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Dedicated to people facing and battling COVID-19

ABSTRACT. In the paper, after concisely surveying some closed formulas and
applications of special values of the Bell polynomials of the second kind for
some special sequences and elementary functions, the authors newly establish
some closed formulas for some special values of the Bell polynomials of the
second kind.
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(1) In the first section, we will concisely survey some closed formulas and ap-
plications of special values of the Bell polynomials of the second kind for
some special sequences and elementary functions. Most of these results are
formally published and applied in recent years.

(2) In the second section, we will discover or recover some relations and closed
formulas for those numbers discussed in [20] by Howard.

(3) In the third section, we will establish a closed formula for a special Bell
polynomial of the second kind which was mentioned in [20] by Howard.

Finally, in the fourth section, we will simply compare our main results with some
known results.

1. SURVEY OF CLOSED FORMULAS FOR THE BELL POLYNOMIALS

In [6l Definition 11.2] and [7, p. 134, Theorem A], the Bell polynomials of the
second kind, denoted by B, 1 (1,22, . .., Tn—k+1) for n >k > 0, are defined by

| n—k+1 l;
n: ZT;
By k(®1,22,. . Tpopy1) = E TR | | (i' ) :

1<i<n—k+1 [T i=1
éiE{O}UN
Z?;1k+l ili=n
ST =k
The Faa di Bruno formula, see [0, Theorem 11.4] and [7, p. 139, Theorem C], can
be described in terms of By, x(x1, 22, ..., Zn—k+1) by

dif oh(z) =Y f®(h(x)) Bui (W (z), b (), ..., h"F (@) (1.1)
k=0

dxm
The identity
Bk (abxl, ab®zs, . . ., ab"ilﬁlxn_;ﬁ_l) = a"b" B g(z1, 22, Tnpy1)  (1.2)

for n > k >0 and a,b € C can be found in [0, p. 412] and [7, p. 135].

There have been a number of literature, such as [II, 6] [7} 20, 22] 23] 26, 27 102,
103], 104, [105], dedicated to the general theory of the Bell polynomials of the second
kind By, x(z1, 22, ..., Tn_k+1).

In mathematics, a closed form is a mathematical expression that can be evaluated
in a finite number of operations. It may contain constants, variables, four arithmetic
operations, and elementary functions, but usually no limit.

In this paper, we pay our main attention on closed and explicit formulas, rather
than recursive identities like , of the Bell polynomials of the second kind
Bhnx(x1, 22, ..., @n_gt1) for 21,22, ..., 2,41 to be replaced by some special se-
quences and elementary functions.

We now concisely survey some formulas and applications of the polynomials
B k(z1, 22, ..., Tp_ky1) for 1,22, ..., Zp_k+1 to be replaced by some special se-
quences and elementary functions.

1.1. Exponential function. To find general formulas of the nth derivatives for
functions of the type f(e*), such as ﬁ, by the Faa di Bruno formula (1.1)), we
need to compute

B ((ej:a:)/7 (XY .., (e:tm)(n—k—i-l))
= By, i (£t (£1)2et7, .., (£1)" T eET)
= (£1)"eF* B, 1(1,1,...,1),
where we used in the last step the identity . In [7, p. 135], it is given that
Bnk(1,1,...,1) = S(n, k), (1.3)
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where S(n, k) denotes the Stirling numbers of the second kind. Consequently, by
the Faa di Bruno formula (|1.1)) and the identities (1.2)) and (1.3]), for example, we
can easily obtain

1 (n) n A eikw
_— = n — | e —
(eﬂﬂ) (£1) kZ:O( 1) k.S(n,k)(eixil)kH.

For more information on applications of the identity (1.3)), please read the pa-

pers [11} 12, [13} 15} 18, 130, 32} 135}, 45, 50, 51, 60} 163, [73} 74, [79, 184} 100, 101}, 106
[T07, T09] and closely related references therein.

1.2. Logarithmic function. To acquire general formulas of the nth derivatives

for functions of the type f(Inz), such as m, by the Faa di Bruno formula (|1.1))

and the identity (1.2, we need to compute
Bk ([In(1 + )], In(1 +2)]”, ..., [In(1 + 2)]("=F+D)

Bmk(l 1 .“’(—1)"’“(71—/9)1)

1+z" (1+x)2’ (14 x)n—k+1
(~1)
=——8B L1l (n— k).
(1 + "E)n n,k(o 5 Loy a(n k) )
In [7, p. 135], it is listed that
B,k (01,152 ... (n—k)) = (=1)"Fs(n, k), (1.4)

where s(n, k) denotes the Stirling numbers of the first kind. Consequently, by virtue
of the Faa di Bruno formula (1.1)) and the identities (1.2)) and (1.4)), as an example,

we have
{ 1 ]W 1 Z": (=1)kKls(n, k)
In(l1+2)] — (42" & W (1+a)
For more information on applications of the identity , please refer to [29] 38|
[39, [4T1, [42] [44], (46, [73], 80l O], 95], 06] and closely related references therein.

1.3. Power function. To establish general formulas of the nth derivatives for
functions of the type f(z®) for a € R, such as e®” and sinv/a + bz, by the Faa di
Bruno formula (1.1)) and the identity (1.2]), we need to calculate

B (@), ()", (@) 7HHY) = a7 By (a1, (@2, s (@)nir),
where X
i ala—1)---(a—n+1), n>1
<a>n=k]1<a—k>={1f ol b=l
is called [87] the falling factorial. In [83], it was discovered that
(D o~ ek
Bus(lahfalan (s = S S0 (a0

The formula (1.5)) has an equivalent form

n—k
B,k (1,1 —A=n0a-2x,.., J]a —EA))
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which was earlier obtained in [(2]. For more information on applications of the

formula (1.6, please see [49] 55, (56l ©7, [72) [76] [77, 81, R3] and closely related

references.

