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ABSTRACT. In this work we present the convergence of a positivity preserving semi-discrete finite
volume scheme for a coupled system of two non-local partial differential equations with cross-
diffusion. The key to proving the convergence result is to establish positivity in order to obtain
a discrete energy estimate to obtain compactness. We numerically observe the convergence to
reference solutions with a first order accuracy in space. Moreover we recover segregated stationary
states in spite of the regularising effect of the self-diffusion. However, if the self-diffusion or the
cross-diffusion is strong enough, mixing occurs while both densities remain continuous.

1. INTRODUCTION

In this paper we develop and analyse a numerical scheme for the following non-local interaction
system with cross-diffusion and self-diffusion

dp 0 0 € 0p?
9 ox (P%(WH*P‘FWH*U-FV@-F??)) + x)’

(1)

on 0 0 € On?
5 on <77&E(W22*77+W21*P+V(P+77)) + m)’

governing the evolution of two species p and 7 on an interval (a,b) C R for ¢ € [0,7). The system
is equipped with non-negative initial data p°, n° € L1 (a,b) N LL(a,b). We denote by m; the mass
of pg and by mso the mass of 79, respectively,

b b
my = / po(z)dz, and my = / no(z) dz.
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Key words and phrases. Finite volume methods; Integro-partial differential equations; Population dynamics (gen-
eral); Developmental biology, pattern formation;



2 JOSE A. CARRILLO, FRANCIS FILBET, AND MARKUS SCHMIDTCHEN

On the boundary x = a and b, we prescribe no-flux boundary conditions

0
P 5y Wirxp+ Wiz xn+v(p+n) +ep) =0,

0 5 (Woz s+ Warx p+v(p+n) +en) =0,

such that the total mass of each species is conserved with respect to time ¢ > 0. While the self-
interaction potentials Wy, Wag € Cg(a, b) model the interactions among individuals of the same
species (also referred to as intraspecific interactions), the cross-interaction potentials Wig, Woy €
Cg (a,b) encode the interactions between individuals belonging to different species, i.e. interspe-
cific interactions. Here C?(a,b) denotes the set of twice continuously differentiable functions on
the interval [a,b] with bounded derivatives. The two positive parameters €, > 0 determine the
strengths of the self-diffusion and the cross-diffusion of both species, respectively. It is the inter-
play between the non-local interactions of both species and their individual and joint size-exclusion,
modelled by the non-linear diffusion [5, [4, 6, 33, [12], T0], that leads to a large variety of behaviours
including complete phase separation or mixing of both densities in both stationary configurations
and travelling pulses [1T], [1§].

While their single species counterparts have been studied quite intensively [30, 20, 34, 14] and
references therein, related two-species models like the system of our interest, Eq. , have only
recently gained considerable attention [24], 1T (18] 23], 16]. One of the most striking phenomena
of these interaction models with cross-diffusion is the possibility of phase separation. Since the
seminal papers [29, 5] established segregation effects for the first time for the purely diffusive system
corresponding to for Wi; =0, 4,7 € {1,2} and € = 0, many generalisations were presented. They
include reaction-(cross-)diffusion systems [3], 7, [16] and references therein, and by adding non-local
interactions [IT], 18, 23] 2] and references therein. Ref. [23] have established the existence of weak
solutions to a class of non-local systems under a strong coercivity assumption on the cross-diffusion
also satisfied by system .

Typical applications of these non-local models comprise many biological contexts such cell-cell
adhesion [32, BT, [15], for instance, as well as tumour models [28], 25], but also the formation of the
characteristic stripe patterns of zebrafish can be modelled by these non-local models [35]. Systems
of this kind are truly ubiquitous in nature and we remark that ‘species’ may not only refer to
biological species but also to a much wider class of (possibly inanimate) agents such as planets,
physical or chemical particles, just to name a few.

Since system is in conservative form a finite volume scheme is a natural choice as a numerical
method. This is owing to the fact that, by construction, finite volume schemes are locally conser-
vative: due the divergence theorem the change in density on a test cell has to equal the sum of
the in-flux and the out-flux of the same cell. There is a huge literature on finite volume schemes,
first and foremost [27]. They give a detailed description of the construction of such methods and
address convergence issues. Schemes similar to the one proposed in Section [2| have been studied in
[9] in the case of nonlinear degenerate diffusion equations in any dimension. A similar scheme for a
system of two coupled PDEs was proposed in [2I]. Later, the authors in [I3] generalised the scheme
proposed in [9] including both local and non-local drifts. The scheme was then extended to two
species in [18]. All the aforementioned schemes have in common that they preserve non-negativity
— a property that is also crucial for our analysis.
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Before we define the finite volume scheme we shall present a formal energy estimate for the con-
tinuous system. The main difficulty in this paper is to establish positivity and reproducing the
continuous energy estimate at the discrete level. The remainder of the introduction is dedicated to
presenting the aforementioned energy estimate. Let us consider

b b
c(iit/ plogpdx—/ logpgtdm

b 0 0
—/a logp£ <p8x (W11 *p+W12*77+V(p+77)+6p)> dx

0 0
= —/a P or (Wit xp+ Wigxn+v(p+n)+ ep) %(logp) da.
Upon rearranging we get

b baPQ

ox

b / / dp
d.T S (Wll *p—FWlQ*n)%dx.

dp
1
e pog,odx+1//8 p—l—n)a dx+e/

A sumlar computation for n yields
b b
jt nlogndx+y/ p p+n)gdx+e/a gn

T
2 b
dz—l—e/(

’ / / dp
Dp:= | (Wipxp+Wigxn) %d%

dﬁﬁ/(Wéz*U+WQ/1*P)amdﬂ%

Whence, upon adding both, we obtain

b

d b
T [plog p + nlogn) dZE+V/

Oo

ox

@2
ox

on

+3m

)dx<D + Dy,

where 0 = p +n and

b ’ ' on
Dy = (W22*77+W21*P)%d90>

denote the advective parts associated to p and 7, respectively. The advective parts can be controlled
by using the weighted Young’s inequality to get

