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April 11, 2018

Abstract

We consider a mean field game (MFG) of optimal portfolio liquidation under asymmetric informa-
tion. We prove that the solution to the MFG can be characterized in terms of a FBSDE with possibly
singular terminal condition on the backward component or, equivalently, in terms of a FBSDE with
finite terminal value, yet singular driver. Extending the method of continuation to linear-quadratic
FBSDE with singular driver we prove that the MFG has a unique solution. Our existence and
uniqueness result allows to prove that the MFG with possibly singular terminal condition can be
approximated by a sequence of MFGs with finite terminal values.

AMS Subject Classification: 93E20, 91B70, 60H30

Keywords: mean field game, portfolio liquidation, continuation method, singular FBSDE

1 Introduction and overview

Mean field games (MFGs) are a powerful tool to analyse strategic interactions in large populations when
each individual player has only a small impact on the behavior of other players. In the economics
literature, mean field games (or anonymous games) were first considered by Jovanovic and Rosenthal
[19].} In the mathematical literature they were independently introduced by Huang, Malhamé and Caines
[17] and Lasry and Lions [22].

In a standard MFG, each player i € {1, ..., N} chooses an action from a given set of admissible controls
that minimizes a cost functional of the form

T
T =E| [ it + g(Xhnd) (1)
0
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including Blonski [4, 5], Daskalakis and Papadimitriou [10], Horst [15], and Rath [26].



subject to the state dynamics

AX] = b(t, X A ) dt -+ (0, X ) dVY, )

X8 = X9 ' ’
Here W',--. ;W are independent Brownian motions defined on some underlying filtered probability
space, X¢ € R?is the state of player i, u = (ul,--- ,u™), u’ = (ui)te[o,T] is an adapted stochastic process,

the action of player i, and iy := % Z;\;l 0y denotes the empirical distribution of the individual players’
t
states at time ¢ € [0, 7.

The existence of approximate Nash equilibria in the above game for large populations has been established
in [7, 17] using a representative agent approach; a corresponding result for anonymous games can be
found in [10]. The idea is to approximate the dynamics of the empirical distribution of the states by a
deterministic measure-valued process, and then to consider the optimization problem of a representative
player subject to the equilibrium constraint that the distribution of the representative player’s state
process X under her optimal strategy coincides with the pre-specified measure-valued process. The
resulting MFG can then be formally described as follows:

1. fix a deterministic function ¢t € [0, 7] + p; € P(R?);
2. solve the corresponding stochastic control problem :

ll'lfu]E |:f0T f(taXtle“hut) dt +g(XT7,uT) )

subject to (1.3)
dXy = b(t, X, pe, ug) dt + o (t, X, pe, ug) dWy
Xo = zo,

3. solve Law(X) = p where X is the optimal state process from 2,
where P(R?) is the space of probability measures on R? and Law(X) denotes the law of the process X.

In this paper we analyze a novel class of MFGs arising in models of optimal portfolio liquidation under
market impact. Our MFGs can be characterized, equivalently, in terms of a forward-backward stochastic
differential equation (FBSDE) with a possibly singular terminal condition on the backward component,
or in terms of a FBSDE with finite terminal condition yet singular driver. We prove an existence
and uniqueness of solutions result for such games by establishing a generalization of the method of
continuation introduced in [16, 23] to linear-quadratic FBSDE systems with singular driver. Our existence
result allows us to prove that the representative agent’s value functions resulting from from a sequence of
unconstrained optimization problems with increasing penalization of open positions at the terminal time
converge to the value function of the constrained problem under additional assumptions on the market
impact term.

1.1 Single player models of optimal portfolio liquidation

Single-player portfolio liquidation models have been extensively analyzed in recent years. Their main
characteristic is a singularity at the terminal time of the Hamilton-Jacobi-Bellmann equation. In such
models the controlled state sequence typically follows a dynamic of the form

t
.’I}t:l‘_/ gst,
0

where x € R is the initial portfolio, and ¢ is the trading rate. The set of admissible controls is confined
to those processes £ that satisfy almost surely the liquidation constraint

SCTZO.



Furthermore, it is often assumed that the unaffected benchmark price process follows a Brownian motion
W (or some Brownian martingale) and that the trader’s transaction price is given by

t
Sy = oW, — / ks ds — mi&y.
0
The integral term accounts for permanent price impact, i.e. the impact of past trades on current prices,

while the term 7.£; accounts for the instantaneous impact that does not affect future transactions. The
resulting expected cost functional is then of the linear-quadratic form

T
/ (K?ssts + 773|£s|2 + /\S|x5|2) d;|
0

where x,n and A are bounded adapted processes. The process A describes the trader’s degree of risk

E

aversion; it penalizes slow liquidation. The process 1 describes the degree of market illiquidity; it penalizes
fast liquidation. The process k describes the impact of past trades on current transaction prices.

There are basically two approaches to overcome the challenges resulting from the singular terminal state
constraint. The majority of the literature, including Ankirchner et al. [2], Graewe et al. [13], Kruse and
Popier [20] and Popier [24, 25] considers finite approximations of the singular terminal value, and then
shows that the minimal solution to the value function with singular terminal condition can be obtained
by a monotone convergence argument. A second approach, originally introduced in Graewe et al. [14]
and further generalised in Graewe and Horst [12] is to determine the precise asymptotic behaviour of
a potential solution to the HJB equation at the terminal time, and to characterize the value function
in terms of a PDE or BSDE with finite terminal value yet singular driver, for which the existence of a
solution in a suitable space can be proved using standard fixed point arguments.

1.2 MFGs of optimal portfolio liquidation

Let (Q,G,{G:,t > 0},P) be a probability space that carries independent standard Brownian motions
WO W .., WY, We consider a game of optimal portfolio liquidation with asymmetric information

between a large number N of players. Following [6] we assume that the transaction price for each player
i=1,....,Nis

t i N
i Ks j ici
St:UWtO_/O Nzgzds_ntgt'
j=1

In particular, the permanent price impact depends on the players’ average trading rate. The optimization
problem of player ¢ = 1,..., N is thus to minimize the cost functional

Z— N
T (E) —E / ngwnt &)+ N(X]) | dt (1.4)

subject to the state dynamics

dXj = —¢ dt, X} =2" and X} = 0. (1.5)
Here, E: (€1, €M) is the vector of strategies of each player. Let
Fi= (FL,0<t<T), with F/:=c(W2 W, 0<s<t). (1.6)

We assume that the processes (k?,1°, \?) are progressively measurable with respect to the augmented
o-field which we still denote by F? and conditionally independent and identically distributed, given W?°.
Our MFG is different from standard MFGs in at least three important respects. First, the players



interact through the impact of their strategies rather than states on the other players’ payoff functions
(see also [9]). Second, the players have private information about their instantaneous market impact,
risk aversion and impact of the other players’ actions on their own payoff functions. In fact, while
each player’s transaction price is driven by a common Brownian motion W9, their cost coefficients are
measurable functions of both the common factor W and an independent idiosynchratic factor W?. As
a result, ours is a MFGs with common noise (see [8]). Third, and most importantly, the individual state
dynamics are subject to the terminal state constraint arising from the liquidation requirement. Hence,
the MFG associated with the N player game (1.4) and (1.5) is given by:

1. fix a FY progressively measurable process p (in some suitable space);

2. solve the corresponding parameterized constrained optimization problem :
infe E [ o (Rops X s + 02 + A X2) ds}

s.t. dXy = =& dt, Xo =2x and Xp = 0;

3. search for the fixed point p; = E[£f|FY], for a.e. t € [0,T],

where £* is the optimal strategy from 2.

Here, FO := (FP,0 <t < T) with 7P = o(W2,0 < s <t), and k, n and X are F := (F,,0 <t < T)
progressively measurable with respect to F; := o(W?, W,,0 < s < t), where W° and W are independent
Brownian motions of dimension 1 and m — 1, respectively, defined on some filtered probability space
(Q,G,P). All filtrations are assumed to be augmented by the null sets.

