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CONVERGENCE TO SELF-SIMILARITY FOR BALLISTIC ANNIHILATION DYNAMICS

RICARDO J. ALONSO, VERONIQUE BAGLAND, AND BERTRAND LODS

ABSTRACT. We consider the spatially homogeneous Boltzmann equation for ballistic annihilation in dimen-
sion d > 2. Such model describes a system of ballistic hard spheres that, at the moment of interaction, either
annihilate with probability o € (0, 1) or collide elastically with probability 1 — «. Such equation is highly
dissipative in the sense that all observables, hence solutions, vanish as time progresses. Following a contribu-
tion, by two of the authors, considering well posedness of the steady self-similar profile in the regime of small
annihilation rate o < 1, we prove here that such self-similar profile is the intermediate asymptotic attractor
to the annihilation dynamics with explicit universal algebraic rate. This settles the issue about universality of
the annihilation rate for this model brought in the applied literature.

Keywords. Ballistic annihilation, reacting particles, self-similarity, long-time asymptotic, annihilation rate.
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1. INTRODUCTION

1.1. Physical motivation and setting of the problem. In recent years, the physics community proposed
several kinetic models in order to test the relevance of non-equilibrium statistical mechanics in systems
of reacting particles. Such systems have important applications in different branches of physics and en-
gineering such as surface growth (semiconductors) [20] and coarsening processes (dynamics of traffic).
A common feature of these models is that the dissipative nature of the interactions results in the loss
of collision invariants and leads to tremendous difficulties for the derivation of suitable hydrodynamic
models.

A paradigmatic example of such dissipative models is the one of granular gas dynamics which corre-
sponds to a system of d-dimensional hard-spheres undergoing inelastic collisions. For such a model, the
number of particles and the momentum are conserved, but the kinetic energy is dissipated at each colli-
sion. At the kinetic level, the long-time behavior of granular gases is relatively well-understood, at least,
in a spatially homogeneous setting: in absence of external forcing, the kinetic energy is continuously
decreasing and the solution converges to a singular state described by a Dirac mass, that is, to a complete
rest. Two main questions then arise:

— First, what it the rate of the convergence to zero of the kinetic energy, i.e. how fast a granular
gas is cooling down ? The precise rate of decay of the kinetic energy is known as Haff’s law and
it has been rigorously proven in [22] for inelastic hard-spheres with constant inelasticity and,
more generally, in [5] for the case of viscoelastic particles.

— Second, can we make a more precise description of the long-time behavior of the gas as it goes
towards the singular limit ? More precisely, due to the diffusive nature of collisions, one expects
some type of intermediate self-similarity, i.e. a non Gaussian homogeneous cooling state. The
existence and uniqueness of such self-similar state has been rigorously obtained in [22, 23],
where it has been proven that in the quasi-elastic regime it is the attractor of any properly
rescaled solution, see [23]. The case of viscoelastic particles is intrinsically different to that of
constant restitution and always produces Gaussian intermediate asymptotic states, see [5].

The present contribution aims to answer similar questions for another example of dissipative sys-
tems, known as probabilistic ballistic annihilation. Such model has been introduced in the 90’s by
[9, 13, 14, 18, 30, 33] and describes a system of d-dimensional elastic hard spheres that interact in the
following way: particles move freely (ballistically) between collisions and, whenever two particles meet
they either annihilate with probability « € [0, 1] (both interacting particles vanish), or they undergo an
elastic collision with probability 1 — . Interestingly, as the annihilation probability « ranges from zero
to one, the probabilistic ballistic annihilation model will move from describing the dynamic of elastic
hard spheres to describing the dynamic of pure annihilation, which are substantially different. Ballistic
annihilation is considered to be a very accurate model in the whole range « € [0, 1] (including the pure
annihilation case « = 1) in dimension other than one. This conclusion has been reached through ex-
tensive numerical simulations in the aforementioned references. In dimension one, the kinetic approach
has been shown to mistakenly predict the correct dynamic relaxation for the pure annihilation regime in
the case of finite number of point masses (discrete velocities) for initial data due to strong cumulative
correlations. We will therefore in the sequel always consider the case of d-dimensional hard spheres with
d>2.
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Contrary to granular gases, ballistic annihilation dissipates the density, thus, it does not have natural
collision invariants. As a consequence, the solution to the associated kinetic equation converges to 0 as
time goes to infinity. We aim to answer the two questions raised before:

(Q1) What is the precise rate of decay towards zero of the macroscopic quantities as density and kinetic
energy ?

(Q2) Isthe long-time behavior of the solution described by some suitable self-similar profile which would
attract any solution to the associated equation after proper rescaling ?

We will focus on these questions in the regime when « is relatively small, but still order one. This
regime is interpreted as a system of elastic particles colliding many times before annihilating, that is,
particles undergoing significant diffusion due to collisions before annihilating. This is precisely the natu-
ral regime to search for self-similarity. We prove that the model possesses an universal attractor related
to the self-similarity equation, which leads to universal algebraic relaxation rates that can be explicitly
computed. Exact rates are quite expensive to compute as they demand the knowledge of the attractor,
which requires solving the highly nonlinear integro-differential equation (1.5). For this reason, the rate
found in the limit & — 0 is of key relevance. In reference [33] was conjectured that, in particular, the
mass of the solution f(¢,-) to the kinetic equation behaved in the long run as

/ ft,v)dv ~ ¢ 4d/(Ad+1) t— o0
Rd

and later in [12] numerical evidence was given supporting this fact. A particular application of the
analysis performed in this work is precisely the rigorous proof of such statement (see Theorem 1.3 and
comments below). Interestingly, the pure annihilation case « = 1 does not enjoy attractors, and long time
relaxation rates depend on the initial configuration as proven in the aforementioned references (for both
continuous and discrete velocity initial data). Furthermore, it is unclear what happens with the system’s
dynamics in the regime where « is relatively large, however, reference [12] shows numerical evidence
that seems to indicate existence of attractors as long as o < 1.

Before discussing in details the results and answers to the above queries, let us precisely describe the
model we are dealing with.

1.2. The equation at stake. In a spatially homogeneous framework, the density of particles f(¢,v) with
velocity v € R? (d > 2) at time ¢ > 0, satisfies the following

Of(t,v) =Ba(f, f)(t,v) =1 = )Q(f, /)(t,v) —aQ_(f, /)t,v) t>0
(1.1
f0,0) = fo(v)
where Q is the quadratic Boltzmann collision operator defined by
QoW = [ lo=ul(d'f - gf.) dv.do
Rdx§d—1
where we have used the shorthands g = g(v), ¢’ = g(v'), f« = f(v«) and f, = f(v}) with post-collisional
velocities v and v/, parametrized by
, vtu | p—u , vtu fo—ol

v = 5 + > o, v, = 5 > o, oceS“T. (1.2)

Here above, do denotes the normalized Lebesgue measure over S~ !, i.e de,l do=1.

The above collision operator Q(f, f) splits as Q(f, f) = Q+(f, f) — Q—(f, f) where the gain part Q
is given by

Q. (f. f)(w) = / v — ol ' ds do,

Rd xSd—1
while the loss part Q_ is defined as

Q- (f, M) = f(0)Zf(v), with — ¥p(v) = /Rd v = va| frdos. (1.3)
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The Cauchy theory for the above equation has been investigated in a previous contribution [7], and
we refer to the op. cit. for related questions.

In all the present paper, we shall assume that f, € Li(RY) is a nonnegative initial datum and that
f(t,) € Li(R?) is the associated solution to (1.1) for a given parameter o € (0,1). As explained, such
solution f(t,-) is expected to converge to zero as t — oo and, before reaching such degenerate state, the
solution is expected to become close to a self-similar solution of the form

fH(tav) = /\(t) u}a(ﬂ(t)v)v (1.4)

for some scaling functions A(¢) and 3(¢) and for a given self-similar profile 1), (depending clearly on the
choice of the parameter o). One can then show, see [30, 33, 7], that such a self-similar profile is a
solution to the following stationary Boltzmann equation

Aot () + B - Veha (&) = (1 — ) Qta, %a)(€) — aQ_ (e, 1ha)(€), (1.5)
where
a d+2 d¢? )
Ae=y - () (€)d, 1.6
2 /]Rd <fRd wa(f*)df* f]Rd ¢a(§*) |§*|2 dg* Q (U) d} )(6) 5 ( )
and

a 1 1% )

B.—-5 [ - Q- () (€)dE. (1.7)
23 A TR Ty IR TNERT) At

Existence of solutions to (1.5) has been proven in [7] for any « smaller than some explicit threshold

value. Moreover, borrowing techniques already used for similar questions in the study of granular gases

[23], uniqueness of the self-similar profile has been established in [8] for a smaller range of parameters

a. Namely,

Theorem 1.1. (Existence and uniqueness of the self-similar profile [7, 8]) There is some explicit 0 <
ap < 1 such that for any a € (0, ap), for any given o > 0 and E > 0, there exists a unique solution i, to
(1.5) with mass o, energy E and zero momentum, i.e.

1 0
wol ) (1)
R 2 E

Moreover, 1), is smooth and radially symmetric.

By a simple scaling argument, there is no loss of generality in considering the special case in which
o=1and E = d/2 and, from now on, we will denote by 1, the unique solution to (1.5) that satisfies

1 1
bal© | ¢ Jde=| ] (1.8)
e €I S
2
We denote by M(&) the Maxwellian distribution with same first moments as v, i.e.
M(§) =" exp(—[¢["),  VEER (1.9)

1.3. Self similar variable. Let us consider a solution f = f(¢,v) to (1.1) for some nonnegative initial
datum fo € Li(RY). Let us introduce the following (7, £) through

F(t,0) = np(8)(2T4 (1))~ (Tu), %f"(ﬂf))) (1.10)
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for some suitable scaling function 7 : R™ — R* and with

ny(t) = f(t,v)dv, ny(t)ur(t) = f(t,v)vdv,
Re Re (1.11)
dns(t)T(t) = /Rd ft,v)|v —up(t)*dv, t>0.

Notice that the choice of the scaling enforces the following

1
(7, §) ( 3 ) d¢ = ( ) vr > 0. (1.12)
R I35 g

which ensures the self-similar function ¢(7) to share the same mass, momentum and energy of the steady
profile 1,,. With such a scaling, straightforward computations, see Section 2.2 for details, combined
with the uniqueness of the solutions to both Cauchy problems (1.1) and (1.14) yield to the following
proposition.

O =

Proposition 1.2. Let fy € Li(R?) be a nonnegative initial datum with positive mass and temperature
1
B dnfo Rd

Nfy = , fo(’l})d’u >0, Ty, fO(U)l'U - uf0|2d’l} > 0,
R

where uy, = # Jga fo(v)vdv € R%. Let f(t,v) denote the unique solution to (1.1) associated to the initial
0
datum fy. Then, min (ny(t),T¢(t)) > 0 for all t > 0. In addition, introducing the scaling function

t
T(t)zx/i/ ng(s)y/Ti(s)ds, ¥Vt >0, (1.13)
0

and defining (7, ) by (1.10), it holds that ¥ (7, &) is the unique solution to
Or(7,€) + (Ay(7)=dBy(7)) ¥(7,€) + By (r)dive ((§ — vy (7)) ¥(7,€))
= (1 - O‘)Q(wa w)(Tv 6) —aQ- (1/17 d])(Tv 5)

with initial datum ¢(0,&) = (2Ty,)*?n ;" fo (\/2Ty, &+ wy,) and where Ay (-), By(-) and vy(-) are de-
fined by '

(1.14)

A == [ @r2-20eR) e @ ode

o 2 9
B =-5 [ (1-3P) e ode (115)
By(rop(r) =—a | £Q-(v,9)(1,6)d¢ € RY,  vr>0.

From the previous results, one sees that v, is a steady solution to (1.14) — independent of the time
variable 7 — and for which

Aa = Awa, B, = Bwa, and ’Uwa:O
since, v, being radially symmetric so is Q_ (¢, V0 ).

1.4. Notations. For all » > 0, we denote by D(r) the open disc of C with radius r, i.e. D(r) = {z €
C ; |z| < r}. Given two Banach spaces X and Y, we denote by #(X,Y) the set of linear bounded
operators from X to Y and by || - || z(x,y) the associated operator norm. If X = Y, we simply denote
AB(X) = B(X, X). We denote then by ¢'(X) the set of closed, densely defined linear operators on X and
by .# (X) the set of all compact operators in X. For A € ¢ (X), we write Z(A) C X for the domain of A4,
A (A) for the null space of A and Range(A) C X for the range of A. The spectrum of A is then denoted
by G(A) and the resolvent set is o(A). For A € p(A), R(\, A) = (MId — A)~! denotes the resolvent of A.
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Let us introduce some useful notations for function spaces. For any nonnegative weight function
m : R? — R*, we define, for all p > 1 and ¢ > 0 the space LH(m) through the norm

1/p
I lsgom = ([ Ir@P@mieras)
]Rd
ie. Lb(m) = {f : R = R; || fllLz(m) < oo} We also define, for k € N,
Wir(m) = {1 € Li(m)  00f € Li(m) V8| <k}

with the usual norm,
1 oy = D2 IO2
1BI<k

_ . . k,
For m = 1, we simply denote the associated spaces by L and W;”.

1.5. Main results. Let us recall that A, := A, B, := By_. We introduce the nonnegative quantities

dB, — A, d+2)B, — A,
a, = — b, = %7 RS (O,ao). (1.16)

The following is the main result of the paper.

Theorem 1.3. Assume that fy is nonnegative, with positive mass and temperature and such that

G-—at

fo€ Hy » (R) N Ly(RY)

for some n > 4+ d/2 and some x > max{4 + d/2,d(d — 2)/(d — 1)}, (d > 3). We also assume that fo has
finite entropy and Fisher information, i.e.

/ fo(v)log fo(v)dv < 0o and / |V\/f0(v)|2dv < 0.
R4 Rd

Let f(t,v) be the unique solution to (1.1) associated to the initial datum fo. Then, there exists some t > 0
and some explicit A > 0 such that for any a € (0, A/2), for any € > 0 there exist some explicit o € (0, «)
such that, for all a € (0,a.), there is some C = Cy, ¢, > 0 depending on fo through ny,, wy, and Ty, and
such that

v —us (1) v _
/Rd|f(tvv)_fa(tav)|exp <QW> dv < C(1+1) Vit >t

where ¢ := m (@, + s — €), i denotes the spectral gap of the linearized operator %, associated to
the elastic Boltzmann equation in L*(M™1),

(8 0) = (8)(2T (1) Y24, Luf(t)) t>0
fa(t,v) =nyp(t)(2T5 (1)) 1/}(\/21}—@)
with the moments ny(t), Ty(t) and u;(t) satisfying

4B,

a,
logng(t) ~ —2————logt, log T (t) ~ ol by

a 1 b. logt fort — oo (1.17)

and

Jim s (t) =y + VI [ Buooseen (- [ Buar) as

Moreover; for fixed a, the aforementioned rates for ny and T are universal.

The above Theorem provides a satisfying answer to the queries (Q1) and (Q2) above:
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— The precise rate of convergence of the density and temperature is described by (1.17) for any
a € (0,a.). Notice that this rate is sharp in the regime of small annihilation since one has (see
Remark 2.7) for o — 0

2a, 4d 4B, 2(by — ay) L2

2 by 4d+1  a(as+bs)  astby  dd+1’

which results, for small values of «, in
__ad_ 2
np(t) >t~ T, Ty(t) ~ ¢ T ast — 0o.

These results match the rate of convergence conjectured by physicists in [33, 12] described in
Section 1.1.

— For an initial datum with little regularity requirement, any solution to (1.1) is asymptotically
close to the self-similar profile f, (¢, -). Notice that our statement is quantitative in the sense that
explicit rate of convergence toward zero for the difference f(¢,-) — fa (¢, -) is provided. Such rate
is algebraic and, interestingly, is related to the mass, momentum and energy of the profile 1,
as well as to the spectral gap of the classical (elastic) Boltzmann linearized operator. Observe
also that the convergence is established in L'-space with exponential weight, but such strong
tail is not demanded for the initial datum. This improvement in weight from polynomial to
exponential is obtained by exploiting the instantaneous appearance of exponential moments for
Boltzmann-like equation associated to hard potentials.

— Notice that the answers to both queries (Q1) and (Q2) are related. Indeed, we are not able to
obtain in a direct way the behavior of the moments ns(t), us(t) and Tf(¢) by inspecting just the
moments equations associated to (1.1). Surprisingly, the inspection of these moments equations
just allows us to get the decay of the product n;(¢)/T(t) but not the decay of each term. We
are able to determine the long-time behavior of such moments after exploiting the convergence
of the whole solution f(¢,v), see Section 8.

1.6. Strategy of the proof and novelty of the current approach. It appears convenient along the proof
of Theorem 1.3 to rather investigate the solution of the rescaled equation (1.14) because it is conservative.
For such rescaled equation, the main result can be formulated as follows.

Theorem 1.4. Under the Assumptions of Theorem 1.3 on the initial datum fy, let f(t,v) be the unique
solution to (1.1) associated to the initial datum f, and let ¢(7, &) be the associated rescaled function given
by (1.10). Then, there exists some explicit A > 0 such that for any a € (0, A/2), for any € > 0 there exist
some explicit «. € (0, ap) such that, for all a € (0, )

[ 19 = ta(©)l explalél)is < Cule)exp(~(ue =) V> 1

where . denotes the spectral gap of the linearized operator £ associated to the elastic Boltzmann equation
in L2(M~1) and C.(«) is a positive explicit constant depending on « and ¢.

Remark 1.5. There are two noticeable facts in Theorem 1.4:

(1) the rate of convergence is nearly optimal, being as close as desired to the rate of convergence to equi-
librium for the elastic Boltzmann equation O(e™*+!). This is an important contrast with respect to the
results obtained so far in the context of granular gases [23, 32] for which the rate of convergence to
self-similarity is not continuous with respect to the elastic limit. To be more precise, in [23, 32], if
n € (0, 1) denotes the inelasticity parameter, then the decay to the self-similar profile is O(e=¢(1=m?) for
some explicit ¢ > 0. As a consequence, the elastic limit n — 1 yields no relaxation at all, whereas it is
well-known that the solution to the elastic Boltzmann equation converges exponentially fast to equilib-
rium. In Theorem 1.4, in the elastic limit o — 0 one exactly recovers the optimal rate of convergence to
equilibrium of the elastic Boltzmann equation.
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(2) The rate of convergence of the self-similar problem is independent of «. That is, all corresponding
relaxation related to annihilation is hidden in the rescaling. Thus, the self-similarity rescaling becomes
a tool that decouples the annihilation dynamics from the elastic collision dynamics. This is a powerful
tool for analysis.

The strategy we adopt to prove the results combines the spectral analysis of the linearized operator
and the entropy-entropy production method. The introduction of the linearized operator in the rescaled
equation may seem, at first sight, as a bad idea since the rescaled problem (1.14) is non-autonomous.
However, it reveals to be very efficient because, essentially, the rescaled equation is conservative.

Let us try to describe more precisely our approach. In the weighted space

Xo=L'(w),  w@(&) = exp(ag])

where a > 0 is some suitable number, we can introduce the linearized operator around the profile v, as
follows.

Definition 1.6. For any a € (0, o), introduce the linear operator %, : 9(%.) C Xo — Xo by
Zoh(€) = (1 = ) [Q(h, 1) (E)+Q(a, h)(€)] — a[Q—(Va, h)(€) + Q- (7, ¥a) (€)]
— Aoh(§) = Bo & Veh(€),  Vhe 9(L)

with domain 2(%,) given by 2(%,) = W, "' (w). We also denote by % the elastic linearized operator
% (%) € Xo — X given by
ZLoh = Q(h, M) + Q(M, h), Vh € (%)

with 9(%,) = Li(w) and where M is the unique Maxwellian with same mass, momentum and energy as
1o, given by (1.9).

Then, one can prove that, for « small enough, (.%,, Z(.Z.)) generates a Cy-semigroup {S,(t); t > 0}
in X (see Theorem 3.11 for a precise statement) with the following spectral properties and decay.