b ap
D = | [ Wiiwp+ Wi wn)sl da
a xz
1 b b 8/)2
S /\Wll*P+W12*77’2d95+2/ 9z 4%
for some a > 0. In choosing 0 < o < € we obtain
d b b1 90 |2 aN [Plopl?  |on? C,+C
2) — 1 1 d —| d - = — | de < £
@ g [ osptmogn ar - [TERar s (= 5) [TER7 5 ar < S

where C, = [|W{; % p+ Wiy x|z and C, = ||Wiy xn+ Wiy * pl| 2. From the last line, Eq. (2)), we
may deduce bounds on the gradient of each species as well as on their sum. As mentioned above
the crucial ingredient for this estimate is the positivity of solutions.
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The rest of this paper is organised as follows. In the subsequent section we present a semi-discrete
finite volume approximation of system and we present the main result, Theorem Section
is dedicated to establishing positivity and to the derivation of a priori estimates. In Section [4]
we obtain compactness, pass to the limit, and identify the limiting functions as weak solutions
to system . We conclude the paper with a numerical exploration in Section We study the
numerical order of accuracy and discuss stationary states and phase segregation phenomena.

2. NUMERICAL SCHEME AND MAIN RESULT

In this section we introduce the semi-discrete finite volume scheme for system . To begin with,
let us introduce our notion of weak solutions.

Definition 2.1 (Weak solutions.). A couple of functions (p,m) € L*(0,T; H'(a,b))? is a weak
solution to system . if it satisfies

oo 0V1\ O¢ € 5 0%]
3 — e Al 4
(3a) / po(0;) dz / / [ < < oy + 8:6) oz > * 2P 0z | dz dt,

and

b T b Jp o 0V Op € 5 0%¢]
3b — . = bl 2 22 U 2
o = [oet0gar = [l (5 (57 + 57) 5a) + 507 s

respectively, for any ¢ € C°(]0,T) x (a,b);R). Here we have set Vi, = —Wy1 % p — Wio *n, for
ke {1,2}, and o = p+n, as above.

Notice that the existence of weak solutions to system will follow directly from the convergence
of the numerical solution. Indeed, our analysis relies on a compactness argument which does not
suppose a priori existence of solution to system .

To this end we first define the following space discretisation of the domain.

Definition 2.2 (Space discretisation). To discretise space, we introduce the mesh
T = U Cia
el
where the control volumes are given by C; = [x;_y1/2,Tiy1/2) foralli € I :={1,...,N}. We assume

that the measure of the control volumes are given by |Cy| = Az; = x;411/9 —Ti_1/2 > 0, for alli € I.
Note that x1/5 = a, and Tn11/5 = b.

Ci1 C; Cit1
| 1 | 1 | 1 |

° + + + °

— I ) i ) i ) I
T2 =a Ti-3/2 Tim1 Ti—1/2 Ti Tiyyya ikl Tigz/a Tnyip =0

FIGURE 1. Space discretisation according to Definition

We also define z; = (7;41/2 + Zj_1/2)/2 the centre of cell C; and set Az; /5 = wiy1 — x; for
i=1,...,N —1. We assume that the mesh is admissible in the sense that there exists & € (0, 1)
such that for h := maxj<;<ny{Ax;}

(4) Eh < Az < h,
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and, as a consequence, {h < Aw;yq/5 < h, as well.
On this mesh we shall now define the semi-discrete finite volume approximation of system . The
discretised initial data are given by the cell averages of the continuous initial data, i.e.

1 1
(5) o= s /C pola) e, and = /C mo(x) da,

for all ¢+ € I. Next, we introduce the discrete versions of the cross-diffusion and the interaction
terms. We set

N

(V)i o= =y Ay (Wi pj + Wig7ny),
6 =
( ) N . . . .
(Va)i i= = > Ay (Way ns + Wi pj),
j=1
where
i—j 1
(7) Wil = 5 /Cj Wia(|s — s[)ds,

for k,l =1,2, and
Ui := —(pi + mi),
for the cross-diffusion term, respectively. Then the scheme reads

dp; F; — Fi_
p ) = — +1/2 1/2

Az, ’
(8a) dt T;
%(t) B _gi+1/2 —Gi1/2
dt N Awi ’

for i € 1. Here the numerical fluxes are given by

Fiv12 = [V (dU)z‘trl/Q + (dvl)z‘ttl/z] pi + [’/ (dU);rl/Q + (dvl)iii-l/Q} Pi+1
€ /012+1 - P?
2 Aziprn’
(8) /
gi+1/2 = [V (dU);:_l/Q + (dVQ)Z—‘:_l/Q} n + [V (dU)rL‘__A,_l/Q + (dv2)i_+1/2} Ni+1
_ € Moer =17
{ 2 Aziyige’
fori=1,..., N — 1, with the numerical no-flux boundary condition
(8c) Firjo2=Fny12=0, and Gy =0ny1/2 =0,

where we introduced the discrete gradient du;, /o as
U4l — Uj

dUi+1/2 - A95i+1/2 '
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As usual, we use (2)* to denote the positive (resp. negative) part of z, i.e.
(2)T := max(z,0), and (2)” :=min(z,0).
At this stage, the numerical flux (8b]) may look strange since
e the cross-diffusion term is approximated as a convective term using that

(0 N0 (0
ox p@a:p " - Oz p(“)ac

with ¢ = p+ 7 and g—g is considered as a velocity field. This treatment has already been
used in [9] and allows to preserve the positivity of both discrete densities (p,n) (see Lemma
, which is crucial for the convergence analysis.

e In this new formulation, the velocity field is split in two parts both treated by an upwind
scheme. One part comes from the cross-diffusion part, and the second one comes from the
non-local interaction fields. This splitting is crucial to recovering a consistent dissipative
term for the discrete energy estimate corresponding to Eq. .

Definition 2.3 (Piecewise constant approximation). For a given mesh Ty, we define the approximate
solution to system by

pn(t, ) == pi(t), and na(t, z) == n;(t),
for all (t,z) € [0,T] x Cy, with i = 1,...,N. Moreover, we define the following approrimations of
the gradients
Pi+1 — Pi Ni+1 — 1
dpn(t,z) = m, and dnp(t,x) = m
for (t,z) € [0,T) X [xj,xi+1), fori=1,...,N —1. Furthermore, in order to define dpy, and dny, on
the whole interval (a,b) we set them to zero on (a,z1) and (zn,b).

