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In this paper we introduce and consider the hyperbolic sets for the flows on pseudo-Riemannian manifolds. If Λ is a hyperbolic set for a flow Φ, then we show that at each point of Λ we have a unique decomposition for tangent space of it up to a distribution on the ambient pseudo-Riemannian manifold. We prove that we have such decomposition for many points arbitrary close to a given member of Λ.

Introduction

Hyperbolic sets for vector fields and discrete dynamical systems on Riemannian manifolds has been considered deeply by many mathematicians and physicists [START_REF] Alekseev | Symbolic dynamics and hyperbolic dynamical systems[END_REF][START_REF] Araujo | Hyperbolic dynamical systems[END_REF][START_REF] Gogolev | Bootstrap for Local Rigidity of Anosov Automorphisms on the 3-Torus[END_REF][START_REF] Hadamard | Sur l'itération et les solutions asymptotiques des équations dif f érentielles[END_REF][START_REF] Hasselblatt | Hyperbolic dynamics[END_REF][START_REF] Hasselblatt | Regularity of the Anosov splitting and of horospheric foliations[END_REF][START_REF] Palis | Hyperbolicity and sensitive chaotic dynamics at homoclinic bifurcations: Fractal dimensions and infinitely many attractors in dynamics[END_REF][START_REF] Oincaré | Sur le problème des trois corps et les equations de la dynamique[END_REF][START_REF] Smale | Differentiable dynamical systems[END_REF], and today it is one of the main tools for considering qualitative behavior of dynamical systems [START_REF] Araujo | Hyperbolic dynamical systems[END_REF][START_REF] Hadamard | Sur l'itération et les solutions asymptotiques des équations dif f érentielles[END_REF]. We have extended this notion for discrete dynamical systems created by a self diffeomorphism on a pseudo-Riemannian manifold in [START_REF] Molaei | Hyperbolic dynamics of discrete dynamical systems on pseudo-Riemannian manifolds[END_REF], and here we present an extension of this notion for the flows on pseudo-Riemannian manifolds. We prove that the hyperbolic behavior creates a unique decomposition for the tangent space at each point of a hyperbolic set (see theorem 2.2) with the exponential behavior on two components of this decomposition. By using of a connection which preserves the pseudo-metric on parallel transition we find a kind of convergence of suitable bases of decomposition of a sequence of points to suitable bases of the limit point of them (see theorem 3.1).

Hyperbolic behavior on a set

We assume M is a smooth manifold with a smooth pseudo-Riemannian metric g. If p ∈ M , then the vectors in the tangent space T p M are divided into three classes named timelike, spacelike, and null classes. A vector v ∈ T p M is belong to timelike class, spacelike class or null class if g p (v, v) < 0, g p (v, v) > 0, or g p (v, v) = 0 respectively. We also assume that Φ = {φ t : t ∈ R} is a C 1 flow on M , i.e., the map (t, p) → φ t (p) is a C 1 map, φ 0 is the identity map, and φ t oφ s = φ t+s for all 

t, s ∈ R. A subset Λ of M is called an invariant set for Φ if φ t (Λ) = Λ for all t ∈ R.
T p M = E 0 (p) ⊕ E s (p) ⊕ E u (p) ⊕ E n (p)
for each p ∈ C such that:

(i) Each non-zero vector in the subspace E s (p) or the subspace E u (p) is timelike or spacelike, each vector of E n (p) is a null vector, and E 0 (p) is the subspace generated by the vector

X(p) = d dt φ t (p)| t=0 ; (ii) Dφ t (p)E s (p) = E s (φ t (p)) and Dφ t (p)E u (p) = E u (φ t (p)) for all t ∈ R; (iii) if v ∈ E s (p) and t > 0 then |g φ t (p) (Dφ t (p)(v), Dφ t (p)(v))| ≤ ab t |g p (v, v)| and
lim t→∞ g φ t (p) (Dφ t (p)(v), Dφ t (p)(w)) = 0 f or all w ∈ T p M with the following property

|g φ t (p) (Dφ t (p)(w), Dφ t (p)(w))| ≤ ab t |g p (w, w)| f or all t > 0; (iv) if v ∈ E u (p) and t > 0 then |g φ t (p) (Dφ t (p)(v), Dφ t (p)(v))| ≥ a -1 b -t |g p (v, v)|.
In the case of Riemannian manifolds we put the compactness condition in the definition of a hyperbolic set, but here we remove this condition. Because the spheres in pseudo-Riemannian manifolds may not be compact, and we can not use of this tool here. Theorem 2.2. If Λ is a hyperbolic set for Φ up to a distribution p → E n (p), then for each p ∈ Λ, the tangent space of M at p has a unique decomposition with the properties of definition 2.1.