Theorem 1.7. Let us fix v, € (0, p1,). There exists a* € (0, ) such that, for any o € (0, a*) the operator
Lo+ D(Zn) C Xo — X satisfies:
1) The spectrum &(.%,,) is such that
S(L)N{z€C;Rez >~} ={pul, ... put?
where 11}, ..., udt? are eigenvalues of %, (not necessarily distinct) of finite algebraic multiplicity.

2) Forall i € (0,v), there is C,, > 0 such that
[|Sa(t)(Id — Py) ||=@(Xo) < Cpexp(—pt) Vit =0

where P, denotes the spectral projection associated to {u, ..., pdt2} in Xo.

Remark 1.8. The approach to prove the above result is reminiscent to the recent contributions [15, 23, 32]
and consists in a perturbation argument around the elastic limit combined with some abstract enlargement
and factorization arguments as developed in [15].

Remark 1.9. As will be seen later on, the sign of the eigenvalues !, (i = 1,...,d+2) do not play any role in
our subsequent analysis which is an important contrast with respect to the analysis performed in [23] and
[32]. On this point, it is an interesting open question to determine the sign of the eigenvalues 1i',. It seems to
be a non trivial problem and the fine asymptotics of !, for a ~ 0 would provide an interesting complement
of the above result.

Considering the fluctuations around the equilibrium

h(t,f) = 1/}(t?€) - 1/}06(5)7 t > 07
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it can be shown that / satisfies the following quasi-linear equation in mild form, see Section 7.2 for
details, )

h(t) = S (t)h(to) + / Su(t —5)Gu(s)ds, V=15 >0, (1.18)

to
where, roughly speaking,
Go(s) =B4(h(s),h(s)) + O(a).

This is where the entropy-entropy production approach enters the game. It is well-known that for elastic
interactions the dissipation of entropy forces, by some kind of La Salle’s principle, the solution of the
Boltzmann equation to become close to equilibrium. An important breakthrough in the study of the
Boltzmann equation has been to make this idea quantitative by using some version of the so-called
Cercignani’s conjecture [35]. This results in explicit estimates on the time needed for any solution to the
Boltzmann equation to fall into a vicinity of the equilibrium.

Even though the above equations (1.1) and (1.14) do not exhibit any dissipation of (relative) entropy
properties, we expect the persistence of the above behavior in the elastic limit. This idea is made rigorous
in Section 7.2 using in a crucial way the fact that the rescaled equation is conservative. We are led to an
estimate of the type: there exists some o small enough such that, for a € (0, *) it holds

[9() = allx, <) Vi>T(a)

for some explicit time 7T'(«) > 0 large enough and some function ¢(«) with lim,_,o £(«) = 0. This allows
to sharpen our estimate on G,(s) yielding

1Ga(s)llx, < e(@) [|h(s)llx,, Vs =>to > T(a),

where ¢(a) — 0 as &« — 0. Unfortunately, this is not enough to obtain the convergence of i(t) to 0 in the
Duhamel representation (1.18) since the semigroup {S,(¢); t > 0} does not decay to zero in full generality
(recall we do not know the sign of the eigenvalues ¢ ). From Theorem 1.7, the decay happens only when
acting on the range of Id — P,,. Because of the highly dissipative behavior of .%,,, the precise expression
of the projection P, seems difficult to obtain. At this point, a crucial role is played by the fact that the
scaling we choose is exactly the one which makes (1.14) conservative. Because of this additional property,
the fluctuation h(t,£) have zero mass, momentum and kinetic energy and, as such, satisfies

Poh(t) =0  Vt>0,

where Py is the spectral projection on the kernel of the elastic operator .. This obvious but fundamental
property together with the fact that, in some sense,

Pa — Po = O(Oé)
allows us to prove that, for o small enough,
[h(O)]x, < CI(Id = Pa)h(t)llx,  Vt=0. (1.19)

In other words, it suffices to study the dynamic of Eq. (1.14) in the “orthogonal” space Range(Id — P,,).
However, it is important to emphasize the contrast here with the classical elastic Boltzmann equation:
for such a problem, as well-documented, the nonlinear dynamic occurs exclusively on the “orthogonal”
Range(Id — Py). Here, this is not the case, some part of the nonlinear dynamic still occurs on the space
Range(P,,) but according to the estimate (1.19), such a dynamic is controlled by the one occuring in
Range(Id — P,).

The combination of these two approaches — spectral analysis and entropy method - is reminiscent
of the work [23] on granular gases and strongly relies on the understanding of the elastic problem
corresponding to o« = 0. However, the approach we follow is novel in different aspects:

1. Our approach is global in essence. This contrasts with the approach of [23] (see also [11]) where
local stability estimates (in which exponential convergence is proven for small perturbations of the equi-
librium) are first established and then suitable entropy estimates are used as a tool to pass from local to
global stability. Here, even if we fully exploit the spectral properties of the linearized operator and the
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decay of the associated semigroup, our approach does not rely at all on the study of close-to-equilibrium
solutions to (1.14). We directly prove the global stability without proving first the local one. We insist
here in particular on the fact that the sign of the eigenvalues 1, ..., u%*2 in Theorem 1.7 do not play
any role in our analysis (it is not completely clear actually whether these eigenvalues are nonnegative or
not).

2. Related to this first point, our study of the global stability exploits in a crucial way the fact that the
rescaled equation is fully conservative. In the granular gases case studied in [23], the equation in rescaled
variable does not preserve energy. This is not the case here where (1.14) preserves mass, momentum
and kinetic energy. The price to pay for obtaining a fully conservative equation is that this latter is non-
autonomous. As such, the linearization around steady solution is not completely natural but imposed.
However, as explained previously, dealing with a conservative equation allows us to exploit — in a crucial
way - the fact that the dynamic in the space Range(P,) is completely controlled by the dynamic in
Range(Id — P,,).

3. By virtue of the point 2, the rate of convergence to equilibrium for the rescaled equation is sharp
in the sense that it allows to recover, in the limit & — 0, the decay to equilibrium for the Boltzmann
equation in O(e #+*). We already commented on this point in Remark 1.5 explaining the contrast with
the analysis in [23, 32]. Let us emphasize at this point that recovering the sharp decay rate is made
possible again thanks to the conservative form of the rescaled equation and the method described in
point 2 and in the previous paragraph. Such novel approach is the main contribution of our paper which
allows to understand in a better way the role of the linearized operator in the rescaled equation. Let us
also mention that this method is robust enough and applies to the models of granular gases described
earlier (at the price of performing the scaling which exactly preserves the energy).

4. For the entropy-entropy production method, we follow a time-dependent approach initiated in
[6] in the context of granular gases. With respect to this approach, one can see that the regularity
assumptions made on the initial datum are minimal. This comes from an improvement of a well-known
functional inequality obtained by C. Villani that relates the entropy production functional associated to
Q(f, f) to the relative entropy. In [35], an almost linear inequality is derived under some strong (high
order) regularity on f,. Here, we used a version of such an inequality — obtained recently in [4] — where
the functional inequality is far from being linear but for which the regularity on f is drastically relaxed.
Namely, we will resort on the following proposition.

Proposition 1.10. For a given function f € L3(R?) N L2(R?), let M ; denote the Maxwellian function with
the same mass, momentum and energy as f. Assume that there exist Ky > 0, Ay > 0 and qo > 2 such that

f(v) = Ko exp (—4g [v[®) Vv e R (1.20)

Then, for all 6 € (0,1), there exists a constant \;(f), depending on ¢ and on f only through its mass and
energy and upper bounds on Ao, 1/ K, ||f||2 and || f||z1, where s = s(qo) > 0 such that

(146)(1+2/d)
0 Y,,)
M (v)

where 2(f) is the entropy dissipation functional associated to the elastic Boltzmann operator

27 =~ [ ot nyos (10 ) o

Notice that, in order to be able to apply the above Proposition to the solution (¢) to (1.14), we need
first to prove the appearance of gaussian-like pointwise lower bound for such solutions, see Theorem 6.5.

2 (0 ([ s

5. Finally, a novelty of our approach also lies in the control of the Fisher information I(¢(¢)) of the
solution to (1.14). Recall that, for a given nonnegative function f, the Fisher information of f is defined
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as
2
I(f) = i/ﬂw %dg = /Rd V7€) de. (1.21)

It is very easy to see that, to obtain a uniform control of the solution ¢ (t) in spaces like W} (), it is
enough to prove that

sup I((t)) < oc.
>0

We prove that such an estimate is true in Theorem 7.2 under minimal regularity on the initial datum
1o, which in dimension say d = 3 is assumed to have finite Fisher information and to lie in H'!(R?)
(with some algebraic moments). The uniform control of Fisher information for solutions to Boltzmann
like equation seems to be completely new. We mention here the seminal work [34] dealing with the
Boltzmann equation for Maxwell-like collision kernels and for which an algebraic growth of the Fisher
information is obtained. Our approach relies in a heavy way on the appearance of gaussian-like pointwise
lower bounds (Theorem 6.5) and on the precise control on the way the various parameter in these lower
bounds depend on time. We refer to Section 7 for more details on these new estimates. Again, the
method we propose here seems robust enough to apply to a larger variety of kinetic models exhibiting
the appearance of such pointwise lower bounds.

1.7. Organization of the paper. The paper is organized as follows. We describe in Section 2 the evo-
lution of the moments for the nonlinear equation in original variable (1.1). We are able, at this stage,
to obtain only partial results yielding just the decay of the product n¢(t)? Ty (t). However, this will turn
of paramount importance since such a decay is actually governing the long-time behavior of the time
scaling function 7(¢) (see Eq. 1.13). The rest of Section 2 makes rigorous the scaling performed earlier
and provides the proof of Proposition 1.2.

After these two Sections, the paper is divided into three parts: Part 1 of the paper is devoted to
the thorough study of the linearized operator .%,, and culminates with the proof of Theorem 1.7. Our
approach to Theorem 1.7 is inspired by the one introduced in [23] and revisited in [15, 32]. It consists,
roughly speaking, in a perturbation argument which exploits the spectral analysis of the linearized elastic
Boltzmann operator .%,. In a more precise way, we first use the fact that the spectrum of %, is well
localized, meaning that it admits a spectral gap in a large class of Sobolev spaces; second, we show that,
for o small enough %, — % is of order O(«) for some suitable norm; finally, to deduce the decay of the
semigroup from the spectral structure of the generator, we need to use some abstract spectral mapping
theorem established in [24]. The decay in X, is then deduced from that in X; thanks to an abstract
enlargement and factorization argument as developed in [15].

Part 2 of the paper is devoted to the stability analysis. In Section 6, we develop the time-dependent
entropy-entropy production method. In Section 7, we first obtain uniform bounds on the solution (¢, &)
to (1.14) - in particular obtaining the important estimate on the Fisher information Z(¢(¢)) and then
prove Theorem 1.4. Finally, in Section 8, we turn back to the original variable and prove Theorem 1.3.

The final part of the paper is made of four Appendices which collect several technical results used
in the main core of the paper. In particular, Appendix A gives the proof of two technical results used
in Part 1. Appendix B collect the main properties of the solutions to the rescaled equation (1.14) and,
in particular, the appearance of pointwise lower bounds which is fundamental for the use of the above
Proposition 1.10. Recall here that, for such lower bound, it is important to get a control of the various
constant with respect to time in order to perform our analysis of the Fisher information. In Appendix C,
we prove that the linearized operator (.Z,, 7(.%.)) is the generator of a Cy-semigroup in X, exploiting
well-known abstract generation results in L!-spaces.
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2. EVOLUTION OF THE MOMENTS FOR THE NONLINEAR EQUATION

We consider here the evolution of macroscopic physically relevant quantities associated to the fully
nonlinear Boltzmann equation that we recall here for convenience

Ohf(t,v) =1 =)Qf, /)t,v) —aQ(f, /)t,v) >0
f(0,0) = folv).

This kinetic equation has no conserved macroscopic quantities and density is decreasing to zero. To
be more precise, let us recall that, for any ¢ > 0, the density

(2.1)

nst)= [ fo)de,

the momentum u(t) € R? and the temperature T(t) > 0 are defined respectively by

ny(ur(t) = f(t,v)vdv € R and dng(t)Ts(t) = / Ft,v)|v —up(t)Adv.
R4 Rd

2.1. Evolution of first moments. We aim here to deduce the precise rate of convergence to zero of the
quantity

Es(t) = dng(t)*Ty(t),  Vt =0,
and our main result is the following

Theorem 2.1. There exists some explicit o, € (0,1) such that, for any « € (0, ) and any nonnegative
fo € L§ (Rd), the associated solution f(t,v) to (2.1) satisfies the following:

—2
(co+2)"2 <dns(t)? Ts(t) < (cl—l—%t) Vit >0

for positive constants cg, c; > 0 depending only on the initial distribution f, and not on «,

co = /Rd fo()lv —uy(0)|do, ¢ = B0

Let us introduce the moments
Mi(t) = / ftolo—uy@Fde £30,  (k>0).
]Rd

With such notations, ny(t) = My(t) and dns(t)T(t) = Ms(t) and Ey(t) = Mo(t)Ma(t).
In all the sequel, we consider a nonnegative initial datum f, € L(R?) and denote by f(t), t > 0 the
associated solution to (2.1). One has the following

Lemma 2.2. One has
%Mo(t) < —« Mo(t) Ml(t) and %Mg(t) < —« Mo(t) Mg(t) Vi > 0. (22)

As a consequence

-2
1 «
Et)<|—+=t|] , w>o
£(t) (Ef(o) 2)

Proof. The proof follows from integration of (2.1) and the fact that both density and kinetic energy are
conserved by the Boltzmann operator Q. Therefore, we get

Gt == [ o(rntunan M0 = o [ e (f Nl -u 0P, @3
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so that

d

_nf(t) = -« f(t,’U)f(t,’U*”’U - 1)*|d’U* dv

dt R2d
ng(t) =—« Ft,0) f(tv.) v —vi [o — uys(t)]*dvdos.
dt R2d

According to Jensen’s inequality one has

A;ﬂumﬂv—mMm>nﬂﬂw—uﬂm vt > 0.

Therefore

%nf(t) < —anf(t)/Rd F(t, ) —ws()|dv and %Mg(t) < —oznf(t)/Rdf(t,v)|v—uf(t)|3dv

from which (2.2) follows. To deduce from this the decay of E(t), we simply notice that, thanks to (2.2),

d d d
G Er) = Ma(t) o Mo(t) + Mo(t) - Ma(t) < —a Mo(t)2 Ms(t) < —a Ey(t)3/?
where we used that Ms(t) > M, 1 %(t)Ma(t)®/? thanks to Holder’s inequality. The result follows. O

One sees therefore that, to capture the asymptotic behavior of both ns(¢) and T4 (t), it will be necessary
to understand the behavior of larger order moments (typically Ms(t)). One begins with recalling the
Povzner’s estimates obtained in [7]. For low order moments, one has the following which comes from a
combination of [7, Lemma 3.1] and [7, Lemma 3.7].

Lemma 2.3. For any k € (0, 1) and any nonnegative mapping ¥ : R% — R one has

~ Br(a)
2

—/ B, (¥, U)(v) [v|**dv < / U (v) U(vs)|v — vy (|v|2+|v*|2)kdvdv*
R4 R2d

1
+ —/ U ()T (vy)|v — vl (|v|2k + vy [?*) dvdus,
2 Jioa

where B (a) = (1 — )y with

N k ~ k
14U 0o 1-U-o (S P X oy =3
= — —— ] |do= 2 1+0)F (1% 2 de. 2.
" /S“dfl ( 2 ) +< 2 ) ] 7 |S=1] /—1( ) ( ) (24

To prove Theorem 2.1, we first need to compute the evolution of M;(¢):

01/2—1
01/2+1

Lemma 2.4. There exists o, =
satisfies

€ (0,1) such that, for all « € (0, «,) the unique solution to (1.1)

1 —1
— 4 2t < Mq(t Yt > 0.
(Ml(()) ) 1)

Proof. The proof resumes some of the arguments of [7, Lemma 3.7]. Precisely, multiplying Eq. (1.1) by
|v — us(t)| and integrating over R one has

G0 = [ Bolr. ) lo=wsldv+ [ 0do—us@las
v — ug(t) (2:3)

dv.
v —up(t)|

- / Ba(f, £)(t0) [o— wp(t)|do — 1 (2) - / £(t,v)
R4 Rd

Using now that

d

s (0) = = [ Q(F 1) (t.0) vdv = ity ()us() + s (0 ()
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together with (2.3) we easily get that

ap(t) = —— [ Q_(f,/)(t.v0)(v — us(t))dv.
ng(t) Jra
Consequently,
s 0) [ Ft0) =i do] < iy () <o [ Q- (At 00— )l
Using that

[ o-trnwol—us@ito= [ o) el = vl lo - us0)dude,
R4 R2d

S L A0 e (o =us@]+ o —us @)l o —wst)dvdv, = Mo(#)Mo(t) + My (t)?

we get from (2.5),

%Ml () > /R Balf. 1)t 0) [0 — g (B)dv — o (Mo()Ma(r) + My (1)?). 2.6)

Using Lemma 2.3 with £ = 1/2 and ¥(v) = f(¢,v + uy(¢)), we obtain that

[ Balfn0) o= g Oldo = [ Balfte+us(). £+ s @)l do

Rd
>§ F(tov+up(0) f(t, 0. + s ()T (v, v.)dvdo,

R2d
where s
T(0,0.) = By ja(@)v — ve (o] + [va]2) "
)1/2

— v =ou] (Jo] + Jos]) -

Since | [v] — |vy|| < v — vi| < |v| + |vi] and (Jv]* + |v.|?
T (v,0.) 2 Brya(@) o] = |ou] |* = (Jo] + |o.])?

= (Biy2(@) = 1) (Jo]* + [vuf?) = 2 (Br/2(e) +1) [o]]os].

> ||v] — |v«| | one gets that

Since
/de Ftv+up(t) f(t, v +up(t) (Jo* + [0 ]?) dvdo,
= 2/ Ft0) (v v — wp(8)2dvdv, = 2Mo(t) M ()
R2d
while

[ feo s usnste o+ us@lel ofaode. = ([ ol us@lar) = w02

we get
/Rd Bao(f, [)(t,0) [v — up(t)|dv = (B1/2(a) — 1) Mo(t)Ma(t) — (B1y2(cr) + 1) M (t)*. 2.7)

Combining this with (2.6) we finally obtain

d

EMl (t) > (ﬁl/Q(a) - — 1) MO(t)MQ(t) — (ﬁl/Q(Oé) +1-— Oé) Ml(t)2 (28)
Now, setting o, = Eijzﬂ, one sees that, for any 0 < a < o, 81/2(a) > 14 a. Moreover, Cauchy-Schwarz
inequality ensures that M; (t)? < My(t) Mz (t) so that (2.8) reads

d

M) > (Bry2(a) —a =1 = (Bija(a) +1 —a)) Mi(t)? = =2My(t)> Yt >0.
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Integrating this differential inequality gives the result. O
The above inequality yields the optimal rate of convergence.

Proof of Theorem 2.1. Let a € (0, ) be fixed. Using again that My(t)Ma(t) > ME(t), we deduce from
Lemma 2.4 the lower bound

2
Mo(t)Ma(#) > (fm) + 2t) V>0

which gives the conclusion thanks to Lemma 2.2. O
A direct consequence of Theorem 2.1 and Lemma 2.4 is that
My (t) oc (1+¢)7* ast — oo.
More precisely, one has the following result.

Corollary 2.5. There exists some explicit o, € (0, 1) such that, for any « € (0, o, ), any nonnegative solution
f(t,v) to (2.1) associated to a nonnegative initial datum fo € L3(R?) satisfies the following:

—1
(co+28)"" < My(t) < (c1+%t) V>0
for positive constants cg, c1 > 0 depending on the initial distribution fj.

Proof. The lower bound comes from Lemma 2.4 while the upper bound comes from the corresponding
upper bound for My (t) Mz (t) in Theorem 2.1 together with the fact that M (t) < \/Mo(t) Ma(t). O

2.2. Scaling and self-similarity. Let us recall that we introduced in (1.10) the following rescaled func-
tion ¢ (7, £) through

_ v—uy(t)
F(t,0) = np(t)(2T¢ (1)) <T(f), 7> , vtz
V2T (t)
where ny(t), Tf(t) and us(t) denote the first moments of f(t, -) defined by (1.11). We give briefly here the
proof of Proposition 1.2 which asserts that, under such scaling, ¥ (7, £) is the unique solution to (1.14).

