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Minimizers of the W'l-energy of S'-valued maps
with prescribed singularities. Do they exist?

Haim Brezis"?, Petru Mironescu®®

April 16, 2018

Abstract

The paper is concerned with the least Wh1-energy required to produce maps from a
domain Q c R? with values into S! having prescribed singularities (a;)1<;j<x. The value
of the infimum has been known for a long time and corresponds to the length of minimal
configurations connecting the points (a;) between themselves and/or to the boundary.
We tackle here the question whether the infimum of this W'-'-energy is achieved. This
natural topic turns out to be delicate and we have a complete answer only when %k = 1.
The bottom line for £ = 1 is that the infimum is “rarely” achieved. As a “substitute”, we
give a full description of the asymptotic behavior of all minimizing sequences and show
that they “concentrate” along “convex combinations” of minimal configurations.

1 Introduction

Throughout this paper, the domain Q c R? is smooth, bounded and simply connected. Given
u € Whi(Q;S1), we write u = (u1,us). To such u, we may associate various objects and
quantities which play a fundamental role in the study of W11(Q;S?') (see e.g. [5], [7], [9]).

One of these objects is the Jacobian of u, Ju. This distribution is defined by

0

J 1 ( ouy Oul) 0 ( oug aul) (1.1)
u==|—I|ui—-uo—|-—|u1—-us—||. .
2| 0x1 1 0x9 2 0x9 0x9 ! 0x1 2 0x1
It is well-known (see e.g. [5], [8] and [7]) that
Jwv)=Ju+Jv, Vu,vEWl’l(Q;Sl), 1.2)
Ju=-Ju, Vue W-i(Q;sh), (1.3)
and
Ju =0 if and only if u = '’ for some ¢ € WH1(Q;R). (1.4)

If, in addition,

weWHQiSHnC@\ lan,...,azhiSh,
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where a1,...,a; € Q, then (see e.g. [6], [5], [8] and [7])

k
Ju=m) M;6,; in2'(Q). (1.5)
j=1

Here, the integer M := deg(u,a;) is the degree of u restricted to any small circle cen-
tered at a;. (This integer does not depend on the small circle.) Roughly speaking, when u
has a finite number of singularities, the Jacobian Ju detects the location and the topological
strength of the singularities of u.

Given k points ai,...,ar in Q and k integers M1,...,M} € Z, we will use the notation
a:=(ai,...,ap) and M:= (M4,...,Mp). When k=1, we let a:=a1, M := M1 and write a, M
instead of a and M.

The quantity L(a, M) defined below appears in many questions involving maps in WH1(Q;S1)
(see e.g. [6], [5], [8] and [7]).

" Pg,Ng€{a1,...,ak}UaQ,€=1,...,n,
L(a,M) := mi P,-N L & .
=1 j=1

(1.6)

Here, the points P,,N, need not be all distinct. With no loss of generality we may
assume that P, # Ny, V/, and then the integer n satisfies n < Zle |M;|. Note that the
measure 2?21(5 p, —0On,) does not “see” points in 0(2, since equality in (1.6) holds in the
sense of 2'(Q2). However, even in cases where the equality >7_16p,—6n,) = Z;?:lM jéaj
can be achieved using only points P,,Ny € {ai,...,a}, it is sometimes advantageous to
introduce artificial boundary points because they may lower the quantity ».;_, [P, — N/|
(see Example 3 below). If (P¢,N/)},_; is a minimizer in (1.6), we say that the collection of
segments (Py,Ny), ¢ =1,...,n,1is a minimal configuration associated with (a,M).

Here are a few examples.

Example 1. When ¢ € QQ and M =1, we have L(a,M) = dist(a,0Q2). For any N € 0Q2 such
that |a — N| = dist(a,02), the segment (a,N) is a minimal configuration.

Example 2. Let a=(a1,a2) and M =(+1,+1). Then L(a,M) = dist(a1,0Q2) + dist(ag,02). If
Ny € 0Q) satisfy |ay — Ny| = dist(a,,0Q), £ =1,2, then ((a1,N1),(a2,N2)) is a minimal config-
uration.

Example 3. Let a =(ai,a2) and M = (+1,-1). Then L(a,M) = min{|a; — as|,dist(a1,00) +
dist(ag,0Q)}. When |a1 —aq| < dist(a1,0Q2) + dist(ae,02), a minimal configuration is (a1,a2).
When |a1—as| = dist(a1,0Q)+dist(ag,0Q2), a minimal configuration is ((a1,N1),(P2,as)), with
N1, P9 € 0Q satisfying |a1 — N1| = dist(a1,0Q2), respectively |P2 —ao| = dist(ag,0Q2).

To each u € WH1(Q;S') we associate the number X(z) = 0 defined by

>(u) = inf{/ IVol;ve WhH(Q;SY), Ju = Ju in @’(Q)}. (1.7)
Q

Roughly speaking, >(x) measures the least Wh!-energy required to produce S'- valued
maps having the same singularities as u. The quantity Z(u) is ubiquitous in the analysis
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of the space WH1(Q;S1) (see e.g. [5], [7], [8], [9]). It is well-known (see [6] and [7]) that if
u e WH(Q;S?) satisfies

k
Ju=n1Y M;d,; in2'(Q) (1.8)
j=1

for some pair (a,D), then
2(u)=2nL(a,M). (1.9)

Here are some natural questions related to (1.7):

Question 1. Is the infimum in (1.7) achieved?
Question 2. Characterize the minimizers if they exist.
Question 3. Analyze the asymptotic behavior of minimizing sequences for (1.7).

Questions 1 and 2 turn out to be much more delicate than expected. We have a full
answer only in the case where u admits one singularity. In the case of multiple singular-
ities, our results are incomplete. The bottom line is that the infimum in (1.7) is “rarely”
achieved. On the other hand, we have a satisfactory answer to Question 3 in the most
general situation.

Remark 1. Another natural approach consists of minimizing X(«) in the space BV(Q;S1),
which is larger than WH1(Q;S!). The main advantage of BV is that minimization problems
are more likely to have solutions in BV than in W'!. Concerning our specific minimiza-
tion problem, a first difficulty to overcome is the definition of Ju when u is merely BV.
Clearly, the right-hand side of (1.1) is meaningless for such «. In [14], Ignat proposed sev-
eral definitions of Ju with u € BV(Q;S?). They all coincide with (1.1) when u € W1, but do
not preserve the algebraic properties (1.2)—(1.3), and in addition they are not stable under
strong BV convergence. More significant for our problem, relaxing the functional setting
to BV is not of much help: the analogous infimum in (1.7) is still not achieved, in general.
We will illustrate this in Appendix B. We therefore restrict ourselves to the W1 setting,
technically simpler.

We first present our main results for one singularity, say a = 0 € Q2 with degree M =1,
so that Ju = 1M 6y. In Theorems 1 and 2, we assume that dist(0,02) = 1 and denote by D
the open unit disc centered at 0. Set

X :={xeoQ;|x|=1}, Y :={0 €[0,2n]; e? e X3. (1.10)
Theorem 1. The infimum is attained in (1.7) if and only if | X| > 0.

If |X| >0, then v is a minimizer in (1.7) if and only if v is locally constant in Q\D and,
in D, we have v(re'?) = " Here, h e WH1((0,27);R) satisfies

h is nondecreasing, (1.11)

h(2m)=h(0)+27M, (1.12)
and

supph’'cY. (1.13)



In the next result we discuss the asymptotic behavior of minimizing sequences in (1.7).

Theorem 2. Let (v,) be a minimizing sequence in (1.7). Then, up to a subsequence, we have,
for some probability measure p on S! supported in X,

1
/ IanIC—>2nM/ (/ C(rx)dr) du(x), V(€ CQ). (1.14)
Q si\Jo
And conversely.

Remark 2. Let us assume, for simplicity, that M = 1 and that X contains only two points,
b and c. Let (v,) be a minimizing sequence in (1.7). Then, up to a subsequence,

Vo, |dx — 27 A1 [0,6]1+ 27 (1 — )AL [0,¢],

where A could be any number in [0, 1]. This is in sharp contrast with the situation analyzed
by Brezis, Coron and Lieb in [6]. The minimization problem studied there is

inf{/ |Vv|2;v :Q—>§2},
Q

with Q c R3. The inf is taken over all maps v which are smooth outside the origin and have
degree one around the origin. Assuming that the set

X = {x €0Q; |x| = dist(0,00Q)}

is finite, it is proved in [6] that, along a minimizing subsequence (v,), we have |Vv,|>dx —
8. 7110,b], for some b € X. The lack of quantization phenomenon for the W-l-norm was
originally pointed out in [6] (see the comments following Theorem 8.2 and at the end of
Appendix E).

The proofs of Theorems 1 and 2 are presented in Section 2.

We now turn to multiple singularities. We start with a simple case of non-existence.