Taking A = 0 in (1.6]) recovers the identity (|1.3). Letting A = —1 in (1.6 and
simplifying give

k
B, x(1,203 ... (n—k+ 1)) = (71)’”]%: M(N(’Z) (” Z_EI 1)

_(n—1\n!
IRERVAT
which is the Lah numbers collected in [6, p. 450] and [7, p. 135]. For more informa-

tion on applications of the formula (1.7)), please refer to the papers [17, 33, 37, [39,
[47, 48, (9, 621 [66, [69] 71, [72], [73, [77, [83], 187} [88), 93] and closely related references

therein.
By the way, the nth derivatives for functions of the type f(z™) were recursively,
not explicitly, discussed in [27] Section 4].

(1.7)

1.4. A sequence related to square. In [65, Theorem 5.1] and [97, Section 3], it
was found little by little that

1 nl/f k n
Bn,k(x,l,o,...,O)zn_kk!(n_k>x2k , (1.8)

where (8) =1 and (f; ) =0 for ¢ > p > 0. Consequently, as an example, we have

2\ (1 2 Nn. i X 2k
(ex )( e (295')" kZ:O (n ﬁ k:) (21@? '

Taking @ = 2 in (|1.5)) or taking A = % in (|1.6), making use of (1.2, letting = = 1
in (1.8), and comparing yield the sum

S (1;) 2 = (n g ’“)

£=0

One of anonymous referees pointed out that the formula is essentially the
same as those formulas in [26], Section 4]. The difference is that, in the article [26],
the expressions are given, in compact form, in terms of the Hermite-Kampé de
Fériet polynomials. By using definitions of these classical polynomials [3], the
explicit forms given in can be recovered.

For detailed information on applications of the formula , please refer to the

papers [31 40, 54, 56, 62, 65, 67, [70} [72}, [82] [83] 186, 188], 97, (98, 101} 111] and closely

related references therein.

1.5. Square roots. In [88, Theorem 1.4], it was presented that

Bk (g'(x), g"(z),... 7g("_k'*'l)(gc))

= (=1)"*2(n — k) — 1)1 (Z)n (2;(; i ;)1) W (1.9)

where g(z) = Va+ bz for a,b € R and b # 0.
Setting a = 0 and b = 1 and letting © — 1 in (1.9) result in

Bos((— 1)L 11,31, . [2(n — ) — 1]1) = [2(n — k) — 1]! (2;(;2)1), (1.10)
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where the double factorial of negative odd integers —(2¢ 4 1) is defined by

(—1)f 200
—2¢—1)! — = (-1)* {>0.
Taking a = 3 in (L.5) or taking A = 2 in 1) simplifying, and comparing
with (L1.10) arrive at the sum

Z’“:(_l)e(lz) <§>n _ Lypk0 —Qf) —1)u <2;(;f ;)1)'

£=0

By virtue of the formula (1.1f), the identity (1.2]), and the formula (1.10]) in

sequence, we derived in [83] five closed formulas for the (modified) spherical Bessel
functions j,(2), yn(2), 511)( ), |512)( ), and kp(z), whose definitions can be found

in [28, p. 262-266], from considering the nth derivatives of the functions
os\ 22 —2zt, sinv/z2—2zt, coshv/ 22+ 2izt,
sinh /22 + 2izt, exp(—V/ 22 + 2izt)

with respect to t.
In [8], it was obtained that

d"( f) S n o n—1 1 k(fl)k(nqu—l)!
dx™ (QI) f;<sﬁ) 2kl(n — k — 1)! (1.11)

Koo1yo(—va) = v (=172 (2y/z)" 2 (ev7) ™),

where n > 1, z > 0, and

o n—|—k:
Kpq1/2(2 \/ Zk' zeC

is known as the modified spherical Bessel functions of the third kind [2] p. 444,
10.2.15]. In [25], it was further established that

and

(=1t o Cntm (e
Iy(f—)l/Q(_\/E) :()\/7?(2\/5) 1/2[6( 1)ef]( )’
2=V iya et ym ()
ff)uz( W)= T(Qlﬁ) el v,
and 5
HY(ivE) = —= (2iva)" " (ev®)™

VT
for i = v/—1 and £ = 1,2, where

1“)1/2( )_ ( )(1{ 1)(n+1)
n+

( 1)2 1 Z zk n + k)

El(n 22)k
for z € C and £ = 1, 2, which can be derived from a combination of [2, p. 443, 10.2.9
and 10.2.11], are known as the modified spherical Bessel functions of the first kind,
and

2mz

n—1
2 e =1 (?”L—‘rk—l)!
H(Z) — ] 2= (=1 iz 1 Lk
() — ¢ ICE:;J( ) kl(n —k —1)!1(2i2)*
for z € C and £ = 1, 2, which is a combination of the formulas (1.7) and (1.8) in [25],
are known as the Hankel functions. By virtue of the Faa di Bruno formula (1.1
and the formula (|1.9)) for a = b = 1, we can simply recover the formula (1.11]).
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The modified Bessel functions of the first kind, which are related to the modified
spherical Bessel functions mentioned above, were applied and btudied in [19, 43} 52,
89, [90L, 94]. For more information on applications of the formulas ) and -,
please refer to the papers [49, [68] [73] [83], 03] [88] and closely related references
therein.