The three papers closest to ours are Cardaliague and Lehalle [6], Carmona and Lacker [9], and Huang,
Jaimungal and Nourin [18]. In [9], the authors propose a benchmark model as a motivation to their
general result. They apply a weak formulation approach to solve the problem and assume the action
space to be compact. Furthermore, each player’s portfolio process is subject to random fluctuations,
described by independent Brownian motions. As a result, their model is much closer to a standard
MFG, but no liquidation constraint is possible in their framework. The papers [6] and [18] consider
mean field models parameterized by different preferences and with major-minor players, respectively.
Again, no liquidation constraint is allowed. To the best of our knowledge, ours is the first paper to
consider MFGs with terminal state constraint.

There are three approaches to solve mean field games. In their original paper [22], Lasry and Lions
followed an analytic approach. They analyzed a coupled forward-backward PDE system, where the
backward component is the Hamiltion-Jacobi-Bellman equation arising from the representative agent’s
optimization problem, and the forward component is a Kolmogorov-Fokker-Planck equation that charac-
terizes the dynamics of the state process. A more probabilistic approach was introduced by Carmona and
Delarue in [7]. Using a maximum principle of Pontryagin type, they showed that the fixed point problem
reduces to solving a McKean-Vlasov FBSDEs. A relazed solution concept to MFGs was introduced by
Lacker in [21] for MFGs with regular controls and later in Fu and Horst [11] for MFGs with singular
controls.

We apply the probabilistic method to solve the MFG with terminal constraint (1.7). In a first step
we show how the analysis of our MFG can be reduced to the analysis of a conditional mean-field type
FBSDE. The forward component describes the optimal portfolio process; hence both its initial and
terminal condition are known. The backward component describes the optimal trading rate; its terminal
value is unknown. Making an affine ansatz, the mean-field type FBSDE with unkown terminal condition
can be replaced by a coupled FBSDE with known initial and terminal condition, yet singular driver.
Proving the existence of a small time solution to this FBSDE by a fixed point argument is not hard. The
challenge is to prove the existence of a global solution on the whole time interval. This is achieved by a
generalization of the method of continuation established in [16, 23] to linear-quadratic FBSDE systems
with singular driver.

The benchmark case of constant cost coefficients can be solved in closed form. For this case we show



that when the strength of interaction is large, the players initially trade very fast in equilibrium to
avoid the negative drift generated by the mean field interaction. As such, our model provides a possible
explanation for large price drops in markets with many strategically interacting investors.

Under additional assumptions on the market impact parameter we further prove that the solution to the
MFG can be approximated by the solutions to a sequence of MFGs where the liquidation constraint is
replaced by an increasing penalization of open positions at the terminal time. The convergence result
can be viewed as a consistency result for both, the unconstrained and the constrained problem.

The remainder of the paper is organized as follows. In Section 2 we state and prove our existence and
uniqueness of solutions result for the MFG (1.7). In a first step we prove that the adjoint equation
associated with the MFG (1.7) has a unique solution. Then, we verify that the adjoint equation does
indeed yield the optimal solution. Subsequently we establish additional results on the equilibrium trading
strategies and portfolio processes if all the players share the same information and provide an explicit
solution to a deterministic benchmark model. In Section 3 we prove that the solution to the MFG yields
an e-Nash equilibrium in a game with finitely many players. In Section 4 we prove that the MFG with
singular terminal condition can be approximated by MFGs that penalize open positions at the terminal
time under additional assumptions on the market impact term.

Notation. Throughout, we adopt the convention that C' denotes a constant which may vary from line
to line. Moreover, for a filtration G, Prog(G) denotes the sigma-field of progressive subsets of [0,T] x
and we consider the set of progressively measurable processes w.r.t. G:

Pe([0,T] x 1) ={u:[0,T] x @ -1 | uis Prog(G) — measurable } .

We define the following subspaces of Pg ([0, T] x Q;1):

LE(0.7) x ;1) = {u & Pal([0,T) x % 1); [[u] := esssup fu(t,w)] < oo} ;
t

,w

T p/2
LE([0,T]) x 1) =< u € Pe([0,T] x ;1); E </ |u(t,w)2dt> <00 g
0

SE([0,T) x 1) = {u e Pe([0,T] x % 1); E ( sup |u(t,w)|p) < oo} .

0<t<T

Whenever the notation T'— appears in the definition of a function space we mean the set of all functions
whose restriction satisfy the respective property on [0, 7] for any 7 < T, e.g., by 1 € L2([0,T—] x ;R),
we mean ¢ € L2([0,7] x ;R) for any 7 < T. For notational convenience, we put

D2([0,T] x ;R) := LE([0,T] x Q;R) N SZ([0,T—] x Q;R).
2 Probabilistic approach to MFGs with state constraint

In this section, we state and prove an existence and uniqueness of solutions result for the MFG (1.7). A
control ¢ is admissible in that game if £ € Ag(t, z) with

T
Ap(t,x) := {§ € LA([t,T] x Q), / Esds = :c} .

For a given u € LI2F0 ([0, 7] x ; R) we denote the value function of the corresponding optimization problem

by
ft] |

T
Vt,z;u) := inf E KsXsphs + Ms 5 + )\SXS2 ds
(tasp) = _inf Vt (Ks Xsps + 1€ )



By Y we denote the adjoint process to X. The Hamiltonian corresponding to the above optimization
problem in (1.7) is
H(t7 ga Xa Y7 ,U,) = —fY + ”it:uX + 77t§2 + A15)(2-

Thus, the stochastic maximum principle suggests that the solution to the optimization problem can be
characterised in terms of the FBSDE

dXt = — ft dt,
_d}/t = (Kit//Lt + 2)\,5Xt) dt — Zt th,
(2.1)
XO =X
Xp =0,

where W = (WO, W) is a m-dimensional Brownian motion. The liquidation constraint Xr = 0 results
in a singularity of the value function at liquidation time; see [14]. As a result, the terminal condition for
Y cannot be determined a priori. It is implicitly encoded in the FBSDE (2.1). In particular, the first
equation holds on [0, 7] while the second equation holds on [0,T).

A standard approach yields the candidate optimal control

_ Y

& = n (2.2)

The analysis of the MFG hence reduces to that of the following conditional mean-field type FBSDE

Y
dX, = — —Ldt,
27775
Y —~—
_dY; = (K/t]E |:t ftO:| =+ 2)\tXt> dt - Zt thv (2 3)
2 .
XO =T
X7 =0.

In order to construct a solution to the problem (2.3), we define the following spaces of weighted stochastic
processes.

Definition 2.1. For v € R, the space
H, = {Y € Pr([0,T] x G RU{oc}): (T —.)7"Y. € S2([0,T] x Q;RU {o0})}

is endowed with the norm

Wi, o= [V = <E [ .

0<t<T

(T -1
and the space

M, ={Y e Pp([0,T] x Q;RU{oo}): (T'—.)7"Y. € L ([0, T] x Q;RU {o0})}
is endowed with the norm

V2|
Y|m, ;= esssup ————.
¥l (twyefo,r)xq (T — 1)

Fact 2.2. The following facts are readily verified:

o Hy CH 1y with |- |ln_,, T |2,-



o [fKi e M_1 and Ko € H,,, then K1 Ko € H_14,.

o [fKeH,, withv >0, then Kp =0 a.s.
The same properties hold for the space M,,.

We assume throughout that the cost coefficients are bounded and that the dependence of an individual
player’s cost function on the average action is weak enough. The weak interaction condition is consistent
with the game theory literature on mean-field type games where some form of moderate dependence
condition is usually required to prove the existence of Nash equilibria; see, e.g., [15] and references
therein. It is also consistent with the monotonicity condition for FBSDE systems originally proposed
by [16, 23] and slightly weaker than the generalizations to mean-field type FBSDEs established in [3, 7].
Specifically, we assume that the following condition is satisfied.