Using (1.10), one gets that, for 7 = 7(¢) and & = 7:;;T;—((tt))’
Do f (t,0) = ng(t)(2T¢ ()~ 2# ()0, (7, €)
+ (g OQTH0) 2 — Ty (n (DT (1) 2) vi(r. )

— ()T (1) T Tr(t)E - Veb(r,€) — np()(2T5(£)) ™ = g (t) - Verb(r, €),

where the dot symbol denotes derivative with respect to ¢t. Moreover, using the scaling properties of

Q.4 (f,f), one has

Qu(f. )(t,0) = ng (1) (2T (1) =" Qe (4, 9) (7, 6),
so that ¢ (7, £) satisfies the following equation

Ba (1, 9)(1,€) = np ()~ (275 (t)) "2 7()0- (7, €)
+ (hf(t)nf(t)72(2Tf(t))71/2 - de(t)n;1(t)(2Tf(t))73/2) ¥(7,€)
— Tt (8) (2T () 72/2€ - Veub(1,€) — np(t) M (2T3 () " Lp (1) - Verb(, €)

forr =7(t), & = 7\7;7;—((2 One sees then that choosing the time scaling function 7 in such a way that

7(t) = nf(t)\ / 2Tf(t), vVt >0,
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we obtain, finally

O (7,8) + Ay (T) (7, 8) + By (7)€ - Veo(7,6) + Vi (7) - Ve (7, ) = Ba (v, 9)(7,€)

with
Ay(r(®) = (is(Ong(t) 2 2Tp(0) 72 = dly (17 (2T (1) ~*2) € R
By(r(t)) =Tty (1)(2T5(t) " = n,tl(t)%@rf(t))-l/? eR 2.9
Vyu(r(t) = -—ng(t)" 2Ty (1) 'us(t) eRY, VE> 0.
Introducing .
aay (1) = dBy(1) — Ay(7), vy(r) = —5——=Vu(r) €R?
By(7)

allows to write the above equation satisfied by (7, §) in divergence form

0-(7,6) — aay (1) ¥(7,€) + By(r)dive ((§ — vy (7)) ¥(7,€)) = (1 — @) Q4 ¥)(7,€) — aQ— (¥, ¥)(7,€).

Also, conservation of mass implies that

/Q (4, )(, £)dé = / € — Eu[(r, E)(r, €.)dEdE. > 0

The zero momentum assumption on (7, £) reads

B (r)vy(r =—a/59 (W, 0)(r e €RY,  vr >0,

while conservation of kinetic energy yields

any(r) + 2By(r) = ((d+ 2)Bo(r) — Ap(r) = 5 [P0 (). )

One sees easily then that this yields the expressions for By, A,, and v,, given by (1.15) and the mapping
(7, &) is a solution to (1.14). Notice that a variant of Eq. (1.14) has been introduced and studied in [7]
and we can deduce from [7, Theorem 1.10] that ¢ (7, ) is the unique nonnegative solution, belonging to
C([0, 00), L3(R?)) N LL ((0,00), L3(RY)) to (1.14) with initial condition ).
Remark 2.6. Notice that the coefficients A (7), and By (7) do not have definite sign. Furthermore, for the
case of steady solution 1), for which we recall that
Adja = Aa, ija = Ba,

it is not clear whether A, and B, have a sign. However
dBy(r) ~ Ay(r) _

a

by(r) = UT2Bu(0) = Al / Q_(4,0)(r.€) [e]2de

«

Qw,w)(n §)dg,

are both nonnegative for any T > 0. Again, we use the shorthand notations a, = ay,, bo = by, for the
steady solution 1),,.

Remark 2.7. As far as steady solution )., is concerned, we recall that, according to [8, Theorem 3.1], 1,
converges to M defined by (1.9) as o« — 0. In particular, using the notations A, instead of A, and similar
notations B, a, and b, we see that

lim a, = ap := Q (M, M)()d¢é = Vor ——— 5]

a—0 Rd |Sd|

d—1
o R |4
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Hence,

i 2a, 4d and I 2b, 4d + 2

11m = 1m = .

a=0 ag +b, 4d+1’ a=0 ay+b, 4d+1
Introducing also

1 1 2
aoi=—3 [ (a+2-26F) o mm©as Bo=—3 [ (1-FieR) o (M,
R Rd
we see that A A B B
lim =2~ 220 _ g and lim —o— %20
a—0t « a—0t «

In particular, ag = dBy — Ao and by = (d + 2)By — Ay. Notice also that, since by > ag, we get By > 0 and
B, > 0 for o small enough. We will also use repeatedly in the sequel the fact that there exist C' > 0 such that

|As| + |Bal < Ca, Va € (0, ap),
which can be easily deduced from the fact that sup ¢ (,q,) [|¥all L1 @) < o0

Notice that, by virtue of Theorem 2.1, 7(¢) behaves for large time like log(1 + ¢). Of course, the main
interest of the above result is that, in order to deduce the rate of convergence to f, for the solution
f(t,v), it “suffices” to prove the rate of convergence to ¢, of the solution ¢(¢,¢). Since Equation (1.14)
conserved both mass and kinetic energy, it will be possible to exploit entropy-entropy production methods.

Let us now explicit the first order moments of f(¢,v) in terms of quantities involving ¢ (7, &).

Lemma 2.8. Under the assumptions and notations of Proposition 1.2, it holds

(1) 7(t)
ny(t) =ny, exp (—a / ay (s)ds) , Ty(t) =Ty, exp (—2/ Bw(s)ds> , vt > 0.
0 0

In particular, the time scaling 7(-) : RT — RT is the unique solution with 7(0) = 0 to the following
differential equation
d a 7O
&T(t) =ny,\/ 2Ty, exp —5/ (ay(s) +by(s))ds |, t >0,
0

where we recall that acay (s) = dBy(s) — Ay (s) while aby(s) = (d+2)By(s) — Ay(s) = 0 for any s > 0.
Finally, one has

1 1 (t)
——us(t) = exp / By(s)ds | u
2T(0) Vv 2Ty, < 0 ! o
7(t) 7(t)
+/ By (s)vy(s) exp / By (r)dr | ds, Vit > 0.
0 s

Proof. The proof resorts on the equation (2.9) where the evolution of the moments ns(¢), T (t) and u ()
is related to the definition of A, (7(¢)), By (7(t)) and vy (7(t)). Namely, setting for simplicity 5(t) =
L__ | the first and second identity in (2.9) imply that

V2T (1)
Aur) = 2D 50+ —L_aw),  By(r(t) = —— 4.
ny(t)? ng(t) ny(t)
From this, 7Zf#(tt))zﬁ(t) = —aay(7(t)), and since ﬁﬁ(t) = Wm = #py» We get that

n t 7(t)
log ) /0 a,(7(s))7(s)ds = —a /0 ay(s)ds,

nfo

which gives the desired expression for ns(t). Similarly, since

By(r(t) = ~T7(0n; ()T ()2, t>0,
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we easily obtain that 27(¢)By(7(t)) = —;j: Eg, which gives the expression of T (¢). Finally, using again
that 7(t) = ns(t)\/2T(t) we get the desired differential equation for the time scaling. Introduce now
z(t) = muf(t) = B(t)uy(t). According to the third identity in (2.9),

By (t) = —7(t)Vi(T(?))
so that

Bt .

2(t) = B)uys(t) + B(t)us () %Z(f) — (O Vy(7(t)) = 7(O)By(7(t)2(t) — 7()Vy(r(1),
where we used that % = Zf((f)) By (7(t)) = 7(t)By(7(t)). Thus,
(1) (1)
T |exP —/ By(s)ds | z(t)| = —7(t)Vy(7(t)) exp —/ By (s)ds
0 0

which gives the result. O

Remark 2.9. Notice that, since 2B, (s) + aay(s) = aby(s) for any s > 0, we get

(1)
/ ft,0)|v —up(t)*dv = dny(t)Ty(t) = dnyg, Ty, exp <—a/ bw(s)ds> ; vt > 0.
R4 0

In all the sequel, we shall assume f, € L(R?) to be given and satisfy the assumptions of Proposition
1.2 and will denote by f(¢,v) and ¥ (7, £) the associated unique solutions to (1.1) and (1.14) provided by
Proposition 1.2.

Part 1. Spectral analysis of the linearized operator
The scope of this part is to prove Theorem 1.7. We shall consider in the sequel the weight
w(§) = exp(alg)), a>0. (2.10)
Inspired by [32], we work on the following scales of Banach spaces:
Xo C Xy CXp
where
Xo=LY(w), Xi=Wp'(w), X,=Wr'(w). (2.11)

Recall that the linearized operator associated to B, around the unique steady state v, has been defined
in Definition 1.6. We notice that, for any a € (0, ap)

X1 = 2(%,), Xo = 2(ZL3).

3. PROPERTIES OF THE LINEARIZED OPERATORS .%,, AND %,

We investigate in this section general properties of the linearized operators ¥, and % in general
weighted spaces W’;=1(w)1. We should keep in mind that we are mainly interested in the properties of
the operators in the Banach spaces X;, i = 0, 1, 2 and shall restrict ourselves to these spaces at some point.

o avoid too heavy notations, we shall still denote by .4, and % the restriction of the above defined operators in the spaces X1
and Xy. We adopt the same convention for the associated semigroups and spectral projections in those different spaces. However, one
should always keep in mind the underlying space on which one considers such operators.
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3.1. Elastic limit. A crucial role in our analysis will be played by the fact that, in some suitable sense,
%, is close to the elastic linearized operator .%; for e ~ 0. Let us begin with the following lemma.

Lemma 3.1. There exists some explicit @ > 0 such that, for all k € N, q > 0, there exists a explicit function
Meq © (0,0) = RT with lim, g+ ng,q () = 0 such that

%0 — M”w’gvl(w) < nk,q(a) Va € (0, ap),
where the weight function o is given by w(§) = exp(alé]), a € (0,a).
Proof. According to [8, Theorem 3.1], for all k € N, ¢ > 0,
Jim o = Mgz =0 (3.1)

with some explicit rate of convergence, while, according to [8, Corollary 3.3], there is A > 0 such that
alig)lJera_MHL};(mb) :Oa Vq} Ovbe [OvA/z)

where m; (&) = exp(bl¢|). Using the following interpolation inequality (see [23, Lemma B.1] where we
recall that @ = my)

1/8 3/4
1 gt oy < C N llesrsarm.e |1 sy 1135wy

valid for all f € W8k+7(14+d/2).2(Rd) 0 [ (1m,,,), we deduce easily the conclusion. Notice that the above
rate of convergence can be made explicit. O

e From now on, we always assume the weight = to be given by (2.10) for a € (0, a).

On the underlying space W*! (=), introduce the operator T, : 2(T.) C Wil(w) — Wkl (w)
defined by 2(T,,) = W’;ﬂ’l(w) and

Toh = —=B,div(§ h(£)), he 2(T,).
One sees that the operator Ty, is the one responsible for the discrepancy between the domain of .%; and
%,. Because of this, we set
P 9(PY) C W’;’l(w) — Wg’l(w)
as P? = 4 — %, + T, with domain
I(PQ) = 9 (L) = W, (w).

One has then the following Proposition

Proposition 3.2. For any k € N and any ¢ > 0, there exists some explicit function ey, 4 : (0, a) — RT with
lim, o+ €k () = 0 and such that

1PaAllyk s () < Enig() Iillsp oy VR E Wi, (w). (3.2)
As a consequence,

1 Zah = Loyt s (my < €rg(@) hllyesin ) VhE Wiie (). (3.3)

Proof. The proofis based upon the well-known estimate for the operators Q. associated to hard-potentials
(see Lemma B.3 in Appendix B for a simple proof): for any ¢ > 0, there is some universal positive constant
Cy > 0 such that

HQ:I:(Q; f)”L}J(w) < Cqu”L})Jrl(w) ||f||L(1)+1(w)7 vag € L;Jrl(w) (34)
Then, since

Zah(§) — £oh(§) = Qh, o — M)(§) + Qo — M, h)(E)
—a [Qy(h,Pa)(§) + Qi (o, ) (§)] — aanh(§) — Badiv(£h(§))  (3.5)
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(where we used that cva, = dB, — A,), one deduces from (3.4) that
1Pahll ae) < 2CqllhllL1, (e 1Ya = M1, () +2Cqa AL, () [¥allLt, (w) + 02al] ()

Using the fact that ¢, := sup,¢ (g q,) [V HLh (=) < 0o while there exists a > 0 such that sup,,¢(
’ q
a < oo we get that

”,PthL}J(W) < (203 M0,144(@) +2C; cqa + aca) ||h||L{+q(w)a Vh e L]i+q(w)

0,00) Qr =

where 79,144 (c) is provided by Lemma 3.1. This proves (3.2) for k£ = 0 with
€0,q(a) = (2Cy Mo 144() + 2C, cqa + aa) .
To prove the result for higher-order derivatives, say for k£ = 1, one argues as before using the fact that

VOi(g,f)=Qx(Vy, f)+ Qx(9, V).
One obtains then easily from (3.5) that

HpthWé’l(w) S 2Cth’HW;’+11(w) l[tha — M”W}iq(w) + 2Oq0‘|‘h|‘wéjl(w) [%ally 2 (=)

1tq

+ aaaHhHW;J(w).
Setting €1 4(o) = (2C; m1,144(a) +2Cy 1 g + acr) where 71 144(a) is given in Lemma 3.1 and ¢, , =
SUPq e (0,a0) Hwa”w}j (=) < 00, we get (3.3) for k = 1. The proof for k£ > 1 follows along the same paths.
One deduces then (3.3) from (3.2) using the obvious estimate HTah”w’;J(w) < |Ba|HhHW11cil,l(w). O

3.2. Splitting of .%,,. Let us now recall the following splitting of .%, introduced in [28, 32]. For any
§ € (0,1), we consider O5 = O5(£,&,,0) € C°(R? x RY x S9=1) which is bounded by 1, which equals 1
on

Js = {(& &, 0) ERIXREx ST (€] <6715 26 <€ —&] <0 [cosf] < 1— 26}

and whose support is included in Js,, (here above cos 6 = <%, o)). We then set

LEO = [ MEDAE) + MEH(E) ~ MO €~ &1 O5(€. €., 0)de.do
xge (3.6)
Ly h(E) = / IM(EDR(E) + M(ENNE) = M(ENEN]IE = & (1 = B5(E,€,0))dEwdo

R x§d-1
so that
go = 305,5 + D%OR"& — XM
where X, denotes both the mapping

Sa(e) = [ MEle-lde.,  gere

and the associated multiplication operator. We define then
As(h) == 22°(h)  and  Bys(h) =25 —Sum
so that £ = As + Bos. Let us recall [15, Lemma 4.16]:

Lemma 3.3. For any k € N and § > 0, there are two positive constants Cj, 5 > 0 and Rs > 0 such that
supp (Asf) € B(0, Rs) and

s fllwez < Crsllflley, V€ LiRY 3.7)
This leads to the following splitting of .%,,:
fa = Ba,5 + -/4(5

where B, s = Bos + [-Zs — -%)- One has the following properties of B, s (see [32, Lemma 2.7, 2.8, 2.9]
for a similar result)
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Proposition 3.4. For any k,q > 0, there exists aL)q >0, 0k,q > 0 and vy > 0 such that
Bas + Vi is hypo—dissipative in Ws’l(w), Vo € (O,az)q), d € (0,0k,q)
with 2(Ba,s) = W’;ﬂ (=) and
Bosh = Bosh —PSh+Toh,  he Wil (w).
Remark 3.5. Notice that, for k = 0, the hypo—dissipativity of B, ; simply reads

[ Bast©siens (©) € ()E < vl f oy, wr: VS € L ()
Rd
which means that, for k = 0, B, s is actually dissipative. For k > 1, there exists a norm — denoted by [-] -
which is equivalent to the || - ng,l(w) norm (for which [-]. denotes the norm on the dual space (W' (w))*)
and such that for all f € 9(Ba.s), there exists uy € (W(w))” such that

(up, f) =[f1* = [us]l}  and Reluy,Basf) < —wil[f]?
where here (-, -) denote the duality bracket between (W (w))" and W* ().

Proof. Notice that the analysis performed in [23] and [32] (in the spatially inhomogeneous case) proves
that, for any k, ¢ > 0, there exist 6 > 0 and v > 0 such that

Bo,s + v is hypo—dissipative in W’;’l (wo).

It would be possible to simplify the proof we give using such an estimate. We prefer to give a direct and
full proof of the result. Notice that our proof is a technical adaptation of the one given in [32]. We first
consider the case k = 0. We write B, s(h) = 3.+, Ci(h) with

Ci(h) = =Poh,  Cy(h) = L (h), Cs(h) = —Badiv(¢h(€)), Cu(h) = —Suh
and correspondingly,
[ Bas(h(©)sign(h©)) € =(€)de = Y- (k).
First, it follows from Proposition 3.2 that

Ii(h) < ||732h|\L}1(w) < o q(a )||h||L1+1(w),
with limg+ €o,4(a) = 0. Now, as in [32, Eq. (2.10)], one has
a—

L(h) < 145 Ly < TONPLL, ()
with lim 7(§) = 0. Then, since hVsignh = 0, one has

6—0

() = B | (O (€)' €)= B [ M-V (©)" () de

Since £ -V ((£)1w(&)) = q[€]?(£)1 2w (&) + a(€)?|¢|w (€), it is not difficult to see then that there is C' > 0
such that

«
I(h) < C5 (aa +ba)llhllL < aCllhll

Finally, it is well-known that there exists some constants oy, o; > 0 such that, for any ¢ € R¢,
0 < oo < 00(8) <Tm(E) < o1, (3.8)

+1(w) +1(w)

which leads to
I4(h) < —ool[hl L

Gathering the previous estimates, one obtains

/Rd Ba,s(h)(€) sign(h(£)) (€)@ (§) d€ < (€0,9(a) + @ C +7(8) — 00)l[Pl L1, (wo)- (3.9)

1(w)
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Let ag_’q € (0, o) be such that gg 4(o) + aC < 0y for all a € [0, ag_’q). We then choose ¢y , small enough
such that, for any § € (0,d¢,4)

vy = — (17(8) + €0,4(a) + aC — g9) > 0
for all « € [0, a& ,) and get the result. We now investigate the case k = 1. We consider the norm
[2] = 1Al 1 (w) + 2l VRl L1 ()

for some 1 > 0, the value of which shall be fixed later on. This norm is equivalent to the classical
W' (zo)-norm. We shall prove that for some 11 > 0, B,,s + v1 is dissipative in W' (zo) for the norm [-]
and thus hypo-dissipative in W' (co). To this end, we consider

[, V(Bashte) - sign(Vh©) €)7 w(e)de
where we used the shorthand notation sign(Vh(§)) = (sign(0g, h(€)), ..., sign(0,h(§))) . First,
V(Bash) = V(Bosh) — V(PYh) + V(Tuh) = VL0 — Sam(€)h] — V(PCR) + V(Toh). (3.10)

It then follows from Proposition 3.2 that
IV (P L1 (e) < e1a(@)hllyrs () = €1g(@NPlL1, (@) FE10(@IVALL () (3.11)

with lim,, _,¢+ €1,4(e) = 0. Now,

VL3 h = p(Eh] = L5 (Vh) = Sm(E)Vh + R(h),
where

R(h) = Q(h, VM) + Q(VM, h) — (VAs)(h) — As(Vh).
Again as in [32, Eq. (2.10)], one has

1L TR 1y < OVl (),

g+1
with lim 7(6) = 0. Then, by (3.8),

5—0

— [, EM€) VR - sign(Th©) (€ (€ de = — [ Eaal) VRO (©)" o) e

< =00 VAL, | ()-

Here above, |VA(&)| = Zle |0;h(&)|. Still, as in [32, p. 1942], an integration by parts leads to
1(VAS) (1) 2o + 1A (VI 3 ey < Cs 1] 3 e
for some constant C > 0. Hence,
IR L1 < CsllA]l L1

q+1(w)'
Therefore,
5
VL (h) — S My < Csllbllz, | (w) + (T(8) = 00) [[VA L1 (o) (3.12)

with lims_.o+ 7(d) = 0. Finally,

/V(Tah(é))-sign(Vh(f))<€>“w(€)d€:—(d+1)Ba IVR(E)[(€)? (&) dE
Rt Rt (3.13)

+Bq [ VIV (€6 w(©)dE < aC|ThlLy,, m)

Combining (3.10) with the above estimates (3.11)-(3.13), one obtains

V(Bas(h)) - sign(Vh(§)) (§)? = (£) d¢

Rd
< (Cs +erg())hllr, (@) + (€1,4(0) + @ C +7(6) = 00) VAl L1, (e)-

q
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Hence, combining this estimate with (3.9)

[ Bash©sign(h€)) €1 w(©)dé +n [ V(Bas(h)(©))-sign(Th(E)) (€)" o(6) e
< (0,q(@) +7(0) + aC — o0 + 1 (Cs + €1,4(a)) 2|1, | (o)
1 (e1q(@) +aC+7(8) —00)[ VAL, (w)-
We now choose § > 0 and « > 0 small enough so that —\ := &7 4(a) + a« C + 7(d) — 09 < 0. Let then
n > 0 be small enough such that vy — 7 (Cs + €1,4(«)) > 0. We set v1 := min{vy — 1 (Cs + €1,4(c)), A}
and we finally obtain

| Bas(mysign(h©) (€7 () g +n | V(B,(0) -sign(VAE) (61 () de

<= [IBllzy, () + 7 1VAILy (] < 2[RI,

which means that B, s+ is hypo-dissipative in W}'! (zw). We prove the result for higher order derivatives
in the same way. O

Remark 3.6. Notice that, for any ¢ > 0 and any k,q > 0, a careful reading of the above proof shows that
one can chose vy, = oy — & up to choosing a;’q > 0 and d,q > 0 small enough.