Notice that the discrete gradients (dpp,dn,) are piecewise constant just like (pp,nn) however not
on the same partition of the interval (a,b). We have set out all definitions necessary to formulate
the convergence of the numerical scheme .

Theorem 2.4 (Convergence to a weak solution.). Let po,no € L (a,b) N L(a,b) be some initial
data and Q7 := (0,T) X (a,b). Then,
(i) there ewists a non-negative approzimate solution (pp,mn) in the sense of Definition [2.53;
(ii) up to a subsequence, this approzimate solution converges strongly in L*(Qr) to (p,n) €
L?(Qr), where (p,n) is a weak solution as in Definition . Furthermore we have p,
ne L2(0,T; H'(a,b));
(791) as a consequence system has a weak solution.

3. A PRIORI ESTIMATES

This section is dedicated to deriving a priori estimates for our system. In order to do so we require
the positivity of approximate solutions and their conservation of mass, respectively. The following
lemma guarantees these properties.

Lemma 3.1 (Existence of non-negative solutions and conservation of mass). Assume that the
initial data (po,no) in non-negative. Then there exists a unique non-negative approrimate solution
(Ph, MK )n>0 to the scheme —. Furthermore, the finite volume scheme conserves the initial
mass of both densities.
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Proof. On the one hand we notice that the right-hand side of — is locally Lipschitz with
respect to (p;,mi)1<i<n. Hence, we may apply the Cauchy-Lipschitz theorem to obtain a unique
local-in-time solution.

On the other hand to prove that this solution is global in time, we show the non-negativity of the
solution together with the conservation of mass and argue by contradiction.

Let h > 0 be fixed and some initial data, p;(0),7;(0) > 0, be given for i = 1,... N. We rewrite the
scheme in the following way.

dpi ..  Fivip—Ficie 1
(9) T ( ) e Ail = ACC,L (A pi + BpH—l + Cpl—1)7
where
. Pi
A B _ N A
v (AU)Zypp + (dV1);2y ) (dU)l“/? (dvl)’“/Q 6A901'+1/2’
Pi+1
B_ _ _ Pl
(dU)erl/Q (dV1)Z+1/2 + € 2A$i+1/2’

Pi—1

C=vdU + (dV; + e
( ) -1/2 ( 1)1 1/2 2A$i+1/2

Then let t* > 0 be the maximal time for all densities to remain non-negative, i.e.

t* =sup{pi(t) >0|foralli=1,...,N}.
£>0

If t* < oo, then, by the continuity of the solution, there exists at least one index i € {1,...,N}
and some positive constant, 7 > 0, such that p;(t*) = 0 and p;(t) < 0 for all t € (t*,t* + 7).

Also note that the neighbours of p; have to satisfy p;+1(t*) > 0 and p;—1(¢*) > 0, since otherwise
the negativity of one of them would contradict the maximality of ¢*.

By the above computation, Eq. @, we see that, if p;+1(t*) > 0 or p;—1(t*) > 0,

dpi
T (") = Az, (Api(t*) + Bpira(t*) + Cpia(tY))
1
= Az (B pita(t*) + Cpia(t7)) > 0,

which cannot occur since p;(t) < 0 for all ¢ € (t*,t* + 7). If pi_1(t*) = pi(t*) = pix1(t*) = 0 then
repeat the argument for p;y; or p;—1 and apply the same argument. Noting that there is at least
one index, 7, such that p;(t*) > 0, for we would otherwise contradict the uniqueness of solutions,
we eventually reach a contradiction.

Finally we get the conservation of mass,

b

d
T ph(t z)dx = ZA:BZ Pi

i1j2— Fi
= ZA +1/2 2 _ Fnyi2 —Fi2 = 0,

T

by the no-flux condition. Analogously, the second species remains nonnegative and its mass is
conserved as well. As a consequence of the control of the L'-norm of (pp,n,) we can extend the
local solution to a global, nonnegative solution. O
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Now, we are ready to study the evolution of the energy of the system on the semi-discrete level.
The remaining part of this section is dedicated to proving the following lemma — an estimate similar
to for the semi-discrete scheme .

Lemma 3.2 (Energy control). Consider a solution of the semi-discrete scheme —. Then
we have

N—-1
€
ZA% [pilog pi + m;ilogmi] + ZA%H/? { |AU; 4101 + 1 (Idpis1yal? + |d77i+1/2|2)} < C,

=1

where the constant C. > 0 is given by

b—
10) G = T (Wl + Wil ma + (Wl + W) ms)

Proof. Upon using the scheme, Eq. , we get

N N

d

e > Awipilogpi ==Y (Fir1je — Fio1/2)log pi.
=1 =1

By discrete integration by parts and the no-flux condition, Eq. , we obtain

N N-1
d
a Z Ax; pilog p; = Z AiUi+1/2 ‘7:2'—{—1/2 dlog Pi+1/2
i=1 i=1
N-1
=v Z Axiyy/o ((dU);:Ll/gﬂi + (dU)Z‘_+1/2pi+1)dlog Pit1/2
i—1
N-1
+ Z Az ((d‘/l);:_l/gpi + (dV1)i_+1/2Pi+1>d10g Pit1/2>
i—1
N-1

€
D) Pz+1 Pz d10g01+1/2,
=1

where, in the last equality, we substituted the definition of the numerical flux, Eq. . Let us
define

Pi+1 — Pi
~ log pi1 — log pi’
11 ; =
(11) Pit+1/2 i+ pist
2 b

if pi # pit1,

else,
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for i € {1,...,N — 1}, and note that then p;1/o € [ps, pi+1] by concavity of the log. Reordering
the terms, we obtain

N N-1

d N €

o E Axip;log p; — E Aziii/o [VdUi+1/2,0i+1/2 - §dpf+1/2} dlog piy1/2
=1 =1

N-1
=v Z A/ ((dU);‘:_l/g(pi = Piv1y2) + (AU) 7 jp(pit1 — ﬁz‘+1/2)) dlog pit1/2
i=1

N-1
+ Z Az ((dV1);;1/2(Pz‘ — Piv1/2) + (d‘/l)i_+1/2<pi+1 - ﬁi+1/2)) dlog p;y1/2
=1
N—1
+ Z Azii12 Piv1/2 V1172 dlog iy o
=1

Thus, using p;11/2 € [pi, pi+1] and the monotonicity of log, we note that
(pi = Pir1/2)dlog Pi+1/2(V(dU);5r1/2 + (dvl);:l/g) <0,

(13)
(Pi+1 — Pix1/2)dlog pit1/2 (V(dU)i_+1/2 + (dV1)i_+1/2) < 0.