1.6. Sine and cosine. In [34) Theorem 1.2], it was derived that

—k+1
Bh.k (— sinz, —cosz,sinx,cosx, ..., COS [m + (n;—)w])

:(_ka(’sk‘”f:(’;) 2cosx/§:< ) (2 — O)" cos{(2q—€)x+n;} (1.12)

9=

and
— 1
Bh.x (cos T,—sinz, —cosx,sinx,...,sin [gg + (nkz;—)w})
i ¢
—M = [k # _1\a Y4 e B M
B k! ; ) (2sinz)t q_z_:o( () @a=0)" cos| 2q—Oa+——7——|.

(1.13)

Since sin (:v + g) = + cosz and cos (:E:I: %) Fsinz, the formulas (1.12) and -
are equivalent to each other. These two formulas can be applied to estabhsh general
formulas of the nth derivatives for functions of the types f(sinz) and f(cosz), such
as sin® x, cos® z, sec® x, csc® z, ersNT T CosT 1hcosy, Insinz, Insecz, Incscz,
sinsinzx, cossinx, sincosz, coscosz, tanx, and cotz. For more information on
related applications and approaches, please refer to the papers [34] [57, [61], [L0T], 106,
T08] and closely related references therein.

Recall from [4, p. 243, Eq. (10) and p. 250, Theorem 16] and [5], p. 152, Eq. (3.9)]
that weighted Stirling numbers, whose definitions can be found in [4, [5 [], can be

generated by
— 1
(e Zs n, k ZS n, k

Recall from [5l, p. 152, Eq. (3.8)] that

k'zk: <>r—|—j) n>k>0.

It is clear that Sp(n,k) = S(n,k) and S,.(n,m) =0 for m > n. See also [0} [65]
and closely related reference therein. Taking  — 0 in and (|1.13] - ) leads to

(n— k:2+ 1)7r>

)RS R (e

9=

B,k (0, —1,0,1,...,cos

and

B,k (1,0, —1,0,...,sin

- o [eos 5] >y (5o

(n—k+1)7r>
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n—=Fk)m|_,_
= {cos (2)} 2" kS_k/Q(TL,k). (1.15)

Similar to the formulas (1.14)) and (1.15]), another two formulas

1_(_1)n7k+1 B 1 k , k "
Bnyk(1,0,1,..., 5 = i ;(71) o) (E=20)

= (=1)"7F2" Sy a(n k) = 2"7FS_y n(n, k)

L4 (—nmhy 1 G 2k .
Bn,k<o,1,0,..., 5 _Qkk!;(_l) , (k—20)

(2k)!
(2k)!!

where 0° is regarded as 1, were established, discussed, and applied to derive a closed
formula for the Euler numbers in [65] 92} T0T].

and

= (1) S, 2),

1.7. Two sequences related to factorials. In [37, Theorem 1.1], the formulas

1 2! (n—E+1) e 1 k m K s(n+m,m)
B (o5 G ) = D) P (m>(+m)

m

and

k k
B,x(0,11,2!. .. (n—k)!) = (—1)”(2) > (-1 HEQH s(n—k+¢,0)

were proved for n > k > 1. These two formulas were used in [37, 59] to discover
diagonal recurrence relations for the Stirling numbers of the first kind.

1.8. Two simple sequences. In [I4] [I6] [36] (3| 58], [TT0], the formulas

k n
B,x(0,1,...,1) = Z(—N(g)sm — Uk —10)

and

11 1 nl s, g (n+k
B””“(2’3""’n—k+2>_(n+k)!§(1) <k_g>5(n+€,€) (1.16)

were established and applied to investigate functions of the type f (ett_l) such as
generating functions for the Bernoulli numbers and polynomials and for the Stirling
numbers and polynomials.

1.9. A sequence containing factorials. In [86, Lemma 6], among other things,
the formula

k
n! n+20—1
bt 53 (742,
=0

where (0) =1 for all ¢ € C, was deduced for establishing a closed formula for the
large Schroder numbers. See also [62] and closely related references therein.
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1.10. A sequence from natural numbers. In [64, Lemma 2], the formula
Bui(z,1+z,24x,...,n—k+2x)

o (EOE()

£=0 q

(x—1)° (1.17)

Il
=)

was proved and applied to acquire closed formulas for derangement numbers and
their generating function. From ((1.17)), the formula

Bon(1,2,3,...,n—k+1) = (Z)k"—k (1.18)
listed in [6, p. 451] and [7l p. 135] can be recovered straightforwardly.

1.11. Several sequences related to factorials. In [6] p. 451], the formulas

Ba,x(0,2!,...,0,(2r)!) = (2r)! (r - 1))

kK \k—-1
B2r71,k(072!a ey (27" - 2)',0) = 07
@) fr+s—1
Bayos(1,0,..., (2r — 1)1,0) = :
2.2 @r=DLO) =G 2521
B2T72571(1!,0, ceey (27" - 1)',0) 07

2r—D!/r+s—2
Bor_1.0s-1(11,0,...,(2r — 1)! = —"
2r—1,2s 1( 507 a( r )70) 28—1)' 26— 9 )

B2r71,2s(1!; O, “ee ,O, (2’[“ - 1)') =0

were stated as exercises. These six formulas can be uniformly written as

1+ (=1)n—hk+l 1+ (=1)"n! /2 -1
| | — | = |2
Bn’k(072.,0,4.,...,(n k+1)! 5 Sl O

and

1—(—1)n k1 1+ (=1)ntkpl otk _q
Bn7k<1!,0,3!,0,...,(n—k+1)! (=1 ): +(=1) "(2 )

2 2 B\ k-1

For details on discussion of these quantities, please refer to [0, Lemma 2.5], [75]
and closely related references therein.