Theorem 3. Assume that there are only finitely or countably many minimal configurations
associated with (a,M). Then the infimum in (1.7)—(1.8) is not attained.

More generally, assume that there exists a null set (for the Lebesgue measure) Z < () such
that for every minimal configuration (P¢,Ny), ¢ =1,...,n, associated with (a,M) we have
U';zl(Pg,Ng) c Z. Then the infimum in (1.7)—(1.8) is not attained.

Remark 3. We return to the case of a single singularity, as in Theorem 1. Assume e.g.
that ¢ =0, M =1 and dist(0,0Q2) = 1. Then the minimal configurations are (0,x), with x € X
(here, X is as in (1.10)), and thus the smallest set Z containing all minimal configurations is
Z := Uyex(0,x). We may then rephrase the conclusion of Theorem 1 as follows. There exists
a minimizer v in (1.7) if and only if Z has positive Lebesgue measure. In view of Theorem 3,
it is tempting to conjecture that a statement similar to Theorem 1 holds in general. Roughly
speaking, Theorem 3 asserts that, when the collection of all minimal configurations is a null
set in (2, there is no minimizer in (1.7). However, the converse is wrong; see Remark 5.

Here are some of our results concerning Question 3, i.e., the asymptotic behavior of
minimizing sequences.



Theorem 4. Assume that there are only finitely many minimal configurations Us,..., U,
associated with (a,M). Let (v,) be a minimizing sequence in (1.7)—(1.8). Then, up to a
subsequence,

IVouldx — 21 Y A; 761 U;, with A;€[0,11and Y A;=1.

Jj=1 Jj=1
And conversely.

The notation /21 U, requires an explanation. Recall that a minimal configuration is a
finite collection of segments (P,,N,). Then we define

FON U =Y A (PN (1.15)
4

The proofs of Theorem 3 and 4 are given in Section 3. In fact, we will present in Section
3 far-reaching extensions of these results. Here is a typical example. Given a minimal
configuration U associated with (a,M), we define #'L U via (1.15). We set

Lin =@ = HOL U; U is a minimal connection associated with (a,M)}. (1.16)

Clearly, Lin < 4 (Q) =[Co(QV)]* and |Q|.» = L(a,M), VQ € Lyin. Therefore, Z,,i, is a
bounded subset of .#(£2). A basic property is

Lemma 1. %,,;, is weakly-+ closed in #(Q), and thus Lnin equipped with the weak-*
topology o (M (Q),Co(Q)) is a compact metrizable space.

We have the following

Theorem 5. Let (v,) be a minimizing sequence in (1.7)—(1.8). Then there exists a probability
measure i on Lpyin such that up to a subsequence we have

Vo, |dx — 27K in H(Q), (1.17)

where

®,0) = / Q.0 dH(@), Y € ColQ). (1.18)

Note that the right-hand side of (1.18) is well-defined, since @ — (@,{) is continuous on
the compact Zin.
We call the attention of the reader to the following

Open Problem. Find a tractable necessary and sufficient condition on (a,M) and Q for the
existence of a minimizer in (1.7)—(1.8).

In Section 4 we present some regularity results, e.g. continuity away from the points a;,
for the minimizers of (1.7)-(1.8), assuming they exist.
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2 Proofs of Theorems 1 and 2

Proof of Theorem 1. We know that 2(u) = 27L(0,M) = 2nM as in Example 1. The infimum
in (1.7) is still 27 M if we replace Q by D. Assume that v is a minimizer in (1.7). Then

27‘[M:/ IVUI:/IVUI+/ |Vv|22nM+/ [Vul.
Q D Q\D Q\D

Consequently,
/ Vvl =2nM (2.1)
D
and
/ Vvl =0, (2.2)
Q\D

so that Vv =0 in Q\ D and thus
v is locally constant in Q\ D. (2.3)

Set, in polar coordinates,

ov . 10v

ot roe’

Clearly, we have

1
o=, S
D D 0 JCO,n)

Here, C(0,r) denotes the circle of radius r centered at 0. On the other hand, if w €
Wl1(sl:s1), then we have

2

ov ov
- had . (2.4)
Fm UA 3 dldr

N ov A ov
— U —
ot ot

T

o]
/lw/\—LTUdZ:27tdegw; (2.5)
S

this is just another way of writing the classical Cauchy formula
1 1(0

degw = — _(_w) de.

2in Jsiw \ OT

Rescaling (2.5) and returning to v we have

B
/ oA 22 de =21 deg(v,C(0,r)) for a.e. re(0,1). (2.6)
c(,r) T

Assume temporarily that v € C(D\{0}). By (1.5), we find that deg(v,C(0,r)) = M for every
r €(0,1). If we remove the continuity assumption, then we have the following result, whose
proof is postponed to Section 4.

Lemma 2. Let v e WhY(D;S?) be such that Ju =n M 5y. Then

deg(v,C(0,r)) =M for a.e. r €(0,1).



Proof of Theorem 1 completed. Combining Lemma 2 with (2.4) yields

ov
vA—=0a.e.onD
ot

and

ov 0 D
— =0a.e.onD,
or

so that, on D, v does not depend on r.

Therefore, we may write v(re'?) = e on D, with A € WE1((0,27);R) nondecreasing
and satisfying 2(27) = h(0) + 27M. Since v is locally constant in Q \ D, we deduce that &
is locally constant in (0,27)\Y, so that supp A’ =Y. Note that a function A with all the
required properties exists if only if |Y| > 0. Conversely, it is easy to see that any function v
locally constant in Q\ D, which can be written as v(re'?) = e where h € WH1((0,27);R)
satisfies (1.11)—(1.13), is a minimizer for (1.7). O

Proof of Theorem 2. Theorem 2 is a special case of Theorems 5 and 7 (below). However,
since it requires some additional arguments to see that the three statements coincide in
the specific setting of Theorem 2, we present a direct proof.

We start with some observations. A measure p on S! defines a (—1)-homogeneous mea-
sure (I in (2, having in polar coordinates the form

1
Q) = / 1 / {(rx)drdu(x), Y € ColQ).
StJO

Here, “(—1)-homogeneous” comes from the fact that, if u has density f, then g has, in
D, density ﬁ f(x/|x|), which is (-1)-homogenous. In the special case where = 63 for some
X

point b € S!, we have e FCLL10,5].

The following facts are straightforward:
Fact 1. We have fi=0in Q\D and fi(D) = w(S1).
Fact 2. If y,, — p in 4(S'), then fi;, — I in 4 (Q).
Fact 3. If w e WHL(D) is 0-homogeneous, then |Vw]| is (—1)-homogenous in D.

The main ingredient of the proof of Theorem 2 is the following

Lemma 3. Let (v,) be a minimizing sequence in (1.7). Let v be such that, up to a subse-
quence, |Vv,|dx — v in 4(Q). Then v = for some measure & on S* with suppé c X.

Proof of Theorem 2 completed. Let (v,) be a minimizing sequence in (1.7). As in the proof
of Theorem 1, we have fQ |Vu,| — 2xM, and also fD |Vu,| = 2xM. Therefore, we must have
fQ\D Vv, | — 0 and fD [Vu,| — 2nM. It follows that any v as in the above lemma must satisfy
v(D) = 2rM. Using Fact 1, we thus have v = 27 M [i, with u € 22(S?) supported in X.

Conversely, let 1 € 2(S!) be supported in X. We may identify ¢ with an element in
22(X). We want to construct a sequence such that (1.14) holds. It suffices to consider the
case where p = Z;‘?zl/ljdbj, where 1;€[0,1],b;€ X,V j=1,...,k, Z;‘?zl/lj =1.

Indeed, assuming this achieved, the case of a general y e 22(X) is settled as follows. Let

Q :={ve . #(Q); 3 asequence (v,) minimizing in (1.7) such that |Vv,|dx — v}.

By definition, 2 is clearly weakly sequentially closed. Using Fact 2, if u, — p in 4 (S?)
and 27, € 2, Vn, then 2rpg € 2. The above assumption is that 271 € 2 when u is a
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discrete probability on X. Since such probabilities are weakly sequentially dense in (X)),
we find that 2 o {27 i1; u € 22(X)}, which is the desired converse.

We now return to the construction of (v,) for a discrete measure p = Z;?: 14 0p; with

k
A;€0,11, Vj=1,....,k, bj#by, Vj#Cand ) A;=1. 2.7

j=1
We may always take M = 1; the general case follows by choosing (vnM ). Assuming e.g.
that b1 = 1, we order the points b in such a way that b; = eWi with0=01<0s<...<0; < 2.
We will use a variant of the dipole construction (see [6], [7]). Given & > 0 (sufficiently
small) consider the cone in R2,

Qe := {(x1,%9); [x1] < 2ex9, 0 <xg < 1/2},

with height 1/2 and base of length 2¢.