3.3. Properties on the scale of Banach spaces X;, i = 0,1,2. Let us from now on restrict ourselves
to the scales of Banach spaces Xy C X; C X, introduced earlier. We begin this section by recalling the
spectral properties of .%, in the spaces X, referring to [23] for details.

Theorem 3.7. Fori =0, 1,2, the operator %, : (%) C X; — X, with domain
P(Lo) =Wy (w)
is such that 0 is an eigenvalue of %, associated to the null set
N (L) = Span(M, &M, ... EaM, [€PM).
Moreover %, admits a positive spectral gap . > 0, i.e.
S(L)N{AeC; ReAd > —pu = {0}

and .% is the generator of a Cy-semigroup {So(t) ; t > 0} in X, for which there exists a positive constant
Co > 0 such that

||80(t)h — PQhHX1 < Oy exp(—u* t)”h — PQhHX“ vVt >0, h e X;

where P is the spectral projection of % associated to the eigenvalue {0}. Moreover, there exists no € N and
C(no) > 0 such that

C(no)
RV

IR o)l ) < VReA = — iy (3.14)
Remark 3.8. Notice that the above projection operator P does not depend on the space X; (i = 0,1,2), i.e.
it acts in the same way in each of the spaces W' (w), W' (w) and W' (w). Indeed, setting My = M,
M;(&) = EM(E) (i = 1,...,d) and My1(§) = [P M(E), for any i = 0,1,2 and any h € X, one has
Poh = Z‘j:é n;(h)M; for some n;(h) € R. Moreover Range(I — Py) C Range(.%) from [19, equation
(6.34), p 180] so that

/(I—Po)h(é) & |de=1 0 Vi=1,....d
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Little algebra, using standard Gaussian computations, allows to determine n;(h) and we get easily that
d+2 2
m) = [ @) (B2 1P )de manam = [ ne) (3P -1) e
Rd 2 Rd d

and n;(h) =2 / h(§)&;d€ for j =1,...,d. Notice in particular that, since all the M; are smooth, it holds
Rd
Py € %’(Xi,XiH),fori =0,1.
We have the following result whose proof is differed to Appendix C

Proposition 3.9. For i = 0, 1,2, there exist some explicit 5, > 0 and o > 0 small enough such that, for all
a € (0,al), § € (0,4.) the operator

Ba,6 : @(Baﬁ) C Xi — Xi

is the generator of a Cy-semigroup {U, s(t) ; t = 0}. Moreover, there exists v, € (jx,00) and C > 0 such
that

| Uo.5(t) HK@(X” < Cjexp(—wit) vt >0,i=0,1,2.

Remark 3.10. With the notations of Proposition 3.4, one notices simply that C; is a positive constant which
relates the usual norm to the modified equivalent norm [-] in X;. Moreover, using Remark 3.6, one also sees
that for «, § small enough, one has v, arbitrarily close to oy (with v, < og). By [28], we have j, < 0. We
can thus assume that oy > v, > piy.

Notice that, since Asf is compactly supported for any f € L}(R?), one can deduce easily from (3.7)
that A; € (W (w)) for any k,q > 0. In particular, from the bounded perturbation Theorem, one has
the following

Theorem 3.11. With the notations of Proposition 3.9, for any i = 0,1,2 and o € (0,a') the linearized
operator

ga : .@(Za) C Xz —)XZ

is the generator of a Cy-semigroup {S,(t); t > 0} given by S, (t) = > 0", ) (t), where? Vo (t) = Uy 5(t)
and

Yot () = /Ot VI (t — 8) Aslo.5(s)ds, n €N, t>0
where {U, s(t); t > 0} is defined in Proposition 3.9 and the above series converges in #(X;) (i =0, 1, 2).
For notations convenience, we introduce for any n € N,
TO(E) = AV (1), vE=0.
Notice that, with the notations of [15, 32], 7;(”“)@‘) = (A(;Ua,(;)*("ﬂ) (t).

Proposition 3.12. Let i = 0,1 be given. Let § € (0,6,) and a € (0, a') be given as in Proposition 3.9. Then,
for any n € N, there is Cs,, > 0 such that

VI ()| zx) < Cont™exp(—vat) (¢ >0),

and
T (@) fllps o) < Cont™ exp(—vat) (6> 0).

2Notice that, for each nn € N, the above Dyson-Phillips iterated v};” (t) depends on ¢. We do not explicitly show this dependence
to avoid heavy notation.
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Proof. The proof of the first point is easily obtained by induction. Indeed, it holds true for n = 0 thanks
to Proposition 3.9. Assume it holds true for some n € N. Since A; € #(X;) one has

ds

(M) (t — 5) AsU.
Vo (t = 8) Aslas(s) o)

t
Ve Olla < | |
t
< Canlsllace [ (¢ )" exp(-.(t = 5)thos(o) L ds
0

t
< CiCs | As s(x) exp(—u*t)/ (t —s)"ds
0

so the result is true for Vé"H) (t) by setting Cys p+1 := ﬁ0i057n|\A5|\%(xi).
Since Ash has compact support for any h, we get As € %(W’;vl(w),Wﬁ;’l(w)) and therefore
||7;(n+1)(t)”gg(xi)xi+l) < N Asllzex, xiin) ||V,§¢") (t)|l3(x,)- The result follows from the first point. O

A simple consequence of this is the following

Lemma 3.13. For any n € N, there exists C'(6,n) > 0 such that, for all i = 0,1 and all A € C with
ReA > —v,, it holds

AR Boi)]" s, 5,y < C(6.m) (Red+2) " 3.15)

Proof. Using the fact that, for A\ € C with ReX > —v,, R(\, Bas) [AsR(A, lﬁ'(3¢7(5)]’“_1 is the Laplace trans-

form of Y~ (t) (which is easily checked by induction argument), we obtain that

o0

[ASR(A, Ba.s)]" = AsR(A, Ba.s) [AsR(N, Bas)F ! = As / exp(=A)VED ()dt
0

= / exp(—A ) AsVED (1)dt = / exp(—At) 79 (t)dt.
0 0
The result follows then directly from the previous Proposition. O

4. SPECTRAL ANALYSIS IN Xy

4.1. Spectral properties of ., in X;. In all the sequel, we fix § € (0,4.) and simply write

A= As, Bo = Ba.s, By = Bo,s-
We obtain the following whose proof is the same as [32, Lemma 2.16] and is postponed to Appendix A:
Lemma 4.1. For all A € C\{0} with ReA > —u, and all k € N, let

Jak(N) = (Lo — Lo) RN, L) [AR(N, Bo))" .

Then, for all v, € (0, i), there exists vy, : (0,a') — RT with lim,_,o+ r(a) = 0 and such that

[ Tase M .y < Tr(0), VA€ Qi) 4.1

where Qi(a) = {A € C; ReX > —v, and |\| > ri(a)}. Moreover; there exists oy, € (0,al) such that
Id — Jo x(X) and A — £, are invertible in X; for any A € Q(«), a € (0, ay,) with

RN, Zo) =Tar(N)Ad = Tor(N) 7, A€ Qi(a) (4.2)

where Ty 1;(A\) = Z?;& RN Bo) [ARN, Bo) + R\, %) [AR(M, By)|" . Finally, there exists some positive
constant Cy, > 0 such that

k
C 1
IR, Z)|l ) < =S Y VA € Qi(a), ae (0,04). (4.3)
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Let us fix v/ € (0, uy) and k € N. There exists QL € (0, ) such that 7 («) < v, for any a € (O,QL).
From the previous result, one gets in particular that,
S(ZL)N{NEC; Red > .} C {2 €C; |z| < ()}, Vo € (O,g};).
We denote then by P, the spectral projection in X; associated to the set
Gy =6(ZL)N{NEC; ReA > —1V.} =&(L) N{z € C; |2] <rp(a)}.

One can deduce then the following whose proof — similar to that of [32, Lemma 2.17] — is postponed to
Appendix A

Lemma 4.2. For any « small enough, P, € %(X1,Xs3). Moreover, there exists some explicit ¢y : (0, gL) —
R* such that lim,_,o+ £o(c) = 0 and

[Po — P0||55(x1) < bo(a). (4.4)
From the above result, there exists some explicit «; € (0, ap) such that
|IPo — Pollax,) <1, Va € (0, a1).
According to [19, Paragraph 1.4.6] (see also [32, Lemma 2.18]), for all @ € (0, 1)
dim Range(P,) = dim Range(Pg) = d + 2
where the last identity is deduced from Theorem 3.7. This leads to the following

Proposition 4.3. Let us fix v, € (0, ix). There is some explicit a1 € (0, a) such that, for all o € (0, a1),
the linearized operator £, : 9(%.) C X1 — X is such that,

S(ZL)N{z€C;Rez >~} ={pk, ..., ul?}
where pl, ..., udt? are eigenvalues of .%,, (not necessarily distinct) with |ul,| < rp(a) for j =1,...,d + 2.

4.2. Semigroup decay in X;. Let us now deduce, from the above results, the decay of the semigroup
associated to .%, in the space X;. This is done thanks to the following quantitative spectral mapping
Theorem which can be deduced from [24, Theorem 2.1] (see more precisely [25] for a slight correction
on the assumptions).

Theorem 4.4. (Quantitative Spectral Mapping Theorem —[24]) Let X be a given Banach space and let
A @ P(A) C X — X be the generator of a Cy-semigroup {Sx(t); t > 0} in X. Assume that A can be split as

A=A+B

where B is the generator of a Cy-semigroup {Si(t); ¢t > 0} on X and A is B-bounded. Assume moreover
that

H1) There exists a* € R such that, for all a > a* and any ¢ > 0, there exists C' = Cq ¢ > 0 such that
S S “‘HH <C £y t=0.
|55« (458) 2 1), < € explat)

H2) There exists ¢ € (0,1], s € [0,¢) such that A € B(X,, X ) and there exists n > 1 such that, for all
a>a*

| A8 1)

<Gy t t>0
B(X,X¢) exp(at)

for some positive constant C,, depending only on a,n,( and X, denotes the abstract Sobolev space

associated to A.
H3) The spectrum &(A) satisfies

S(A)N{z€C;Rez>a"} C{z€C;Rez >d'}

for some a’ > a*.



CONVERGENCE TO SELF-SIMILARITY FOR BALLISTIC ANNIHILATION DYNAMICS 27

Then, there exists a projector 11 € B(X) satisfying
Al =1IA, A = Alx, € B(X1), S(A1) C{z€C;Rez>a"}
where X, = Range(II) and, for any a > a*, there exists some positive constant C, > 0 such that
ISa(t)(Ad — )] ) < Caexplat), ¢ 0.
We deduce from this the following decay in X;

Proposition 4.5. Let us fix v, € (0,p). There exists a* € (0,aq) such that, for any o € (0,a*) the
Co-semigroup {S,(t) ; t > 0} in X; generated by £, : 9(%) C X1 — X satisfies, for all u € (0,v))

[|Sa(t)(Id — Py) 25y S Cuexp(—put)  VE=0

for some positive constant C,, > 0.

Proof. Let an € (0,p) be such that Proposition 4.3 holds true. Given o € (0,«a1), we apply the
above Theorem 4.4 with X = X; and A = .%,. The splitting of .%, has been established in Sec-
tion 3. According to Proposition 4.3, if we set a* = —v/., one sees that Hypothesis H3) is met with
a* < a <min(ul,. .., pd+2). Notice also that, for all n € N, S * (ASg)*™(t) is exactly VI (#) so that
Assumption H1) is met thanks to Proposition 3.12 since, for all n € N, t" ™! exp(—v.t) < C exp(—vit),
for all ¢ > 0, for some positive constant depending only on n, v, .. In the same way, for ( = 1 so that
X¢ =Xy and s = 0 so that Xy = X; one sees that H2) is met thanks to Proposition 3.12. This proves that
there exists a projector IT,, such that, forall u € (0,v)

1Sa(H)(Id — Ha) |l sx,) < Cuexp(—pt).
As well-known, this implies that the spectrum of the generator .%,, satisfies
6(306) = 6(£06|Range(ld—l_[a)) U G(Z(lh:{ange(r[a))

and, since &(Z,|Range(r1,)) C {2z € C; Rez > —v/[} according to Theorem 4.4, we see that it coincides
with {pL, ..., ud*2} and therefore I, = P,,. O

5. STABILITY IN X,

We still denote here by {S,(¢); t > 0} the Cyp-semigroup in X, generated by the linearized operator
% To deduce the decay of the associated semigroup from the above fine properties of the spectrum of
4., we shall resort to the following enlargement result which ensures some suitable quantitative spectral
mapping theorem from X; to X,

Theorem 5.1. (Enlargement result — [15, Theorem 2.13] ) Let E, £ be two Banach spaces with E C &
dense with continuous embedding, and consider L € € (E), L € € (£) with L|g = L and a € R. Assume the
following

Al) L is the generator of a Cy-semigroup {U(t); t > 0} in E,
S(L)N{A; Red > a} ={&,..., &} C Ga(L)

and L — a is hypo-dissipative on Range(Id — IIy, ,) where IIy, , is the spectral projection on E
associated to the above set of eigenvalues.
A2) The operator L can be written as
L=A+B

with A, B € € (&) where A € A(E) and L generates a Cy-semigroup {S(t); t > 0} in £ and such
that

(@) (B — a) is hypo-dissipative on & while A € B(€) and A|g € B(E);
(b) there are constants n € N, C, > 1, such that

|(AS)™ (t)HK@(S,E) < C, exp(at), Yt > 0.
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Then, L is hypo-dissipative on £ and there exists some constructive constant C! > 1 such that
[S#)Id =TIz a)ll ey < C! t" exp(at), VE>0
where I1. , is the spectral projector of L associated to {1, ...,&,} in E.

We are now in position to prove our main result concerning the linearized operator .Z,, in Xq:

Proof of Theorem 1.7. We apply Theorem 5.1 with £ = Xy, £ = X; and L = %,|x,. The spectral
structure of L in X is given by Proposition 4.3. From Proposition 4.5, we deduce that, for any p satisfying
—min(pk, ..., udt?) < p < V., the operator L—p is hypo-dissipative in Range(Id—P,,) (see [15, Theorem
2.9] for the equivalence between hypo-dissipativity and decay of the semigroup). Again Proposition 3.12
shows that Assumption A2) is met and the conclusion follows. O

As already mentioned, it is not clear whether the above Lemma 4.2 holds true in X, or not. However,
it appears important for our subsequent analysis to obtain suitable norms of P, in X for small values of
«. This will be done thanks to the following:

Lemma 5.2. With the notations of Lemma 4.2, one has sup,, ., 1) [Pallx,x,) < oc.
Ly

Proof. According to [15, Theorem 2.1], for any « € (0, QL), the restriction of projection operator P, on
X, is exactly P, and, forall j = 1,...,d + 2,
Ker(%Z, — p?)™ = Ker(L — p?,)™, j=1,...,d+2

where m; is the algebraic multiplicity of x/, and, as in the proof of Theorem 1.7, we set L = %, [x,.
In particular, the eigenfunctions of .%,, associated to 7, belongs to X;. One gets therefore easily that
P, € #(Xo,X;). Using Lemma 4.2 we have that, for all h € Xy, lim,—0 [|[Poh — Pohllx, = 0 while,
according to Remark 3.8, Py € #(X(,X;). Since X; is dense in X, and P,|x, = P,, this implies
that SUPoe(0,al) |Poh|lx, < oo for any h € Xy and we get the conclusion thanks to Banach-Steinhaus

Theorem. O

We deduce from this the following
Lemma 5.3. There exists a mapping ¢; : (O,QL) — (0,1) with lim, 0 41 () = 0 and
|(Po — Po)llmzy) < Gi(@) Vo€ (0,a}). (5.1)

In particular, there exists a7 such that, for all o € (0,a7), (Id — (P, — Pyg) is invertible in X, and there
exists C' > 0 — independent of « — such that

1d — (Pa = Po)) "l <C Yae (0,a7).

Proof. Since, for all a € (O,QL), (P, — Pg)? = (P, — Pg) P, + (Py — P,,) Py, and since, for any h € Xj,
[hllx, < [|R]lx, one gets

[(Pa — Po)?[lzxe) < IPa — Pollzexy)IPall o x) + IPa — Pollacx) IPoll #xo,x1)

and, thanks to the previous Lemma and Lemma 4.2, we get (5.1) with ¢;(a) = Cly(«a) where C' =
2'8UP,c(0.01) IPallzx,x,) < oo. Now, given § € (0,1), there exists o such that /;(a) < ¢ for all o €
Ay

(0, a}). Then, from (5.1) and since ||[P, — Pol|5(x,) < 2 for any a, we get
|(Po = Po) | axe) <2677 Vn>2.
We deduce easily that (Id — (P,, — Py)) is invertible with (Id — (P, — Pg))"! = Y°>° , (P, — Py)" and

n=0

I(Td = (P — P0)) ey < 1+2+2307,0"% < 3+ 2. This proves the result, O
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Part 2. Stability analysis

We establish here the main results concerning the long-time behavior of the solution to (1.14) that we
recall here for the reader convenience:

O (t,€) + (Ay(t) — dBy () P(t, &) + By (t)dive ( (€ — vy(t)) ¥(t,6))
= (1= a)Q,¥)(t,§) — aQ-(¢,¥)(t,€)

where we recall that ¢ (¢, &) is obtained from the original solution f(¢,v) to (1.1) through the scaling
(1.10). As already said, our approach combines the entropy production method with the spectral analysis
performed in the First Part. In all this part, ¢ (¢, ) will be the unique solution to (1.14) obtained through
the scaling (1.10) in Proposition 1.2.

6. ENTROPY PRODUCTION METHOD

Introduce the time-dependent relative entropy

1O = H 0| M) = [ 6t (((g> de, t>0 61

where we recall that M denotes the Maxwellian distribution with same mass, momentum and kinetic
energy of ¢(t,-) and v, that is,

ME =n""exp(-I€?), €eR™

We also introduce the entropy production functional associated to the elastic Boltzmann operator

_ w<t,s>)

)=~ [ ow)e.e)tos (58 ) ac. 62)
Lemma 6.1. The evolution of H(t) is given by the following

SH) + (01— 0)Z0(t) = (@By(1) ~ Ap)) K + (1), 9120 6.3)

e v(t.9

t?
50 = -a [ @ (v.0)e. 908 (58 ) ae 64
(t,8)

Proof. The proof consists simply in multiplying (1.14) by log ( ) ) and integrating over R¢. This leads
to

SH) + (1~ 0) Zolt) = (ABy (1) — Ap(0) H(1) + T3 (1) + By ()T (1)

where
t
1) = = [ Fe- (6~ volo) wie. ) low (50 ) .
One checks, integrating by parts, that Z,(t) = 0 since [, [£]*¢(t,£)d¢ = % =4 ¢ Jpa ¥(t,€)dE. This shows
the result. O

In order to estimate the term Z; (t) we need the propagation of the 3" moment and some L? Lebesgue
norm. We refer to Appendix B. for a discussion on propagation and creation of moments and the proof of
the following result (also, see [7, Theorem 1.6 and Remark 1.7]).