1.12. Several sequences from natural numbers. A class of the Bell polynomi-
als of the second kind

Bni(ar,a2,3 -4 —a,...,(n—k+1)—«) (1.19)

were investigated in [20, Section 5]. In [20], the following closed formulas were
presented:

n!
By x(0,2,3,...n—k+1) = — k), 1.2
K023 — k1) = S (= koE) (1.20)
|
Bnr(0,0,3,4,. ... n—k+1) = ﬁS(n —k k1), (1.21)
k
Bn,k(x72a3747' sy = k + 1) = (Z) Z (i) (k - T)nik(fr - 1)7”7 (122)
r=0

Buk(0,1,2,3,...,n—k) =3 (~1)"7 (”) k"S(n — 1, ks 1), (1.23)

r
r=0
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where S(n,k;r) for n > k > 0 and r > 0 are known as the r-associate Stirling
numbers of the second kind and were defined by

(ew_ig)k:@} J) S Stk

Jj=r+1 n=(r+1)k

in [2I] p. 303, eq. (1.2)]. The formula (1.18)) gives a closed formula for the special
case a; = 1, az = 2, and o = 0 in (|1.19)). Substituting 1 — « for x in (1.17)) leads to

Bur(l—e,2—a,3—q,....n—k+1—q)

e () (£ G e

£=0 q=0 4

o, (1.24)

Letting = 0 in or taking a =1 in ([1.24)) results in
k n—k

_ k(T ok (=D (n—k\Sq+£0)

B,x(0,1,2,3,....,n—k) =k <k> Z(*l) (€> Z p . W

=0 q=0 L

which, due to useless of associate Stirling numbers of the second kind, is more
elementary than (1.23). In [78, Section 2], an alternative expression for (1.21)) was
derived in term of the Stirling numbers of the second kind S(n, k).

1.13. Howard’s numbers. In the paper [20] and closely related references therein,
the following numbers and their generating functions were considered:

x? 1 > T x > "

- . = An7n7 - B7177

2 e —x—1 7;) n! e® —1 7;0 n!

e "’ (z-2)(e"—az—1) = " pl’

2x = z" 4 > z"
I — B Z_ R Iz

(x —2)(e* —1) T;) " pl’ (x —2)(e* +1) nZ:o "pl’

23 1 > z" 4 > z"
R = Vn—, — - n-_yos
6 z(e*+1) —2(e* —1) nz:% n! z(e® —1) —2(e® + 1) 7;) !

and

<1‘;>[m(ez+1)2(e —1)] 71@12Ank

n=3k

[z(e® + 1) — 2(e” — 1)] —k'ZVnk

[(x —2)(e” —1)] —k:'ZWnk:

Among them, the numbers B,,, G,,, and V,, are called the Bernoulli, Genocchi, and
van der Pol numbers respectively. In [20], among other things, the closed formulas
and identities

W, = Z Z ;,::'T <”> (I:) S(n —r k), (1.25)

k=1r=0
V(n, k) =Bnx(0,0,1,2,...,n— k—1), (1.26)
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W(n,k) = Bnx(—2,0,1,2,3,...,n — k — 1)
< T!(n> (k) (2" S — k) (1.27)

r)\r
r=0
were obtained.

2. CLOSED FORMULAS FOR SOME NUMBERS DISCUSSED BY HOWARD

In this section, we will discover or recover some relations and closed formulas for
those numbers A,, B, G,, A, Bl G, V., W,, A(n, k), V(n,k), and W(n, k)
which have been discussed in [20].

Theorem 2.1. Forn >k > 0, we have

1 1 1
Bopl|l=—,—,...,
”“(2.3 3.4 (nk+2)(nk+3))
k

-2 () St (22

m=0
b A n+k\ S+ q,0)
_1)¢ q(p _ A SEREL S0
x%ﬁ)KMukm%( )(T)<m
and
4 — 1 & () nz_f (—2k) (n—k)(n+k>
SR GO =N VAN
b k) o n+k\ S+ q,0)
—-1)* 29(k — £)11—q — 27 (22
x§<wag< e (") e 22)

Proof. Let u = u(z) = 2e”-r=1) Tt is easy to see that

and

x—0 x—0 =
(n)
=21 =21 n__gh-n
TIL’%LZ_O (k+2)! mli’%];(km)'
_ (nhn n! 2

m+2)) “m+2)! m+n+2)
Therefore, by virtue of the Faa di Bruno formula (|1.1]), we obtain

(z
= ()RR .
1w > OV @), @), @)
k=0

"~ 1 1 1
= —DFEI2FB,, o —, —, ... .
(=1) 7k<2'3’3~4’ ’(n—k+2)(n—k+3)>
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In [7, p. 133], it was listed that

k
1 > tm > tn
,C,(Z xmm!> = Bk (@1, @2, Tr) (2.3)
n==k

m=1

for k > 0. From (2.3) it can be deduced that

oo

3B 1 b 1 i
23734 (n—k+2)(n—k+3))nl

n=k

k

M8

1 1 tm 1| ™
:k:!lm_l(mel)(erZ)m!] :/d[n;(m+2)!