Ne§t we gonsider the symmetry S with respect to the line {(x1,1/2);x; € R}, and set
Q::=Q:US(Q,).

The set @, will be used in the construction of a dipole with vertices 0 and i, as explained
below. Given 0 < A <1, consider the functions w, : Q ¢ — S1, defined by

wg(xl x2) — e—LIIAx1/(2£x2)
5 :

and w, : Q. — S! defined by

{wg(x)y 1fx € QE
wg(x) = . A\
w:(Sx), ifxeSQ;)

The standard dipole construction corresponds to A =1.
Set

0:Q; := (0Q,) N{(x1,x2) € R%; x1 > 0} and 0_Q, := (0Q,) N {(x1,x2) € R%; x1 < 0}.
Note that

W. = e_”[A’ on a+Q£
e =
e ond Q.

so that w, is not constant on 0@, unless A = 1. This is in sharp contrast with the standard
dipole construction (where we can extend w,. by a constant outside @.). Here, w, jumps
from e 7" to e”"* when crossing Q. from 0., Q; to 7_Q, (which corresponds to the standard
orientation on a small circle centered at 0).

A straightforward calculation (see e.g. [6], [7]) yields

[Vwe| <2m A(1+¢€). (2.8)
Qe

We place a first dipole w, on @1, with vortices at 0 and b; (instead of 0 and 1) and with
A:=A1. We multiply the corresponding function w, by a factor ¢; := e, so that the new
function wy . := {1 w, jumps from 1 to e2" M1 when crossing @1.. Next we place a second
dipole @2, with vertices at 0 and by and with A := 13. We multiply the corresponding



function by a factor &y := e?"(2A1+42)

satisfying

, so that we obtain a function wg, defined in @2, and

217[/11
w2’£|0+Q2 e~ Whepa_ Q1

We proceed in the same manner until we reach @, .. Choosing ¢, := e 2M+2Mp++2Ap 1+ Mp)
we see that the new function wy, . jumps when crossing @, from e2tm (it Ao ++Ap-1) ¢

e2m(/11+/12+"'+/1k) — e2m =1 (by 2.7)),

which matches well with wy . since

Wkoeo_Qp, ~— W1e|0, Qe = L.

Next, we glue the functions w; . by taking appropriate constants on the components of
D\({O}UU?Z 1Qj.¢), in order to obtain a map v, continuous on D\{0}. Clearly, this map extends

by continuity to D\ ({0}uU*_,{b;}). In addition, it satisfies v, € Lip;o(D\ ({0}U U, (b)),
deg(v.,C(0,r)) =1 for every r < 1 and, by (2.8),

/ [Vue| <27 (1 +¢).
D

Finally, we extend v, to Q as follows. Let w be a connected component of Q\D. Then
(0w) N'S! consists of an arc «f on S! whose interior is disjoint from X, and which connects
two points in X. (Here, we use in an essential way the assumption that Q is simply con-
nected.) Therefore, v, is constant on </ and we set v, := v,y on w.

Clearly, v, := v, n = ng, has all the required properties. O

Proof of Lemma 3. We start from the following version of (2.4):

27[M+0(1)—/|an|—/\/
/ /C(Or)

We find that the following hold:

J

ov,\~
D

0, ift=0
~t, ift<0
In particular, up to a subsequence we have, for a.e. r € (0,1),

/C(O,r)

2

ovy, avn vy,

- [frun 2
D

"ot

ov,

>/D_

ot
1
dédr = /
0

-0, / Vv, —0 (2.10)
O\D

(2.9)

T T

vy,
/ vn/\LdfldrEQnM.
C(0,r)

ovy,
or

and

Here, t™ := {

vn/\—)_ — 0. (2.12)



On the other hand, let us note the inequality
/ |Vv,|d¢=2nM, for a.e. r€(0,1); (2.13)
c,r)

this follows from Lemma 2 combined with the degree formula (2.6). By (2.9) and (2.13), we
find that

1
lim
n—o0o0 0

/ \Vu,|dl—2nM|dr=0. (2.14)
c(,r)
By (2.10) and (2.14), possibly up to a subsequence we have

(0,00) 37— IVv,| is dominated in L'((0,00)). (2.15)
C(0,r)nQ

By similar calculations, we obtain

/ IanIS/ Ianl—/ Vo, <2nMr+o0(1), Vre(0,1), (2.16)
D(0,r) Q D\D(0,r)

and

/ Vo, <27Me+0(1), Vee(0,1). (2.17)
{(xeQ; |x|=1—¢}
In view of (2.16)-(2.17), it suffices to prove the existence of a measure ¢ on S! such that

1
/ Vv, |{ — (/ ((rx)dr) dé(x), Ve CX(D\{0}) (2.18)
Q st \Jo

and
suppé c X. (2.19)

Using a partition of unity in D \ {0}, it suffices to establish (2.18) when ( is supported in
a set of the form

A::{rele;r1<r<r2, 91<9<92}, O<ri<re<l, 69-601<2m.

Since A is simply connected and Jv, =0 in A, we may write, in A, v, = ' with ¢, € whl,
In terms of ¢, (2.18) amounts to

r2
/ |V, |¢ — / ( / arx)dr) dé(x), Y € CP(A), (2.20)
Q st \Jry

and it suffices to define ¢ on the set B := {e‘g; 01<0< 92}. (Assuming that this has been
done, by covering S! with a finite number of B’s we obtain a global object such that (2.18)
holds.)

Consider some R, € (r1,r2) such that:

1. The trace y, of v, on C(0,R,) belongs to W' and the sequence (y,(R,-)) is bounded in
Wl’l(Sl).
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2. The trace vy, of ¢, on C(0,R,)N A belongs to W1 and e?¥» =y, in C(0,R,) N A.
3. (2.12) holds with r = R,,.

Let ¢ be a measure on B such that, possibly up to a subsequence, we have

J.

We will prove that (2.18) holds for this . In terms of phases, (2.10)—(2.15) imply

%(Rnw)‘g(w)dﬁ(w)=/ awn(Rnw)‘g(w)dﬁ(w)ﬁ/ gdé, VgeC.(B;R). (2.21)
ot st| 0T sl

9

/ Pri o0, (2.22)

A 6r
e\

/ (ﬂ) —0forae. re(r,ry (2.23)

C0,/nA \ 0T
and
(r1,rg)3r— IV@n| is dominated in L1((r1,72)). (2.24)
C(0,r)nA

By (2.12) and (2.21), we also have

/ awn(Rnw)g(w)dF(w)ﬁ/ gd¢, Vg e Cc(B;R). (2.25)
sl ot sl

Using (2.22) and (2.24), for a.e. r in (r1,r2) we have
on(r)—y,(R,)—0in Ll(B), uniformly in r € (r1,r2) as n — oo (2.26)

and thus (using (2.25) and (2.26))

—/(pn(x)%(x)dx=—/llln(Rnx/le)%(x)dx+o(1)
A ot A ot

re (2.27)
— / ((rx)drdé(x) as n — oo, V(€ CP(A).
BJr:
Equivalently, we have
0P, "2
/ (—»/ (/ ((rx)dr) dé(x), V(e C(A), (2.28)
A ot st \Jr;

We obtain (2.20) from (2.22), (2.23), (2.24) and (2.28).

It remains to prove (2.19). In view of (2.28), this amounts to proving that, if the above
B satisfies BN X = @, then

/A a(;’;”( — 0, V(€ CP(A). (2.29)

In turn, (2.29) is obtained via a slight modification of the above arguments. Let p > 1
be such that {rx;x € B,0 <r < p} c Q. Existence of such p follows from the assumption
BnX = @. Consider now some R, € (1,p) (instead of R, € (r1,rs)) such that the above
properties 1-3 and (2.21) hold. Define ¢ starting from these R,’s. This ¢ will satisfy (2.27).
By (2.10), we find that £ = 0. O
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3 Proofs of Theorems 3,4 and 5

Since we will present generalizations of these theorems we need some preliminary material.
We denote by & the following class of distributions:

&:={T €9'(Q); T = Y (6p, - 6n)), with Pj,N;€Q, " |P;~ Nj| <oco}. (3.1)

Up to a factor 7, the class & characterizes all possible Jacobians of maps u € WH1(Q;S?!)
([11, [8], [7]) as explained below.