Assumption 2.3. The processes x, A, 1/A, n and 1/n belong to Lg°([0,T] x £2;]0,00)). We denote by
I, [I]l, [|m7]] the bounds of the respective cost coefficients, and by A, and 7, the lower bounds of A and
7, respectively and assume that there exists a 6 > 0 such that

Il
26

|16

M, — >0, 2\, — > 0. (2.4)

The following quantity will be important in our subsequent analysis:

a:= /|l € (0,1]. (2.5)

We are now ready to sate our first major result. Its proof is given in the next subsection.

Theorem 2.4. Under Assumption 2.3 there exists a unique solution
(X,Y,Z) € Ho x LE([0,T] x %R) x L([0,T—] x % R™)
to the FBSDE (2.3). Moreover, the MFG (1.7) admits a unique equilibrium p*. The equilibrium is given
by
. [ Y
/"Lt 277t

fo] te[0,7).

2.1 Proof of existence

In this section we prove our existence and uniqueness of equilibrium result. Decoupling the FBSDE (2.3)
by Y = AX + B yields the following system of Riccati type equations:

A? —
—dA, = <2)\t - > dt — Z2 dw,,
2m

1 AB
—dB, = <ntE [ (A X, + By) ff} ! *> dt — ZP awy, (2.6)
2n 2n
AT =00
Bp =0.

The existence of a unique solution A € M_; to the first equation is established in Lemma A.1. From

(L[ )< (522

that lemma it also follows that




for any 0 < r < s < T. Hence we need to solve the following FBSDE:

1
dX; = — — (A Xy + By) dt,
277t
. 1 0 AtBt B 11
—dB, = </<ctE [27% (At X + By) ‘Ft:| - 2m> dt — 27 dWi, (2.8)
XO =T
B =0

Our approach is based on an extension of the method of continuation that accounts for the singularity of
the process A at the terminal time and hence for the singularity in the driver of the FBSDE. We apply
to the method of continuation to the triple (X, B,Y") rather than the pair (X, B), where Y = AX 4+ B
is treated as a bridge, and search for solutions

(X,B,Y = AX + B) € Ho x Hy x LE([0,T] x O R),
where a was defined in (2.5) and v is any constant
0<y<aAnl/2

Specifically, the method of continuation will be applied to the FBSDE

1
dX; = — — (A X, + By) dt,
27’t

1 A:B —~
—dBy = (HtP]E {277 (A Xy + By) }—?} + fi — 2t t) dt — ZP dw,
t t
dy; = (QAtXt — kepE [tztn*t ff} - ft> dt + zY dw,,
t
XO =z,
BT :Oa

where p € [0,1] and f € L2([0,T] x Q;R). We emphasise that the first two equations hold on [0, 77,
while the third equation holds on [0, T).

In a first step, we provide an a priori estimate for the processes Z? and ZV.

Lemma 2.5. Assume that f € L2([0,T] x ;R) and that there exists a solution (X, B,Y,ZB,ZY) to
(2.9) such that

(X,B,Y) € Ho x Hy x SE([0,T—] x Q,R).

Then
(28,27) € L([0,T] x % R™) x L2(0,T—] x %R™)

T
/ | fel dt
0
and such that for each T <T

‘/OT|Z§/2ds /OT|ft|2dtD.

In particular, [, ZP dW, is a true martingale on [0,T) and I, zY dW, is a true martingale on [0,7], for
each 7 <T.

and there exists a constant C > 0 such that

T
E / \ZP|? dt
0

<C (IIBli + X3 +E

2
E

<C <E [ sup |Yt|2} +HIIXNZ +IBI; +E
0<t<r




Proof. Since A € M_; and n, > 0 there exists a constant C' > 0 that is independent of s € [0, 7] such

that
ASBS ASXS + BS 0 ‘BS| |XS| 0
- SE - 5 — Js S E Bs s .
‘2% ) [ 21 }—5] 4 C[T—8+ el SRR
Since (X, B) € Hq x H., this implies,
T T
N A,B, A X, + B,
/ ZdeS:Bﬁ/ { m;E[* f?]fs} ds
t t 2ns 2n,
| By [ | X o}
< C su +C sup E| sup | F,
osrer (T — ) oessr  Lozrer (T — 1)°
+C sup E{ sup L fg} +/T|ft|dt.
o<s<T Lo<t<T (T —1t)7 0

Thus, by Doob’s maximal inequality,

T . 2
/ zZBaw,

t

E | sup
0<t<T

<C <||Bi + XI5 +E

/OT |ft|2dtD .

Similarly, for each 0 < 7 < T,

/ zY dw,
t

2
E

sup
0<t<r

oy (E [ sup mﬂ X2+ B+ E
0<t<t

T
/ |ft|2dtD < .
0

In a second step, we now prove an existence of solutions result for the FBSDE (2.9) with p = 0.

Lemma 2.6. For p = 0 there exists for every given data f € L2([0,T] x 4R) a unique solution
(X,B,Y,ZB,ZY) € Ho x H~ x D2([0,T] x Q;R)x LA([0,T] x Q;R™) x L2([0,T—] x Q;R™) to (2.9). It
is given by

T
Bt:El/ feem JECn A Gl B e [0,
t

t
X, = ze— Jo@n) " Avdr —/ (20) " Bye= J: @) Avdr gg 1 2 [0, T
0

Y; =4, X, + B, t€0,T),

and ZB € LZ([0,T] x Q;R™) and Z¥ € LZ([0,T—] x Q;R™) are given by the martingale representation
theorem.

Proof. For p =0 the process X solves a linear ODE and the pair (B, ZB) solves a linear BSDE. Hence,
the explicit representations follow from the respective solution formulas. It remains to establish the
desired integration properties. To this end, we first apply Holder’s inequality in order to obtain,

T T 1—~
/ \fs| ds ft] < (IE / |f| T ds ftD < o0.
t t

Using Doob’s maximal inequality, Jensen’s inequality and the fact that v < % we conclude that,

T 2(1-7) T
<E/| sup (IE l/ |fs|11wdsftD < CE / |f5|2d31.
0<t<T 0 0

| By| 1
Tty =Tt

2




From (2.7) and the solution formula for X and using that v < a we obtain that X € H, because,

(T — 1) ¢ T—t\"
< — 7 .
X < = +C/O |BS<T_8> ds

e, w2 ([ o) oo
ooz T () |

The previously established properties of A, X and B yield Y € S2([0,7—] x Q;R) with

IN

E | sup Y2
t€(0,7]

C
< m”XHi‘F(T—T)QWHBHi (2.10)
For any € > 0, integration by part implies that

T—e T—e¢

X Y- XoYy = X, dY; + / Y dX;
0 0

T—e¢ 2 T—e

T—e

Y. __

= — Xe(2M Xy + fo) dt —/ “todt+ XtZtY dW;.
0 0 2, 0

The positivity of the process A along with the definition of the process Y yields X¢r_.Yr_. > X7_.Br_..
Thus, taking expectations on both sides of the above equation, letting ¢ — 0 and using X7 = Bpr =0

T Ty2
/ X fedt| — E / —Lodt].
0 0 2t

Together with the inequality (2.10) for 7 = 0 this shows that

T T T
/ Y2 dt / X2dt / fEdt
0 0 0

yields,

T
~E[XoY] < -E l / 2\, X7 dt] ~E
0

E < CE +CE + C| X2 + C|IB|I3 < oo.

O

In a third step we now establish the continuation result for the FBSDE (2.9) from which we shall then
deduce the existence of a unique global solution to our original MFG.

Lemma 2.7. If for some p € [0,1] the FBSDE (2.9) is for every data f € L2([0,T] x Q;R) uniquely
solvable in Heo x Ho x DE([0,T] x 4 R) x L2([0,T] x Q;R™) x LZ([0, T—] x ;R™), then this holds also
for p 40 with 0 > 0 small enough (independent of p and f).

Proof. Let us fix 0 > 0, Y € L([0,T] x ;R) and f € L2([0,T] x ;R) and consider the following
system:

~ 1 ~ ~
dXt = — 7(AtXt + Bt) dt,
2my
~ 1 ~ o~ Y, A.B o
—dB, = | rypE [ (AtXt +Bt) ff} + K OE [t ]-'to] +f = 220 ) dt— zB aw,
21, 2, 2m¢
-~ (2.11)
~ ~ A X, + B Y, o o~
dY, = | =2\ X, — kipE Aede + By Fo| — kR [t f;’] — fi | dt+ zY aw,
2ny 2m
X() =T
Br = 0.