k k
1 el —1—-t-L otk el —1—t—*t
Tk 12 Tk 13

which is equivalent to

k
iB 11 1 B o el —1-t-L
TR 2373 4 (n+2)(n+3) ) (n+ k) 3

n=0

:L E_ 1_’_2 kzik(_l)k_ek et_lel—l—f ket
12k t 2 tQkZ:O ¢ t 2 '

This implies that

e () () ()]

i3 () G ()
= lim tzk% > (:1) (2K f:(_l)k_e @ o

m=0

et — 1 4 ¢ k—09 (n—m)
A5 0a) ]

- @ 131(2 2 () S (1)

m=0

JCUIC AN

_ (2(1;—11—)2)' %1_{% Zn: (—2k)n—m (:;) ;:(1)[ <Iz)

m=0
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_ (2(];132), §<—2k>n_m (;) g(_l)z (i) (211: n)
(7)) T
(2(k+):1'z_:m' 2K} >(2k+n)§% ()

k

<
Oy T

~ ot S () (%) ()

£=0
2k+n o
aaim S () o SEELD
t—0 p—|—€
q=0 p=q
" (k= 0)oktn—q <1 . t) k—t—(2k+n—q)
22k+n7q 2
n k
o (=D)F | n\ (2k+n ok
2k+n
% Z 2k+n K'S(q + K?E) <q> <k — £>2kz+n7q
q C(q 0 T 92kdn—g

q=0

where we used the L'Hospital rule and the generating function

=17 1 Z S(n (2.4)

for the Stirling numbers of the second kind S(n, k). As a result, we procure

1 1 1
Bst(33:5 0 96 59)
- (1) S (2)(52)
X g(l)f@) n;z_:ik 21k — e>n+2k_q<” *q”‘f) S(‘Zq;‘;f)

which is equivalent to (2.1). From (2.1]), we derive (2.2)). The closed formula (2.2

was numerically verified to be true by the software MATHEMATICA. The proof of

Theorem is thus complete. O
Theorem 2.2 ([I4, Theorem 1]). For n > 0, we have
oyl
=> (-1 Z:H) n+i,1). (2.5)
=0 g

Proof. Let v =v(z) = €<=1 _1 . Then

. (n) o po1) ™
o = () < ()
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(n) oo

N
= lim, Z(k:+1)!

k=0

and, in light of (1.1) and (1.16) in sequence,

(n) (n)
B, = lim [ — — fim |
z—0\ e — 1 z—0 ’U(&L‘)

n (k)
_ lim () Bo i (v/ (@), 0" (1), ..., o™+ (2)
k=0

T (k)n -n _ (n)n _ 1
_fi%z;l(wrl)!xk o+ n+1

" . (*Dkk! . / 1" (n—k+1)
= g lim ~—-=— lim B,k (V' (), 0" (z),... v (z))
x v

z—0

n
11 1
= “D)*E!Bukl( =, =,..., ————
2( ) ”“(2 3 n—k+2>
n k n n+1

=y (nik) > (1) (’;f l;)sm +0,0 =) (-1) (;’jﬁ,) S(n+1i,i).

k=0 n £=0 i=0 ( i )
The proof of Theorem is complete. U

Theorem 2.3 ([I1, Theorem 1.1]). For n € N, we have

n—1
k!
Gn=n Z(—l)kQ—kS(n —1,k).
k=0

Proof. The generating function of the Genocchi numbers G,, can be rewritten as

2 > a1 X Gy 2"
= G - — ntl=>
e +1 nz::l " pl nZ::OTH_ln!

which means that, when denoting w = w(x) = e* + 1,

Gn 2 (n) n 1 (k)
L~ lim =2 lim — Bphr(e®,e”, ... e"%)
n+1 z—0\ ez + 1 x—0 P w ’

which gives
n
Gt = (1+1) Y (-1)
k=0
and then recovers [IT], Theorem 1.1]. The proof of Theorem is complete. O

?S(n,k), n>0

Theorem 2.4. For n > 0, we have

n+1
R

n

!
An+1 -
and

— (n)y, — ()0
A;L:Z 9k A"*k:Z 2n—ppAp

k=0 p=0
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S5 S ol S e (L5 (1)

|
p=0 p k=0 ( k m=0

p+k

k
ek p+k\ S(g+¢,0)
<> )22 S O e L

14

Proof. The generating function of the numbers A/ can be rearranged as

2 T 0 n 100 n+1
T ( )ZA' nu:Z) SR DI
o0 n 100 n
:ZA;%_izA;H(n +Z(Af A )jﬂ
n=0 n=1 n=1

2 (n)
BEVR R
2 20| 2(e® —x — 1)

for n € N. Recursing consecutively and making use of (2.1)), the formula (2.6))
follows. The proof of Theorem is complete. O

Theorem 2.5. Forn > 0, we have
n—+1

B(/J =1, B;H—l TB% = Bn-i-lv (27)
and .
n p p
-3 G S s i)
p=0 1=0

Proof. The generating function of the numbers B], can be formulated as

1 B’n S (B _"p T
71 Y Z - O+n§1 n_§ n—1 F

which means that the relation is true. Recursing and utilizing ([2.5]), we obtain

B/ o - <n>kB o . <n>npr o . <n>n7p a 1 i(?j-_ll)s ..
n = Z Tok Tnmk T Z on—p P Z on—p (=1) G (p+14,9).
k=0 p=0 p=0 i=0 i
The proof of Theorem [2.5]is complete. O
Theorem 2.6. For n > 0, we have
+1 Ghio
r_q / n n+
GO 9 n+1 2 n n _|_ 2

and

Proof. 1t is easy to see that

Z=(-3) emmem] - ek

1 . i n—1 / T
:Gox+zn n—1"" 9 n—2 E
n=2
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which leads to G, = G; =1 and

1 G
G;H—”Q Gho=—", n>2

Recursively, it follows that

n n n L
r o Wk Gkl e (Wn—e Ger - e (Mt ok K
G”_Z _go on—~ g_|_1_ez on—2 ( 1) 9k

=0 k=0
The proof of Theorem is complete.