1. Let u e WH1(Q;S1). Then there exist points P;Nje Q such that

> IPj=Njl<oco (3.2)
and

Ju= JTZ(6pj —-6n;)in (W01’°°(Q))* (and thus in 2'(Q)). (3.3)

2. Conversely, given T € &, there exists u € WH1(Q;S!) such that Ju =nT.
3. In addition, we have

X(u)=2ninf{)_|P; - N,|; P;,N; satisfy (3.2) - (3.3)}. (3.4)

4. An equivalent formulation of (3.4) is the following. Define, for T € &, the Wasserstein
norm

Il := sup {(T, ;¢ € Wy (QsR), [ V¢ |0 < 1} < 00, (3.5)
(Alternatively, we could take, in (3.5), the sup over functions { € C°(£2;R).) Then
X(w)=27|T|w. (3.6)

For such a general T, (generalized) minimal configurations need not exist ([16]), i.e.,
the inf in (3.4) need not be achieved. In this context, it is convenient to work with vector-
valued measures. Following [7], we will consider connections and minimal connections. A
connection € associated with T € & is an R%-valued measure %€ on Q satisfying:

€:=) Vi L(Sin, (3.7

where (S;) is a countable collection of Borel subsets S; of C! oriented curves Yi © R? with
normals v;, such that ¥ . #1(S; N Q) < oo, and

curl€ =T in 2'(Q). (3.8)

5. It turns out that Z(u) can also be computed starting from connections. More specifically,
1

let u € WH1(Q;S?) and set T := =Ju. Then we have ([7])
/4

1
inf{||€||l_4; € is a connection associated with T} = || T |lw = 2—Z(u). (3.9)
T

6. The infimum in (3.9) is always achieved. A minimal connection is a minimizer in (3.9).

7. Let us return to the situation considered in the previous sections, where T := —Ju is a

/2
finite sum of Dirac masses. Then | T||lw = L(a,M) (by (1.9) and (3.5)). Consider a minimal
configuration ((Pg,Ng));}:1 associated with (a,M). Then € := Y. v, 1 (N,,P,) (with (N, Py)
the oriented segment from N, to P,) is a minimal connection ([7]). And conversely.

In view of these considerations, Theorem 3 is an immediate consequence of the following.
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Theorem 6. Let T € &\ {0}. Assume that there are only finitely or countably many minimal
connections associated with T.
Then the infimum

inf{/ IVol; v e WhH(Q; SY), Jv = nT} (3.10)
Q

is not attained.
More generally, the same conclusion holds if we assume that there exists a null set (for

the Lebesgue measure) Z < Q such that supp€ c Z F1-a.e., for every minimal connection
6.

The proof of Theorem 6 relies on the coarea formula for Sobolev maps (see e.g. [12], [15])
and a consequence of this formula. This key ingredient, Lemma 4 below, is a delicate result
due to Alberti, Baldo and Orlandi ([1, Theorem 3.8], with roots in [2, Appendices A.5-A.8]
and [11, 4.3]).

We first recall the Sobolev version of the coarea formula, following the presentation in
[1, Sections 7.4, 7.5]. Let v : Q — S! be a Borel function such that v e W1, Let E be the set
of points where v is not approximatively differentiable (for the definition of the approximate
differential, see e.g. [3, Definition 3.70]). Then E is a null set (for the Lebesgue measure).
For a € S!, we set

Dy=lv=0al:={xec Q\E;v(x)=a}.
Then there exists a full measure set A = S! such that
D, 1s Jfl-rectiﬁable, and v AVv #0 #'-a.e. on Dy, VaeA. 3.11)

In addition, the following “coarea formula” holds
/ Vol = | #42.)da. (3.12)
Q st

More generally, we have the following

/g|VU|:/1(/ gdjflL%) da. (3.13)
Q S a

Here, equality is valid for any non-negative Borel function g or for any Borel function g
such that g|Vv| e L1(Q).

The next result is a reformulation of [1, Theorem 3.8]. (The latter is stated in terms
of rectifiable currents. One “translates” it in terms of connections using the “dictionary”

(3.18)—(3.20) below.)
1

Lemma 4. Let v e WH(Q;SY). Set T:= —Ju and D, :=[v=al, VaeS'. Then, fora.e. a,
7T

vAVv _
a = LD,
lv A V|

s a connection associated with T.

Note that, in view of (3.11), the definition of ¢, makes sense for a.e. a € S!.
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Proof of Theorem 6. We may assume that Z is a Borel set. Argue by contradiction and
assume that v is a minimizer in (3.10), so that

/ Vol =27 T lw. (3.14)
Q

By Lemma 4 and (3.9), we have
FNDy) = 1€ally = ITIw, for a.e. a €St (3.15)

By (3.14), (3.15) and the coarea formula (3.12), we find that ¥, is a minimal connection,
for a.e. @ € S. For any such a, we have

Do =supp €u < Z 1 —ace. (3.16)
Let now g :=17, so that
for a.e. a € §1, g=1 Jl-a.e. on Dg. 3.17)

Since g =0 a.e., we find, using (3.17) and the coarea formula (3.13), that
o:/g|w| :/ (/ gdiﬁlL@a) da= | #Y@D)da=2n|T|w>0.
Q st \Jg, st
This contradiction completes the proof of Theorem 6. O

Remark 4. The idea of using the coarea formula to prove the inequality fQ Vvl =27 | T lw
when v is smooth except at a finite number of singularities goes back to Almgren, Browder
and Lieb [2].

Remark 5. The converse to Theorem 6 is wrong, even when 7T is a finite sum of Dirac
masses. Actually, while the converse is true for one singularity (see Theorem 1), it is already
wrong for two singularities. Indeed, consider a domain Q2 and points ai,a9 € Q such that
the following hold:

1. The set X7 :={x € 0Q; |a1 — x| = dist(a1,0Q)} has positive length.

2. The set X :={x € 0Q; |ag — x| = dist(a2,002)} consists of a single point, say No.

Let a :=(a1,a2) and M := (+1,+1), so that we have T = §,, + 64,. Then the minimal
configurations are ((a1,N1),(ag,N2)), with N1 € X;. Therefore, any set Z as in Theorem 6
must contain Un,ex;(a1,N1), and thus has positive Lebesgue measure.

We claim that, for the above T, there exists no minimizer v in (3.10). Indeed, argue
by contradiction. As in the proof of Theorem 6, for a.e. a € S! the set 2, is the support
of a minimal connection. In our case, this means that, for such a, 2, equals, #1-a.e., a
set of the form A, := (a1,N1)U(a2,N2). However, this is impossible since by definition
DanDp=0,forae. a,fe S! such that a # f, while Jfl(SﬁNl myﬁl) >0, VNi,Ni€X;.

Some preliminaries are needed in order to extend Theorems 4 and 5 to the case of a gen-
eral T. These considerations may also be understood using tools from geometric measure
theory. This would require working with rectifiable currents instead of connections. The
two are related through the following straightforward equivalence:

% is a connection associated with T < C := € satisfies (3.19) below: (3.18)

C is a finite mass integer multiplicity 1-rectifiable current such that 0C=7. (3.19)

14



(If € = (6%, 6),), then €L = (=€6y,6x).)
In addition, we have

€1 =1ClI. (3.20)

We will take advantage of our specific situation and work only with connections and BV
functions. This is reminiscent of the well-known observation of Hardt and Pitts [13] that in
codimension one the theory of rectifiable currents is essentially equivalent to the theory of
BV functions.

Fix some T € &, and define

H :={%; ¥ is a connection associated with T'}. 3.21)
Given m =0, set

K ={C € X; |€Cll.u <m). (3.22)

(In view of (3.9), £™ is non-empty if and only if m = ||T'|lw.)

By definition, £ is a subset of the closed ball B(0,m) of #(Q;R2) = [Co(Q;R)]*, and
thus has a metrizable topology inherited from the weak-* topology o (. (Q;R?),Co(Q;R?))
on B(0,m). We have the following vectorial analogue of Lemma 1 mentioned in the intro-
duction.

Lemma 5. Z™ equipped with the weak-* o((Q;R?),Co(Q;R2)) topology is a compact
metrizable space.

Although it is possible to give a direct proof of Lemma 5 (see Remark 7 below), it will
be more pleasant to work with a distance, §, defined globally on £, such that the following
holds.

Lemma 6. The metric § induces on K™ the (. (Q;R%),Co(Q;R?)) topology, ¥V m = 0.

The definition of § we present below is reminiscent of the one of the flat norm [11,
Section 4.1.19, p. 377]. Let €61, 62 € £ . Then curl (62 — 61) =0, and therefore there exists
some ¥ € BV(Q) such that €3 = 671 + Dy. We define the distance

8(€1,%62) :=inf{lwlz1; w € BV(Q), €2 =61+Dy}. (3.23)
To start with, let us note the following simple

Lemma 7. We have

(62, 1) — (€1, 00| < 6(61,62) 1 div YL, V€1, G2 € K, ¥y € Co(Q;R?).