10



Then v
f(Y) := xdE [277

Thus, by assumption there exists a unique solution

]-'0] + f € LA([0,T] x Q4 R).

(X,B,Y,25,2V) € Mo x Hy x DX([0,T] x %R) x L2([0,T] x QR™) x L([0,T—] x & R™)

to (211), and ¥ = AX + B. This defines a mapping ¥ — (X,B,Y) from L2([0,T] x 4 R) to
HoxHoy x L2([0, T] %% R) and hence also a mapping (X, B,Y) = (X, B,Y) on o xH,x L2([0, T]xQ; R).
In what follows we prove that this second mapping is a contraction for some ? > 0. For the unique fixed
point the system (2.11) reduces to the system (2.9) with p replaced by p+0. This then yields the desired
result.

In order to establish the contraction property, we denote for two processes Y, Y’ € L([0,T] x ;R) by

(X,B,Y) and (X', B',Y") the corresponding processes defined by (2.11) and put

-~ Y 5 Y

G=5- &=50
277t 277t

. m=E[&|F], m=E[g )]

For any € > 0 integration by part yields that

T—e T—e
(XT—E - XT—E)YT—E = / (Xs - Xs) dYS +/ Y, d(Xs - Xs)
0 0

T—e T—e _
- —/ (X, —XS)(anﬁs—i—%sXs)ds—/ Yo (€ — &) ds
0 0

T—¢ T—¢ -~
- / (X, — X)f(Y.)ds + / (X, — X.)z¥ di,
0 0

and

~ ~ ~

T—e¢ T—¢
(Froe= % )= = [ (K- R, + 20X ds— [ TIE-Eds
0 0
T—e _ -, , T—e _ -, -
- [ G- Rpswhds [ (R- )2l a.
0 0
Taking the sum of these two equations and using that
(XT—E - X’;"—e)(i}’ll“—s - ?T—s) = = AT—E()?T—s - X”il“—s)Q - (XT—E - X&“—s)(ET—E - E&“—s)
< - ()?T—t' - ‘SZ’;"—E)(ET—E - E’;"—a)
yields
T—e - - T—¢ -, .
2/ 775(5;755)2d3+2/ AS(X57X5)2 ds
0 0

T—e -, T—e JUR _
w [ @R - pvyds [ (K- R@ - 2D
0 0

T—e
< - R Xy JBrec-Br o+ [ [peal - 1) - %) ds
0

Taking expectations on both sides drops the martingale part. Then we can pass to the limit as ¢ — 0
because X, X’ € H, and B, B’ € H, in order to obtain a constant C such that for any 6 > 0

<2n* _ ”;”) E /OT@; CE)2ds| + (2)\* - ";”f)) E VOT()Z; - )?s)st]

T T
/ (X! — X,)?ds / (Y! —Y,)?ds
0 0

< COE + CoR

11



In view of Assumption 2.3 we can choose a 6 > 0 such that

_ =l _ =@

20

27 >0, 24 > 0,

which implies that

T T
SN2 v v \2
EV @ —&)ds| +E / (X - X.,)2ds

T ~ ~
/ (X! — X,)?ds
0

< CoE + CoE

T
| oz-vzas
0

Thus, when 0 is small enough,

T T
E / |V; —Y/|?dt| <aE / |Y; — Y/|?dt
0 0

for some a < 1. We notice that the bound on 0 only depends on T, k, n and .

Now using the definition of E and E’ the solution formula for linear BSDEs yields

N _ T - ~
\Bu— Bl < In|E [ [ {ee-al 7| as

1=y
ft]
1—v
ft] |
Since 2y < 1, Doob’s maximal inequality along with the previously established L? bounds yields

T~ . T
/ & — &2 / Y. — Y/ Pds
0 0

f?] T OE [m .

ft] |

Thus

T
B~ Bjl < (T~ 1)'E [/ E[E - &7 7] as
t

T
+ (T —t)E l/ E [\Ys = fg] ds
t

B, — By )
E — U | <CE CO°E
S T e

Now using the dynamics of X we obtain

t
K= Xl = | [ ~tp(zn) (B - Bpe SO0 g
0
to o T—t\”
<C B, — B! — ) d
<o [ (B -By(7=1) @
T+ B, — B.|
<C—— (T —-t)* sup —=.
~ 14—« ) ogng (T —s)7
Hence this leads to o
|AX75_*X£|2 5y /2
E| sup —— SC[Bs*Bs ]
Le[o,T] (T —t)2« | I

To summarize, we obtain a constant 0 such that (X, B,Y) — ()?, E, 17) is a contraction in Ho X Hy X
L3([0,T] x & R). Since Y = AX + B, Y € D3([0,7] x ;R) and using Lemma 2.5, we see that the

12



following system admits a unique solution (X, B,Y, Z5, ZY) € H, x H, x D([0,T] x ;R) x L&([0, T] x
OQ;R™) x L%([O,T—] x ;R™):

dX, = — —(A X, + By) dt,

_ Y, A,B =

—dB; = (/{tpE AtXt+Bt> f,?] + KO [2; ] fi — tn f) dt — zFP dw,
t
- AX, +B Y, G o~
dY;: ( ZAtXt—KtpE % ]_—tO —KtDE f?] —ft> dt—‘thYth,
t
X, =
By =

Using again the relation Y = AX +B , the above system is equivalent to (2.9) with p replaced by p + 0.
This proves the assertion. O

Using Lemmata 2.5, 2.6 and 2.7 and by induction on p, we obtain the following result.

Theorem 2.8. There exists a unique solution (X*, B*,Y* ZB" Z¥Y") € H, x H, x D([0,T] x Q;R) x
LA([0, T)x Q; R™) x LA([0, T—] x Q; R™) to the FBSDEs (2.3) and (2.8). Moreover, there exists a constant
C > 0 depending onn, A\, k, T and x, such that
T
[ vepa
0

From the equation (2.2) we obtain the following candidates for the optimal portfolio process and the
optimal trading strategy:

t
X} =ze” fot;f;d’“_/ B
0 27s
¢
g —ge Bggar Ay B A [ B gy,
21 21 2n¢ Jo 215

X o+ 1By + E <C

e f: ZAn: dr ds7
(2.12)

By construction, X7 = 0 and hence {* is an admissible liquidation strategy. The following theorem
shows that it is indeed the optimal liquidation strategy and that its conditional expectation defines the
desired equilibrium for our MFG.

Theorem 2.9. The process £* is an optimal control. Hence p* = E[¢*|F°] is the solution to the MFG.
Moreover, the value function is given by
T
/ ks X 1€ ds
t

Proof. For any ¢ € Ar(t, ), let X¢ be the corresponding state process. Then it holds that,

1 1 1
V(t,x; u*) = §Atz2 + §th + §E

]-'t] (2.13)

lm E [X5Y|R] =0. (2.14)

13



Indeed, since Ae M_q, forany 0 <t <s<T
B [XSYS| R | = B [X§(XT AL+ BY)

c
< mE[(X9’ + (X0)°| F] +E[|XEB;| ]

2 2
C T T
=7 —E (/ §udu> +</ gj;du> Fi| +E[|XSB;

/ e dut / e du

With this, we can now show that £* is a best response against p*. In fact, for each € > 0 and each
t € [0,T — €] the convexity of the Hamiltonian yields,
T—¢
[ X @) + A7) ds| 7
t
ft]

B T—e
>E / (OcH (s, &5, X2,V 10) (& — €8) + Ou H (s, &8, X2, Y5 ) (XS — X0) + (& — &)YY) ds E]
t

F|

Fi]

< CE F| +E[|IX$B:| F] 5 0.