This is easy to see, for if p; = p;+1 we observe dlog p; /2 = 0 and Eqgs. hold with equality. In
the case of p; < p;+1 we observe

(Pi = Pitv1/2) Alog piy1)2 (V(dU);rH/Q + (dvl);il/Q) <0,

~~

<0 >0 >0

while, for p; > p;41 there also holds

(pi = piz1/2) dlog piy1yz (W(AU) [y + (AVA) [ ) <0,

J/

>0 <0 >0

whence we infer the inequality. The same argument can be applied in order to obtain the second
line of Eq. . Thus we may infer from Eq. that

N N-1

d - €

AT E Az;ip;log p; — E A%‘H/z (sz‘+1/2 dUi+1/2 - idﬂg+1/2> dlogpiﬂ/g
i=1 i=1

N-1
< Z Azii1)2 Piy1/2 Alog piy1/2dVy iy /0.
=1

Note that the definition of p;; /o in Eq. , is consistent with the case p; = p;+1 and there holds

Pir12dlog pir12 = dpiy1y2,
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whence we get

N-1
I ZAZCz pi logp; — v Z Ail’z+1/2 sz+1/2 dUl+1/2
=1
N-1
+ 5 Z Azt dp@+1/2 dlog pit1/2 < Z Azii1/2dpiv172dVi iz e-
=1

Furthermore, we notice that

1 pit+1 + pi
§dp12+1/2d10gpi+1/2 = Tl\d pitijal” > |dP¢+1/2|27
where we employed Eq. . Hence we have
N-1
dt Zsz pilogp; — v Z A5Cz-&-1/2 dpz+1/2 dUH—l/Q
(14) =1
V-l N-1
t3 > Awiiapldpiiipl <Y Avipdpiye AV .
i=1 i=1

A similar computation can be applied to the second species, which yields

N-1
ZA% n; logn; — v Z Az 10dnip12 AUy /2
(15) . . N-1
+ % Z Aziyrpoldnigrpol® <) Azi1p dnitpdVais.
=1 i=1
Upon adding up equations and , we obtain
N-1
ZA% pilog pi+milogn] — v > Amip1p dUiiajod (p+ 141
(16) o =
- % > Az <|dpz‘+1/2|2 + |d77¢+1/2|2> < Rn,
=1
where Ry, is given by
N-1
Ry = Z Aziyiso [AViis1/2dpivise + AVoip1 o diigjs] -
=1

Finally we notice that

N-1 ‘

1 AV ie1/0]?
(17 Ru < 5 Z Azt ?/ + aldpiyal’ +

[dVa 41 /0]
5 # + a’dnz’+l/2’2
i—1
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for any a > 0, by Young’s inequality. Observing, that for k =1, 2,
N-1

Wit(ziv1 —y) — Wia(zi — y)
dVi.i < 5 p‘/ dy
Vi, +1/2\ = ! c; Azi/o
Sy, [ Waelsi =v) = Wisle: —y)
n nj/ k2(Tiv1 — Y k2(Ti —y dy
= o Aziy1yo

< Wiallzee ma + [[Wiall oo ma

and by conservation of positivity and mass, it gives for k =1, 2,

N-1 (b—a)
E Ax; AV 2 <
£ $z+1/2’ k,z+1/2\ = "9,

Thus Eq. becomes

1
200

2
(m [Wiallzoe + ma|WiglLee)™

N—1
[0
Rp < 5 Z Azip1yo (|dpis1sel? + A0 jof?) + Coas

i=1
where Cs,, is given in Eq. . Finally, substituting the latter estimate into Eq. , we obtain
q N—1
e > Awilpilog pi+milogm] + v > Azipp|dUsiypof?
=1 =1
N-1
€ —

B ZA$1+1/2 (|sz‘+1/2|2 + |d77z‘+1/2|2) < Coa,y
i=1

for any solution (p;)icr, (1i)ier of the semi-discrete scheme (8). Hence choosing oo = ¢/2 concludes
the proof. O

Corollary 3.3 (A priori bounds). Let (p;)icr, (1:)icr be solutions of the semi-discrete scheme (g)).
Then there exists a constant C > 0, independent of h > 0, such that
T N-1
/0 > Axipyg (1dpisjel® + [dnigayel® + AU 2f?) dt < C.
i=1

Proof. Using the fact that zlogx > —log(e)/e, i.e. xlogz is bounded from below, yields

1
S A [pilog i + mlognl(t) = 28D - a) = 1.
el
Hence the functional is bounded from below. Therefore, we integrate the inequality of Lemma (3.2
in time and get
T N-1
2 € 2 2
/0 ZA%’H/z {V|dUi+1/2(t)| t1 (Idpis1/2(O) + 1dnip1/2(t)] )] de
i=1

b
<C.T+ Cy + / pol log po| + 1ol log no|d,
a

which proves the statement. O
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Thanks to a classical discrete Poincaré inequality [S], we get uniform L?-estimates on the discrete
approximation (pp, x)r>0-

Lemma 3.4. Let (p;)icr, (ni)ier be the numerical solutions obtained from scheme . Then there
holds

lonllL2@r) + lImnll2r) < C,
for some constant C' > 0 independent of h > 0.

Proof. Let j, k € I be arbitrary. We consider the difference and apply the Cauchy-Schwarz inequal-
ity

k—1 N-1 1/2
lok — pjl = Z Azii1/9dpipi2| < V(b—a) (Z Azi/o |dpi+1/2|2> .

i=j i=1
Upon squaring both sides of the equation, multiplying by AxzipAx; and summing over k,j € I, we
get

2
ZA%\P@!Q Z A1)z |dpig1yel® +r— (Z Al‘zpz) :

=1
Integrating over tlme, we get
T N-1

2
1T
[ i@l < oo 3 A pOF -+ 5

by Corollary [3.3] the conservation of mass, and by application of Lemma [3.1] The same argument
applies for the second species, 1y, which concludes the proof. [l

4. PROOF OF THEOREM 2.4

This section is dedicated to proving compactness of both species, the fluxes, and the regularising
porous-medium type diffusion. Upon establishing the compactness result we identify the limits as
weak solutions in the sense of Definition 2.1l

First by application of Lemma we get existence and uniqueness of a non-negative approximate
solution (pp,np) to —. Hence the first item of Theorem is proven. Now let us investigate
the asymptotic h — 0.