Proof. This follows from the fact that, if €3 = 61 + Dy, then

|<‘€z,x>—<‘€1,x>|=|(Dw,x>|=‘/wdivx <llyligalldiv xllLee. O
Q
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Proof of Lemma 6. We have to prove that, for €,,6 € £#™, we have
€ — € in M(Q;R?) <> 5(6,,6)— 0. (3.24)

Implication “ <= " is clear, in view of Lemma 7. Conversely, write 6, = 6 + Dy, with
fQ ¥, =0. Then v, is bounded in BV (Q)). Let v € BV (L) be such that fQ v =0 and, possibly
up to a subsequence, ¥, — v in L1(Q). Then

/ wdivy = lim / W, divy = lim (€, -6,y =0, V y € CLQ;R?). (3.25)
Q n—o0 Q n—.-oo
It follows that Dy =0, and thus y = 0. Therefore, for the full original sequence (y,), we
have ¥, — 0 in L1(Q), so that §(€,, %) — 0. ]
In what follows, we endow £ with the distance 6. Lemma 6 implies the following
Corollary 1. The map A 36 — |6 |y is lower semi-continuous.

The next statement is a variant of Federer’s compactness theorem [11, Theorem 4.2.17,
p. 414].

Lemma 8. (%£,0) is compact.
The proof of Lemma 8 relies on the following

Lemma 9. Fix some €y € % . For any vector-valued distribution F € 2'(Q;R2), we have

Fe X < [F=%y+Dvy for some y € BV(Q;2Z)]. (3.26)

Before proceeding to the proof of Lemma 9, let us recall a few facts concerning the fine
structure of the distributional gradient Dy with v € BV(Q); see e.g. [3, Chapter 3]. If
v € BV(Q;R), then the measure Dy can be (uniquely) written as a sum of an absolutely
continuous part with respect to the Lebesgue measure, Dy, whose density is denoted Vy,
a Cantor part D¢y and a jump part D/ ([3, Definition 3.91]). With an abuse of notation,
we write this decomposition as:

Dy =Vy+Dy+D'y. (3.27)

Assuming that y equals, outside its jump set ([3, Definition 3.67]), its approximate limit
([3, Definition 3.63]), we may write

Diy=Y (y* -y )v; # s, (3.28)
1=0

Here, S; are disjoint Borel subsets of C! curves Yi, vi is a normal vector orienting y;, u*
are the approximate side limits of ¥ on y; ([3, Definition 3.67]) — the “+” and “~” sides are
determined by v; —and ) _; f s; lp* — w‘ldifl < 0o. With a more compact notation, if we set
S:=uy;S; and v:=v; on S;, then Dju/ =y —w‘)viﬁlLS, and S is the jump set of y.

We next recall Volpert’s chain rule. If f is C! and Lipschitz and v is BV, then we have

D(foy) = f'(y)Vy + f'(y)Dy +

+ — - .
f(uljp )21y, (3.29)

—y
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Proof of Lemma 9. “ = ” Let F € £ and vy € BV(Q;R) such that F = 6y + Dyy. Then
Vyo =0, D°yy=0 and D/yy = F —%€,. Taking the specific form of the elements in % into
account, we have 1//3 -y, €Z #1-a.e. on the jump set of wo. Volpert’s chain rule implies
that D [sin(2r )] = 0 and D [cos(2n ()] = 0, and thus e27%0 ig constant. It follows that, for
some appropriate C € R, 1 := yo+C satisfies e’?"¥ = 1, and this v satisfies the requirements
of (3.26).

“«<=" Let w € BV(Q;Z) be such that S = 6y +Dwy. Since sin(2ry) = 0, we have Vy =0
and Dy = 0 (by (3.29)). On the other hand, we have (possibly after performing a suit-
able decomposition of the S;’s and by changing, if necessary their orientations) D’y =
Y v AL S;, with Z?Zliifl(si) < oco. By repeating i times each S;, we may rewrite
this as Djw =221 Ve AL 5,, with >0 H1(Z ) < 0o. In view of the specific form of €, we

=1
find that F =Dy — 6y € £ . O

Proof of Lemma 8. We may assume that £ is non-empty. Let (%6,) ¢ £™. Fix some
%o € £, and write (using Lemma 9) €6, = 6o + D v, for some v, € BV(Q;Z). Without loss
of generality, we may assume that fQ v, €1[0,1). Thus (y,) is bounded in BV (). Let
¥ € BV(Q) be such that an appropriate subsequence satisfies y,, — ¥ in LY(Q) and a.e.
Then v is Z-valued. Set €6 := 6y +D v, so that (again by Lemma 9) € € . By construction,
we have 6(€,,,€)— 0 as k — oco. The fact that € € ™ follows from Corollary 1. O

Corollary 2. Set
HKmin ={€ € ;€. =T llw}. (3.30)

Then A min is a non-empty set, and (Ayin,0) is compact.

Proof. Compactness follows from Lemma 8, non-emptiness from (3.9) and Corollary 1. [

Consider next a finite Borel measure p on £ ™. By Lemma 6, the integral
v(y):= / (€,1)du (3.31)

makes sense for any y € Co(Q;R?).

With a slight abuse of notation, we still denote B(0,m) a closed ball of .#(Q;R). We have
the following

Lemma 10. Set mg := ||T||lw. Then the map
(Himins6)2 € — |6 € (B0, mo), o (LR, Co(Q;R)
is continuous.
The proof of Lemma 10 uses the following standard result.
Lemma 11. Let v,,v be RY-valued finite Borel measures on a locally compact separable

metric space X. If v, — v and limsup,, . |Vy .« < IVIl_g, then |v,| —|vI.

Proof of Lemma 11. Let u be such that, possibly up to a subsequence still denoted (v,),
we have |v,| — yu. Then u = |v| ([3, Proposition 1.62 (b)]. Combining this with u(X) =
lim,, .o [V, [(X) < |VI(X), we find that u=|v|. O
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Proof of Lemma 10. Let 6,6 € A,,i, be such that €, — €. Let x be such that, possibly
up to a subsequence, we have |6,| — x. We want prove that x = |¢|. As in the proof of
Lemma 11, we have x = |¥|. On the other hand, we clearly have || 6,1« = ITllw, and thus
Ixll.g=1Tlw = 1€I.y. We conclude via Lemma 11. O

In view of Lemma 10, if u is a finite Borel measure on .£},;,, then fjb,mm (|€1,¢) d u makes
sense for any { € Cy(£2;R). This allows us to give a meaning to (3.34) below.

Theorem 4 is a consequence of the following

Theorem 7. Let T € &. Let (v,) be a minimizing sequence in
inf{ / IVol; v e WHH(Q;Sh), Jv = nT}. (3.32)
Q

Then there exists a probability measure pu on Ay, such that, up to a subsequence, we
have

/(vn /\an)-)(—>27r/ (€,1)du, ¥y eCoC;R?). (3.33)
Q min
In addition, if we set
K, ) 2=/ (1€1,0)du, Ve Co(Q;R), (3.34)
HKmin

then
IVu,|ldx — 2nx. (3.35)

And conversely.

Remark 6. As we will see in the proof below, in the special case where there are only

finitely many minimal connections, 474, ..., €n, (3.33) and (3.35) become
m
vy AVu,dx — 21 Z A;€; (3.36)
j=1
and
m
\Vu,ldx — 21 ) 4|6l (3.37)
j=1

for some A1,...,A,, €[0,1] such that Z;?"Zl/lj =1.
Therefore, Theorem 4 is a special case of Theorem 7.

Proof of Theorem 7 and Remark 6. “— " Given any minimizing sequence (v,) in (3.32) and
any ¢ > 0, we will construct a subsequence (v,,) and a discrete probability measure p on
Amin, depending on the sequence (v,) and on €, such that

< el xlwie, ¥y € CLOQ;R). (3.38)

/(UnkAvvnk)'X_zn/ <<67X>dl’t
Q mi

mn
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Assuming this achieved, by a diagonal process we may construct probability measures
j, 4 On A, and a subsequence (vy,,) such that

/(vnk/\ank)-)(—Zﬂ/ <(€’X>du]
Q .

Jmm

1
< F Ilxlwie, VE=j=1, VyeCL;R?) (3.39)

and pj — p. We find that this u satisfies (3.33).

It remains to construct (v,,) and p as in (3.38). Let (v,) be a minimizing sequence in
(3.32). We let €6, (respectively 9, ,) denote the connections (respectively the level sets)
associated with v,, as in Lemma 4.