Proof. Suppose for a given p ∈ Λ we have

T p M = E 0 (p) ⊕ E s 1 (p) ⊕ E u 1 (p) ⊕ E n (p) = E 0 (p) ⊕ E s 2 (p) ⊕ E u 2 (p) ⊕ E n (p),
where E s i (.), and E u i (.) satisfy the axioms of definition 2.1.

Then E s 1 (p) ⊕ E u 1 (p) = E s 2 (p) ⊕ E u 2 (p). Hence a given u ∈ E s 1 (p), can be denoted by u = v + w, where v ∈ E s 2 (p) and w ∈ E u 2 (p). Since w ∈ E u 2 (p) then for each t > 0 we have a -1 b -t |g p (w, w)| ≤ |g φ t (p) (Dφ t (p)(w), Dφ t (p)(w))| = |g φ t (p) (Dφ t (p)(u -v), Dφ t (p)(u -v))| = |g φ t (p) (Dφ t (p)(u), Dφ t (p)(u)) + g φ t (p) (Dφ t (p)(v), Dφ t (p)(v)) -2g φ t (p) (Dφ t (p)(u), Dφ t (p)(v))| ≤ |g φ t (p) (Dφ t (p)(u), Dφ t (p)(u))| + |g φ t (p) (Dφ t (p)(v), Dφ t (p)(v))| +2|g φ t (p) (Dφ t (p)(u), Dφ t (p)(v))| ≤ ab t |g p (u, u)| + ab t |g p (v, v)| + 2|g φ t (p) (Dφ t (p)(u), Dφ t (p)(v))|.
Axiom (iii) of definition 2.1 implies that the right hand side of the former inequality tends to zero when t tends to infinity. 

(p) = E u 1 (p).
Hence we have a unique decomposition for T p M . We now give an example of a hyperbolic set up to a pseudo-Riemannian metric on R 2 which is not a hyperbolic set with any Riemannian metric on R 2 . 2 is a Lorentzian manifold. Let Φ be the flow of the smooth vector field

Example 2.3. R 2 with the metric g((a, b), (c, d)) = (a-c) 2 -(b-d)
X(a, b) = (-ab + b 2 , -ab + a 2 ).
The set Λ = {(x, x) : x > 0} is a hyperbolic set for Φ up to the distribution 1). 

E n (.) = {(a, a) : a ∈ R}. Since X(x, x) = {(0, 0)}, then E 0 (x, x) = {(0, 0)}. For x > 0 we have E u (x, x) = {(0, 0)}, E s (x, x) = {(-x, x) : x ∈ R} and T (x,x) R 2 = E 0 (x, x) ⊕ E s (x, x) ⊕ E u (x, x) ⊕ E n (x, x) (see figure

Hyperbolic decomposition

Now we assume ∇ is a torsion free pseudo-Riemannian connection on M compatible with the metric g. This means that in a local coordinate of p ∈ M we have

∇ ∂i ∂ j = Γ k ij ∂ k ,
where {∂ i : i = 1, . . . , m} is a basis for T p M , and the Christoffel symbols Γ k ij determine by the following equations [START_REF] Hawking | The large scale structure of space-time[END_REF]:

1 2 (∂ j g li + ∂ i g lj -∂ l g ij ) = g lk Γ k ij ,
where

g ij = g(∂ i , ∂ j ).
The reader must pay attention to this point that we use of Einstein summation convention "i.e." if we write an index twice by an upper index and a lower index, then it means the summation on all the possible values of it.