4.1. Strong compactness of approximate solutions. We shall now make use of the above
estimates in order to obtain strong compactness of both species, (pn, ) in L?(Q7).

Lemma 4.1 (Strong compactness in L2(Qr)). Let (pn,mn)n>0 be the approzimation to system
obtained by the semi-discrete scheme . Then there exist functions p,n € L*(Qr) such that

Ph = P and 1 = 1),
strongly in L*(Qr), up to a subsequence.
Proof. We invoke the compactness criterion by Aubin and Lions [22]. Accordingly, a set P C
L?(0,T; B) is relatively compact if P is bounded in L?(0,T; X) and the set of derivatives {atp‘p €

P} is bounded in a third space L'(0,T;Y’), whenever the involved Banach spaces satisfy X «»<
B — Y, i.e. the first embedding is compact and the second one continuous. For our purpose we
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choose X := BV (a,b), B := L*(a,b), and Y := H~?(a,b). The first embedding is indeed compact,
e.g. Ref. [I, Theorem 10.1.4] and the second one is continuous.

In the second step we show the time derivatives are bounded in L'(0,T; H=2(a,b)). To this end,
let ¢ € C°((a,b)). Throughout, we write (-,-) for (-,-) y-2 g for the dual pairing. Making use of
the scheme, there holds

N
dph d,oz Fiv12 — Fic1)2 /

i=1

having used the scheme, Eq. . Next we set

1
. = d
7T A /c o

perform a discrete integration by parts and use the no-flux boundary conditions, Eq. , to obtain

dp N-1
<dt’s0> = > Firiye (pir1 — i)
=1

Using the definition of the numerical flux, Eq. , we may simplify this expression further to get

<ddp[’so> = NZ_I (U)o + @V o) s+ (MAD) sy + @V ) it ] (it = 1)

i—1 A~”U7,'+1/2

Let us begin with the self-diffusion part. Using the Cauchy-Schwarz inequality, we estimate the
discrete gradient and p itself by Corollary and Lemma

(18)
TN-1 2 2
€ Pit1 — Pi
2 ~~ (pit1 — i) di
2 /0 ; ACZERY: (pi1 =)
ello TNl
e / Z Az yyoldpiyyel (pis1 + pi) dt
2 |6z Loo

(VAN
|

” N1 2, 1/2
o / Z Az o|dpiso)?d / ZZAxi—H/Q (Ipil” + |piga|?) dt
2 833 [, 0 0

=1 i=1

) SN 1/2
€ _

_ 790 / Z Awi+1/2]dpi+1/2]2dt / Z4€ 1A3§'z‘pz‘2dt

2 8x oo 0 i1

<
. 890 T N—-1 1/2 1/2
< Azx; , 24t Ax;|p;|2dt
< \/E O (/0 ; $z+1/2|dpz+1/2| d ) (/ Z 4| pi | d )
< CllsoHHz(a,b),

where we used that ¢’ € H' C L.
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Next, we address the cross-diffusion and non-local interactions terms using the same argument. For
instance for the cross-diffusive part, we have

T |N-1
v [ (@000 + @O o] i = ]
i=1
_ 1/2 N 1/2

2v || 0y /TNl 2 /T 2

< — |5 Az dU; dt Ax;p7dt
2], (X spians B>

< Clellazap),

where we used Corollary and Lemma [3.4] again. The non-local interaction term is estimated in
the same way, thus there holds
T
J

By density of C°((a, b)) in HZ(a, b) we may infer the boundedness of (%h)hw in LY(0,T; H=2(a, b)),
which concludes the proof. ]

dpp,
(o) at < Clloliian

From the latter result we can prove the convergence of the discrete advection field dV; ; and dVa,
defined as in Definition 2.3

Lemma 4.2. For any 1 < p < oo and k € {1,2}, the piecewise constant approximation dVj
converges strongly in L?(0,T; L*(a,b)) to —(W}, * p+ W}, xn), where (p,n) corresponds to the
limit obtained in Lemma[{.1]

Proof. Let k € {1,2}. For each i =0,...,N — 1, and x € [z;,x;4+1) we have

N
Wi1(riv1 —y) = Wei(zi — y)
AV n(2) = (AVi)si1se = — / Pi dy,
&, n(T) (dVi) +1/2 ; c, Amiﬂ/g !

dy.
Azt nj

_ i\[:/ Wia(@it1 —y) — Wia(zi — y)
j=17Ci
We define V;;, and V| as
Vin(@) o= =Wy xpn — Wig* i,
Vie) = —Wiyixp — Wipxn.

On the one hand from the strong convergence of (pn,n1) to (p,n) in L2(0,T;L?(a,b)) and the
convolution product’s properties, we obtain

(19) HVkI,h - V;éﬂLz(o,T;Lz(a’b)) — 0, when h — 0.
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On the other hand, we have for any x € [x;, z;11)

Wii(zip1 —y) — Wia(x; — y)
Azt

N
W)~ Vil <3 [ —W,;1<x—y>\ by dy,
=176
Wia(xip1 —y) — Wial(z — )

N
)
J; e AZit1/2

< (W llzeema + (W]l ma ) b,

- ng2($ )

n; dy,

hence there exists a constant C' > 0 such that

|V, n () = Vi (2)]? < CP R
Integrating over x € [z;,x;+1) and summing over i € {1,..., N — 1}, we get that
(20) | dVin — VkIHLQ(O,T;LQ(a,b)) — 0, when h — 0.

