the trace of the density on the diagonal
reasonably of order 1 in ([5.35)), so that in dimension 2: 5 ~ 1 — ﬁ% and in dimension
3: 03 ~1— ﬁ%

The comparison between the theoretical curves and the numerical computations are

shown in Figure @ For each case n = 2,3 and v < 2/3 we produce 10 simulations of the
map consisting of 10* iterations and we estimate the extremal index as a function of ~.

The numerical estimates indeed match the theoretical curves (bold magenta lines).

We now check the asymptotic formula for large n and still with the same assumption
on the trace of the density, namely 6, ~ 1 — (ﬁ)”_l, with A = 1/3. For each 3 < n < 53
and vy < 2/3 we perform one simulation of the deterministic 3z mod 1 map and compare
the obtained extremal index #,, with the previous asymptotic formula. Results are shown
in Figure[7] There is indeed very good agreement between our asymptotic and numerical
results. The largest divergence is obtained for v ~ 2/3 which correspond to the limit

value for the map.

We then perform a numerical analysis of the extremal index in the cases not covered
by the theory, namely for the observable ©. The results are presented in Figure [8] The
top-left panel is repeated for convenience and show the global case results. The latter
show that global and local cases are substantially different. For the global, the synchro-
nization depends on both n and ~: in particular, it is easier to synchronize systems with
n small because the probability of finding all the particles in the same state decreases
quickly with n. On the other hand, in the local case the extremal index #,, is substantially
independent of n. In fact, whether n is small or large, the particle sees only the nearest
neighbors for synchronization so that it is insensitive to the size of the lattice. The only
dependence left is in v: in particular, for all n, we see the dependence is compatible with
the case n = 2 of the global coupling case: 0y ~ 1 — ﬁ% The addition of the noise
destroys clusters as observed in [I]. Qualitatively, the structure of the extremal index
is quite robust with respect to small perturbations. To fully destroy the clusters, large
intensity of the noise are needed. The results for ¢ = 107 also demonstrate that our
results are stochastically stable because one recovers the deterministic structure of the

extremal index for low noise values.

Although the numerical estimates of the extremal index are done by computing the
expected values of the compound Poisson distribution (Siiveges’ estimator), we can also
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check that the waiting times qk,gm defined in , between consecutive entrances in the
neighborhood of the diagonal with accuracy ¢, provides the same information. Actually
this is what we get for recurrence in balls as we discussed above, see [22] and [9]. Therefore
we give some examples of time series of ¢ and © in Figures [9] and [10] respectively. The
noise increases from top to bottom. The histograms of the waiting times in cluster are
normalized to sum-up to 1 (empirical probability density function EPDF) and are in y-log
scale. No clustering corresponds to an exponential law (sequence of linearly decreasing
boxes in log scale), whereas the clustering case is characterized by an higher EPDF for
lower waiting times. As one can see from the deterministic cases, the higher the EPDF
for short waiting times, the lower 6. Effectively the fraction of waiting times equals to
1 which exceed the standard exponential law is exactly the extremal index . We stress
again that although we cannot demonstrate this identity theoretically, the numerical ev-
idence suggests that one can use directly ¢ as defined in , for the estimation of

the extremal index 6.

8. APPENDICES

8.1. Appendix 1: proof of . The argument is the following. The quantity we
are interested in is bounded by [, dZ| [Tz Liiwi—ei<iitey (@) = [iy Logi—asl<m—e3 (T)]- IE
at least one factor in the first product is zero, the same is true for the second product,
so we will suppose that all the factors in the first product are 1. Therefore the difference
of the two products will be maximum if at least one factor in the second product is zero.
There will be at most Y ,_, (ﬁ) such possibilities. We now proceed with a very rough
bound. Each term in (Z), with 1 < k < (n — 1) contributes with k& measures of values
4kck and with (n — k) measures of values 4" %1% having chosen & < ;. When k = n

n—1

we simply write €™ < " y;. In conclusion, we bound the quantity we are interested in

by ey,C,,, with C,, =4">7_, (:)