T—¢
E / (RspiXE 4+ ns&2 + Xs(X5)?) ds
t

e

T—e
=JE/ (H (5,60, X, Y7 1%) — H(s, €, X5, Y5 0%) + (€ — €)Y,) ds
t

Fi

T—¢
| [ (s + 20X - XD + (6 - ) ds

Furthermore, integration by part implies that for any ¢ > 0,
Y;—E(X;—E - X%—a)
T—e T—¢
—v e X [ XD [ vrden - x9)
t t
T—e T—¢ N (2]_5)
= [ XD - XS ds s [ 2 - xS all
t t

T—¢
- / YA€ — £,) ds.

Therefore,

T—e¢
E ftl—E/ (R X2 4 05(60)° + Aa(X2)?) ds
t

.

T—e
/ (KspiXs 4+ €2 + A\ X2) ds
t

> E |:YT*—5<X;"—£ - XT—S)

]—"t] .
Taking ¢ — 0, the equation (2.14) does indeed yield,
In view of (2.15) and using (2.14) again yields (2.13) as,

E

.

T
/ ks X &L ds ft] .
¢

T
/ (Ra€2 X7+ Aa(X0)? + 10a(€1)?) ds
t

1 . 1 L1
= SAX]) 4 SBX] +

14



Remark 2.10. Since (X*, B*) € Ho x " and £ € Ax(t, ),

T
Bz +E / ks X2 ds|Fy
t
< a(T—1t) sup B + ||&|[(T — t)°E /T|§*ds sup Xe Nz | 2270
- o<t<r | (T —1t)7 o 0 o<e<r | (T —t) ! ’

As a result, we get the following terminal condition for the value function:

0,z =0;

}ggV(t,x;u) - { 0o,z # 0.

2.2 Common information environment

In this section, we consider the benchmark case where all the randomness is generated by the Brownian
motion WY that drives the benchmark price process. In particular, all players share the same information.
In this case it turns out that both the optimal strategy and the optimal position are non-negative
throughout the liquidation interval. We can not prove (and do not expect) a similar result under
asymmetric information.

Assumption 2.11. The processes x, A, n and 1/7 belong to Lg ([0, 7] x €2; [0, 00)).

Under the above assumption the consistency condition reduces to
s (2.16)

and the conditional mean-field FBSDE reduces to the following FBSDE

Y
dX; = — =~ dt,
27}t
Htht 0
2 '
Xo =,
Xr=0.

In particular, the optimization problem is now a time consistent one. The linear ansatz ¥ = AX yields,

Kt A A?) A 0
— — | dt — ZdW;, Ap = oo. 2.18
2, 2, t t T ( )

—dA: = <2)\t +

This singular terminal condition on A is necessary to satisfy the constraint X = 0. This equation has
a unique solution, due to Corollary A.2. By (2.17),

t Ap
X; = ge oz dr,
Y

Lemma 2.12. Under Assumption 2.11, the processes A, X*, Y = AX* and £ = p = 5, are all non

negative and
AeM_ 1, XTeMy, YeEMyq, & €My

Proof. Due to Lemma A.1, the following estimate holds for any 0 <t < T":
1 ~
- — < Ay
E [f L o= Jo gy dr ds‘ ]:to}

t 2ns

15



Hence the process A; is bounded from below by:

e~ Jo Tz ar 1
Ay > T s £ g - r — I d
E[ft i@‘fomrds‘fto} E[ft 2%73@ tmrds’fto}
1
> >27]* .
= T - -
B[ ] 7] D
Hence,
¢ «
e . b (Tt 2.19
e Jo 2 < exp T)x 20T —1) L S T . (2.19)

The conclusion on X* can be deduced immediately. Again from Lemma A.1, A is bounded from above:
~ 1 0
A< —E Fol.

T
S o dr )2 Jo 2 dr
nE /t (2nsef0 2 L 2T — s)* Agedo 2 ) ds

Thus we get an upper bound on A:

—Jo mdr T _
¢ " S ol dr S Er dp
T /t (20,6 597 2T — )26l 35 17) s ]-"E]
< 2 el s — ) 4 Ll S~ gy
(Tt 3
< 2 [ 4 AT
Mx .

S (T-1 Ny

Collecting all inequalities we get that A € M_; and

t ﬁ -
e = AdXel |x|Ate*fo e
t 21 2m,
‘l‘| ||)‘||T2 H;IIT o1
nTe 5 N T — t )
- n*Toz ||77|| + 3 e ( )
A similar inequality holds for Y. ]

From the representation (2.17), we deduce that Y is a non negative supermartingale. In particular, the
limit at the terminal time 7" of ¥ exists and is finite. Since X* € M, we deduce that lim; ~r ¥; X;" = 0.
Moreover the process Z belongs to Ly, ([0,7—] x ; [0, 400)) for any p.

The following verification theorem shows that £* is optimal. The proof is similar to that of Theorem 2.9.

Theorem 2.13. Under Assumption 2.11, £*(= u*) is an admissible optimal control as well as the
equilibrium to MFG. Moreover the value function is given by:

1,0, 1 T
V(t, x; ,u,*) = §At$ + —-E / KJSM:Xg ds
t

2

]-‘?] : (2.20)

2.3 An example

In this section, we consider a deterministic benchmark example that can be solved explicitly. We assume
that the following assumption holds.

Assumption 2.14. The processes o, A, k, 1 are positive constants.

16
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Figure 1: Optimal liquidation rate £* corresponding to parameters T =1, X =1, A=5 and n = 5. The
dashed line corresponds to k = 0, that is the Almgren-Chriss model with temporary impact.

Under the preceding assumption, the Riccati equation (A.2) reduces to

2
—dA, = (2)\+ rdy At) dt, Ap = oo,
2n 27

whose explicit solution is
A 2,,7 (a+6a+T6a_t _ a_ea_T6a+t)
t = 9

ea+Tea_t _ ea_T€a+t

K+ /K2 + 160\ Kk — /K2 + 160\
b a =

where

4n - an

For the forward component of (2.17), we have

oy =

o+ (T—t) _ o0 (T—t)

X = X.
t ea+T _ oo T

Finally, we have the optimal liquidation rate as follows,

a+eo¢+(T7t) — a_e%- (T—t)

& =

eot+T _ oo T X. (221)

When « — 0, § — %WX with v = \/% This corresponds to the benchmark model in [1].
This convergence can also be seen from Figure 1 and Figure 2. Furthermore, we see that - as in the
corresponding single player models - the optimal liquidation rate is always positive, i.e. round trips are

no beneficial.

We also see that when the impact of interaction is strong, then the players trade very fast initially and
slowly afterwards. The intuitive reason is that, when the interaction is strong, an individual player would
benefit from trading fast slightly before his competitors start trading in order to avoid the negative drift
generated by the mean-field interaction. As all the players are statistically identical, they “coordinate”
on an equilibrium trading strategy as depicted in Figure 1. Thus, our model provides a possible expla-
nation for large price increases or decreases in markets with strategically interacting players with similar
preferences.
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0.8
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04| k=100
— k=1000
021
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Current state X* corresponding to parameters 7' =1, X = 1, A = 5 and n = 5. The dashed
line corresponds to x = 0, that is the Almgren-Chriss model with temporary impact.

3 Approximate Nash Equilibrium

In this section we show that a particular e-Nash equilibrium for the N player game can be constructed
using the solution to the MFG (1.7) when the number of players is large. As it is often the case in
the MFG literature (see, e.g. [9]), the construction of approximate Nash equilibria requires additional
assumptions. We shall assume that the market depth and the risk aversion parameter depend only on
the common noise.

Assumption 3.1. The processes k' satisfy
k'€ L2([0,T) x ©;]0,00)), i=1,..,N and {s'} admit a common upper bound ||x||
while

', A" € Lg5 ([0, 7] x [0, 00)).

In order to prove that under the preceding assumption the individual best responses against the mean-
field equilibrium form an e-Nash equilibrium in the original N player game when NV is large enough, we
introduce the benchmark cost functionals

T
J(&p) = E / W X (€)% + N(XE)2 dt |

The result of last section yields that
THE YY) = THE ), (3.1)
for any & € L2,([0,T] x Q;R), where

. AzX*,z B*,i
e = 27; € D2.([0,T] x O R)

Wt =K [g;‘ﬂ’ ]—ﬂ , tel0,7)

and (X*% B*! A%) are the solutions to the system (2.6) and (2.8), with &, n, A and W replaced by &,
n', A and W?, respectively. The following lemma shows that all the conditional expected actions p**
coincide with the MFG equilibrium constructed in the previous sections.