Notice that (z1,zn) C (a,b) where 1 — a and xy — b as h — 0. From Egs. and we get
that ||dVin — Vi l2(0,7;02(a,p)) 80€S to zero as h tends to zero. O

4.2. Weak compactness for the discrete gradients. In the previous section we have estab-
lished the strong L2-convergence of both species, (p)n>0 and (1;,)n>0. However, in order to be able
to pass to the limit in the cross-diffusion term py(dpy, +dnp) we need to establish weak convergence
in the discrete gradients in L?. This is done in the following proposition.

Proposition 1 (Weak convergence of the derivatives). The discrete spatial derivatives, defined in
geﬁ?ition satisfy dBy converges weakly to g—g in L*(Qr) and 8 € L*(0,T; H'(a,b)), where
e{p,nU

Proof. Take 5 € {p,n,U}, hence from Lemma we know that (8, — B strongly in L?(Qr).
Furthermore, from Corollary we also deduce that df, weakly converges to some function r €
L*(Qr).

Let us show that 8 € L?(0,T, H'(a,b)) and r = %. First, we have for any ¢ € [0,7] and any
p €C2((0,T) x (a,b)),

T N
[ 05 = [T 80 [olriny) — pltziy)]

T N-1
- _/0 Z Aziy1/2dBiv1y2(t) p(t zip1/2) dt,
i=1
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having used discrete integration by parts and the fact that ¢ is compactly supported, i.e. o(t,Tn41/2) =
¢(t,z1/2) = 0. Then, by Definition on the discrete gradient, we may consider

TNl

/(; / ‘d/BZ+1/2‘ ‘QD t .’L’ @(t,.’lﬂ'i+1/2)| dzx dt

TN 1 1/2 TN-1 12
H < Z Azii1/|dBis ol dt) (/0 > A"L"i')zrl/?dt>
i=1
H?)H CV2TY? \Jh—ah,
€z [e.e]

Tit1

dBis1 ool x)dxdt+/ /Bh 2 qz dt

TNl

IN

IN

This yields the statement, when h — 0, for we have

(21) /

which proves that df, converges weakly to g—f, as h — 0 and thus 8 € L%(0,T; H'(a,b)). O

TNl

Ti+1
/ dBit1/20(t, x) dodt + / / Bh—sodxdt — 0,

4.3. Passing to the limit. We have now garnered all information necessary to prove Theorem
For brevity we shall only show the convergence result for p, as it follows for n similarly, using
the same arguments. Let ¢ € C2°([0,T") x (a,b)) be a test function. We introduce the following

notations:
b
& = / / ph—dxdt + / 1»(0) ¢(0) dz,
T b
.Ah = / / dVI,h phaidxdt,
0 a 0$
T b
C, = V/ / dUhpha—sodxdt,
0 a (9:5‘
Dy = / / ph@ 2dxdt
and

e(h) := & + Ap + Ch + Dy
On the other hand, we set

oilt) = 5 | etz

C;

and multiply the scheme, Eq. , by the test function and integrate in time and space to get
(22) En + Aip + Cip + Dip = 0,
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where
T
Ay = Z/o Azit1/o [(d‘ﬁ);;mpi+(dV1);+1/2Pi+1} dep;t1/0(t) dt,
T
Cin = v Z/o Az [(dU);_l/Qp’i+(dU);+1/2pi+1:| dep;t1/2(t) dt,
c N-—1 T ) )
Dy = ) Z/o (P71 — p7] diy)a(t) di.
i1

When h tends to zero and from the strong convergence of (pp,nn)ns0 to (p,n) in L?(Qr), the
strong convergence of (AVin)n>0 to V) in L?(Qr) and the weak convergence of the discrete gradient
(dUp)p>0 to —8—‘; in L?(Qr), it is easy to see that

e(h) — / /{ [8@ (%—ui(p—i—n)) gﬂ —l—;ngQ}dxdt
" / p(0) (0) d.

when h — 0. Therefore it suffices to prove that e(h) — 0, as h goes to zero, which will be achieved
by proving that Aj, — A; 4, Cp, — C1, and Dy, — Dy, vanish in the limit A — 0.

The self-diffusion part Dy, — Dy p. On the one hand, after a simple integration we get

0
Dy, = = Z/ [ tmz+1/2) 8;3‘0<t,xi_1/2):| d

€ Iy
= ~3 Z /0 (P71 () — PF(1)] %(t,le/Q)dt.
i=1
Hence, we have
o Nl

T 15)
Dp=Dip = —5 > /0 (P71 (t) = pi(1)] [(;ﬁ(t,xﬁl/z) —d80i+1/2(t)] dt
0%

i=1
< || ==
B ‘ oz |,
we obtain, in conjunction with the Cauchy-Schwarz inequality and the a priori bounds established
in Corollary that and Lemma [3.4]

and observing that

)

0
’ai(ta Tip1/2) — dpig1/2(t)

0%p =T 5 2lprllz2(Qr)
(23) Dy, — D1 < 922 Z Az 2|dpig/p]-d ——im b
L \ j=1 /0 §
< Ch,

in the virtue of the estimate Eq. .
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The cross-diffusion part. Let us now treat the cross-diffusion part. This term is more complicated
since it involves the piecewise constant functions p, and dUj, which are not defined on the same

mesh. Thus, on the one hand we reformulate the discrete cross-diffusion term Cij as Ci =
Cio,n + C11,n, with

Cion = Vv Z/o Az (dU)i_H/g [pi+1 — pil dpiy1/2(t)dt
and
Ciih = v Z/o Aziyy/2 pi Uiy dpipy2(t) dt,

where a direct computation and the application of Corollary and Lemma yield

On the other hand, the term Cj; can be rewritten as

IN

(24) |C10,1|

|dUhHL2 @ ldprllz2p b

<

T N-1

Ti4+1 a
Ch =V / Z dUz+1/2 / Ph 87;'0 dx dt.

Ti+1 8
/ Ph ETS; dz = p; [@(t’$i+1/2) — ot xi)] + pir1 (ot Tiy1) — 90(t7$i+1/2)] ;

= [pi — pis1] [o(t, Tiy12) — @(t,23)] + piv1 [o(t, ziy1) — @(t, x4)]
the term Cj, can be decomposed as Cj, = Coo , + Co1,5, With

7 N—-1
Coo,n = —V/ Z AU; 172 [piv1 — pil [@(t, Tig1)2) — @(t,3)] dt

and
T N-1

Cot,h = V/ Z AUit12 pi [0t wi1) — @(t, ;)] dt.