8.2. Appendix 2: proof of (|5.30]). Take for simplicity n = 2. There is in fact depen-
dence of the two sets on x; since they intersect I? 5 (w9, z3) and as a consequence their
measure will depend on the location of z;. It will therefore be enough to evaluate the
external integrals in x; on a even smaller domain ];, C I/, and on I in the denominator,
in such a way they will not contain a (disconnected) neighborhood U of 0 and 1 and
its preimages T 'U. As a consequence, we can keep the full amount of the area of the
two sets S,g,)v(T:cl) and S (x1), which from now on we simply write as Leb(ST(,%,)V) and
Leb(ST(,%)). Clearly the difference between the integrals over I and I/, I will converge

again to zero when m — co. About the other issue: write Sir )V(Txl) as the integral

I"We now index this quantity with the size ¢ — 0 of the neighborhood of the diagonal.
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of obvious characteristic functions in the variables ws, ..., z,. Then make the change of
variables: ) = xx(1 —7)+~7(z1), in this way we get the measure of S (1) multiplied
by (1—)'=".
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FIGURE 1. Invariant density for the map [2.2]with n = 2 for v = 0.3 (a,b,c),
v = 0.5 (d,e,f), v = 0.6 (g,h,i). The plots show the density in colorscale
(a,d,g) with a view from the top and (b,e,h) for a three dimensional view.
The plots (c,f,i) show the behavior of the map on the diagonal. The figure
is obtained by averaging the density over 300 realizations each consisting

of 107 iterations of the trajectory.
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FIGURE 2. Invariant density for the map with n = 3 for v = 0.3
(a,b,c,d), v = 0.5 (e,f,g,h), v = 0.6 (i,j,k,]). The plots show the density in
colorscale (a-c,e-g,i-k). The plots (d,h,l) show the behavior of the map on
the diagonal x = y. The figure is obtained by averaging the density over

300 realizations each consisting of 10° iterations of the trajectory.
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FIGURE 3. Crossing of the discontinuity line, n = 2 (left) and surface, n =
3 (right), of the neighborhood of the diagonal A, for Property P0O1. C; and
Cy: triangular (left) and pyramidal (right) regions belonging respectively
to Fj_, and Fj_;. We remove the shaded regions on the left and the

pyramidal regions C and C5 on the right.
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FIGURE 4. Crossing of the discontinuity line, n = 2 (left) and surface,
n = 3 (right), of the neighborhood of the diagonal A, for Property P02.

We remove the shaded regions.
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FIGURE 5. Shape parameter £ of the Generalized Pareto distribution as a
function of the number of variables n and the coupling parameter . Left:
global case 1. Right: local case ©. From top to bottom: Deterministic,
additive noise with intensity ¢ = 107, additive noise with intensity ¢ =
1072,
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n=2 n=3

g v

FIGURE 6. Extremal index 6 of the Generalized Pareto distribution as a
function of the coupling parameter +. Thin lines indicate estimates for 10
different realization of the maps 3x-mod1. Bold magenta lines indicate the

expected theoretical values. Left: n = 2, Right: n = 3.
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FIGURE 7. Extremal index 6 as a function of the number of variables n
and the coupling parameter 7. Top: global case 1. Bottom: theoretical

asymptotic formula.
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FIGURE 8. Extremal index 6 as a function of the number of variables n

and the coupling parameter v. Left: global case ). Right: local case ©.

From top to bottom: Deterministic, additive noise with intensity ¢ = 1074,

additive noise with intensity ¢ = 1072,
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FIGURE 9. Example of global case. Right: ¢ time series (red) and ex-
ceedances (black). Left: empirical probability distribution (EPDF) of wait-
ing time in the clusters. From top to bottom: Deterministic, additive noise

with intensity ¢ = 1074, additive noise with intensity ¢ = 1072

39



n=13, v=0.63 Deterministic 0=0.16669

1000 2000 3000
waiting time
0=0.23194

1000 2000 3000
i «10% waiting time

n=13, v=0.63 e=1e-2 0 0=0.95873
20 10

200 400 600
waiting time

FIGURE 10. Example of local case. Right: © time series (red) and ex-
ceedances (black). Left: empirical probability distribution (EPDF) of wait-
ing time in the clusters. From top to bottom: Deterministic, additive noise

with intensity ¢ = 1074, additive noise with intensity ¢ = 1072,
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