18



Lemma 3.2. Under Assumption 3.1 it holds for each i = 1,..., N that

*,7 *
Wy = g, a.s. a.e.
where pu* is given by Theorem 2.4. Moreover,

. AX, B
:,z _ At 7t7
2m 2ny

where X and B are given by (3.5) and (3.6), respectively.

Proof. Under Assumption 3.1 the FBSDE system reduces to,

A2 A 0
—dA; = (20 — =L ) dt — zawy,
277t
: A X} + B!
dXi= — ti"_tdt
2m
; HiAt ; ; AtBl i T 3.2
—dB] = (“2LE (X FY) + LE (B FY) - t)dt—ZB Wy, (3.2)
= (B (X179 + e B - Gt ) dr - 2P
AT_Oov
Xé x,
BL =0,

where W; = (WO, W?). Let

Xi:=E[X/|F], B =E[B]|F].

. . |
. iAo | KL= ABI

Bi=E / <“5 X+ 2B - ) ds
t 215 21, 21

Taking the conditional expectation E[-|F}],

r T . .

_ A~ R~ A B

Bi—E / (“S Xiq Dapi )ds F0
t 215 2773

Then,

ft] |

i T 3 3 t 1
Ay~ KD~ A B: Ay~ AB
—E / <“S X+ R B! — >dsf,? ]E{/ <”S X4 SB’ ) ‘J—'O}
| /0 2ns 2ns | 0 21 27 21

r T . . | t —~ ~
tAg ~. KL ~. ABZ RsAg s~ ABZ
) / <”S Xiqlapi_ )dsff f/ SXi4 R pi ds,
| /0 2n);s 2ns 0 2n;s 2ns 2ns

where

R = Elxi|FY] = E[x]|F7).
Hence, B + fo (” oA X L4+ ”3 Bl A;WB;) ds is an FO-martingale. The martingale representation theo-

rem yields the existence of some ¢? such that

~ [t RA, A,B! b
Bj +/ SX!4 2Bl -5 ) s = / AW, 3.3
t 0 < 2,'78 2775 27]5 0 Cs E ( )
Moreover, taking conditional expectation on both sides of the expression for X?, we have
=i A X! Bl A X!+ B
X;:x—EUJ“ ‘]—'O}—m—/—i—sd (3.4)
0 277 0 2773
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Thus ()N(i, B, ¢%) is the solution of the system

A2
—dA, = <2At - t) dt — Z{* awy,

2m,
= A X] + B}
dXi = — ttihdt
27’]t

~ RiAr = R =, ABi o

—dB; = X+ —B; — dt — ¢ dWy,
! <277t Chog Tt 2, e

AT = 00,

Xh—

Bi=0.

Let us now prove that the solution does not depend on 7. By making the ansatz Bi=(CiX ¢ we have

—dC' = (Et(At +CH  ACH (O

dt — 2 aw?, te 0, 7).
2n; Mt 2n; ) t ¢ [ )

Let D' := A+ C'. Then dX} = —%)}Z dt, and D' satisfies
) = Di Di 2
—dDi = (2x + 2=t (D) dt — Z, dW?, Dr = .
27775 27]t

The singular terminal condition is necessary to satisfy the liquidation constraint. By Corollary A.2 this
equation has a unique solution. In particular, D’ and hence X* are independent of i:

5(:; = )A(:t = re fOt 2DTZ ds. (35)

From (3.3) we have

T ~ v s ~
~ o~ ke As X A —K
Bi=DB,=E e - TTdr) ds| FY| . .
! ! \/t 2ns P < /t 20y T> g ft] (3.6)
Hence B! is independent of ¢ as well. Hence,
iy A X} + Bi 0} AXi  Bi
V=K ———t 1 F = + R
He [ 2m ¢ 2m 2m
is independent of i, too. O

We are now ready to state and prove the main result of this section.

Theorem 3.3. Assume that Assumption 3.1 is satisfied and that the admissible control space for each

T
/ |£t|2dt1 <M}
0

for some fized positive constant M large enough. Then it holds for each 1 <i < N and each £ € A* that

JV(E) < Mg + 0 (&) 7

where (£970 €Y = (&1, ... gttt gl exitl L e Ny In particular, the strategy profile & forms an
e-Nash equilibrium.

player i =1,..., N is given by

Al = {f € Api(0,z) : E

20



Proof. Let us compute

2 2
T N
E/O 3¢ dt :%E/ le( ) dt
[T ] T N
_]\}'21[3 /O ;( 5?‘)(*—5?’)& + 5 ]E /0 ;( )275
< s | [ X)) ] ] +
|70 i

Since ¢ and "7 are conditionally independent given WO for i # j, the first term is equal to zero.

Hence we obtain
2

T N
1 ; 2M
E - = O dt| < —.
| (e w6 <

By the symmetry of the NV player game, it is sufficient to show the result for Player 1. First, notice that
&1 ¢ Al if M is large enough. For each admissible strategy ¢ € A', let X be the corresponding state
process. By (3.1) we have that

JN’1(6,5*72,"' ’5*,N) _ JN71(£*717... ,é-*,N)
_ JN’I(f,f*’2,"' ,f*’N) o Jl(f,ﬂ*) + Jl(f,,u*) o Jl(f*’l;ﬂ*) + Jl(g*’l;/fk) o JN’I(f*’I,"' ,E*,N)

T N
1 L1
z]E/O K ﬁ;@uﬁ@ Xe+nf& + NX2| dt

s
-E / (”tﬂtXt+77tft +)‘X2) dt]
0

T
+E /0 (’itNtX +77t(ft ) +)‘%(X:’1)2) dt]

N

T
—E/ Z PIXPN (&P N (X at
0

= _[1 + IQ.

For the first difference I; in the above inequality, we have that

Ll || ! ! 3

s 16 < 5w & | [ lelar] 1l s | [0 36
geAl 0 geAl 0 ]
%

- 3 T
SM sup | E / | X¢|? dt sup | E / |&:]* dt
N eenr 0 geAl 0
T , % T 1 N . 1 1
*,7] * *,
E /0 | X, |% dt E /0 N;@ _Ht_ﬁgt dt

MI|s|T  3llslTM
< —x NI

[N
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For the second difference I, we have that

Wl
[N

T . 2 T 1 N )
I < | (E | MtD B[ |u-5 Y6 a
0 0 =
_ V3T
- N
This proves the assertion. O

Remark 3.4. When searching for the approximate Nash equilibria, we may as well assume that the
individual players have full information. That is to say, we may assume that the admissible control space

A= {EEAFN(O,:E):IE [‘/OT|&|2dt1 <M},

where " = (75,0 <t < T) with fﬁv = o(W2,Wl,--- ,WHN). By the same argument as in Section
2.1, we have

for each player is

THE ) = JHEH 1),
for all £ € Agn (0, 7). Thus, the same analysis as in Theorem 3.3 implies that for all £e Azn (0, 7)

JV(E) < Mg + 0 (&) :

4 Approximation by unconstrained MFGs

In this section, we prove that the solution to our singular MFG can be approximated by the solutions
to non-singular MFGs under additional assumptions on the market impact parameter. Specifically, we
consider the following unconstrained MFGs:

1. fix a process y;

2. solve the standard optimization problem: minimize

T
J"(&p) =E / (KepeXe +0elf + M X7) dt +nX7
0

such that dX; = =& dt X = z;
3. solve the fixed point equation uj = E[¢]|FY] a.e. t € [0,T],

where £* is the optimal strategy from 2.

We will need the following assumption. It implies in particular that X™* € H;.

Assumption 4.1. There exists a constant C' such that for any 0 <r < s<T
S A T—s
- ZFdu)<C )
eXP( /7 21 U) B (Tr)

The following result is proven in the appendix.