Lemma 6.2. For any n > 0, there exists some explicit o
a€(0,0y), if fo € LyRY N L, 4o (RT) N LE(RT) with
-0

: ifpe (1,2,
0_{

d(p— .
L2l ifp e [2,00),

7w € (0,1) such that for all p € (1,00) and any
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then
sup [ (8)] g ey < max { [4boll g s Crn(0) } (65)
t>0

for an explicit constant Cy, (t)0) > 0 depending only on p, d, |[thol|L1(re) and |W0||L;+ﬁ (re) but not on c.

Remark 6.3. Notice that the bound obtained in [7, Theorem 1.6 & Remark 1.7] actually depends on a.
However; a careful reading of the proof shows that it depends on « only through the parameter p., such that
infi>0 fpa ¥t €)|€ — &|dés > pa(€). Using that the upper bound on, say, the third-order moment of (t)
is independent of «, Lemma B.2, we deduce from [4, Lemma 2.1] that p,, is actually independent of «, i.e.
there exists o > 0 such that

| vl -ele > mle),  veeR: t30 (66)

and the bound in (6.5) turns out to be uniform with respect to «.. Notice also that the proofin [7] is done for
n = 0. It is straightforward to extend it to n > 0. We provide in the Appendix a full proof in the case p = 2,
which is the one we use in the sequel.

We have all in hands to estimate the term 7, (¢) defined in Lemma 6.1.

Lemma 6.4. Let fo € L3(R%) N LP(R?) for some p > 1. Then, there exists a positive constant C' depending
only on |[tho| L»(ra) and [|¢hol| Ly (way such that, for all 0 < a < min(a., ag),

IT.(t)] < Ca t>0, (6.7)

Proof. Clearly, there is some positive constant C; depending only on d such that

¥t €)

Q- 0)(t. oz S| < [ 0 (0.0)(1.6) logv(t. Ol dé +C [ Q- w)(t.€)(1 + Je)de,
so that
T ()] < allv @)l rey /Rd (€) (£, €) [log 1 (t, €)] A€ + aCallv ()| 11 ey [ (8) | £ (-
Now,

() (£, ) [log (t, €)] dé + / () 0(t,€) log (,€)] dé

ly[>1

/Rd (&) (1, &) logh(t, &) dE =

[¥]<1

On the one hand, setting C}, = sup,., 7' ?|logr|* , we deduce that

1/2
/ (&) v(t, ) llog v (t, )| d¢ - < 1+§</ w(t,@uogw,&n?ds)
[[>1 [¥1>1

2
VG, ||w B

On the other hand, for 8 € (0,1), setting D = sup,.¢ (o 1 e log r|, we have

/ (€ v(t, &) logv(t,£)|dé < Dg / (£)2A=A==2B) (¢, )1 =P
[p]<1 Rd

1-5 B
< 0y (143) ([ o0ma)

The choice 5 = together with propagation of the third moment and Lemma 6.2 yield the result. [J

d+3’

The following technical lemma, refer to Appendix B for a proof, proves the appearance of gaussian-
like pointwise lower bound. Because of the use we make such lower bound later, a precise estimate on
the time rate appearance is needed.
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Theorem 6.5. (Gaussian-like lower bound) Let 1y € Li(R%) N LP(RY) for some p > 1. Let 0 < a <
min(a,, afy) be given. Then, for any to € (0,1) and any € > 0 there exist some explicit constant cy(«) and
some integer N € N depending on ¢, ||[¢o| 1 and ||¢o]|L» and o (but not on to) such that

() > cola)t exp (—cola) (14+10g (£)) 7). t>t0, EeR 68)
Remark 6.6. It readily follows from Theorem 6.5 that, for any € > 0,

[log (t,€)| < Ce(1+1og™ (1/1))(€)°" +4(t,6),  €€RLt>0

for some universal constant C. > 0. Indeed, for 1)(t,&) > 1, we clearly have log (¢, &) < v (t, &) whereas for
P(t,&) < 1, (6.8) ensures that

—log(t,€) < C=(1 +1log™ (1/1))(€)**=.

Theorem 6.7. Assume that fo € L3(RY)NL?(RY). Given 0 < a < min(ay, o) where o, and of; are defined
respectively in Theorem 2.1 and Lemma 6.2, the unique solution ¥ (t, ) to (1.14) satisfies, for all to > 0

H(t) = H(Y ()| M) < Cx ((1 po)T2 g a1/3) Vi >t (6.9)
where the positive constant Cy depends explicitly on to, sup;,, [|¥(t)|| L1 (RY) (with so > 2 large but explicit)
and [|¢ol| 2 (ra)-

Proof. Since fy € Li(R%) N L2(R?), for all ¢, > 0, according to Proposition 6.5, there exists ¢y > 0 such
(6.8) holds true for, say, € = 1. Then, according to Proposition 1.10, for all ¢ > t;, one has

Do(t) = Nu(t)) HP(t)

for \(¢(t)) depending only on co, ||1(t)]| 2 and |\1/)(t)||Lé0 for some explicit sgp > 0 related to cy. By virtue
of the creation of moments Lemma B.2 and from Lemma 6.2,

Sup [[¥()ll2y, < Coolto)s sup[[P(®)llzz < Cra

t>to

for Cy > 0 depending only on ||¢)g]| 2. In other words, inf;>., A(1)(t)) > Ao for some positive Ay depend-
ing only on ¢, Cs,(to), and ||¢g]| 2. This shows that

%H(t) + (1= )M (t) < (dBy(t) — Ay (1)) H(t) + Ti(t) Yt >t
which, thanks to Lemma 6.4, yields

%H(t) + (1 — a)AH3(t) < (dBy(t) — Ay(t)) H(t) + Ca, Yt = 1.
Because,

TBy(t) = Au(t) =a | (00U < a0 e < Cra

for some ¢ > 0 depending only on |||/ 11 (re) while H(t) < C3 (||1/)(t)”2 + H1/)(t)||L%(Rd)) for some
positive constant C'3, we obtain, using Lemma 6.2 again, the following inequality satisfies by #(¢),

d
SHEB + X (1 a)H (1) < Ca

for some positive constant C' depending only on ||t 2 and ||| L1 (RY)- Integration of this inequality
yields the desired result. O

7. STABILITY RESULT

We begin this section collecting uniform estimates for ¢(¢) in the scale of Banach spaces X, X;.
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7.1. Uniform bounds on X, and X;. In all this section, we shall assume that the initial datum fj is
nonnegative, with positive mass and temperature, and such that

fo € LARY) N L2(RY).

By (1.10), we have vy (¢) = @I fo (12T}, € + uy, ), so that ¢ € LE(RY) N L2(RY).

ny,
The following result shows the appearance of exponential moments for the solutions to (1.14). We
refer to Lemma B.2 and subsequent discussion in the Appendix for a proof.

Theorem 7.1. For any a € (0, o), let ¥(t, &) be the unique solution to (1.14) with initial datum . Let
3 > 1. Then, there exists A > 0, C' > 0 explicit and depending on 3, d and [, 1o(£)|€|* d€ such that

/ P(t, &) exp (amin{l,t5}|§|) d¢ < C, Vae (0,A4).
Rd

In particular, for any a € (0, vy ),
P(t) €Xo, with [[Y(t)lx, <C,  Vix=1,

with exponential weight
w(§) = exp(alg)), 0<a<A (7.1)

It is more intricate to derive uniform bounds on the solution (¢, &) in the weighted Sobolev space
W' (z). Using the estimates on Q, in weighted spaces provided in [4, Section 4], it would be simple
to prove the propagation of H'(wo) norms. We adopt here a new viewpoint which is based on the
propagation of Fisher information and relies on the pointwise lower bounds (Theorem 6.5). We recall
that Fisher information has been defined in (1.21).

Theorem 7.2. (Uniform bound on the Fisher information) Assume, in additon, that

G=—ayt
foe LR NH, = (RY)  and  I(fo) < oo,
for some n > 4+ d/2, d > 2. Then, the unique solution )(t) of (1.14) satisfies

sup I(¢¥(t)) < C
>0

(5—d)t
or some positive constant C depending on I(v) and the L} N H, 2 -norm of 1.
p D g n n

Proof Let us multiply Equation (1.14) by to get

o3V
OW/ITE) + 5 AulVITLE) + Bult)(€ — vu(0) -V 0

1—a
= et et __” SR

where R(1) = Jpa ¥(t,&4)]€ — &|dE.. Now, given i = 1,...,d, let us define g(t, &) := 0¢, \/1(t,€), so
that o, ((5 - vw( ) - V) = (£ —vy(t)) - Vg + g. Then, g(t,g) satisfies

Brg(t, &) + 5 (Ay(t) +2By)g(t, §) + By (t)(€ —vy(t) - Vy(t, &) =
— -« agiQJr(U)ﬂ/))(t,f) _ g(tag) Q+(‘/’ﬂ/’)(t7§)
2 ¥(t,€) ¥(t,€)

_ %g(t, E R(Y)(t,€) — %\/W%R
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Multiplying this equation by g(¢, £) and integrating over R, it follows that

53719013 + 5 (A0 + 2Bo®) g + Bo(®) [ | (6= volt) - Va(t.€)a(t.6)de

Cl-af [ 905200 ., gzgmj,w}
_2[/Rd N A P R

-3 [ R =3 [ aviocrw)

Now, integration by parts leads to [, ((£ — vy (t)) - Vg(t, €))g(t, ) dé = — £ g(t)]|?. and

/ 906,94+ (¥, ¥)
R v

Moreover, as already observed (see (6.6)), R(¢))(t,€) > ro(§) for some positive k( so that

1 1
d¢ = 2 /]Rd (afz logiﬁ)a& Q+(¢,¢)d§ = 9 /]Rd Ingang"‘(w’w) de.

5 o3 + 5 (At + 2~ DBy o0 + 2 lgt)]3-

11—«

<3 / log it €) 02 Q4 (1, 0) (1,€) A&
Rd
! / (t, VD6 E) e, R($)(2,€) dE

Moreover, we have that |9, R( < Jpa ¥(t,£)dE = 1. Thus, we get

/Rt“/ €) 0e, R()(1,€) dé| < [lg(0)]|12

Furthermore, by the instantaneous appearance of an exponential lower bound (see Theorem 6.5 and the
remark afterwards), we have for any ¢ > 0

llog(t, )| < ce()(©)*T +(t,€), E€RY t>0

where c.(t) = C.(1 + log*(1/t)) for some universal constant C. > 0. Thus, using first Cauchy Schwarz
inequality we get

[ Tt 0,04 )t e < [ (@ +0(0.9) 08 Qv v)(t.6) e

< Cac(e:(0) + 00 12) |25/ 2 Qs (v, 0)(1,0)| |, VE>0

for some universal positive constant depending on d, . Now, using Theorem B.5 we can estimate the last
term as

252442 32 04 (0, )19, <N )Nz, .., . <C (Wl + 1@,
with
_ 8+d+3e _ 6+3c+d ., (B-df
m T T g9 772'—72 ) S=2— 5 .

Therefore, using the uniform estimates on the H, (R4) and moments we obtain that, for a suitable choice
of ¢ > 0 small enough and « € (0, o)), it holds

d K
&Hg(t)llﬁ + fllg(t)l\%z <O +logt (/g2 >0,

or, equivalently

Q

R0

Sy + Dy < A+ (1/0), >0, with y() = (02
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Using that the mapping ¢ — 1 + log™ (1/t) is integrable at ¢t = 0, simple integration of this differential
inequality implies that sup,~q y(t) < C1y(0)+ Ca < oo for some explicit constants C; and Cs. This proves
the result. O

Corollary 7.3. Under the assumptions of Theorem 7.2, the unique solution 1 (t) to (1.14) satisfies the
estimate sup;>, [|¥(t)|x, < oo, where we recall that X; = W (), with weight ©o having rate a < A/2.

Proof. Using Cauchy-Schwarz inequality

1/2
[ IVt olesnar2lehie < 2T00 [ vemtalehic) <€, forany a<a, 01,
R R
The boundedness in the last inequality is concluded thanks to Theorem 7.2 and Theorem 7.1. O

7.2. Stability estimate. Using the Csiszar-Kullback inequality (see [17, Theorem A.2, p. 131]), we
deduce from Theorem 6.7 the following result.

Corollary 7.4. Assume that 0 < f, € L3(RY) N L*(R?) and that 0 < a < min{a@, A/2} where @ and A are
defined respectively in Lemma 3.1 and Theorem 7.1. There exists some explicit function ¢ : (0,a%] — R¥
with lim, 0 () = 0 and some constant C' > 0 both depending on the L} N L?-norm of vy such that, for
any a € (0,at) the solution v(t,£) to (1.14) satisfies
10(t) = Yallprgm,) <L) +CA+H™ Vi1,

where m,(§) := exp(alg|).

Proof. Using both Csiszar-Kullback and Cauchy-Schwarz inequalities, we obtain, for all m,(¢) := exp(al¢|)

[9(t) = M%) < 18(8) = Ml paeay [9() = Ml L1 (s

<SV2ZH@@)IM) [[9(E) = M L1 (may) -

Due to Theorem 7.1, choosing a < A/2, gives sup,~; [|¥(t) — M||L1(m,,) < 0o. One deduces from (6.9)
that there exists some constant C' > 0 such that

() = Mlzignyy < C (L4674 +at/0) | wez1,

Using that [[1(t) = Yall21(m.) < 1Y) = Ml L1 (ma) + M = %all L1 (m,), We obtain the conclusion invoking
Lemma 3.1. 0
Let us move to a perturbative setting. Set h(¢,&) := ¥ (t, &) — ¥4 (€), so that,
Orh(t, 5) = Zuh(t, 5) + Ba(hv h)(t, 5) + [Aa - Aw(f)] Y(t, 5)
+[Ba — By (t)] £ Verb(t, ) + By (t)vy (t) - Verb(t, §).
As already mentioned, defining v,, through B v, := —« fRd £ Q_(Va,1q)(€)dE, one sees that v, is equal
to zero since Q_ (14, %) is radially symmetric. Therefore, one can rewrite the evolution as
6th(ta §) = fah(t, )+ Ba(hv h)(t, 5) + [Aa —Ay (t)] Y(t, 5)
+ [Ba = By (1) £ Verh(t, €) + [By(t)vy (t) — Bava] - Vet (£, ).

Moreover, for any ¢ > 1 we have that h(t,¢) € Xg, and

1 0
/ rt,o)| ¢ |de=(o0 ], vixo.
R el 0

Let us introduce, for any ¢ > 0

Ga(t,§) = Ba(h, h)(t, &) + [Aa — Ay (D] ¥(2,€)
+ [Ba =By ()] £ Ve (t,§) + [By (t)vy (t) — Bava] - Vet (2, €).

(7.2)
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As a consequence, using Duhamel’s formula, where we recall that {S,(¢); ¢ > 0} denotes the Cp-
semigroup generated by .%,, in X, we can write

t
h(f) =8, (t — to)h(to) + Sa (t — S)Ga(s) ds, Vi>1ty>0. (7.3)

to
Lemma 7.5. Assume the conditions of Theorem 7.2 for fo > 0 and take a € (0,4 min{a, A/2}) and any
to > 1. Then,
1Ga(s)llx, < Cllh(s)]x, (a + L)Y+ (1 + s)—1/8) Vs > to.

The constant C' > 0 depends on L}, N H7(75_d)+/2-norm of v, withn > 4+ d/2.

Proof. Denote by C' > 0 a constant that may depend on L}, N H7(75_d)+/2—norm of ¢, with n > 44 d/2,
and that can change from line to line. Using Lemma B.3 in Appendix B

[1Ba (h(5), ()10 < ClA(S) 23 () 1A () ]| 1 () Vs > to.
Moreover, using Cauchy-Schwarz inequality together with Corollary 7.4, one sees that
1 2m) = 1) 2gme) < CIREHE sy < C (€2 + (1 +5)77) Vs >0
where m,(§) := exp(al€]). Therefore,
1Ba(h(s), A() Iz < C ()2 + (1487 ) A(s)llzy Vs > to.

It is easy to check that

< M |:||Q7(h(5)7wa)”Lé(Rd) + |‘Q7(7/}(5)7h(5))”L§(Rd)}
<

Cal|(s) ]y me.

[Aa = Ay(s)]

In the same way,
[Ba — By (s)| + [Bave — B (s)ou(s)] < Ca [h(3)]| e, - (7.4)

Consequently,

1Ga(s)lx < ClR(S) iy (€2 + (14575 + @)l +alvls)lx) . s>t

WV

1.

Moreover, under our assumption on fo, by Theorem 7.1 and Corollary 7.3, sup; [|¥(s)[lx, < C and
supgs1 [|1(s)lx, < C. U

The following lemma is crucial to the argument. We use the notations of Lemma 5.3.
Lemma 7.6. There exists some constant Cy > 0 such that
1P()]lx, < Coll@=Pa)h(t)llx,,  VE=1,  Vae(0,a)),
where o is defined in Lemma 5.3.
Proof. Since Pyh(t) = 0 for all ¢ > 0, one has
P,h(t) = (Po — Po)h(t) and g(t) := (Id — P,)h(t) = (Id — (P, — Po))h(t).

Since Id — (P, — Py) is invertible for any o € (0, a}) we get from Lemma 5.3 that there exists Cy > 0
independent of « such that

1h ()]l < |(d = (Po = Po)) "l lg(®) %0 < Collg®llx, . VE>1,
for any a € (0, 7). This proves the result. O
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Proof of Theorem 1.4. For any « € (0, o), introduce, as in aforementioned proof ,
g(t) = (I —=Py)h(t), Vt>D0.

Applying (I — P,,) to Duhamel’s formula (7.3) and using that P, commutes with S, (t) we get

g(t) =Sa(t—to)g(to) + | Sa(t—35)(I—P,) Gu(s)ds, Vit > to.

to

Using Theorem 1.7 and Lemma 7.5, for all 1 € (0,v) and any ¢ > ¢, we have that

lg(®)llxo < Cuexp(—p(t — to)l|A(to)llx, + Cu/t exp(—pu(t = 5))[|Ga(s)|lx,ds

< Cyexpl=n(t = ) [to)ls + G | (a-+ @)+ (14 )% exp(plt = ) 1) .

Using Lemma 7.6, this translates into

gl < Cuexp(—p(t—to)) lg(to)lbra+Co Cu |+ (@)% + (1 -+ 5)7/%) exp(—p(t—s))lg(s) [z,

to

Thanks to Gronwall’s Lemma, we obtain
8
lo(O)lzs < o exp(-ntyexp (CoC, (at+ K@) 2+ 20 +07%) ) Ihttllo, V> to

But, one has (1 +¢)7/® < x(1+t) + C,, for y > 0. Hence,
lg@lx, < C exp(=pat)l|hto)llx,, — VE=>to

with f1q = p — CoCy (a + £(c)Y? + x) . Recall from theorem 1.7 that y may be chosen arbitrarily close
to uy. Consequently, i, may be chosen arbitrarily close to u, for o small enough. Using again Lemma
7.6, this gives

1h(8)[[x, < Cexp(—pat)|[h(to)llx, V= to,
achieving the proof. O

8. BACK TO THE ORIGINAL VARIABLE

Let us now explain how the above convergence result can be translated in the original variable. Recall
that, from (1.10), the link between the original unknown f(¢,v) and the rescaled function v (r, £) is given
by

_ v —u(t)
F(t,0) = ng(6) (2T (1)) (T(t), 7)
V2T (t)
where ns(t), us(t) and Ty(t) denote respectively the mass, momentum and temperature of f(¢,-). Then,
one obtains the following version of Theorem 1.3.