S, k).

Theorem 2.7. Forn >k > 0, we have

Bn,k(giy 41?’ e k:+3)1(n —k +4)) O 121’1;6’“ (Z>
n—k

X ;<—3k>q(n _k—q) (" . ’“) (n”jf_kq) é 12¢ (’Z) nik(n + 2% — p)!

0 s=0

g (” 7;%) W kz_:é (k ; €> (n— p(J:62)2+ 2s)! 5:1 (;) prprats

and

n

he (s S o) ()

k=0 q=0 n— k —q
k n+2k
k n+ 26\ S(p+ £, 0)
14 )
£=0 p=0 4
k—¢

k—1t (76)8 - s n—p+20+2s
5 () s ()
Proof. The generating function of the numbers V,, can be rewritten as

{x(em + 19)63—/6?(61 - 1)} o gvni:

It is easy to see that

z(e®+1)—2(e*—1) 6 [ LA = xkl
e K -

z3/6 x k! k!
k=0 k=1
6 > T > zk 6 — 1 2
= — 2 JE— — _ k
3 I+Z(k—1)' Zk!] x3z[(k—l)! k'}m
k=1 k=1 k=2
6 — x = xh—3 > xk
OS2 E =6 > -2 T =63
k=3 k=3 k=0
and that
e + 1) —2(er — 1™ k
ilﬂ%{ 76 =6 limy kzzo(k+1)(’“+3)'
. (k)pzk—m nhn 6
=61 k4 1)~ —6(n+1 = :
;i%;( U e TS T ey
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Accordingly, by similar arguments as above, it follows that

A" Ta(e” +1)—2(e® —1)]7"
Vo = allg%) dan [ x3/6
= 11 1
= —D*KI6* B, o —, —, ..., )
k:O( ) ”“(3.4’45 (n—k+3)(n—k+4)>

By virtue of the formula (2.3)), we have

f:B L 1 L
35 n—k+3)(n—k+4))n!

n==k

1| < 1 al
Tk mzzl(m—l-Q)(m—i-?))m!]
16t +1) — —12(c' ~1D]"
k! 6t3

1 2% (et—l—l 2 et—l)k

TReE 2 12 ¢

12k k(_l)g K\ (et +1 2\ et -1\
Rl 12 £ )\ "2 T 12 t

which is equivalent to

iB (1 1 1 > 1 ¢
C+kk\ o5 a0 7 ot +kN g1
= 3:-4°4-5 (L+3)(0+4) (*I;)E!

ok z’“:( e (F) (et 2\ e —1\"
3k 4 2 12 t '
£=0
This implies that, by virtue of the L’Hospital rule and the generating function (2.4
for the Stirling numbers of the second kind S(n, k),

1 B 1 1 1
("R TR 45 (i 3) (m + 4)

= Hm [153]; zk:(—l)g (Z) (et ; 1 $>k4<et t_ 1>e] (m)
(&) (-5 ()]

Zl) <t_32-]:{>1q zk:(—l)é(@ [(et;l _ g)kz(et t— 1>f] (m—aq)

(m—q)




SPECIAL VALUES OF BELL POLYNOMIALS OF SECOND KIND 17

b1l 2\l et —1\m (3k+m)
m—q v
“\! [( 2 12) ( t > :|
ok m <m> k , </€> 3k4+m <3k N m)
—— lim —3k 1
(3k +m)! t—0 qZO q (=3k)q ;:o( ) p pEZO )

(83k+m—p)

x (tm=a)w) (Kﬁt;l g)’“ Z(et . 1>1 <mq>>
k

- (1) o o () (o

B (3kikm)' i:) (7:;) (=3k)q i<—1>f (IZ) (ifﬁ:) (m —q)!
S o L [ e I (GO
3k+m) (m— g

:@ljrkm)!é(?><_3k o

3k+m t 9\ k—£7 (3k+m— p) IS
x lim Z <3k+m> Ke +1 ¢ ) ] w<r>pt7‘—p

<
-
T
—
=
Ve
O
~—
VoS

t—0 =0 p T 12 0
m k
k\ (3k+m
_1\¢ Y
w35 (1) oo e
§ 3kim 3k +m i et +1 - ﬁ k—t (3k+m,p)w
p t—0 2 1 <p+e) ,
p=0 ;

- s k—t—s7 (™)
=0\ (e +1\"(
=1 k—{0—s *
—}%L_O< 1) ) ( . ) (12>
S . [ s )
T (—1)k=¢ k—/ et 41 S
7}5%2 12k—£—s s I T t

2=t S)Z< )7205371<>

()
()
= lim kz_: % (k - z> [ ats 2_: (2) eﬁt] )
()
()

Z( )ZB {2kt S)+'y] v

LB=0
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k—E( 1)k,g,S k¢ s
- 2(k—L—s T
= iy mez( ) )ZOZ 2k — €= ) )2 E7IT

B=0

S e () () S

B=0

Consequently, we have
B LI ;
THRE\3 4745 (m 4 3)(m + 4)