If γ : (-, ) → M is a smooth curve passing through p, then a smooth map

X : (-, ) → T M is called a smooth vector field along γ if X(t) ∈ T γ(t) M . A
vector field Y along γ is called a parallel vector field if DY dt = 0, where DY dt is the covariant derivative of Y which in a local chart is defined by

(3.1) DY dt (t) = dY j dt (t)∂ j + Y j (t)∇ ∂j γ(t) (3.2) = dY j dt (t)∂ j + Y k (t) γi (t)Γ j ik (γ(t))∂ j ,
where Y = Y k ∂ k . If we take v ∈ T p M then the existence and uniqueness theorem of ordinary differential equations implies that equation 3.2 with the initial condition Y (0) = v has a unique solution Y (t). We denote the parallel vector field Y (t) deduced from the initial condition Y (0) = v by P t (v) or v(t). As in [START_REF] Molaei | Hyperbolic dynamics of discrete dynamical systems on pseudo-Riemannian manifolds[END_REF] 

if v ∈ T γ(t) M
and E is a subspace of T γ(s) M with the basis B E , where t, s ∈ (-, ), then d(v, B E ) is defined by We now assume that Λ is a hyperbolic set for the flow Φ up to an r dimensional distribution q → E n (q), and γ : (-, ) → M is a smooth curve passing through p ∈ Λ. With these assumptions we have the next theorem:

d(v, B E ) = inf {|g γ(s) (v(s -t) -w, v(s -t) -w)| : w ∈ B E }.
Theorem 3.1. Suppose {t n } is a sequence with γ(t n ) ∈ Λ and t n → 0. If P t (E 0 (p)) = E 0 (γ(t))
, then for a subsequence of {t n }, which we call it {s n }, there exist the bases B E s (γ(sn)) and B E u (γ(sn)) for E s (γ(s n )) and E u (γ(s n )), and the bases B E s (p) and B E u (p) for E s (p) and E u (p) so that

d(B E s (α(sn)) , B E s (p) ) → 0, and 
d(B E u (α(sn)) , B E u (p) ) → 0. Proof. Since 0 ≤ dim(E s (γ(t n ))) ≤ m = dimM for all n ∈ N , then there exists a subsequence {s n ∈ [-2 , 2 ] : n ∈ N } of {t n } and a constant k ∈ N such that dim(E s (γ(s n )) = k for all n ∈ N .
We take a pseudo-orthonormal basis

B E s (γ(s1)) = {v 11 , v 12 , ..., v 1k } for E s (γ(s 1 )). The pseudo-orthonormal basis, is a basis with |g γ(s1) (v 1i , v 1j )| = δ ij . Clearly B E s (γ(sn)) = {v n1 = v 11 (s n -s 1 ), v n2 = v 12 (s n -s 1 ), ..., v nk = v 1k (s n -s 1 )} is a pseudo-orthonormal basis for E s (γ(s n )). If
we fixed i, then the sequence {v ni } is a convergence sequence in T M , and it's limit is

v i = lim n→∞ v 1i (s n -s 1 ) = v 1i (-s 1 ).
Since g is a smooth tensor, then the continuity of it implies that v i / ∈ E n (p).

Moreover the condition

P t (E 0 (p)) = E 0 (γ(t)) implies v i / ∈ E 0 (p), so v i ∈ E s (p) ⊕ E u (p). Hence v i = u + w with u ∈ E s (p) and w ∈ E u (p). If t > 0, then a -1 b -t |g p (w, w)| ≤ |g φ t (p) (Dφ t (p)(w), Dφ t (p)(w))| = |g φ t (p) (Dφ t (p)(v i -u), Dφ t (p)(v i -u))| ≤ |g φ t (p) (Dφ t (p)(v i ), Dφ t (p)(v i ))| + |g φ t (p) (Dφ t (p)(u), Dφ t (p)(u))| +2|g φ t (p) (Dφ t (p)(v i ), Dφ t (p)(u))| = lim n→∞ |g φ t (γ(sn)) (Dφ t (γ(s n ))(v ni ), Dφ t (γ(s n ))(v ni ))| +|g φ t (p) (Dφ t (p)(u), Dφ t (p)(u))| +2 lim n→∞ |g φ t (γ(sn)) (Dφ t (γ(s n ))(v ni ), Dφ t (γ(s n ))(u(s n )))| ≤ ( lim n→∞ ab t g φ t (γ(sn)) (v ni , v ni )) + ab t g p (u, u) +2 lim n→∞ |g φ t (γ(sn)) (Dφ t (γ(s n ))(v ni ), Dφ t (γ(s n ))(u(s n ))| = ab t g p (v i , v i )+ab t g p (u, u)+2 lim n→∞ |g φ t (γ(sn)) (Dφ t (γ(s n ))(v ni ), Dφ t (γ(s n ))(u(s n ))|.
We have lim n→∞ |g φ t (γ(sn))

(Dφ t (γ(s n ))(v ni ), Dφ t (γ(s n ))(u(s n ))| = 0.
Hence the above inequality is valid if |g p (w, w)| = 0, and this implies that w = 0, and v i ∈ E s (p). Therefore {v 1 , v 2 , ..., v k } is an pseudo-orthonormal subset of E s (p). Hence The similar calculations imply that d(B E u (α(sn)) , B E u (p) ) → 0.