Proposition 8.1. Under the assumption and notations of Theorem 1.3, for any € > 0 there exist some explicit
ae € (0,a9) and C. > 0 such that, for any o € (0, )

[v—us(t)]
/]Rd |f(t7U) - foz(tv U)l exXp (a W) dv < Cénf(t) exXp (_(M* - E)T(t)) ’ T(t) =1 ’

where

Falt,v) = ny(0)(2T5(8) "0 <%ff<(tt>)> '
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For Proposition 8.1 to be operant, we need to have a better understanding of the behavior, as ¢t — oo,
of the quantities ny(t),u(t), Tf(t). We mentioned in Section 2 that this seems a difficult task, yet, we
can profit from the exponential convergence of (7, {) towards v, to obtain estimates for the long-time
behavior of these macroscopic quantities.

Lemma 8.2. With the notations of Theorem 1.3, for any £ > 0 there exist some explicit «. € (0, ) and
C > 0 depending only on € and fy such that, for any « € (0, o)

’A¢(T) - Aa‘ + ‘Bd;(T) - Ba‘ + ’B¢(T) 1;1/,(7')’ < Caexp(—(pux —€)7) V> 1.
where we recall that A, (7), By (7) and vy (1) are defined in (1.15).
Proof. The result was almost established in Lemma 7.5. Namely, it was proved there that, for all 7 > 0
[Ay(7) = Aa| + [Ba = By(7)| + Bava — By (1)vy(1)] < Cal|h(7)l| s = Callvo(r) = vallLs
for some positive constant C' > 0 depending only on fy. Since v, = 0 and
19(7) = YallLy < ClIY(T) = YallLi(w) < Ceexp(—(pe —€)7) 721,
the result follows. O
This, combined with Lemma 2.8, translates in the following result.

Proposition 8.3. Under the assumptions of Theorem 1.3, for all ¢ > 0 and « € (0, «..) one has

2
T(t) ~ m logt, as t — 00
and
logn s (t) 922 gt and log T (t) 4Ba logt  fort —
ne(t) ¥ —2——— (t) ~ ——m—— 0.
811 a, + b, &b &1 alay + by) &

—+oo S
Finally, lim;_,oo uy(t) = uy, + «/2Tf0/ By (s)vy(s) exp (—/ Bw(r)dr) ds.
0 0

Proof. We notice that, from Lemma 8.2, lim, .., a,(7) = a, and lim, ., By(7) = B, so that, by a
Cesaro-type argument (noticing that both mappings s — ay(s) and s — B, (s) are locally integrable),

R0 L
tlggo m/@ ay(s)ds = ay, tlg]élo m/o B,(s)ds = B,.
Then, a direct consequence of Lemma 2.8 is that
ny(t) ~ny exp (—aant(t)), and Ty (t) ~ Ty, exp (—2Ba7(t)) fort — 8.1
and e .
wy(t) ~uyp, + /277, By (s)vy(s) exp (—/ Bw(r)dr> ds ast — oo. (8.2)
0 0

Let us note that the above integral converges, at least for o small enough. Indeed, we deduce from (7.4)
that there exists some constant C,, such that
By (s)vy(s)| < Cay, s 20.

On the other hand, (7.4) and Theorem 1.4 imply that for fixed «, lim,_,+~ By(s) = B,. Moreover, by
Remark 2.7, we have B, > 0 for a small enough. Thus, taking o small enough, there exists 7o > 0 such
that )

By(s) > §Ba > 0, s> 7o,

whence the convergence of the integral in (8.2).
The same reasoning as above also shows that

d
&T(t) o ¢, €Xp (—%(aa + ba)T(t)) as t — oo
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where we set ¢y, = ny,+/2T},. An application of de L’'Hopital’s rule shows that

. 1 a, + ba a, + ba
lim T exp | @ T(t) | = cpax ,

t—o0 2 2
that is,
2 a, + by 2
)y —— 1 : t] ~ logt t .
7(t) a(an b0 og <cj0a 5 > ol by og as t — oo
This, combined with (8.1) gives the result. O

Proof of Theorem 1.3. The proof follows directly from Propositions 8.1 and 8.3. It only remains to show
that the rates obtained for n,(¢) and 7,(¢) in Proposition 8.3 only depend on «. Let us fix ¢ > 0 and
E > 0 and let Ea be the unique solution to (1.5) that has mass p, energy F and zero momentum. Let us
denote by A,,,B,,a, and b, the associated coefficients defined by (1.6), (1.7) and (1.16) where ), is
replaced with Ea. We deduce from [7, Section 1.2] and Theorem 1.1 that

R =0 (22)" (@ 5) .

Consequently, the scaling properties of Q_ lead to

_ 12K — 2K 2K — 2F
Aoc: _A0m Ba: _Bon ay = 5 Aa d ba: _boc-
Y dQ o dQ a 1Y dg a, an o dQ

In particular,

Ea Ba Ea aOc
— = , and — = )
§a+ba aa+ba ﬁa‘f'ba aa+ba
This proves that the rates in (1.17) depend only on « and not on the mass and energy of ¢,,. O

Part 3. Appendices
APPENDIX A. PROOFS OF LEMMA 4.1 AND LEMMA 4.2

We collect here the proofs of two fundamental results in Section 4.1. Notations are those introduced
in Sections 3 and 4.

Proof of Lemma 4.1. One has clearly that, for all ReA > —u,, [AR(\, Bo)]* € 2(X1,Xs), R(\, %) €
B(Xo) and L, — L € B(Xa, X)) for a € (0,al) from which

1 ek Mgy < e = Lol ) 1RO Zo)aniey [|[FARO, Ba))*

Using (3.14), (3.15) and (3.3), this yields to a bound
”ja,k()‘)H:@(xl) < Ck 61,1(a) |)‘|_n07 VReA > _ka

K@(Xl ,X2)

for some explicit constant C, > 0. Choosing then ry(«) = (Ck 61,1(a))"o%, we get (4.1) and clearly
lim,,_,o+ rx(a) = 0. Clearly then, if «, is chosen in such a way that r(«) < 1 for all « € (0, o), one sees
that Id — J, 1 () is invertible in X; for all A € Q(«) with

oo

(Id = Tk N)) ' =D [Tak (V)]

p=0

Let us fix then o € (0,¢q;,) and A € Q(«). The range of ', 1 (A) is clearly included in 2(B,) = 2(%Z.).
Then, writing .Z,, = A + B, we get

E
—

(A= Z)Tak(N) = (A= Ba — A) S RN, Ba) [ARN, Ba)? + (A — Za)R(N, L) [AR(N, Ba)]*

<
Il
o
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The first term on the right-hand side is equal to

k=1 k—1 k—1
(A= Bo — A) S RO Ba) AR Bl = ST IAR, Ba) = - AR, Ba) [AR (A, Bo)Y
j=0 j=0 §=0

=1d — [AR(), Bo))*
while, writing simply (A — %) as (A — %) + (% — £, ) the second term is equal to
AR, Bo))" + (Lo — La)R(N\, Zo) [ARN, Ba)]" = [AR(N, Ba))* = Tar (V).
This proves that
A= Zo)Tar(A) =1d = Ta k(M)
and shows that I'y ,(A\)(Id — Ja,k(X)) " is a right-inverse of (A — Z,).

To prove that \ — %, is invertible, it is therefore enough to prove that it is one-to-one. Consider then
the eigenvalue problem

ZLoh=Ah, he (%) =W (w).
Since (%)) = Wy (w), one can write this as (A — Z)h = £,h — Zh and as such
[hllx, = R, Z0)(ZLa — Lo)hllx, < e11(a) RN, L)z [1h]x,
where we noticed that, since A # 0 and Re\ > —puy, A € 9(%) and where we used (3.3). Notice that,
according to Hille-Yoshida Theorem, there exits a constant Cy > 0 such that
IR, L)l x,) < Co(ReA + ) ™" < Colpw — i)™
so that
[Bllx, < Coera (@) — o)~ Il
Let us now estimate || ||x,. Since .Z,h = A\ h one has (A — B,)h = Ah and h = R(\, B,).Ah, so that

Cy Co | Al z(x, x Co | Al z(x, x
IPllze < RO Ball sy AR, < oy bl < =20 bl < = =202 bz,
for some positive constant Cy which gives the equivalence between the norm || - ||x, and the modified
equivalent norm [-] obtained in Proposition 3.4. Thus,
Col| All(x,
L, < Coera(@) = —C02 [hllx,
(M* - V*)

CallA
W < 1 which implies that

h = 0. This proves that A — .%,, is one-to-one and its right-inverse is actually its inverse.

and one sees that, up to reduce «, one can assume that Cype; 1 (o)

To estimate now [|R(A, £, )| %(x,) one simply notices that

1
1(Id = T )l < Z 1okl € Trqy: ¥ € le)

from which )
IR, Zo)llzx) < e 1Tk (M|,

and, from the previous estimates of [|R(), Ba )|z, | AR Ba)l |lzx,) and [R(N\, %)l zx,) one
checks without difficulty that there exists C, > 0 such that

k k
[Tk Ml zex,) < CkZ(Re/\—i-V* ‘ Ckz

Jj=0 Jj=0

from which we get the result. O
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Proof of Lemma 4.2. We use Lemma 4.1 for some suitable £ € N and let y;(a) := {z € C; |2| = rx(a)}
where 7 («) is provided by Lemma 4.1. One has

o= QL ROLZ)d),  Po— — R\, Zo)dA.
1T

i (@) 207 J (@)

To prove that P, € %(X;,Xy), it suffices to find some suitable estimate on [|R(\, £, )| %x, x.)- Notice
that, in the space X, the range of R(\, %, ) is indeed X which is the domain of .Z,, (i.e. Xy = 2(Z.|x,))-
Therefore, the norm || - [|x, is equivalent to the graph norm of .%,, (seen as an operator of X;): there exists
C, > 0 such that

[fllx: < Co (I fll2 + [ ZaflIx0), Y €Xo.
Then, given \ € v;(«) and g € X; one has
IR(A, Za)gllx, < Ca (IR(N, Za)gllx, + [ LaR(A, Za)glx,)
Since L, R(A, Ln)g = —g + AR(X\, Za)g and |A| = ri(«) we get
IR, Za)glix, < Co (14 re(@) R Za)gllx, + [lgllx,) -
Using (4.3), one has [|[R(A, Zu)|#x,) < Mi(a) for all A € yx(a) for some positive constant M, ()

depending only on k, « and on v, — v,. This shows that

sup  |R(N, Zo)llax, x,) = C(k,a) < o0
ek (a)

and this proves the bound on ||P, || zx, x,) Let us now prove (4.4). Recall that

Po—Po=——h  [ROL)— RN, Z)] dA
AN i ()

with R(\, %) — R(\, %) = R(A, %) (% — Za)R(N, Z.,). However, even if for small «, one can make
2y — £, small, it appears difficult to obtain bounds on ||[R(), %) — R(A, Z,)|l%x,) because of the
domain loss in (3.3). Indeed, such a domain loss would require uniform bound on ||R(), Z4) sx, x.)
for & ~ 0 and such bound cannot hold true because the range of R(\,.%) is not X,. We have then to
proceed in a different way, following the approach of [32, Lemma 2.17]. We apply Lemma 4.1. We simply
write

GoN) =Y RNBL)ARN B,  0<a<al

so that Lemma 4.1 reads R(),.Z,) = Go(\)(Id — Jo 1(A) ™" + R(A, L) [AR(N, Ba]" (Id — Ta k()™
while one proves without difficulty that, since .25 = A + By, it holds

R\, %) = Go(N) + R(A, Zo) [AR(N, Bo)]*.
Since A — R(\, By) and A\ — R(\, B,) are both analytic on D(0, r,(c)), one has

95 Go(\)d\ = Go(N)dX = 0. A1)
(@) (@)
Consequently
0= #515 R\, ZLp)d\ = L RN, L) [AR(, Bo)]* dA
2 @) 2 @
while
1 1
P, = _§£ Go(N)(Ad = Tok(N)HdA + —y§ RN\, L) AR, Bo)]" (Id — T k(M) 1A
2’L7T Vk(a) 2’L7T Vi (a)
1 1
=5 Go(N)Ja k(W) (I = To (V) A+ 5~ f RN, Zo) [AR(X, Ba)]" (Id = To (M) 1A
U yi (@) Sy (@)
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where we used (A.1) in the first integral. From this, we get

P, — Py = i}ﬁ ( )R(/\,.,%) {[AR(A, B)I* (Id = Jo i (\) 7 = [AR(), Bo)]k} dA

AN

% (@) Ga()\)jak(A)(Id — ja,k(A))ild/\
_ 2L§1§ R\ Zo) AR, Bo)]* [(Id — T (1) ~! — 1d] dA
U e (@)
tsmd ROCZ) (AROBL — [AROL By} ax

2 o)
1

2im

Ga()\)ja,k(A)(Id - ja,k(A))_ldA
Vi (o)
= Hl,oc + HQ,Q + H3,o¢-

According to (4.1) and arguing as in the proof of (4.3), for any A € ~;(«), the integrand in I3, is such

that
T () Crri(@)

1Ga (M) Ta k(NI = Ta k() I < 7 k(a)l\Gau)llgg(xl) ST @)

for some positive constant depending on % and on v,. Thus, I13,allzx,) = O(rr(a)). In the same way,
since [(Id — Jax(A) ™' —Id] = Jak(A)(Id — Tak (X)) ", one gets that the integrand of I, , is such that

. - 1 < Tk () R
[ROV20) (AR Bl [0 = Zus )~ 1] < TSRO 20) AR, B e,
and, using (3.15), one gets easily that I; , = O(ri(«)). Now, concerning the integrand of I ,, one has

k—1
[AR(A,BQ)]]C — [.AR()\, BO)]k — AR A B <R(A7BQ) — R()\, BO)) [.AR()\, BO)]k*jfl
=0
—1

pru

= D ARMN B (Ba - Bo>R(A, Bo) [AR(A, Bo)F 7L

.

Since k —j—1#0forall j € {0,...,k — 2}, one can exploit the regularizing effect of A and prove, as
in (3.15) that, for all A € v, (),

| (8.~ Bo) RO B AR B

< 1Ba = Boll #xa ) IR, Bo) | o) | AR, Bo)l* ™ |, ) < Cnen,a(c)

for some positive constant C; ;, where we used (3.3) since ., — %) = B, — By. Next, for j = k — 1, one
deduces from (3.3) and (3.15) that, for all A € v, (a),

H [AR(), B, <Ba - Bo) R(\, Bo)

gHAR/\,Ba ’“H Bo — Bollax, x0) | RN B 1
oy S TR e = Bolla, s RO Bl

< Cro1,k€0,0()
(A.2)

for some positive constant Cj,_1 ; > 0. One concludes from this easily that

Iz, = O(e1,1(a)) + O(eo,0())

and the proof is complete. O



42 RICARDO J. ALONSO, VERONIQUE BAGLAND, AND BERTRAND LODS

Remark A.1. It is not clear whether the above Lemma is valid in the space X,. This comes from the fact that
our last estimate (A.2) relies on the estimate of B, — By in %(X1,Xo). This explains why we need to work on
the scales of three Banach spaces Xz, X; and Xy and cannot work directly on Xy (and Xy = 2(%,)). This
was already observed in a similar framework in [32] and comes from the fact that the elastic limit o — 0 is
strongly ill-behaved because of the loss of domain induced by the drift term. In particular; it appears difficult
to apply directly the classical spectral perturbation theory developed in [19].

APPENDIX B. MAIN PROPERTIES OF THE SOLUTIONS TO THE RESCALED BOLTZMANN EQUATION

We prove in this Appendix the main properties of the solutions to (1.14) that we used in Section 6.

B.1. Creation and propagation of algebraic and exponential moments. First, we prove the following
evolution for the moments of (¢, £). We set

me(t) = [ wolerds Va0

We follow the approach in [1] and introduce, for all s,p > 0
kp

Supl0)= 3= (1) (s o)+ ma( sy ) (8.1)
k

=1
where k, = [25}] is the integer part of 2.
Lemma B.1. Let fo € Li(R?) be a given nonnegative initial datum with ny,, Ty, > 0. For any a € (0, o),

let ¢ (t, &) be the unique solution to (1.14). There exists &g € (0, ) such that for o € (0, &), s € (0,2] and
po > 2/s, one has, for any t > 0 and any p = po > 2/s,

d

Emw(t) < (1= @)0sp/28s,p(t) = Kimapy1(t) + a spKomey(t) + aspdms, 1 (t)
where K1 =1 —p 20, Ok IS defined by (2.4) and K> is a positive constant depending only on d, «g and

Jra 0(&)IE]7 dE.
Proof. Asin [1] (see also [7, Lemma 3.1]), one has

L (6P +ier) do <o (€ +16.P)" vi>

where gy, is defined by (2.4). Notice that the mapping k£ > 0 — g, € (0, 1) is decreasing and limy_, o 0r =
0. Introduce

Br(a) = (1 — @) ok.
After multiplying (1.14) by [£|*P and arguing as in [1] and [7, Lemma 3.1] with k£ = %, we obtain easily
that

4
dt

IS}

1
msp(t) < 565

¥

@ [, wouele =l (€ + 1) ¥ -l - le. ) asae.
(1-8@) [ w006l - & lemasas,
R xR4

+ (A 5B (0) = Apl0)mp(0)+ 5By (Ovs(0)- | €7 20(0,6) e

Since (¢, &) has zero momentum and mass one, one has

[ w6l - ejae. > = I¢l,

e~ [ uiteoee.
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which yields the lower bound:

Lo (0l £l — E1dE. > mopa 1),

One estimates the first integral as in [1] to get

Comaplt) < 52p(0)S5p(0) — (1= Bep (@) iy (1)

+ ((d+ sp)By(t) = Ay () msp(t) + spBuy (t)vy(t) - /Rd ElElP2p(t, €) de.

Now, one checks that
@+ spBy(t) = A(t) < 53 [ Qw006 < 2F (ma(t) + §ma (1)

and

By (t)vy (1)) < a /

R

Q- (W, 0)(t OElE < a(d/2+ma(1)?)

which results in

Cmaplt) <Bep ()50 (t) — (1= Fp (@) mapea (1)

& asp (B.2)
+ 7 (mg(t) + (d/2)3/2) Mmsp(t) + aspd mg,—1(t),
where we used that m, (t) < /d/2. In particular, for s = 1 and p = 3, one obtains that
d
Sy (t) < 68y (0) (i (B)ma (1) + (4/2)2) — (1= By (@) ma(t
3_0( 3/2 3o d2
+ =22 (ma(®) + (d/2)%/2) ma() + 25—
Hélder inequality implies that my(t) > 2 m3(t)? and one deduces that
d 3a 2 3 3d?
Let us fix &g € (0, ) satisfying
o < 1- 03/2
0 —_—.
3/2— 93/2
Then, for a € (0, G&y), one obtains
d 3 3a0 2 ) 3 1/2 3d>
. < — — 3 _ — 3 — _— 3 .
a0 < = (18300 - 220) male + (003 + 3 ) (/2 2ma(0) + 25 (03 + 1)

This shows that, for o < dy, there is an explicit constant M 3, depending only on d (and ) such that
sup mg(t) < max (Mg,/ Do (&)|€ d§) . (B.3)
t=20 R4

With this, (B.2) becomes, for any « € (0, ay),

d
Emsp(t) < ﬂ%p (O‘)SS-,P(t) - (1 - ﬂ%p (Oé)) mS;DJrl(t) + o SpKQ msp(t) + aspdmspfl(t) )
where K only depends on d, &g and m3(0). This proves the result. O

Lemma B.2. Let fo € Li(R?) be a given nonnegative initial datum with ny,, Ty, > 0. For any a € (0, a),
let ¢ (t, &) be the unique solution to (1.14). There exists ¢ € (0, o) such that for o € (0,60) and p > 0,
there exists some constant C), > 0 depending only on p, ny,, Ty, and || fo||13 such that

my(t) < Cp max {1, t_p} fort > 0. (B.4)
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Proof. We know from (B.3) that the third moment of solution v (¢) is uniformly propagated. Moreover, it
follows from Lemma B.1 that, for any p > 3, m,(¢) becomes finite for all positive time. Now, observe that
by Holder’s inequality

S1p(t) < Cpma(t) my(t), mp—1(t) < (mp(t))l_l/p and mp41(t) = (mp(t))1+1/p'
Consequently, we infer from Lemma B.1 that m,(¢) satisfies the differential inequality

%mp(t) < Cimy(t) — Kl(mp(t))l+l/p + C2(mp(t))l_1/p' (B.5)

Thus, for ¢ € (0,1], (B.4) follows by comparison with the upper solution z* = C/t’ of the differential
equation 2/ = Cx — K 2't1/P 4 Cy2'~1/P, Then, once the moment is finite at time ¢ = 1, the same
estimate (B.5) implies that (B.4) holds for ¢ > 1. O

Proof of Theorem 7.1. Introduce, as in [1],
s(t,2) / W(t, &) exp(z[¢]*)de = stp p', >0, z>0,
p=0

and, forn € N
EX(t,2) stp I7(t, 2) stp+1
We consider here s = 1 and fix n € N. We shall show that there exists @ € (0,1) independent of n such
that, for any a € (0,a) and any 0 < ¢ < 1, one has
EM(t,at’) < 4.