By (3.9) and Lemma 4, for every n there exists a full measure set A,, ¢ S! such that

N Do) = 1Canllu =T w, VaeA,. (3.40)

On the other hand, using the coarea formula (3.12) and the fact that (v,) is a minimizing
sequence in (3.32), we find that

/ Voul= [ A Dan)da—2m|Tlw. (3.41)
Q st

By (3.40) and (3.41), possibly up to a subsequence there exists some f € L1(S';[0,00))
and a full measure set A ¢ S! such that

HN Dy ) < f(@), Vn, and Dy ) — I Tllw, VaeA. (3.42)
By (3.40) and (3.42), we have
1€anll.e < f(@)and €anll.a — I Tllw, VaeA. (3.43)

Consider a finite family (6;);c;1 € £ min, depending on €, such that the family of balls
(B(6;,e/(2m)))ic1 (for the distance §) covers A,,;,. Such a family exists, by Corollary 2. By
Corollary 1, there exists some ¢ > 0 such that

1€6I.u =T lw+t, VE €L \UjerB(6;,e/(21)). (3.44)
Set, foriel,

Anie={a €S 8(Gun,€) < el2m)).
In view of Lemma 8 and of (3.43)—(3.44), we have

|§1 \ UieIAn,i,g| —0asn— oo

Possibly after passing to a subsequence, for simplicity still denoted (v,), we may assume
that

€
/ ”Cga,nllﬂ = o Vn, (345)

§1\Ui€IAn,i,e 2
|Ayicl —21A;, Yiel, with A;€[0,1]and )_A; =1, (3.46)

el
and

€

A niel —2A;] < ———o. (3.47)
Zf YT 20T
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Define p1:=3Y ;e A;6«,. In view of Lemma 7 and (3.45)—(3.47), we obtain, using the coarea
AVu,)-
formula (3.13) with g := n AV 0n) X,

Vv,
/(vn/\an)-x—2n/
Q K,

min

<<€,x>du‘ =’/(vn/\an)-x—%ZAi(‘éi,x)
Q

el

/ (Gasx)da—2m) Ai(Ei, x)
§1

el
5/ [€Ca,nllacll x|l Lo (3.48)
§1\UiEIAn,i’g

+Z I(Cga,n_cgi,XH
1el An,i,g

+ D A n i el =274 16 Ll Xl < ellx oo,

1el
This implies the validity of (3.38), and thus of (3.33).
We next derive (3.35) from (3.33) as follows. Set

W,y = / (€,1), VxeCo(;R?) (3.49)
'Zmin

(as in the right-hand side of (3.33)).
Since Jv, =nT and v, A Vv, — 271 v, we find that v satisfies curlv="T.
We next invoke the following improvement of (3.9) ([7]):

inf{l[¢]l.4; curl =T} = IT llw; (3.50)

this implies that the quantity || T'|lw could be computed not only starting from connections,
but also from general Borel measures satisfying curlé =T.

Using (3.50) and the fact that (v,) is a minimizing sequence in (3.32), we find that

lim v, A VU, :r}im / Vo, =27 T lw < 27llv| 4. (3.51)

n—oo Q
Combining (3.33), Lemma 11 and (3.51), we obtain
[Vu,|ldx — 2 |v|. (3.52)

If we compare (3.35) with (3.52), formula (3.35) is a consequence of (3.52) and of the
following

Lemma 12. Let u be a finite positive Borel measure on #p,;,. Set

v, ) = v, 2=/ (€,7)du, ¥ yeCoQ;R?).
HKmin

Then

v1, ) =/ (€1, dp, Ve Colh;R). (3.53)
HKmin
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Proof of Lemma 12. We may assume that u is a probability. Let x = x(u) denote the measure
defined by right-hand side of (3.53). Set

&L i={u € P(Hpmin); Iv(w| = x(w)}. (3.54)
Then (3.53) amounts to
F = P( K pmin)- (3.55)

We first prove that discrete measures belong to .. Equivalently, if 6; € £, and
A;€l0,11,Vj=1,...,k, with 3 ;1; = 1, we have to prove that

DA€ =D A1) (3.56)
J J

Inequality “<” in (3.56) is clear. In order to obtain the opposite inequality, it suffices to
prove that
ZAJ%j ZZAJ' ”CKJ”M (3.57)
J wJ

In turn, (3.57) follows from (3.50), since curl(3_;1;€;)=T.

In order to complete the proof of (3.55), it suffices to prove that . is weakly-* sequen-
tially closed. Let un,u € P(Apmin) be such that y, — p and y, € &, Yn. We clearly have
v(u,) — v(w) and x(u,) — x(u). Assume that, possibly up to a subsequence, [v(u,)| — ¢&.
Then ¢ = x(u). On the other hand, we have |||l 4 = Ix(u) .« = ITw = Ix(WIl_«, and then
Lemma 11 implies that ¢ = x(u) and thus pe &. Ol

Proof of Theorem 7 completed. During the proof of Lemma 12, we have established not
only (3.35), but also (3.37) (while (3.36) is clear). In particular, we have justified Remark 6.
Therefore, it remains to establish

“<«<=" As explained in the proof of the “ <= ” part of Theorem 2, it suffices to consider
the case where u is discrete, that is of the form u = Z;‘?:l/ljéqgj, with 1; >0, Z?Zlﬂtj =1,
C; € HAmin, VJj=1,...,k. We construct a sequence (v,) satisfying (3.33), (3.35),

Jv, =T and / Vv, | — 27| T\lw (3.58)
Q

in the case of two minimal connections, 67 and %5. The construction is exactly the same in
case of more than two minimal connections.

Let u € W-1(Q;S!) be such that Ju = 7T. Then
curlG = 0, where G := u A Vu — 27(A1€1 + 1965) € 4 (Q;R?).

Consider ¢ € BV(Q;R) such that G = D¢. By Lemma 14 in Appendix A below, we may
find a sequence (¢,) c C®(Q) N W1(Q) such that

Vo, — D in 4 (Q) (3.59)
and

lim | [uAVu-Vo,|=IlluAVu-Dol 4. (3.60)

n—.oo Q
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We set v, := ue ¥ and claim that the sequence (v,) has all the required properties.
Indeed, on the one hand we have

Ju,=J(we ") =Ju=nT.

By (3.60), we have
/ lu AVu =V = 2r||A161 + A6l i = 27T lw; (3.61)
Q

for the latter equality, see (3.56).
We obtain (3.33), (3.35), (3.58) using (3.59), (3.61) and the identity v, A Vv, =u AVu —
V. O

Remark 7. We present here a proof of Lemma 5 which does not rely on the distance §.
What we have to prove is that, if 6, € # and 6,, — u, then p € #£. In order to prove this,
we rely on the following characterization of connections ([7]). Fix some u € W11(Q;S') such
that Ju =nT. Then

[€ € #]1<= [Ty € BV(Q;R) such that u =e'¥ and Dy = u AVu — 27€1. (3.62)

With €, as above, consider v, corresponding to 6, as in (3.62). We may assume that
fQ v, €[0,271), and then (v,) is bounded in BV. Up to a subsequence, there exists some
y € BV such that v, — v in L' and a.e. Thus u = e'¥. On the other hand, we have Dy =
uAVu—2nu. In view of (3.62), we find that pe€ €.

Proof of Lemma 1. In view of Corollary 2 and Lemma 10, it suffices to prove the following.
If U is a minimal configuration and %€ is the corresponding minimal connection, then

16| = A U. (3.63)
Inequality “<” is clear. On the other hand, we have
1A' Ui = La,M) = 1€ .«

whence the equality in (3.63). O

Proof of Theorem 5. We will actually prove that the existence of y as in (3.34)—(3.35) is
equivalent to the existence of i as in (1.17)—(1.18). This is obtained as follows. For { € C(Q),
set

(p( : xmin - IR’ (p((Q) = <Q7(>, VQ € gmin’

and
Ve Kmin — R, v ((€) :=(€I,0),VE€ € Hnin.
Note that
lp¢ =9zl =y =y7 (3.64)
and that
locllze = llyellpe. (3.65)
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We continue as follows. Given u € (% ,,i,) and « = x(u) as in (3.34), set

T ()=, 0) = wedp.
HKmin

By (3.64)—(3.65), 9 is well-defined, and clearly

T (@) < llyellLe = ll@¢lipee.

We find that 9 extends to a finite Borel measure g on £,;,, with gl «(%,,,) <1. On
the other hand, if we let { =1, we see that

L(a,M)i(Zpin) = L(a,M),

and thus u is a probability measure on Z,,;, such that k() = x(u).
The construction of u starting from p follows the same lines. O

4 Where continuity enters

In this section we consider two distinct directions where continuity enters.