Similarly to , the first term Cpp can be estimated as
(25) [Coo,n| < C'h,

whereas the second term Cy; p, is compared to Ciyp

= (t7xi+1) B @(t,%i)
|C01,h - C11,h| <v ) ,z; sz+1/2|dUZ+1/2| Pi A$i+1/2 N d%H/Q(t) ar

Using a second order Taylor expansion of ¢ at x; and z;41, it yields that

Pt zit1) — p(t, ;)
—dy, ) < Ch
‘ Aziti1/o pirifall)] < Ch
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hence we get from Corollary [3.3] and Lemma [3.4] that

(26) |Co1,n — Ci1,n| < Ch.
from Corollary and Lemma Gathering Eqgs. , , and , we finally obtain that
(27) ICy, —Cip| < Ch.

The advective part. The evaluation of Aj, — A; ), is along the same lines of the cross-diffusion terms
Cp, —C1p, since the latter is treated as an advective term. Hence, thanks to Lemma@, we get that

(28) |Ap, — A1 p] < Ch.

Finally by definition of e(h) and using Eq. together with Eqs. , , and , we obtain
le(R) | = (Aip + Cip + Dip) +An + Ch + Dy

| Ap — A1pl + |Ch — Conl + [Dh — Dipl

Ch,

that is, (h) — 0, when h — 0, which proves that (p,n) is a weak solution to Eq. (LJ). This proves

the second item of Theorem 2.4l

Finally the last item concerning the existence of solutions to is a direct consequence of the
convergence.

IAIA

5. NUMERICAL EXAMPLES AND VALIDATION

In this section we perform some numerical simulations of system using our scheme, Eqs. ().
In Section [5.1| we test our scheme by computing the error between the numerical simulation and a
benchmark solution on a finer grid. Furthermore we determine the numerical convergence order. In
Section we compute the numerical stationary states of system and discuss the implication
of different cross-diffusivities and the self-diffusivities, respectively.

Let us note here, that in the case of no regularising porous-medium diffusion, i.e. € = 0, and certain
singular potentials the stationary states of system are even known explicitly [I8]. This allows
us to compare the numerical solution directly to the analytical stationary state in Section [5.2.1
Throughout the remainder of this section we apply the scheme to system using different
self-diffusions, €, and cross-diffusions, v.

5.1. Error and numerical order of convergence. This section is dedicated to validating our
main convergence result, Theorem [2.4] Due to the lack of explicit solutions we compute the nu-
merical solution on a fine grid and consider it a benchmark solution. We then compute numerical
approximations on coarser grids and study the error in order to obtain the numerical convergence
order.

In all our simulations we use a fourth order Runge-Kutta scheme to solve the ordinary differential
equations Eqs. with initial data Egs. . The discrepancy between the benchmark solution
and numerical solutions on coarser grids is measured by the error

M N 1/2
€= (At Z (Aw Z ‘pex(tka xl) - ,O(tk;, $1)|2 + |n6X(tk7 1‘2) - n(tk” 1‘1)|2>> .
k=1 1=1

Here pex, Mex denote the benchmark solutions. We use this quantity to study the convergence of
our scheme as the grid size decreases.
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5.1.1. No non-local interactions. Let us begin with the purely diffusive system. We consider system
without any interactions, i.e. W;; =0, for 7,j = 1,2, and we choose v = 0.5 and € = 0.1.

In Figure [2| we present the convergence result as we decrease the grid size. We computed a bench-
mark solution on a grid of Az = 2719 on the time interval [0,10] with At = 0.05. Figure
shows the convergence for symmetric initial data whereas Figure shows the convergence of the
same system in case of asymmetric initial data. In both cases we overlay a line of slope one and we
conclude that the numerical convergence is of order one.

2
21w error v Vv error v
| — line of slope 1 v 2°41 —— line of slope 1 v
v 21 v
2-2
. v L2 v
S 27 e
b v T, v
274 v v
y-a
2 5
v
v S
276 4
v v
T N T T
Ax Ax
(a) Symmetric initial data. po(x) = no(x) = Li7,10]- (b) Asymmetric initial data. po(z) = 157 and

Mo(x) = Lpo,12)-

FIGURE 2. In the purely diffusive system all interaction kernels are set to zero. Both
graphs show the convergence to the benchmark solution. The triangular markers
denote the discrepancy between the numerical solution and the benchmark solution.
A line of slope one is superimposed for the ease of comparison. On the left we start
the system with symmetric initial conditions, on the right we start with asymmetric
initial data. In both cases the scheme has numerical convergence order 1.

5.1.2. Gaussian cross-interactions. Next, we add non-local self-interaction and cross-interactions.
We choose smooth Gaussians with different variances. These potentials, like the related, more
singular Morse potentials, are classical in mathematical biology since oftentimes the availability
of sensory information such as sight, smell or hearing is spatially limited [26, 19, [I7]. For the
intraspecific interaction we use

!
Wii(z) = Waa(z) = 1 — exp <—4 ‘x |O 1) ;

while we choose

_ _ |z
W12(.’L‘) = WQl(iL‘) =1 exp < 2% 01 s

for the interspecific interactions.



CONVERGENCE OF A FINITE VOLUME SCHEME 21

We consider system with the diffusive coefficients v = 0.4 and € € {0.1,0.5}, and we initialise
the system with

p(z) =n(x) = c((s — 6.5)(9.5 — 5)) ",

on the domain [0, 9]. Here the constant c is such that p and n have unit mass. Figure [3| depicts the
simulation with Gaussian kernels as interaction potentials. In Figures & we present the
error plots corresponding to € € {0.1,0.5}. Again we observe convergence to the reference solution
with a first order accuracy in space.

21w error v .| Y error v v
—— line of slope 1 v f — line of slope 1
20
v - v
v v
2-1
o L 27
g 272 g v
Q °J 2-3 v
2-3
2-4
v
274 v
2*5
R v
2'79 2*3 2 7 2 6 275 2 4 2 3 ZLZ 2 9 2 8 277 2*6 2 5 2 4 2*3 2 2
Ax Ax
(a) Convergence to benchmark solution for individual (b) Convergence to benchmark solution for individual
diffusion constant ¢ = 0.1. diffusion constant € = 0.5.