Conclusion

We see that if we separate the null vectors via a null distribution we can detect the hyperbolic dynamics on pseudo-Riemannian manifolds. In example 2.3 we see that a set of stationary points of a vector field is a hyperbolic set by the given Lorentzian metric. This set is not a hyperbolic set in the case of Riemannian metrics.

The notion of partial hyperbolic sets as another main objects in smooth dynamical systems on Riemannian manifolds [START_REF] Araujo | Infinitesimal Lyapunov functions for singular flows[END_REF][START_REF] Brin | Partially hyperbolic dynamical systems[END_REF] (v) each vector of G p is a null vector.

We see that any hyperbolic set is a partially hyperbolic set (in this case c = a 2 ), but the converse is not true. For example with the assumptions of example 2. 

on R 2 , but it is not a hyperbolic set up to any null distribution on R 2 (see figure 2).

The consideration of partially hyperbolic sets in the pseudo-Riemannian manifolds can be a topic for further research.

Definition 2 . 1 .

 21 An invariant set Λ for Φ is called a hyperbolic set for Φ up to a distribution p → E n (p), if there exist positive constants a and b with b < 1 and a decomposition

Figure 1 .

 1 Figure 1. Λ = {(x, x) : x > 0} is a hyperbolic set for the flow of X(a, b) = (-ab + b 2 , -ab + a 2 ).

For

  s, t ∈ (-, ), if E and F are two subspaces of T γ(s) M and T γ(t) M with the basis B E and B F respectively, then d(B E , B F ) is defined by d(B E , B F ) = max{a, b}, where a = max{d(v, B F ) : v ∈ B E }, and b = max{d(u, B E ) : u ∈ B F }.

Figure 2 .

 2 Figure 2. Λ = {(0, a) : a > 0} is a partial hyperbolic set for the flow of X(a, b) = ( -ab 3 , a 2 2 ) on the Lorentzian manifold R 2 .

  (0, a) : a ∈ R and a > 0} is a partially hyperbolic set for the flow of the vector field X(a, b) = ( -ab 3 , a

  can be extended for a C 1 flow Φ = {φ t : t ∈ R} on a pseudo-Riemannian manifolds via the results of this paper. In fact we say that an invariant set Λ is a partial hyperbolic set for Φ if for each p ∈ Λ there exist the splitting T p M = E p ⊕ F p ⊕ G p , and the positive real numbers a, b < 1, c with Dφ t (p)E p = E φ t (p) , Dφ t (p)F p = F φ t (p) , and Dφ t (p)G p = G φ t (p) for all p ∈ Λ.(ii) E p = {0}, F p = {0} and there is no any non-zero null vector inE p ∪ F p ; (iii) if v ∈ E p and t > 0 then |g φ t (p) (Dφ t (p)(v), Dφ t (p)(v))| ≤ ab t |g p (v, v)| and lim t→∞ g φ t (p) (Dφ t (p)(v), Dφ t (p)(w)) = 0 f or all w ∈ T p M with the following property |g φ t (p) (Dφ t (p)(w), Dφ t (p)(w))| ≤ ab t |g p (w, w)| f or all t > 0; (iv) if 0 = v ∈ E p , 0 = w ∈ F p and t > 0 then |g φ t (p) (Dφ t (p)(v), Dφ t (p)(v))||g φ -t (p) (Dφ -t (p)(w), Dφ -t (p)(w))| ≤ cb t |g p (v, v)||g p (w, w)|.

	(i)
	the following properties:

We conclude this paper by posing a problem on hyperbolic sets: Suppose Λ is a hyperbolic set for a flow Φ on M with the metric g. Is there any other metric g on M such that Λ be also a hyperbolic set with the metric g and in definition 2.1, a takes the value one?