4.1 Minimizing over continuous maps

Given a pair (a,M), we set

W(a,M) = {ve WH(Q;SHnC@Q\{ay,...,ar})); degv,a;) = M;, Vj=1,...,k},

and
—a: \M;
o0 1,1 1 7} 2—a;
We@,M)=<ve W ((;S)HNCQ\{a1,...,ar});v(z) = | |
z-a;
near each a;, ‘v’jzl,...,k}.
Clearly,
k
W>™(a,M) c W(a,M) c {v eWhHQ;Sh; Ju=n) M;d,, }
j=1
Set
A(a,M)= inf /IVUI
veW(a,M) Jq
and

A®@,M)= inf / Vul,
Q

veW>®(a,M)

so that (with L(a,M) defined in (1.6))

L(a,M) < A(a,M) < A%(a,M).
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Theorem 8. We have

L(a,M) = A(a,M) = A”(a,M). (4.1)

Clearly, Theorem 8 is an immediate consequence of the following

Lemma 13. Given v € WH1(Q;S') satisfying Jv = nZ;?:leéaj, there exists a sequence
(v,) € W®(a,M) such that v, — v in WH1,

Proof. Consider a reference map vy € W*(a,M). Since J (vvg) = 0, we may write v = vge'?,
where ¢ € WH(Q;R). Consider a sequence (¢,) € C®°(Q;R) such that ¢, — ¢ in W! and
¢n = 0 near each aj; this is possible since a point in the plane has zero WLl capacity
([10, Section 4.7, Theorem 2]). Letting v, = vge'¥", we have v, € W*(@,M) and v, — v
in Wh1, O

Proof of Lemma 2. With Q =D, let (v,,) € W(0, M) be such that v,, — v in Wh1. Possibly
after passing to a subsequence, we may also assume that v,(r-) — v(r-) in W-1(S!) (and
thus uniformly on S?) for a.e. r € (0,1). The conclusion of Lemma 2 follows from the stability
of the degree under uniform convergence and the fact that deg(v,,C(0,r)) =M, Vn, Vre
0,1). ]

4.2 Continuity of minimizers

Given a pair (a,M), consider the minimization problem

inf{ / Vol e WHHQ; SN, Jv=n) M;0,, } (4.2)
Q J

Theorem 9. Assume that w is a minimizer in (4.2). (Warning: such a minimizer need not
exist; see Theorems 1 and 3.) Then w € C(Q\{a1,...,ax}).

Proof. Let w =D(b,R) be a disc in Q\{a1,...,az}. Since Jw = 0 in 2'(w), we may write, in
w, w = e'? for some ¢ € Wh1(w;R). For a.e. r € (R/2,R), we have Pick,r) € wti(C(,r)), and
thus ¢ is continuous on C(b,r). On the other hand, ¢ is a minimizer of the problem

inf{/ IVyl; w e WHL(D(b,7);R) and v = ¢ on C(b,r)}. (4.3)
D(b,r)

This follows from the fact that for every y as in (4.3), the map

u, in Q\D(b,r))
V=
e inD(b,r)

is a competitor in (4.2).
We claim that actually ¢ is a minimizer of

inf{IDw|_4;v € BV(D(b,r);R) and ¥ = ¢ on C(b,7)}. (4.4)
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Indeed, by a result of Sternberg and Ziemer [18, Theorem 2.2], the minimality of ¢ in
(4.4) is equivalent to

/ Vol < IVo +Dyl. 4, Yy € BV (D(b,r);R), (4.5)
D(b,r)

where the subscript ¢ stands for compactly supported. In turn, (4.5) follows from the fact
that ¢ minimizes (4.3) combined with the fact that for every ¥ as in (4.5) there exists a
sequence (y,) c C2(D(b,r)) such that ¢, — v a.e. and

/ Vg +wu)l = Vo +Dyllu
D(b,r)

(see the proof of Lemma 14 in Appendix A below).

We conclude by invoking the fact that, in a disc, a minimizer of (4.4) subject to a contin-
uous Dirichlet boundary condition is continuous; this follows by combining [17, Theorems
3.5 and 3.7] with [18, Theorem 3.6]. O

Appendix A. An approximation lemma

The main result in this appendix is standard when F = 0; see e.g. [3, Theorem 3.9].

Lemma 14. Let F € LY(Q;RY) and ¢ € BV(Q). Then there exists a sequence (¢,) < C®(Q)N
WhL(Q) such that

@n — @ in L1(Q), (A.1)

Vo, — Do in H(Q) (A.2)
and

nlim / |F =V, =|F-Dgll_4. (A.3)

Proof. If (¢,)c Wi and ¢, — ¢ in L', then

liminf/ IF =V, = |F-Dgl 4.

n—

Therefore, it suffices to find, for each € > 0, a map ¥ = y, € C®(Q) N WLL(Q) such that
lo —vlpyq) < € and /|F—V’l[/| < |F-Dol|l._4 +¢e. Then ¢, := w1, has all the required

properties.

Consider an exhaustion Q = U;>0Q2; of (2, with each €2 open and ﬁj € Qji1. Let Ug:=Qp
and, for j=1,U; :=Qj1 \ﬁj_l. Thus Q) = U;>oU; and each x € Q2 belongs to at most two U;’s.
Let (¢;) be a partition of unity subordinated to the covering (U;) of Q). Let p € C2°(B1(0)) be
a mollifier. With the sequence (¢;) to be fixed later, we let y := Zw j» where ¥ := (¢ ) * e

J
We claim that, for an appropriate choice of €;, ¥ has the required properties. To start
with, if £; < dist(supp¢;,0U;), then y; € C°(U;), and thus v € C*(Q).
€

Next, if ¢ is sufficiently small, then [ly; — &l < o7+

, and thus [y —¢ll;1 <e.
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We continue by noting that

Vy =) V=) (D@E)) * pe; = ) (QVE) * pe, + ) (E;D@) * pe
=) [(QVE) * pe; —pVE 1+ (EiD ) * pe;
R

(since } V¢;=V (Z & j) =0.) We note that |R|;1 < g, provided the €;’s are sufficiently small.
Similarly, we may write

F:Z(ij)*pgj+S,

€
where [S];1 < 3’ provided the ¢;’s are sufficiently small. Here, we use the fact that F

belongs to L, and is not merely a measure.
Finally, for small €; we have

/IF—WI sz/uéj(F—D(p)] % pe;| +E< ) NE;(F -D)lly +e
=2 ¢;F-Do)| , +e=IF-Dol 4 +¢;

in the above, the next to the last equality is a consequence of the following simple result. []

Lemma 15. Let p be an R*-valued Radon measure in Q. If & : Q — R, is a non-negative
Borel function, then |&u| = &|ul.
In particular, if & are non-negative Borel functions, then

|2 Sinl = L&t and [ gimll 4= LN ¢iml -

Proof. Let u=F|u| be the polar decomposition of u [3, Corollary 1.29]. Thus |u| is a positive
measure, and F : Q — $*71 is a Borel function. We have &u = EF|ul. Let B be a Borel subset
of Q. Then [3, Proposition 1.23]

Iful(B):/|€F|d|u|=/€IF|dIu|=/£d|u|=(€|ul)(B). O
B B B

Appendix B. Minimization in BV

When u € BV(Q;S'), there no obvious definition of Ju. We recall here the definition(s)
proposed by Ignat [14]. In [14], one considers maps in BV(S?;S!) instead of BV(Q;S1), but
the considerations there may be easily adapted to our setting.

Let, for f € R, Argg: S! — (B, B + ] be the determination of the argument given by
Argﬁ(ele) :=0,V0e(f—mn,f+n], and set Arg:= Arg,.

Define pg St xS — [—x, 7],

Arg(z1/z2), if 21 # —22

b

pp(z1,22) = )
P {Argﬁ(zl)—Argﬁ(22), if 21 = -2

and set p := py.
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Assuming that u equals its approximate limit outside its jump set, define
1 1 ¢ 1 + - i 1 1
(Jpu,Q) = ~3 V-{-lun(Vu+D u)]—§ ppu”,u”)v-V-{dA", V(e C(Q;R), (B.1)
Q S

and set o := Jy. Here, V*{ := (V' = (—0(/0x2,0(/0x1).
Since the definition (1.1) is equivalent to

(Ju,) = —% / VI [uAVul, Ve CHQ;R), (B.2)
Q

we see that Jgu coincides with Ju when u € wiiQ;sh).

We next investigate in more details the properties of JJ := Jy (following [14]); the case of
an arbitrary f is similar.

1
1. The main result in [14] is that —Ju € &, YV u € BV(Q;S!); here, & is the class defined in
/2

(3.1).
2. In connection with the study of </, the following “adapted energy” is natural:

u-—»/ |[Dulgi, with |Dulg: := |Vu|+IDCu|+dist§1(u+,u_)J£1|_S. (B.3)
Q

Here, distg: is the geodesic distance on S'.
3. Clearly, fQ [Dulg1 = fQ |Du|, since

IDu|=|Vu|+ Dl +|u* —u” | LS. (B.4)
4. The interest of this new energy stems from the straightforward inequality

1
KJu,0 < EIIVCIILoo/ IDulg1, V€ CLHQR); (B.5)
Q

this uses the identity |p(z1,22)| = distg1(21,22).
1

5. If we set T := —Ju, then (B.5) implies
/2

/ |Dulst = 27| Tllw, Yu €BV(Q;§1) such that Ju ==nT. (B.6)
Q

By analogy with (1.7), we consider the quantity
Zg1(u) = inf{/ [Dvulg1;v EBV(Q;SI), Jv=Juin @'(Q)} B.7)
Q
and address the question of the existence of a minimizer in (B.7). In general, a minimizer
does not exist. Indeed, assume that 0 € QQ and that dist(0,002) = 1. Consider, as in (1.10),

the non-empty set X := {x € 0Q2; |x| = 1}. Then we have the following partial analogue of
Theorem 1.