F1GURE 3. We choose Gaussian interaction kernels of different strengths and ranges
for the self-interaction and the cross-interaction, respectively. The graphs show the
numerical convergence order in the cases of ¢ = 0.1 (left), and ¢ = 0.5 (right),
respectively.

5.2. General behaviour of solutions and stationary states. In this section we aim to study
the asymptotic behaviour of system numerically. Let us begin by going back to the set up
of Section [5.1.2l We note that the potentials were chosen in such a way that there is an attrac-
tive intraspecific force, and the cross-interactions are chosen as attractive-repulsive explaining the
segregation observed in Figure For larger self-diffusivity, e = 0.5, we see that some mixing
occurs. In the absence of any individual diffusion we would have expected adjacent species with a
jump discontinuity at their shared boundary [I8]. However, this phenomenon is no longer possible
as we have a control on the gradients of each individual species, by Lemma [3.3] rendering jumps
impossible thus explaining the continuous transition.

In the subsequent section we shall push our scheme even further by dropping the smoothness
assumption on our potentials.

5.2.1. Case of singular potentials. In this section we go beyond the limit of what we could prove
in this paper. On the one hand we consider more singular potentials and on the other hand we



22 JOSE A. CARRILLO, FRANCIS FILBET, AND MARKUS SCHMIDTCHEN

0.5
— 0 — 0

—n 0al —n

0.8 1

0.6 1
0.34

0.2+

0.2 014

0.0+ 0.0+

(a) Stationary state (e = 0.1). (b) Stationary state (¢ = 0.5).

FIGURE 4. We choose Gaussian interaction kernels of different strengths and ranges
for the self-interaction and the cross-interaction, respectively. The graphs corre-
spond to the simulationed stationary states for self-diffusivities ¢ = 0.1, and € = 0.5,
respectively.

consider vanishing individual diffusion. We study system for e € {0, 0.02, 0.04, 0.06, 0.09}, and
v € {0.05,0.5}. Here the potentials are given by

Wn(w) = WQQ(Q?) = x2/2.
for the self-interaction terms and
W12(a:) = ]a;\ = :I:WQl(:L').

for the cross-interactions. The system is posed on the domain [0,5] with a grid size of Az = 278.
Note that the case of € = 0 corresponds to the absence of individual diffusion, see Figures &
By virtue of Corollary it is the individual diffusion that regularises the stationary states, in
the sense that we will not observe any discontinuities in either p or . As we add individual diffusion
we can see the immediate regularisation. While stationary states may still remain segregated, as it
is shown in Figure adjacent solutions are not possible anymore (see Figure . In the case
of attractive-repulsive interspecific interactions, i.e.

Wia(z) = |z| = —Wa ().

we expect both species to segregate [I8]. We initialise the system with the following symmetric
initial data

+
pla) =n(z) =c((z-3)(6-2))",
as symmetric initial data are known to approach stationary states [18]. Here the constant ¢ nor-
malises the mass of p and 7 to one.
Figures & show our scheme performs well even in regimes we are unable to show con-
vergence due to the lack of regularity in the potentials as well as the lack of regularity due to

the absence of the porous medium type self-diffusion. We reproduce the steady states of [18] that
exhibit phase separation phenomena.
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1.75 —— analytical 1.75
1501 o p 1.50
1.25 1.25 1
1.00 1.00
0.75 0.75 1
0.50 0.50 1
0.25 1 0.251
0.00

0.00
0.0 3.0 0.0 0.5 1.0 15 2.0 25 3.0

—— analytical
-—- £=0.00
— £=0.04
— £=0.09

(a) In the case v = 0.05, e = 0, we obtain a great agree- (b) Adding individual diffusion may still lead to segre-
ment of the numerically computed stationary states and gated stationary states. However both species remain

the analytical stationary states described in [18]. continuous as they mix.
-—-p —— analytical
L0 — 101 --- £=0.00
—— analytical — £=0.02
%] 081 — £=0.04

£=0.06

0.6 0.6
0.4+ 0.4
0.2 0.2
0.0 T T r — 0.0 T T T T
0 1 2 3 4 5 0 1 2 3 4 5

(c) The case v = 0.5, ¢ = 0 leads to adjacent station- (d) The regularising effect of the individual diffusion, by

ary states. Again we see an excellent agreement of the Corollary [3.3] becomes apparent immediately. Instanta-

numerical stationary states and the analytical ones [I8]. neously both species become continuous as they start to
intermingle in a small region. This region grows as we
keep increasing the individual diffusion.

FiGURE 5. We pushed our numerical scheme to see how it performs in regimes in
which we are unable to prove convergence. We chose Newtonian cross-interactions
in the attractive-repulsive case. The red curves denote the symmetric stationary
states of 1 while the blue curves are the stationary distributions of p. The different
line widths and styles correspond to varying values of e.

In the case of attractive-attractive self-interactions, i.e. Wis(z) = |z| = Wai(x), we observe an
interesting phenomenon. Even in the absence of the individual diffusion, i.e. € = 0, some mixing
occurs, see Figure [6] due to numerical diffusion. This is in contrast to the finite volume schemes

proposed in [13, [1§].
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1.01 —— analytical
-—p
==

0.8+

0.6 4

0.4+

0.2+

0.0 —

FIGURE 6. We choose m; = 0.6 and mo = 0.1 in order to be able to compare the
stationary state with the explicit one given in [I§]. We can see a strong resemblance
between the numerical stationary state and the one obtained analytically. However
there are some regimes of mixing due to numerical diffusion.

6. CONCLUSION

In this paper we presented a finite volume scheme for a system of non-local partial differential
equations with cross-diffusion. We were able to reproduce a continuous energy estimate on the
discrete level for our scheme. These discrete estimates for the approximate solution are enough
to get compactness results and we are able to identify the limit of the approximate solutions as
a weak solution of the equation. We complement the analytical part with numerical simulations.
These back up our convergence result and we are also able to apply the scheme in cases in which
we cannot show convergence. To this end we pushed the scheme to regimes of singular potentials
also lacking the regularising porous medium type self-diffusion terms. Comparing them with the
explicit stationary states from [I8] we conclude the scheme performs well even in regimes it was
not designed for.
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