Lemma 4.2. Assumption 4.1 holds under each of the following conditions:

e 1) is deterministic ;
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e 1/n is a positive martingale ;

e 1/n has uncorrelated multiplicative increments, namely for any 0 < s <t

Ur
Using the same arguments as in Section 2, the unconstrained control problem leads to the following
conditional mean field FBSDE

ApXp + By
dXp = <_t ;nj ’f > dt,

Aan Aan Bn n -
—dBy = (520 ek | S 20 0 g 2B aw,
Ur 2n;
APXP + BP .
Ay = (—2&){{1 — kE [f;n:’f IED dt+ Z7" W, (4.2)
Xy ==z,
Bl =0,
Y = 2n X},

where
n

—dAD = {2>\t - (At)z} dt — Z{" dW,
2m (4.3)
A} = 2n.
The existence of a solution (A", Z4") to the BSDE (4.3) can be deduced from Lemma A.3. By the same
lemma the sequence {A"} is a non decreasing sequence converging pointwise to A and there exists a
constant € > 0 such for any n,

(A [moy + A" [mn, €,

where the space M, , is defined as
M = {U € Pe([0,T] x GR U {oo}) - (Tf + %)_ U. € LE(0,T] x 4R U {oo})} :
and endowed with the norm

U]
lU||pmn :=  esssup ————.
Y twyxloTxa (T —t+ 1)

We shall also need the following analogs to the space H,:

H) = {UGP]F([(LT} X Q;RU{o0}) : (T—.—&—%) U € S2([0,T) ><Q;IRU{OO})}7

endowed with the norm

Ut

u TR
jv] T

ny = | E | sup
0<t<T

The next result can be obtained using similar arguments as in the proof of Theorem 2.8. In fact, we
have a slightly stronger result.

Theorem 4.3. Assume Assumption 2.8 holds. For any fived p € [0,1] and f € L([0,T] x Q;R), there
exists a unique solution (X", B", Y™, ZB"  Z¥") € H2 x HZ x S3([0,T] x 4 R) x L2([0,T] x Q;R™) x
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LA([0,T] x ;R™) to the following system

b

dX] = (APX] + BP) dt,
2ny
1 ArBr " o
~app = (e | A+ 50| 72 4 4o S0 a2 aiw,
2n, 2n
AX" + BP n
dy;" = <—2)\tXt" — rpE [ténh f?] —~ ft) dt + 7" dw, (4.4)
t
Xi==x
By =0,
Y7 = 2nX?

Proof. The proof is similar to that of Theorem 2.8. We only need to note that by Lemma A.3,

n * (&3
S (Tt T
T\l s+ 1

O

In order to establish the convergence of the value functions of the unconstrained problems to the value
function of the constrained problem we need a uniform norm estimate for the sequence (X", B™, Y™).

Lemma 4.4. Let Assumption 2.3 hold. If f € L([0,T] x Q;R), there exists a constant € > 0 such that

X ln.a +1B"[lny +E

T

| e dt} <T (45)
0

for any n where (X™, B™,Y™) is the unique solution to (4.2).

Proof. The proof is split into three steps.

Step 1. When p =0 in (4.4), there exists R € R independent of n such that

T 3
/ |Yt”|2dtD <R
0

This bound follows from modifications of arguments given in the proof of Lemma 2.6. In fact,

X"

na + 1B [ny + (E

1B

ny SB[y < Cllflle2 < R

Moreover,

o(T —t+ 1)~ ¢ T—t+4 2\
Xp|<——> " 4 C | |BY|—2) ds
=T /0| N r—syi) &

This implies ||X"||n,o < Re. Finally, by analogy to the proof of Lemma 2.7, doing integration by part

for X™Y™, we have -

T T T
E / (Y/)?dt| <CE / (X;)?dt| + CE / f2dt| < Rs.
0 0 0
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Step 2. Suppose that for some p € [0, 1], the solution to (4.4) satisfies

T 3
W+<E / IYt”Ith) < kR,
0

for some k£ > 1 independent of n. Then there exists o > 0 independent of p such that the solution
(X™, B™Y™) to (4.4) with p replaced by p + 0 satisfies the same estimate for some K > k:

T ~
/ 2 dt
0

To prove this assertion, we introduce for any given Y, f € L2([0,T] x €;R) the FBSDE system

X" 00 + (1B

X"

na T [1B"[lny + (E

> KR (4.6)

1

dXr = (APX] + BY) dt,
277t
nn 1 nyn nn 0 Y;n 0 ?E? B™ ;17
~dBf = | wpE | 5 (At X! +Bt) FO| k| 0| FD | fom S | de— 2P W,
- - APXP + Br % on
AV = [ —20, X7 — wpE | 22T 70| o [t ff] —fo| dt+ 27" aw,, (4.7)
21, 2m
Xp ==
Bl =0,
Y = 2n X2

By Theorem 4.3, there exists a unique solution to (4.7). This defines a mapping
r:y"—vy"

on L2([0,T] x Q;R). We now show the I' has a unique fixed point and that this fixed point belongs to
BQL,:R(O), the subset of L2([0,T] x ;R) such that the L?-norm is bounded by 2kR.

By the same arguments as in the proof as Lemma 2.7 we have,

T —n 1
| e -vipa < e
0 4

E < COE

3

T . T —n
/0 D) (1) — (7)) (1) 2 dt / Y7 -V de

where 0 is small enough but independent of p. Taking Y" =0, we have

(IE /T |17t"2dtD2 < % (E /TYt”|2dt > + <]E /T |F(0)(t)|2dtD

Note that I'(0) corresponds to the solution to (4.4) with p. By assumption,

(E /T |r(o)<t)|2dtD < kR,
(E /T Y2 dt ) < 2kR.

This implies that I is a mapping from B%;R(O) to itself. Since BQL:R(O) is a Banach space the unique

fixed point belongs to BQL,:R(O). This yields the desired L? estimate fro Y.

1
2

2

: n L?
Thus, if we assume Y™ € By g,
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Let ()? ", E”) be the solution corresponding to Y™ and p + 0. Then, by Holder’s inequality,

o+
)

&
a1

1
(T -ty

el (g
21y

Doob’s maximal inequality yields that

Y

E Fo| ds

/tT ks(p +0)E

T
~ 1
[ E[ivn
t

S

]-‘S} ds

2

En
E| sup | —2—
ogth (T —t)”
2(1—7)
||k T o ¥
S 5 E| sup (E E|:|Ys | 7=~ ]:s} ds| F;
an; 0<t<T t
T ~
< CE / [V, |? dt| .
0
Hence,
~ T 3
[B™[ny <C (E / ngdtD <CR
0
and

IX™ a0 < CIB™ sy < CR.

Step 3. Since 0 is independent of p, by iteration for only finitely many times, we have the solution for
(4.2) with p =1 and f = 0 with the uniform estimate (4.5). O

We see that under Assumption 4.1, we may take v = 1 in the estimate of Theorem 2.8. That is
[ X1 < oo (4.8)
This allows us to prove the convergence of the optimal position and control.

Lemma 4.5. Under Assumption 2.8 and Assumption 4.1,

T T T
lim {]E / | X7 — X7 [2dt| +E / |B' — Bf|?dt| +E / [YV;" — Y| dt
n——+00 0 0 0

}:0
Proof. Using the same arguments as in the proof of Lemma 2.7, we get for each ¢ > 0

T—e T—e
Y, YR dt / X — X7 dt
|-y - (49)

< CE [|(B%—e - B%—e)(X’?—e - X’P—e)” + CE |:|(A5L1—e - AT—E)X;—e(X'?"—e - X’;:—E)H .