Since this is true for all n € N, this would imply the result for ¢ < 1. Notice that (B.4) implies that for
a<l,

n t(ﬁ p
Ep(tat’) <14+ Cp——
p=1

Slnce B > 1, there exists £ small enough and depending on n such that E'(¢,at®) < 4 for all ¢ < 1 and
€ (0,1). For pg > 2/3 by Lemma B.1,

ay @ 4 s 3 my 2
T > my(t Z 0p/251,p(t ol Ky Z myp1( +aKy Y my )(p_ ol
P=Po P=Po P=Po P=Po
atﬁ n qPtPP—1
ad 3 mpa) %wzw@ .
1! (p—1)!
pP=Po P=Ppo
Now, we have
n n
(at?)P atﬁ)erl atB)p
Z mp(t)( IR 1)' = Z mp+1 ' < a mp+1(t) | ’
P=Po p p=po—1 P p=0 P
n
(atﬁ)p atB p+2 atﬁ)p
> O = 5 08 <3 )
DP=Po (p 1) P=po—2 p+ 1
aPtBr—1 n-l ap+1t6p+6 1 atﬂ)p

<a E myp1(
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Ky
1

d & atﬁ (at K, P! at?)p
T Zm < Z 0p/251,p(t) i — =L IP(tat?) + Ky Zmerl(t)%
p=po P! P=po P! p=0 P

Choosing a small enough so that a K, < £2, a?d < % and fa < we get that

thr K 1 -
Z QP/QSLP ( ) - = I{l(tvatﬂ) + ; C;Dov

p=Po

with C“po Zp o—1 C;,* L1, where we used (B.4) and a < 1. From here, we can then argue exactly as in [1,

Theorem 1] to get the result for ¢ < 1.

We shall now show that for any « € (0,a) and any ¢ > 1, one has E}(t,a) < 4. Since this is true for
all n € N, this would imply the result for ¢ > 1.

Notice that we have just proved that E](1,a) < 4 for all @ € (0,a). Then, for py > 2/sand ¢t > 1, by
Lemma B.1,

7 m €30S0 — Ky 3wyt

pP=po 2 P=po P=po
aP

+o¢KQZmp( (p —i—adZmp 1 1)

P=Ppo P=Ppo

Recall that the last two sums are bounded from above by azzzo mpﬂ(t)‘;—}; and a? ZZ:O mpH(t)‘;—T
respectively. Thus, for a € (0, a), we get

d & ap P!
dt Z Z 2p/251p(t) 7 — _Il (t,a) + K Z mpy1(t
p=Po P=Ppo
a” Kl
Z 0p/251,p(t)— — 711 (t,a) + K1 Cp,
p=Po

with C'po Z” o1 C;,* L, where we used (B.4). We can then argue exactly as in [1, Theorem 2] to get the

result. O

We end this Appendix with well-known estimates about Q. on the weighted L!-spaces.

Lemma B.3. For any b > 0, set

my(€) = exp(blé]), ¢ e R%
Then, for any q > 0, there exists Cy 4 > 0 such that

19 (R )| () + 119+ (9: P Ly (i) < Coq

Pz, om) l9llz2, omy)
and
1Qx(hy M) L1 (i) < Collhll Ly (my) 1PN L1 (s -

Proof. Without any loss of generality, one shall assume that i and ¢ are nonnegative. One first notices
that, for any h, g € L*(my), one has

19+ (B )l 2 my) = 14 (s ) (7| 11 = e ) Q1+ (h, g)(v) mp(v)(v){v)?dv.

Loo=
To estimate this last integral, one can assume without loss of generality that h, g,v are nonnegative.
Then, using the weak formulation of O, :

Q. (1, 9)(v) My (0)8(v) (v) v = / B(0)g(0.) [0 = v my (v (o) (v, dvdv, do

R4 Re x R4 xSd—1
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where the post-collision velocity v/, is defined by (1.2). Clearly |v}| < |v|+]|vs]|, i.e. mp(v]) < mp(v)myp(vs)
and (v} )? < (v)%(v,)?. Therefore,

/R 0 (hg) (@) ma()p(0) () < / (s (0) (0} h(v)) (mo(0.) (02)7g (0.)) [0 = v.| dodo..

Re xR

One recognizes that this last integral is equal to [, Q4 (m4(-)? h,my(-)9 g)(v)dv and this proves that
19+ (hs 9l Ly mi) < L (mu ()7 By ()7 g)l[ - (B.6)

Then, the estimate follows easily from the well-known boundedness of the bilinear operator Q.
Li(RY) x LI(RY) — L'(R?) (see, e.g. [2, Theorem 1]). The proof for Q_ is simpler since Q_(h, g)(v) <
h(v)(v)llgllzy for any nonnegative &, g. Thus, [|Q— (%, 9)Ls(m,) < 19l 2[R 22

a1 (mo)
For the quadratic estimate, one notices first that, by virtue of the above estimate,

Q= (hs )L (my)y < NP L (o, 1Pl 22 < Co Rl L) RNl 23 () -
Let us now focus on Q4 (h, k). From (B.6), it suffices to prove that,

124+ (f, Dller < CUFNeliflle, VI € Ly(RY). (B.7)
Indeed, applying this with f = hm; would yield the result. Now, using the weak formulation,

1Qu(f Pllpe = sup / Q. (f, f)(v) Y(v)du
||| poe =1 J R4

ol / f)f(w)|v = vsfih(v)dvdv.do
[P Loc =1 JREXRExSd—1

Using [v — v.] < (v)(vs) < $(v)? 4 £ (v,)? we get easily

/ ) f(w)lv = v (v))dvdvedo < (| fll Lyl fIlpa ][9]l pee
Rd xR4 xSd—1

for any v € L>°(R?). This proves (B.7). O

B.2. Propagation of Lebesgue and Sobolev norms. We start with the proof of Lemma 6.2. As said in
the core of the paper, we provide the proof only for p = 2 since it is the only case we are dealing with.

Proof of Lemma 6.2. Let p = 2 and 1 > 0 be given. Multiply (1.14) by (¢, £)(£)?" and integrate over R<.
We obtain

S DOl + (Au®) - (4 + n)Bw(t)) Il +nBuOIv @22 |
+By(t) / bt €)% ()P 2de
<=0 [ OO )1 ~ [ (EPM(1 Q- (b v)(E. i
Rd Rd
Recalling that [, 1(t,&.)|€ — &.|d& > ko (€) for some explicit ko > 0 we get

[ @90 (.0t > mollwiol,
Since moreover there exists a positive constant K > 0 such that

max(|A, ()], [By ()], [By (v, (D) < Ka

for all @ € (0, ap) so that one can choose «a;; € (0, ag) small enough so that

ni/2

[Ay ()] + (5 +20)[By ()] + 1By (t)vy ()] < % Vi 20, ac(0,ap). (B.8)
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Then, for all a € (0, aj), it holds

d K
3P0l + IOl <1 -0) [ @900 wu)teds

At this stage, we handle the last integral as for the classical Boltzmann equation (see [3, Theorem 1])
and get the result. O

We extend the above result to Hﬁ spaces:

Proposition B.4. Let 1) > 0. There exists d,, € (0,1) such that, for any 1o € L(R?) with unit mass and
satisfying
Yo € L

then, the unique solution v (t, ) to (1.14) with initial condition 1y satisfies

:;+3/2+% RYNLZ 5(RY) N H(RY),

sup [ (¢)l] gy (ray 1= Cy < 00.
>0

The proof is based on the following regularity estimates for Boltzmann operator due initially to [10]
and extended in [29]

Theorem B.5. Forall s > 0 and all > 0, it holds

19+(g, Nl

st < Ca (lgllmz o s, + Nolles, Wl ) -

H757+ n+1
for some positive constant Cy depending only on the dimension d.

With this in hands, the proof is standard computation:

Proof of Proposition B.4. For any i = 1,...,d, set ®(¢,&) = O, ¥(¢,§). It is straightforward to check that
(¢, &) satisfies
O ®(t,8) + (Ay(t) + By(t)) (¢, §) + By (£)(§ — vy(t)) - VeR(t,€)
= (1= a)0, Q4+ (¢, ¥)(t,€) — 0, Q- (¥, ¥)(¢,§)
Multiplying by (£)27®(t, ¢) and integrating over R? we get

1d

351001 + (A0 + (1= § By 19013 + nBo] @)1,

By (Ovu(t)- [ €B(? (972

<(1-a) [ (@790 0040 0)(t. ) — | (700060 Q- (0. 0) (1 €)de.

Notice that
0,0-(00)(1:6) = B(1.6) | (1. €)1 — €. 16 + Q- (. B)(1.8

we get as before that

| €0(t.906.0- (0, 0)(t. e > rall2(0)12;

n+1/2

+ / (€)10(t,£)Q_ (b, B)(t, £)de.
R2d

As for (B.8), one can choose &, € (0, o) small enough so that

d
[ Ay ()] + 1+ 5+ 20)[By (8)] +n|By vy ()] < % V=0, a€(0,ay).
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It thus holds, for « € (0, &),

S, + ol @@
<Rz, 196, Q0 (B0 Dz, + 1901312 (1), B0z

1/2
At this stage the proof is exactly the same as the one usually used for the Boltzmann equation. Namely,
noticing that

Q4. ®)(t.) = w(t.€) [ Bt6lE - lde. = vt) [ wit.goc

and | [La 1(t, &)0e, [€ — &]dés| < fpa ¥(t, &4 )dE = 1 we see that
1Q—(¥(t), 2()llzz < [[v()]l 2.

; ; _ 3-d : : 2 1
Using now Theorem B.5 with s = =3¢ and the uniform propagation of L; , , /2 and L, ., ,-norms, we get
easily to the conclusion. O

n+1/2

B.3. Pointwise lower bounds. We recall the following spreading properties of Q. in general dimension
d>3:

Proposition B.6. For any vy € R? and any § > 0, one has
Supp (24 (1B(ve.s) 5 1B(ve.s))) = B(vo, V26).
More precisely, for any 0 < x < 1, there exists a universal ko > 0 such that

0 5d+lxd+11]B(,on(17X)\/§5) V(S > O7 (B.9)

Q1 (1B(vg,6) 3 1B(uo,5)) = K

Proof. We just give a sketch of the proof which is well-known [31]. We can assume without loss of
generality that vg = 0. Let us assume ¢ = 1. As in [6, Lemma 5.4], we have

d+1
IS (V2 —1/d
Q.+ (1(0,1), IB(0,1)) = i 1\ (1 -2 ) 113(07§)'

Letr € (1/2,1) and ¢ € R? with |¢| = v/2r. Let ¢ € (0, 1) satisfying ¢ <

and set

2+\/_
Qe(§) = {(6.0) eRTx8TY & <e, [(E+&) ol <ele+&]}
For (&, 0) € ., one has

|§|2 Ié“*l2

€' = =+ = |§ El(E+E) 0 r+—+ (\/_r—i—s) <r+e2+V2) <1

sincer < lande < 1. Slmllarly, |€/| < 1. Since one also has |¢ — &,| > V/2r — ¢, we deduce that

d—2 € i3
Q. (L0, 1300)(€) > (VEr =) | dode. > (Var—o) SV [ g, [ o=

Q. |Sd=1] B(0,¢) —e
iz € 2y 4=3
> (V2r—e) IS |—25(1—5)2.

Since v2r — e > rande <

3
i s \/_, we get that

Sd 2 %3
Q4+ (1B(0,1), IB(0,1)) (&) = (62|+\/|_) (l) Fedtl

We then conclude as in the proof of [6, Proposition 5.1]. O

Finally, we have the following (see [22])
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Lemma B.7. Fix p € (1,00]. Let f be nonnegative such that

F(€)de = m, / FEOEPdE < E <o, [[f]l, < oo. (B.10)
R4 R4

Then, there exist vy € R, r and 1o depending only on m, E and || f||, and such that
Qi (f,2+(f, 1)) =m0 1p(wy, r)-

From now we will assume the solution (¢, ) to (1.14) to be given and fixed. It is clear that there
exists Cy > 0 large enough so that

Q- (¥, ¥)(t,€) < Co(1 + €NV (2, 6), and  max(Ay(t),By(t)) <Co  VE=0.

Introduce then
o(§) = Co(1+[¢]),  B(t,€) = Ay(t) +0(8).

Then, one can write (1.14) as

Op(t, &) + By(t) (€ — vy (1) - Veuo(t, §) + 1(t, §)¥(¢,€)

= (1= )Q1 (¥, ¥)(t,€) + (a(§)Y(t,§) — Q- (¥, ¥)(t,€))

and, assuming (0, &) = ¥o(§) = 0, we get o(§)(t, &) — Q— (¥, ¥)(¢,€) = 0 and

O (t,€) + By (t)(§ — vy (1)) - Verb(t, §) + X(t, (¢, §) = (1 — ) Qe (4, 9)(¢,€). (B.12)

We introduce the characteristic curves associated to the transport operator in (B.12),

CX(1:5,6) = Byl) (X(55,6) ~v(t)),  X(s5,6) =€,

which produces a unique global solution given by

X(t;5,€) =€ exp (/t B, (7) dT) - /: B, (0)vy (o) exp (/Ut B, (7) dT) do. (B.13)

In order to simplify notation let us introduce the evolution family (S!);>s>o defined by

(B.11)

[SLR](E) := exp (—/ (7, X(73t,€)) d7'> h(X(s;t,€)) YVt > s>0, Yh=h(v).

The evolution family preserves positivity, thus according to (B.12) the solution (¢, ) to (1.14) satisfies
the following Duhamel inequality

B(1,€) > [Stw] (€) + (1 — a) / [S1Q. ((s, ), (s, )) ] (€)ds. (B.14)

We have the following analogue of [6, Lemma 5.15] where however the characteristic functions are
not contractions anymore. We recall here that there is some positive constant b > 0 depending only on
l[+ol[ 1 such that

By (s)] < b and By (s)vy(s)] < ba, Vs > 0.

Lemma B.8. For any nonnegative h = h(§) > 0 and any t > s > 0, one has

[SLR)(€) = (AL) exp (—o(E)ualt — 5)) [TLR] (€) (B.15)
where
oo ([ Bur). - S

and [T}h](&) := h(X(s;t,€)) for any ¢ € R



50 RICARDO J. ALONSO, VERONIQUE BAGLAND, AND BERTRAND LODS

Proof. Notice that, forany ¢t > s > 0, exp (fst B, (1) dr) < exp(ba(t — s)), and thus, using (B.13), we
check without difficulty that
X(r1,8)] < (1+ |g]) exp(balt—7)) =1,  VO<7<t,
Therefore,
E(T,X(T;t,g)) <Ay(r)+0(§)exp(balt — 7'))) Vo< T<t, Ve R

Integrating this over (s, t) we get

WV

/E(T,X(T;t,S))dTg/ Ay (T)dT 4+ o(§ua(t — s), vVt > s> 0.

Finally, since A (t) — dB,(t) < 0 for all ¢t > 0, we get that

t
exp (—/ Aw(T)dT) > ()\’;)d
which yields the conclusion. O

We can then prove the analogue of [6, Lemma 5.17]

Lemma B.9. For any nonnegative f = f(£) > 0 it holds
T (T £, T (T .75 ) = AT ODT T Q4 (f, Q4 (f. 1)) (B.16)

forany0 < 7 <s <t
In particular, when f is compactly supported with support included in B(0, o) (¢ > 0), then for any ¢t > 0
there exists C(t, o) > 0 such that

S:9+(S5£. 87+ (S5 1,80 1) 2 Clt,)Tg Qv (f, Q4 (f.f), YV O<T<s<t (B.17)

Proof. The proof is a simple adaptation of that of [6, Lemma 5.17]. The proof of (B.16) is exactly the
same. It relies on the still valid following relation: for any h and any 0 < 7 < s

T2Qy(h,h) = ()™ Qu(T2h, Th). (B.18)
For the proof of (B.17), we just recall the main steps. For any ¢ > s > 0, one has using (B.13),

t t
| X (s:t,€)] = |¢] exp <—/ By(7) d7> —~ / baexp(ba(o — s))do > N, [¢] — b7 4 1.
If f(v) = 0 for any |v| > o, then S!f(£) = 0 for any [¢] > A; (0 + €?*(*=*) — 1) and (B.15) shows that
Stf> ()\z)dexp (—0’ (/\f (g + ebolt=s) _ 1)) Uq(t — s)) TLS.
In particular,

Q4 (S51.851) = (N§)* exp (=20 (AL (2 +¢**7 = 1)) ua(7)) Qu (T .75 ).
Now, the support of Q (87 f,S7 f) is included in B (0,v2X? (04 €**™ —1)). Hence, the support of
8204 (85 1,85 f) is included in
B (O, Ay (\/5/\70. (o+ ebor — 1)+ ebals=m) _ 1)) cB (O, V2X\° (o+ ebos — 1)) .
Consequently, we get thanks to (B.15), (B.18) and the above estimates that
870+ (831, 85.f) = Cols, 7.0)Q+ (T £, T5° f)
with
Co(s,7,0) = (N> (A2)* " exp (=20 (A2 (0 + €27 — 1)) uq(7))
X exp (—a (\/5)\2 (0+ et — 1)) Un (s — 7—)) :
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Since the support of Q (S5 f,S; Q4 (87 f, S5 f)) is included in B (0,29 (¢ + €®** — 1)) it follows that the
one of STQ, (85 f,8:Q4 (S5 f. 87 f) is included in

B (0% (20 (0 € = 1) 4+ 209 — 1)) C B (0,207 (0+ ¢** — 1))

Hence,
SeQi (S5 1, 8:9+(S5£,85 1)) = Cult,s,7,0) Ty Q+ (f, Q+(f, f))
with
Ci(t,s,m,0) = Co(s,T,0) ()\’;)d (/\S)d (/\Q)Q(d“) exp (—0 (/\2 (Q + ebas — 1)) ua(s))
X exp (—U (2)\? (g + ebot — 1)) uq(t — s))
= (ADI2NNL exp (—a (\/5/\2 (0+ b — 1)) U (s — 7'))
x exp (=20 (A (o + e — 1)) ua(r) —o (X (0 + ebos — 1)) ua(s))
X exp (—U (2)\? (g + ebot — 1)) uq(t — s))
Reminding that o(v) = Cy + Cp|v|, one observes that, on the one hand
U (s — T) + 2ua (T) + ua(s) + ua(t — s) < Suy(t), 0<7T<s<H,

and, on the other hand,

\/5/\2 (g + et — 1) o (s —7) 4+ 2X° (Q + eboT — 1) Ua(T)
+ 22 (04 € — 1) ua(s) +2)) (0 + € — 1) un(t — 3)
< Tua (1) (0 4 baug(t))
where we used that \? < ¢ < ¢!, Now, using that \! > e~%@ (1) > ¢=bat gnd setting
C(t, 0) = exp (—dbat — 5Couq(t) — TCoua (t)e®* (0 + bau (t))) (B.19)

we get the result. O

Proposition B.10. Assume that the initial datum 1)y € L(R?) has mass 1, momentum 0 and kinetic energy
d/2 > 0 and that

o € LP(RY)

for some p > 1. Let 1(t, -) be the solution to the rescaled equation (1.14). For any 7, > 0, there exist Ry > 0
large enough (depending only on 1) and uq > 0 such that