“mrm (1) () ()

q=0
3k+m
3k+m\ S(p+4¢,¢)
xzm() > (Bk+m )( )/
p=0 p (P‘;)
— k—¢ (_6)s - S k+m—p+20+2s
X;( s )(k+mp+2€+2s)!/;1<ﬂ)/8 '
The proof of Theorem [2.7]is complete. O

Theorem 2.8. Forn >k > 0, we have
W(n,k) =B, x(-2,0,1,2,...,n —k — 1)

n—k
n n—k\S{C+kk (2.8)
= () o wane (" F) S
= (&)
and
n n n—k
k! k! (n ¢ n—k\S({C+kk)
k=0 k=0 £=0 k
Proof. Tt is not difficult to find that
gkl 2k
(@ -n-2r =Y T 23 T
k=1 k=0
0 SCk St I’k o]
k=2 k=2 k=3

Consequently, it follows that

[z(e” —1) —2(e" + 1))'| _, = -2, [z(e"—1)=2(e"+1)]"| _, =0,
and
[z(e® —1) —2(e* + 1)](n)|w:0 =n—-2, n>3
Therefore, we can derive that
dm 4
W, = lim —
250 dgm { x(e® —1) = 2(e® + 1)
= k!
_ k
=—4> (-1 oy Bui(—2,0,1,2,...,n—k—1)
k=0
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ZWnk [(m—2)(em—1)]k x—QZ ]

k k
1| z" =z = "
= 9 i R ) _Z
comparing with (2.3) recovers the first equality in (1.27). Consequently, we have
W(n+kk)  Buypr(—2,0,1,2,...,n—1)
n—+k - n—+k
("+") ("%
) dn et _ 1 k ) n n L ([) et _ 1 k (n—e)
“ing 2] - (-2 | (<) ]

=lim ) (Z) (k)e(t —2)"* [k! > W@)nﬂp—(n—@}

I L

for n > 0. Since

:\&

As a result, it follows that

n+k\ — n\ S0+ k., k
Bn+k,k(_2707 1727 cee,— 1) = ( > (_2)Z<k>nff <£> %
£=0

k) (&)
The proof of Theorem is complete. U
Theorem 2.9. Forn > 3k, we have
1
A3k, k) = V(3k, k), A(n+1,k)=V(n+1,k) — ”; V(n, k) (2.10)
and
n\ k
_ _ ok k—¢
V(n,k) =Bnx(0,0,1,2,...,n —k—1) =2 <k> > (1) (z)

Proof. Since

KUY A(n, k)% = (1 — "2”) [2(e” +1) —2(e* — 1))

n=3k
— (1% k!iv(n k)ﬁ:k! iv(n k:)ﬁf1 iV(n /’f)anr1
2 Tl ’ b2 © ol
n=3k n=3k n=3k
00 " 1 o'} "
Z o _Z -1 —_—
2 Vinkir -y 2 V- Lbe 1)‘]
n=3k n=3k+1
= kIWV (3k, k) + k! %;H [V(n, k)= 5V(n—1, ’f)} R

then the relations in (2.10) follow immediately.
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Combining the formula (2.3]) with

> " o0 o k
> Vin k) = %[I(e‘” +1)—2(e* —1)]F = % LZ(@ - 2)5!]
n=3k —3

reveals that the formula (|1.26)) for n > 3k. By virtue of (2.3]), we have

e} m 1 00 4m k
ZBn,k(O,O,l,Q,...,n—k—1)n!:k!lZ(m_Q)m!] 7
n==k m=3

> Buyrr(0,0,1,2,...,n—1)t" L+l et—1 k
Z : n+k 522 2 - t )
n=0 (") !

Bk k(0,0,1,2,...,n—1) . d" [et+1 et —1\"

: =2 lim — [ ——— —
("t") =0 den \ 2 f

k L k—¢
4" E\ (et +1 et —1
__ ok _1\k—¢
=2 ZH( 2 <£>( 2 ) ( t )

s e () O[S ) T
)

=0 q
k k n n q
_ _oyk—¢ ¢ t—m ¢t ¢
= }1_1)% ;—O( 2) (6 2 (q) mio(@m(e + 1) " By m(e e, ... e")

xkk—@!fﬁ‘“p+k_&k‘“@nﬂﬂ*”m]

£=0 q=0 q m=0
e R
r kY o= [0\ S(n—q+k—Lk—10) ()
= (-2)F —1)¢ ’ m m).
- () S () g X e

The formula (2.11]) follows readily. The proof of Theorem is complete.

3. A CLOSED FORMULA FOR A SPECIAL BELL POLYNOMIAL

The quantity By, x(a1,a2,3—a,4—q, ..., (n—k+1)—«) was specially investigated
in [20], but there was no closed formula developed for it there. We now start out to
derive a closed and explicit formula for By, x(a1,a2,3—a,4—a,...,(n—k+1) —a).