E +E

The two terms in the above summation admit the following estimates

]EH(B?’fe - B;fe)(X’?’fe - X’;fe)”
< CE[|B}_.|*] + CE[|B}_[*] + CE[| XF_[*] + CE[| X7_.[*]

27y 2c
1 1
(et 2) B, 40 (e ) IXTIR L+ OB + CXIR,
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respectively,

EH(A’?‘fe - AT*E)X;fe(X%fe - X’;fe)”

X qp X <€+1>a+6 sup XeL
T —%| \o<t<T (T—t—i—%*)a n o<t<T T'—1

1\* ] n *
go[(e+n) el (X2 + 1 X7)2)

(by Lemma A.1 and Lemma A.3)

<C [(e + 1) +¢€| (by Lemma 4.4 and (4.8)).
n

Letting € go to zero in (4.9), by Theorem 2.8 and Lemma 4.4 we get

T 2y 2
/ |Xt"—Xt*|2dt] <C<1) +C<1> +%.
0 n n n

Hence we obtain the desired limit for (Y™ —Y™*) and (X" — X*). By the expression for B, we have

E +E

T
/ Y vy dt
0

T . ap yr —y*
|Bf — Bf| <E / o0 i g [ =X | po] | 7
t 2775
T s (Ap—Am) Y+
+E / 1—e Ji Tm o dr KK {|23| .7-"2] ds‘]:t] .
t 775

Let us recall that {A™} is a non decreasing sequence converging to A. This leads to

E — 0.

T
PR
0

O

Let us denote by V™(t,x;u™) the value function associated with the penalized problem (4.1). The
next theorem shows the convergence of V"(0,z; u™) := V™ (z) to the value function V(0,z;u) := V(x)
associated with the constrained MFG.

Theorem 4.6. Under Assumption 2.8 and Assumption 4.1, the value function V" (x) converges to V(x).

Proof. Any admissible control £ of the original problem is admissible for this penalized setting. Hence
we have immediately that V™ < V. By Lemma 4.5, we have

[ T
Y*
V(z)=E / ksE [ 2
1/0 215

f?} X2 4 ma(€0)? + Au(X7)? ds]

T 'Yn b
25| [ (w2 2| xr b e + A 0002 ds ey
0 L s J
= V"(2) (4.10)
[T [y”» T
28| [ (kB | oo | 2| xrane - a0 as
0 L s i
[T [y* h
S8 | [ (mE |G| 7] e 002 ) as).
0 L S J
O
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Remark 4.7. As a by-product of the proof, we get that lirf E [n(X%)Q] = 0. Moreover,
n—-+0o0o

C | By|
X< =Z(z+ sup ——L | 50  as.
X7 < n < ogth (T—t—&-?:)n/)

The proof of convergence of the value function simplifies substantially under the common information
assumption (Section 2.2). In this case, Y = A" X" where

n n\2
—dAT = <2)\t + “;?: - (‘;1:73) dt — Z2"dw?, A% =2n
and o
dX]' = _AVX; dt, Xo =z.
2m¢
The optimal strategy and the resulting portfolio process are given by, respectively,
G =p" = Ag;ftn’ Xpt=ge Bt e o).

Since the sequence A™ is non decreasing and converges to A, we deduce that X™* converges to X* a.s.
and that £™* converges to {* a.e. a.s.. For any admissible strategy £ € Apo (¢, x) with associated portfolio

process X,
]-'E]

T

= / (nggh*X;L’* +775(£;L’*)2 +/\5(Xsn’*)2) d5+n(X§f’*)2
t

.

T—e
/ (™ X 4y (E7%)% + Ao (X)) ds
t

|

Hence, the monotone convergence theorem gives the desired convergence.

T
E / (Hssts + 7]5552 + /\5X-92) ds
t

ff]

T
>R / (Ro€L" X" 4 s (607)° + A (X7)?) ds
t

For any € > 0,

lim E

n—-4oo

ff}

T—e
~E / (e X2+ ma(€2) + A(X2)?) ds

A Appendix

In this appendix we recall an existence of solutions result for a stochastic Riccati equation with singular
terminal condition and prove Lemma 4.2. We assume throughout that A, n and 1/n are bounded.

A.1 Stochastic Riccati equations with singular terminal value

Lemma A.l. [2, Theorem 2.2][1}, Theorem 6.1, Theorem 6.3] In L(%;C[0,T—]) x L&([0,T—];R™)
there exists a unique solution to

A A
—dAs = |2\ — — | dt — Z;" dW4,
27]t

AT 0.
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Moreover, there holds the following estimate

1 1 r
<A <———F / 25 + 2(T — 5)?\s ds ft] : (A1)
E[ffids‘}}} (T —1) t
Corollary A.2. The BSDE
A A?
—dA, = (2 + S t) dt — ZAaw?y,
2ne 2m (A.2)
AT = &
has a unique solution.
Proof. Let A, = Atefot s % Then,
1 JI e ds g% 17 0
—dAy = |2Mel0 205 P — ———— | dt — Z, dW,,
Qntefo s ds (A3)
ZT =0Q.
Hence, the assertion follows from the preceding lemma. O
Lemma A.3. For each n, there exists a unique solution A™ to the BSDE
Ar)? n
—dAT = (2/\t— (47) > dt — z" awy,
2m (A4)
A} = 2n.

The solution admits the following estimate:

1
A} > - .
1 1
Moreover, the sequence A™ is non decreasing and converges to A. There exists a constant € such that
for any n:
[A™ vy + A" [, < €.

Proof. The first and second assertions are results of [2, Proposition 3.1,Theorem 3.2], respectively. For
any t, n and a, we have
a® 2 2ny

2 — <o, - +
o TN T T ) (T )

5 = g(t,a).

Let us denote by U™ the solution of the BSDE with generator ¢ and terminal condition 2n. By the
comparison principle for BSDEs, we have A7 < W} and by the solution formula for linear BSDEs,

T2 \? L \? T(T—s42\? 2n,
( nn*> E ( nm) 2n+/ ( S,,*") n 20 || F
2n?2 1 1 T N\ 2
2 / <27ls+2(T—s+n) )\S)
t n

vy

= + E

].‘
Pt ) (Tt ) t
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Hence

(T—H%)w

2?2 1 /T< e\ 2 )
< E 2 2(T — —
ShAn@—0  (T-ttm) L w2 (T =s 4 ) )| 7

/tT (2ns+2(T—s+Z:)2>\s)‘}‘t] —¢.

Thus (T —t+ =) A} < €, that is [|A"[|pr, < €. O

1
<2n,+—FE
< 77+T_t

A.2 On Assumption 4.1

Assumption 4.1 states that there exists a constant C' such that a.s. for any 0 <r <s<T

o ([ s = (7=)

The left-hand side is equal to the optimal state process x of the optimal control problem studied in [2, 14]
with initial value equal to 1 at time r. In particular from the proof of [2, Theorem 4.2], the process M
defined on [r,T) by

1 S
M, = < [AsXs + 2/ )\uxudu]
is a non-negative local martingale with M, = 1. Hence for any s € [r,T)

A, Al +TIAl (T=s T
_ 7d = Ys < 7M5 S ]\4’S = Ms.
exp( /T 21y u) Xs = A, Nx T—r ¢ T—r

Since M is also a non-negative supermartingale M; converges almost surely as ¢ goes to T and the limit
My satisfies E(Mr) < 1. Therefore Assumption 4.1 does not strike us as overly restrictive.

PROOF OF LEMMA 4.2. From (A.1)
ﬂ < ! — 1
= T T
2 B[ mas|R] TR

Fu| ds
By the very definition of uncorrelated multiplicative increments for 1/n and from [2, Lemma 5.1]
Au _ 1 1 E[1/m.]

L dN,
-_ X — = — T = — T = — u
2 VR[] ds [ Sadds JJEL/n]ds N

u

with NV, = ffIE [1/m;] ds. Hence

T
s A, s 1 N, E[1/n,] dv T—
exp(_/ du)zexp(/ dNu)::fsT [1/n.] S|77( s>.
r 20 r Nu Ny Lo E[L/ny) dv T Tr—r
If 1/n is a positive martingale, then again from [2, Lemma 5.1], we get that 1/n has uncorrelated
multiplicative increments. If 1 is deterministic, we have directly that

A, 1 1 dN,
<

277u o ’r]u ff ids h Nu du

with again N, = fuT 1/ns ds.
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