Y(t,-) = plpo,r) (), Vtz>m. (B.20)
Moreover, for any sequence (xi)x € (0, 1) and increasing sequence (7)) one has
Y(t,-) = prlpo,Ry,) » Vit (B.21)

with

Ry = (1 - x1)V2 (Rk +1- eba(”‘“_”‘)) b1 =)
a1 (B.22)
per1 = (1 — Oz)lioXZJrl e (Rk +1-— ebo‘(”“*”)) Er, (The1 — ), VEEN

where K is the positive constant appearing in (B.9) and we set for any s > 0 and R > 0,

Zr(s) = /05 exp (—dbaT — Co(1 4 €®7 (V2R + e®o7 — 1))ua(7)) dr.
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Proof. We describe briefly the main steps of the proof which follows the one of [6, Proposition 5.18] and
[22, Theorem 4.9]. Notice only that, because By (-) has no sign, the characteristic curves X (s;t,-) are
not contractive and some additional work has to be done in the initialization step.

e Step 1: Initialization. Let ty > 0 be fixed and define gy(¢,-) = ¥ (to +¢t,-) for t > 0, and Gy = (0, ) =
¥ (o, -). Using Duhamel inequality (B.14) one has

t s
Gol(t,) = (1 —a)? / ds / SO, (S50 Go, 821 Q4 (81170 Go, ST Gy ) dr. (B.23)
0 0

For R > 0 large enough, we have Gy > Go 1p(,r) =: Go and fRd ao(f)dﬁ > 0. It then follows from
(B.17) that, forany 0 < 7 < s < ¢ < T4,

Sei0 Q4 (8o Go, 83T Q4 (817 Go, S0 Go,)) 2 Cr Tt 9y (@0, Q.4 (Go, CAv'o)) ;

with Cr, = infic(o7,) C(t, R) = C(T1, R) where we recall that C(t, R) is given by (B.19). For 71 > 0
small enough, one has C'r, > 1/2 and

~ t2 . ~ A
Golt) > (1=a)? T T1Q, (Go, Q4(Go.Go)) . ¥ 0<E< Ty,

It now follows from Lemma B.7 that there exists vy € R, ry and 7, depending only on ||@0|| 11, the
energy of ¢y and ||4)o||z» such that

Q4 (@0, Q. (Go, a0)) Z 10 1B(vg,r)-

This leads to
2

~ t
go(t,f) 2 (1 - Q)Q Z Tlo lB(Uo,To)(X(tO;t+ tng)) ) v 0 < t g Tl'
Let € > 0. For T} small enough, one has for any ¢ € [0, T1],
bat < 1 E d 1 bat _ 1 < €To .
e +2, an (Jvo| + )(e ) 2010

Consequently, as soon as [ — vo| < 17, one has

t+to
Xt +10,€) = ol < AT = wnl + ol [1 = M b [ g do
to (B.24)
< ebat|§ _ 'UO| + |1)0| (ebat _ 1) + (ebat _ 1) < 0.

This means that go(t,-) > (1 — a)? % Mo lB(UO_rlT_fE) for all ¢t € (0,7}). Hence, for any ¢; € (0,7}/2], it
holds go(t, ) = m 1g(u,,r,) for any t; <t < Ty with

2

t T
771:(1—04)221770 and T1 0

T1te

(B.25)

Notice at this stage that an important difference with respect to [6] and [22, Theorem 4.9] is that r1 < rg.
We set g1 (t, ) = go(t + t1,-). We have thus obtained that

~ T
Qi(t) = m per), ¥ OSt< S (B.26)

Using again Duhamel’s inequality (B.14) (recall that g;(¢,-) = ¢ (¢t + to + t1,-)) one has

t
/.dl (t7 ) > (1 - CY) / Sf’ii%i?l Q+ (/g\l (T7 ')7/9\1 (T7 )) dr. (B27)
0
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Let x € (0,1), the value of which will be fixed later. We now deduce from (B.26), Proposition B.6 and
Lemma B.8 that, for any ¢ € [0, 7} /2] and any ¢ € RY,

t
~ d
a8 =0—-a)n; rf“xd“fio/ (A5 ) exp(—o (§ua(t — 7))
0
Lg (o (1-y)var) (X (T + to + t15t + to + £1,€)) dr.
Arguing as in (B.24), one obtains, forany 0 < 7 <t < 7y /2 and € € R4,
L (00, (1—x)vary) (X (T o + t1st + to +1,8)) 2 1]3(007 0y ) (€)-

On the other hand, for any 0 < t < 4, fo (/\ift%ftll) dr > fot e—dbo(t=7) 41 > t ¢=dbaT1/2 g4 that, for
any t2 S (07 T1/4]>
91(t,+) = m2 1B(vg,ra)s Vty <t < T1/4,

with ry := 7(1_1(_)’_?”

and
=(1-a) 772 rd+1xd+1/£ exp (—o (Jvo| + 72) ua (T1/2)) to e~ dbaTi/2 (B.28)

t (17X)\/§
1+e

12

One chooses now ¢ and x small enough such tha > 1. Iterating this procedure, one obtains that,

for any k > 1, for any ¢; € (0, gl] (1 =1,...,k), there exists n;, such that,

1-x0va\"
. — X
gr(t, <t + Zt ) Nelp (vo,7%) " with Tk = <17+6> 1

Arguing exactly as in [6, 22], there exists some explicit , > 0 and some arbitrarily small ¢, > 0, both
independent of the initial choice of ¢(, such that

Y(te +to,) = ne1B(o,R)-

Notice that t, = Zle t; and 7, = n, where k is large enough in such a way that B(0, R) C B(vg, r)-
Since ¢y > 0 is arbitrary, this proves (B.20) with R; = R, u1 = 1. For the proof of Theorem 6.5, it will
be important to understand the way p; depend on t;. We obtained in Eq. (B.25) that n; = O(t?) while,
from (B.28), 72 = O(tan?) for some t5 € (0,7} /4) to be chosen. Iterating this procedure one can check

without difficulty that n, = O (t%k e, 2" ) and, picking asin [31]#; =t} (i = 1,...,k) one obtains
J— (t{vk) (B.29)

with Ny, = 2F 4 30 i2k—i = 59k _ (k4 2).

e Second step (Implementation of the induction scheme). For 1 > 0 and any ¢ > 71, we get using (B.20)

w(tv') > (1—04)/ 3§Q+(¢(Sa')7¢(8r))d8

t
> (1-a) /L%/ S:Q+ (1(0,r,)» 1B(0,R))) ds- (B.30)
T1

Since the support of @ (15(,r,) » 1B(0,r,)) is included in B(0, V2R ), the one of SLQ (1p(o,r,) > 1B(0,R:))
is included in B(0, A{ (V2R; +€b*(=*) —1)) € B(0,e?*(*=%) (V2R +€®*(!=*) —1)) and we get from (B.15)
and (B.18) that

2d+1
894 (1po,ry) > 1B(0,R1)) = (AL) " exp (— o(wr, (t — 8))ua(t — ) Qp (TS 1p0,r,) > Te1B(0,Ry)) -
where wg(7) := e®*7 (V2R + eP*7 — 1). Now, since | X (s;t,&)| < A |€| 4 e®*(t=%) — 1, we deduce that

7; 1B(o,r)) 2 ]B(O,)\fﬁl(tfs))
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where R, (1) := Ry + 1 — €% for any 7 > 0. This leads to
S:Q+ (1g0,ry) » 1B(0,R1))
2d+1
2 ()\i) exp ( —o(wp, (t = s))ua(t - 3)) Q4 (118(0.,)\:?1(1575)) ) 1]B(0,)\§§1(t75))) :

Using Proposition B.6, for any x; € (0, 1) this can be again bounded from below by

2d+1 s —
ko (A" exp (= o(wn, (= 8))ualt — ) (A)TXTTHRLUE = ) Lo 1m0y vaniT (-s)

d
= Ko ()\Z) NY ( —o(wpr, (t = 8))ualt — 5))Xil+1(R (t— 5))d+11113(0,(1—x1)\/§>\§§1(t—s))'

Notice that a difference with respect to [6, Prop. 5.18] is that, here, it is not true that A\j > 1 since B,(7)
has no sign. However, one has \{ > exp(—ba (t — s)). Using (B.30), one obtains

t—T1 o
bty ) = (1= a)ropi xi™ /0 (Ra(7))™ " exp (—dbarm — o(wn, (7))ta (7)) 10,1 -y, )veber Ty (1)) AT
Therefore,
WY(t,-) = p2 1p(o,R,) » Vizmn>n
with Ry = (1 — x1)v2e72%(2=m) (Ry 41 — eb(2=71)) and

d+1
pz = (1 —a) ko pi xi™ (R1 +1- ebO‘(TTTl)) ER, (T2 — 7).
Iterating this procedure, we obtain the result. O

With this we can prove Theorem 6.5

Proof of Theorem 6.5. We apply Proposition B.10 to a constant sequence (yj)r and bounded sequence
(Tk)k>1. More precisely, let ¢; > 0 be fixed and write

3]
5
For any given ¢ > 0, set y; = ¢ for all £ > 1. One deduces from (B.22) that

T = Thtl = Tk + =50 Vk > 1

2k+1

3 k
Ry = (\/5(1 — 6))k 1R1 exp | —baty 22”-

Jj=2

k—i K , L
+Z( 1—5) exp | —bat; Z 277 (1—ebo‘t12 1),

j=i+1
that is

r= (Vi -9) " e (<ban (5 - 7))

. k—i 1 1 —i—1
-y (\/5(1 - 5)) exp (—batl <2T - 27)) (1 — ebati2 ) . (B3D)
1=1

It is clear that R;, < (\/i)k‘lRl for any k£ > 1. On the other hand, since 1 — e~® < z for any = > 0, we
deduce that

k—1
Rip > (V2(1 — &))" 'Ry exp (—ba%) —baty (\/5(1 - 5)) 277l VY k1.
i=1
We finally obtain for any k& > 1

(\f (1—¢) )k 1 (Rle ba'd _ %) < R, < (V2)F'Ry. (B.32)
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Moreover, by definition of Zx(s), one has easily

— 1
Er, (The1 — T) = e exp (—Co(1 + wr, (Tkt1 — Tk))Ua (Tht1 — i) (1 — exp(—dba(Ti+1 — 1)) ,

where we recall that wg(7) = €227 (v/2R + €?°™ — 1). In particular, since 7,11 — 7 < 1 < 1 one sees that
there is some positive constant ¢(«) > 0 (independent of ¢;) such that
1

e (1 — exp(—=dba(ty1 — 7)) = c(@)(Thr1 — k), VEk > 1.

Moreover, uo (Th41 — Tk) < Ua(t1) < ua (1) fort; < 1 and wg, (Th41 — 7%) < w(\@)(k,le(l) so that

Ere (Tt = ) 2 (@) (71 = 76) exp (~Co(l + e?* (22 Ry + & — 1))ua(1))

Using (B.22), one gets, as in [6] that for any k£ > 1,

t g1y dt+1
pier > (1=a)e(@)ros o (R +1 =02 ) exp (~Co(1 + €)ua(1)) exp(—2(a)2/2 )i,

for some explicit z(«) > 0. Arguing as before, we infer from (B.31) that

ke k—1 ot (1—8)b0¢t1 t1
R—l—l—ebatlzklZ(ﬁl—E) <R€ba%—7€ba7>,
g (1-¢) ' A1—e)—V2

where we used that exp (—baty (5t — 5)) < €72k < ebe 3 for any 1 < i < k. Since t; < 1 we get
exactly as in [6, Prop. 5.18] that
131 ko1
P41 2 Ca(f)w exp(—z(a) Ri27% )i

for some positive constant C,, (¢) depending only on « and e (but not on k or ¢;). Arguing as in [6] we
get that, for ¢ > 0 small enough and ay > 2 there is a positive ¢y > 0 depending on « but not ¢; so that

Y(t,€) > exp(—co(1+log(1/t))Ig]™) Vgl > R® V>t
Now, for || < Ry, we have from (B.20) that
Yt = V=T =1t/2.
We get the lower bound (6.8) using also the estimate on y; obtained in Proposition B.10 (see (B.29)). [

APPENDIX C. Cp-SEMIGROUP GENERATION PROPERTIES

We prove in this section that the operator B, s is the generator of a Cy-semigroup in L' (z) for suitable
choice of «, d. Recall the notations of Section 3.2. One has, in the underlying L/ (=),

Loh = Ash+ ZF°h — S h —POh+ Toh
with 2(Z.) = 2(Ta) = Wyl
Tah(§) = —Badiv(€h(€),  Vh € W, (w).

Introduce the (anti)-drift operator with absorption

Toh(€) = =Sm(E)h(E) + Tah(€),  Vhe Wy (w).

Notice that, since there are oy > 0, o7 > 0 such that 0 < o(¢) < Zpm(€) < 01(€) for all ¢ € RY, the
domain of T,, coincides with that of 7,. One has then the following elementary result where we recall
that w(¢) = exp(al¢]), ¢ € R%:

(zo) where

3In the proof of [6], the assumption |£| > R; is missing but is needed
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Lemma C.1. Assuming o > 0 to be small enough so that

g0 = \/iaBoz = 07
then the above operator T, : Z(T,) C Lj(w) — L}(w) with 2(T,,) = Wlﬁl(w) is the generator of a
nonnegative Co-semigroup {Uq(t); t > 0} in L} (<o) given by

Ua(t)£(€) = exp (— /t {dBa + S (5 e(T_t)B"‘)} dT) flee ), fell(w), >0
0
such that

100 gy < 00 (- (5 = aBa ) O) Iflymy W20, JELi@). D)

In particular, {U,(t) ; t > 0} is a nonnegative contraction semigroup in L, (o) as soon as o > V2¢B,.

Remark C.2. Notice that T, does not generate a Cy-semigroup in L (zw). The absorption term here is exactly
what allows to prove that U, (t) € #(L}(w)) for all t > 0.

Proof. Using the characteristics method to solve the evolution problem
atg(tag):Tozg(tag)a t>01§€Rd

with initial datum ¢(0, ) = f(&) shows that the only possible candidate to be the C-semigroup generated
by T, is indeed {U,(t); t > 0}. Let us show (C.1). There is no loss of generality in assuming f to be
nonnegative. Then,

t
Ua) Fll 11 (e = g — [ |dBy+ X (r=t)Ba d) ~tBayq
10001y = [, xplalel©exp (= [ [aBa -+ B (€70B ) ar ) g Bopa
and, setting y = e "B, we get

t
U, 1 < 1Ba xp (a etBe 9 ex (— by eBa dT) dy.
0O gy < € [ e (ae®lyl) )7 exp (= [ (e ar) iy

=
2

BNow, since Yp(§) = 00(§) = % (1+¢]) for all ¢ € R? we get under the assumption that % >
aB, > 0:

00

t
1Ua()fll 11 () < exp (— t+ tha) / (y)? exp (a e |y|) exp (—aBa|y|/ eTBadT> F(y)dy
K V2 R 0

[
< exp (- (7% - qBa> t) [FAFFIESE

This proves the claim. It is not difficult then to prove that {U,(¢) , ¢t > 0} is indeed a Cy-semigroup in
Li(w). O
q

Lemma C.3. Let « > 0 be such that oy > v/2aB,, > 0. For any q > 0, one has

1

—_— YA > ¢B,.
o) —CL:BO[7 -4

IR Ta)ll#(rs (), 21, , () S

1

Proof. Given f € L)(w) and A > 0 large enough, we need to compute |[R(}, Ta)f||Li+q(w). First of all,

since {U,(t); t > 0} is a nonnegative semigroup, R(\, T,,) is nonnegative and, since the positive cone of
L, (o) is generating, it is enough to consider f nonnegative. Set then g = R(\, T,)f. One has

A+ Zm(€)9(6) + Badiv(€g(6) = f(§),  £€R™
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Multiplying by (¢)zo(¢) and integrating over R? we get
O+ Za (@) =€) = ) — B [ div(ea©)(er"= ()¢
~ g + B | 90067 ((€)7(6)) e
Since €7 (€)1 w(€) = 4 |612(€)" 2w (€) + a()l€leo (€), we get

A+ Em(£)9(E)(€) = (§)dE < [[fllLyw) + aBallgllLyw) + aBallglizr, , (w)-

00{€), we get the estimate

d

=

Since X a4 (§)

WV

Algllzem) + 00llgllzz, (o) < I llz3) + 0Ballgllzaie) + aBalgllzs,, o)-

Therefore, fixing a > 0 such that oy > v/2aB, > aB,, and taking then A\ > ¢B,, we get

lgllzs, () < m”f”/:;(w)
which gives the desired estimate. O

Remark C.4. The above estimate directly yields ||| 11(w) < ﬁ 1fll22(w) Le.

1
R\, To o € — c.2
IR Ta)ll (L1 (=) N B, (C.2)

Recall the definition of £/ :

Lo h(€) = / (1 = ©5)IM(E)A(E) + M(E)R(EL) = M(EN(E)] € — &] dudo.

R x§d—1
One can split XOR"S into positive and negative parts,
RS _ pR6 R,6
LT =L -4

where

fol?iéh(f) = /

Rd xSd—1

(1= OIMOM(E)IE — €| d6udr = M(E) [ h(E-Jwale. e,
with

nle.e) = lE=6l [ (1= 6o
One has then the following whose proof is the same as that of [11, Lemma B.1 & Proposition B.2]

Lemma C.5. For any q > 0, there exists r,(d) > 0 such that lims_,o k4(6) = 0 and

6
| sy < Ra @Rl (w)s  Vh € Ly y(w0),
while
6
Ly Li(w) = Li(w)
is bounded.
Introduce the sum Z? := fojfjf + T, with domain 2(2%) = 2(T,). Combining both the above
Lemmas, one gets that, as soon as oy > v/2aB, > 0, it holds
8 Kq(0)
||‘=2”01_’;ﬂr R(A, Ta)llz(Lt(w)) < p _q B VA > ¢B,.

As a consequence, picking § > 0 small enough so that
Kq(0)

<1
oo — aB,
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one deduces that (¢B,; +00) C o(ZY), and

R(\, 20) = R(\, T i [zORf )}j, YA > ¢Ba.

Jj=0

In particular, one checks from the above series representation that

0
IR Zo)llri(w),t, () S IR To)llrs (w1 Hq(w))z

[$0+R()\ T, )] H

j=0 B(Ly(w))
J 1
\ — y VA Ba-
ao—aB Z(UO—aB ) 00 —aBa — Kkq(9) >4
(C.3)
Notice also that, according to (C.2),
: 0 _
Jim IR, Z0)l (2 (e0)) = 0- (C.4)

Introduce then Z, = 20 — PO with 2(Z2,) = 2(29). Picking A > ¢B,, one has
A=Za)=\=2)+P
and, multiplying from the right by the resolvent R(\, Z2), one has
(A= Z)R(N 20) = I + PIR(A, 29).

Notice that all the operators here are well defined since the range of R(\, 22) is 2(2%) = 2(Z,) (which
makes first the operator on the left-hand-side well defined) and, as such, is included in L/, , (zo) which
is the domain of PY. Moreover, from (C.3) and Proposition 3.2

0 0 0 €0,4()
[PaRA Zo)ll(Ly(w)) < €0.q(@ RN Zo)llz(L1 (w), 11, (w)) < P S——E

One can therefore find a small enough so that
HPgR(/\ng)H%’(L}I(w)) <1, YA > ¢B,

and, as such, I + POR(\, Z,) becomes invertible and so is (A — Z,)R()\, Z2). This proves that, for
A > ¢B,, (A — Z,) is invertible with

R\, Za) = R(A, 29) i RN, 22)]
7=0

In particular, according to (C.4), limx—c [|R(A, Za)|[#(11 ()) = 0. Finally, since
Ba,6 = Za - fo{%f
with fos bounded, one deduces easily that A — 5, s is invertible provided X is large enough so that

0
1552 2 (o) RN, Za) | (L (o) < 1

This, together with the hypo-dissipativity ensures that 5, s generates a Cy-semigroup.
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