Theorem 3.1. Forn >k > 0, we have

By k(ai,a2,3— a4 —a,...,(n—k+1)— )
k

fn—! k —a)™ gy + a)FmmP
khgi(m)pmg;nk( Y™ ~1(ar +a)
az + o Pk —m)p(m)y S(r+m,m
X( 22 _1) : p!q>!r!< : ((Ttm) )
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Proof. By virtue of (2.3)), we have

n

= t
ZB»,L7k(a1,a,2,3—04,4—()[,...7(71—]6"'1)_OZ)*'
n.

k
! at—i——tz—&—Zm a)tm
A m!

m=3

f:l [a1+a+<a2;a_1>t+(t_a)<et;1>r

which is equivalent to

o0

ZBn+k,k(a17a273_av4_aa"'7(n+1)_a) "

@) il

N Rk

Therefore, it follows that, when A = a; + « and B = % -1,

n=0

Bnirk(ar,a2,3 —a,4—a,....,(n+1) - )

= ("7 e (5 5 1))
(" : k) 150 dt; io (Z) (A+ Bt)*(t —a)F* (ettl) k—2
—(”Z’“ﬁ%;(/gf) 2 pq|rl[(A+Bt)]()

ptgtr=n

x[(t = )t Ket . 1)“} )

- (nzk> i k @) Z ‘ ——(0),BP(A+ Bt)* P (k — £),(t — a)F ¢4
—0

t—0 1!
)4 pt+gtr=n p q

(- ) i S(stkh—lh=0 s

T (s k-0
_(n+k e n! p Ab—p
_( N )H <£)p+§; OB A= )
x(capmae - o 2 D,
L n+k\ = [k (—a)* T IBPA (), (k — 0y S(r+k — Lk~ 0)
_”!( k ); (e) p+q§:n plgir! )

The equality (3.1)) is thus proved. The proof of Theorem is thus complete. [

4. REMARKS AND COMPARISONS

We now list several remarks and comparisons about our main results and some
known results.
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Remark 4.1. Although those formulas in Theorem [2.7)are a little complex, but they
are surely closed formulas for

11 1
Boi|—\)—,..., 4.1
”“(3-4 4.5 (n—k‘+3)(n—k+4)> (41)

and V,,. If computing along alternative approaches the nth derivative of the function

1 /et+1 2 et —1\"
2k\ 2 12 [

with respect to ¢, then we can find alternative closed formulas for the quantity (4.1))
and the sequence V,,.

Remark 4.2. The formulas (2.8) and (2.9) are slightly different from the formu-
las (|1.27)) and (|1.25]) respectively.

Remark 4.3. Taking a1 =z, a; =1+ z, and @ = 1 — x in Theorem [3.1] gives

Bhi(z,1+z,24+x,3+x,...,n—k+x)

nl o [k 0 S(r+10,0 ~
R (), 2w e
£=0

|
qt+r=n—=k qr T
Comparing this with (1.17) demonstrates that

e (S ()

k k‘ nk €>n— —-m S(m+£a e) m—(n—
-2 (e) 2 <n<—k—km>!m! U

ko sk n—k Dyt Sim+14,4 o
B Z <£> Z (n <—>k —km)!m! ((mH) )(x - 1)“ (n—=k)

(x—1)f

£=0 m=n—k—¥¢
&R Ly S(n—k+q,0) .
->(5) 2 T n R~ C=al (o Y
- (R [\ OS(n—k+q,0) .
> f)(Q) CETEr

<€> 05n=k+a.0) 1y

q) (m—k+q)!

LR ()
LR ()R e

which implies
(1D (EY I (=1)7 () (g +£,0)
n! 14 k1 \q (‘1“)
¢

:0 (Lﬁq) <£;q> (E+@)!S(n+0,0+q). (42)

x>
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In particular, letting ¢ = k in (4.2]) results in an interesting identity

" (g+kk)  S(n+k,k)
Z (q) kq<q+k) - kn<n::k) :

q=0
Remark 4.4. Letting a; = 1, az = 2, and o = 0 in Theorem yields
k
S(n — k f
Bnx(1,2,3,4,...,n—k+1) 'Z .
=0
Comparing this with (1.18)) leads to an identity
k k
k k"
=5 Zhro Sk —m) _ k" (4.3)
= k!

which is a special case of the formula

in [09, p. 116, (9.11)].
Remark 4.5. Setting a1 = z, ap = 2, and a — 0 in Theorem reduces to
Bnk(z,2,3,4,....,n—k+1)

n! o~ [k (k—0) S(r+k—0,k—10)
:k!§<g> ) = g)ktrf 2! (0

k—f+r=n— r
k
“i % (e
- <Z) ;ko (’;) (k—0)!S(n—k,k — 0)z*

Letting x — 0 in the above equation recovers (1.20). Comparing (1.22)) with the
above equation reveals

k k

> @ (k=) ra -1 =Y @ (k=0!S(n =k k=" (44)

r=0 £=0
In particular, when x = 1 in (4.4)), we obtain the equation (4.3]) once again.

Remark 4.6. Three special cases

Bor(1,2,3,....n—k+1) = (Z) gk,

B, x(0,2,3,....n—k+1)= S(n—k, k),

n!
(n—k)!

and
k

CS(n—k—0k—1¢
Bn,k(0,073,4, n—k+1 _nz 6') S(n )

(n—k—20)!

of Theorem have been applied in [78] to construct several recursive relations
of the Stirling numbers of the second kind S(n, k) which have interpretations in
combinatorics and number theory.



24 F. QI, D.-W. NIU, D. LIM, AND Y.-H. YAO

Remark 4.7. In [82 Theorem 1], among other things, the formula

Un(z) = 2" LHZ/QJ (;211) <1 - ;2)2 (4.5)

£=0

for the Chebyshev polynomials of the second kind U,, was recovered by virtue of
the formulas (1.1)) and (1.8]). We remark that the formula (4.5 was ever recovered
in [55] p. 127] simply from a formula

[n/2]
U, (z) = Z ( et )x”_Qm (332 — 1)m (4.6)

= 2m +1

in [24], where |z] is the floor function whose value equals the largest integer less
than or equal to . However, it seems that the formula (4.6]) does not appear in [24].

Remark 4.8. This paper is a slightly corrected and revised version of the electronic
preprint [85].
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