Theorem 10. Let M =1 be an integer. Then
inf{/ |[Dvlg1;v e BV(Q;SY), Ju =1 M&g in @'(Q)} =21 M, (B.8)
Q
and the infimum in (B.8) is achieved if and only if #X =2M + 1.
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Proof. Equality in (B.8) is clear from (B.6) and (3.6).

“<="7” Assume that #X = 2M + 1. Consider b1,...,bop+1 € X mutually distinct points such
that b;,1 is “after” b; for the natural (counterclockwise) orientation of St LetR j:=100,b;l,
Vj=1,...,2M +1, and set Rag,9 := R1. For j=1,...2M +1, let U; denote the domain
. 2n M
delimited by R;, Rj,1 and 0). Set v := eU=DP in Uj, with p := Ml
with the unit tangent vector to S' at R j (for the natural orientation on S1), then the jump

of v across R is p. Using the fact that p € [0,7), we find that p(v*,v™)v = pv on R;. Since
v has only pure jumps, formula (B.1) leads to

If we orientate R;

1
(Jv,0) = @M +1)pL(0) = (TMbo,0), V€ (65{(9))

Thus v is a competitor in (B.8). On the other hand, clearly
/ |Dvlg1 =@M +1)p=2nM,
Q

and thus v achieves the minimum in (B.8).
1

“=—= 7 Let {o(x) = (1 —|x])¢, and let Y(x) := T—l, so that —V1¢p = 1pY. We claim that the
X
following formula holds for any T € & and v € BV(Q;S!) such that Jv =z T":

1
T[<T,(0> = <JU,(0> = 5/

1
v/\(Y-Vv+Y-DCv)+§/ o, o) Y -vd A (B.9)
D

SnD

Let us note that, although the quantity (Jv,{) was defined only for { € C1(Q), it makes
sense more generally for { € WO1 (Q), since T € &.

Equality (B.9) is obtaining by a straightforward limiting procedure starting from the
formula of (Jv,{), with {(x) := f(|x|) and f € C(}([O, 1)) such that f =1 near 0.

If, in addition v is a competitor in (B.8), then T'= 7 M 6y, and thus (B.9) reads

/U/\(Y-VU+Y-DCU)+/ p(v+,v_)Y-vdJL01:27tM. (B.10)
D SnD

Assume now that v is a minimizer in (B.8). Then
/[|VU| +|D°|] +/ lp™ ) d A =21 M. (B.11)
Q S

Comparing (B.10) and (B.11), we find that
v is locally constant in Q\D and #'(S\ D) =0. (B.12)

We next invoke the following straightforward consequence of the polar decomposition
(see the proof of Lemma 15).

Lemma 16. Let pe 4(Q;RY). If G,H : Q — RN are Borel vector fields such that |G| =1
\ul-a.e, G-H =0 |ul-a.e. and if [(G-p= [5|pl, then H-pu=0.

Proof of Lemma 16. Let u=F |u| be the polar decomposition of u. Then
0= / [l =G -ul 2/[|#| =G - ull =/(1— |F-G)|ul = 0.
Q Q Q
It follows that F' || G |ul-a.e., and thus F' L H |ul|-a.e., whence the conclusion. O
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Proof of Theorem 10 continued. Set
pw:=vAVu+vAD+p@t, v )v A LS D).
Let us note that
\ul = Vol + D]+ |p™,v7)| A1 L(S D). (B.13)

Applying Lemma 16 in D for this u, with G := Y and H(x) := x/|x|, and using (B.13), we
0
find that O_U =01in D. By (B.12), this implies that
r

0
®_oinQ. (B.14)
or

Assume next that X is finite (for otherwise the implication we want to prove is clear).
Let us write, with points enumerated in the natural order on S', X = {b1,...,b3}. Set R ji=
[0,b/], bp+1:=b1 and Rp.1:= R1. Then (B.12) and(B.14) imply that v is locally constant in
the set U := Q\ UleRk. Let U; be the component of U delimited by R;, R ;1 and the arc on
0Q from b; to b1, Vj=1,...,k. Let a; be the value of v on U}, and aj1 := 1. On the one
hand, we have (using (B.1))

k
27IM50:2JUI Zp(aj+1,aj)6o. (B.15)
j=1
On the other hand, v is a minimizer in (B.8), and thus
k
21M =) |p(aj1,a;)l. (B.16)
j=1

Using the fact that |p(z1,22)| < 7, we find from (B.16) that £ = 2M. We actually claim
that we cannot have & = 2M (whence the desired implication). Indeed, if 2 =2M and (B.15)
and (B.16) hold, then p(a;,a;.1) =7, Vj=1,...,2M. This is equivalent to

aj+1=-aj, Ima;;1=20and a; #-1. (B.17)
However, (B.17) cannot hold simultaneously for j and j+ 1. This contradiction completes

the proof of the theorem. O

Remark 8. Let us take a closer look at what we have proved. Without any assumption on
X, we have obtained that any minimizer v (if it exists) satisfies:

v is locally constant in Q\ U,cx[0,x], v(x) = w(x/|x|) in D, with w € BV(S%;S1). (B.18)

With more work, we may prove the following exact counterpart of Theorem 1, that we
state here without proof.

Theorem 11. v is a minimizer in (B.8) if and only if v is as in (B.18), where w has the

following form: w(e'f) = " v o e[B, p+2r], for some B €R and some h € BV([B, B+ 27])
such that:

1. h is continuous at its endpoints f and B+ 2.

2. h(B+2m)=h(B)+21 M.
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3. h is non-decreasing.

4. hislocally constant in {6 € (B, B+ 27); e'? ¢ X}.

5. If 0 is a jump point of h, then h(60+)—h(60-) <m.

6. If, in addition h(0+)—h(0-) = 1, then p(e!?0P) 0-)y = 7.

The situation is even worse if we consider the standard energy fQ |Dv|. Indeed, with the
same assumptions on () as above, we have the following result.

Theorem 12. Let M =1 be an integer. Then
inf{/ |Dv|; v e BV(Q;SY), Ju =n M8 in @'(Q)} =4M, (B.19)
Q
and the infimum in (B.19) is never achieved.

Proof. We first establish “<” in (B.19). We assume, with no loss of generality, that 1 € X.
For sufficiently small € and for j=0,...,2M,let b; =b;,. =¢; e be the first intersection
point with 8Q of the half-line {te*/¢; ¢ > 0}. Then ¢y = 1 and tj—1lase—0. Let R;:=[0,b/],
J=0,...,2M, Ropr+1 := Ry, bopyr+1:=bo=1. Let U; be the domain delimited by Rj, Rj1
and the arc of Q) from b; to b;,1 (with the natural orientation on 0Q), V;j =0,...,2M.
Let aj =aj, := e/ =9 ;=0 ... 2M, and agpr+1:= ao = 1. Define v = v, by v := a; in Uj,

j=0,...,2M. When ¢ < ﬁ we have (using (B.1))
2M

2Jv=Y plaji1,a,)60=2M(n—¢e)+2Me) 59 =21 M by,
Jj=0

and thus v is a competitor in (B.19). On the other hand, we have

oM
/ |Dv| = Z laji—ajl =2M|1+e Y|+ |1—e"2ME| —4M ase—0,

Q 7=0
whence “<” in (B.19).

For the reverse inequality, consider an arbitrary competitor v in (B.19). Using

2
|z1 — 29| = —p(21,29), V21,22 € §1, with equality iff z; = +2z9, (B.20)
/2
we find that
2
|Dv| = —|Dvlg:, with equality iff Vo =0, D°v=0and v* = -v"~ Hl-a.e. (B.21)
T

By (B.21), we find that

2
/IDvlz—/le|§124M, (B.22)
Q TJa

and equality requires that Vv =0, Dv = 0 and that v is a minimizer in (B.8). In particular,
this implies “=” in (B.19).

By the above, the proof of Theorem 10 and (B.18), we find that, if v is a minimizer in
(B.19), then in D we have v(x) = w(x/|x|), where w € BV(S!;S') has only pure jumps part
(and thus is a step function). Moreover, equality in (B.22) requires that at any jump point
x € S! of w we have w(x+) = —w(x—), and therefore p(w(x+),w(x—)) = £ . In addition, since
v is a minimizer in (B.8), we have p(w(x+),w(x—)) > 0 at any jump point x (see (B.15) and
(B.16)). However, this is impossible (see the argument after (B.17)). This implies that there
exists no minimizer for (B.19). O
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