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WEAK CONVERGENCE RATES OF SPLITTING SCHEMES FOR THE
STOCHASTIC ALLEN-CAHN EQUATION

CHARLES-EDOUARD BREHIER AND LUDOVIC GOUDENEGE

ABSTRACT. This article is devoted to the analysis of the weak rates of convergence of
schemes introduced by the authors in a recent work [§], for the temporal discretization of
the stochastic Allen-Cahn equation driven by space-time white noise. The schemes are based
on splitting strategies and are explicit. We prove that they have a weak rate of convergence
equal to %, like in the more standard case of SPDEs with globally Lipschitz continuous
nonlinearity.

To deal with the polynomial growth of the nonlinearity, several new estimates and tech-
niques are used. In particular, new regularity results for solutions of related infinite di-
mensional Kolmogorov equations are established. Our contribution is the first one in the
literature concerning weak convergence rates for parabolic semilinear SPDEs with non glob-
ally Lipschitz nonlinearities.

1. INTRODUCTION

In this article, we study numerical schemes introduced in by the authors in [§], for the
temporal discretization of the stochastic Allen-Cahn equation,
0X(t,&)  0*X(t,¢€)
ot 0€?
driven by Gaussian space-time white noise, with homogeneous Dirichlet boundary conditions.

This Stochastic Partial Differential Equation (SPDE) has been introduced in [I] as a model
for a two-phase system driven by the Ginzburg-Landau energy

+ X (4,6 = X, P+ W(t,€), t >0,6 € (0,1),

E(X) = / IVX|? 4+ V(X),

where X is the ratio of the two species densities, and V(X) = (X? — 1)? is a double well
potential. The first term in the energy models the diffusion of the interface between the two
pure phases, and the second one pushes the solution to two possible stable states £1 (named
the pure phases, i.e. minima of V). The stochastic version of the Allen-Cahn equation
models the effect of thermal perturbations by an additional noise term.

The objective of this article is to study weak rates of convergence for two examples of
splitting schemes schemes introduced in [§]. Let the SPDE be rewritten in the framework
of [12], with X (t) = X (t,-):

dX (1) = AX(t)dt + (X(t) — X (t)*)dt + dW (),
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where (W(t))tzo

integrator, the numerical schemes are defined as

is a cylindrical Wiener process. If At > 0 denotes the time-step size of the

(n+1)At
Xf:fl _ €AtA(I)At(XZXp) +/ e((n+1)At7t)Adw(t),
nAt

X0 = Sar®ad(XP) + Sar (W ((n + 1)At) — W(nAt)).

n

(1)

In both schemes, (<I>t)t>0 is the flow map associated with the ODE 2 = z— 23, which is known

exactly, see (f]), and at each time step, one solves first the equation dX (t) = (X (t)—X (t)3)dt,
second compute an approximation for the equation dX () = AX(t)dt + dW (t). In the first
scheme in , the second step is also solved exactly, using an exponential integrator and
exact sampling of the stochastic integral. In the second scheme, the second step is solved
using a linear implicit Euler scheme, with Sx; = (I — AtA)~1

The schemes given by ([1)) have been introduced by the authors in [8], where two preliminary
results were established: the existence of moment estimates for the numerical solution, with
bounds uniform in the time-step size parameter At, and the mean-square convergence of
the scheme, with no order of convergence. In [6], it was established that the first scheme
in has strong order of convergence ;11, based on a nice decomposition of the error. The
contribution of the present article is to prove that both schemes in have a weak order of
convergence %

Numerical schemes for SPDEs have been extensively studied in the last two decades, see
for instance the monographs [16, 21, 24]. We recall that two notions of convergence are
usually studied: strong convergence refers to convergence in mean-square sense, whereas
weak convergence refers to convergence of distributions. If sufficiently regular test functions
are considered, it is usually the case that the weak order of convergence is twice the strong
order. For one-dimensional parabolic semilinear SPDEs driven by space-time white noise,
the solutions are only Holder continuous in time with exponent av < 1/4, hence one expects
a strong order of convergence equal to i and a weak order equal to %

In the case of globally Lipschitz continuous nonlinearities, this result has been proved
in recent years for a variety of numerical schemes, exploiting different strategies for the
analysis of the weak error: analysis of the error using the associated Kolmogorov equation,
see [3, [7, 13, [14), B0], using the mild It6 formula approach, see [10, 15, [17], or other techniques,
see [2, 28]. In the case of SPDEs with non globally Lipschitz continuous nonlinearities,
standard integrators, which treat explictly the nonlinearity, cannot be used. Design and
analysis of appropriate schemes, is an active field of research, in particular concerning the
stochastic Allen-Cahn equation, see [4] [6, &, 19, 20, 22, 23] 25, 29]. Several strategies may
be employed: splitting, taming, split-step methods have been proposed and studied in those
references. Only strong convergence results have been obtained so far. Up to our knowledge,
only the preliminary results in the PhD Thesis [18] deal with the analysis of the weak error,
for split-step methods using an implicit discretization of the nonlinearity. Hence, the present
article is to present detailed analysis of the weak error for a class of SPDEs with non globally
Lipschitz continuous nonlinearity.

The main results of this article are Theorems [3.2] and [3.3] which may be stated as follows:
for sufficiently smooth test functions ¢ (see Assumption [3.1)), and all a € [0,1), T € (0, 00),

Elp(X(NaN)] ~ E[p(X)]| < CalT)ar"



In the case of the second scheme in , numerical experiments were reported in [§] to
motivate and illustrate this convergence result.

As in the case of SPDEs with globally Lipschitz continuous nonlinearities, driven by a
cylindrical Wiener process, the order of convergence is %, whereas the strong order of con-
vergence is only ;11 in general. However, several points in the analysis are original and need
to be emphasized. First, moment estimates for the numerical solution, which are non trivial
in the case of numerical schemes for equations with non globally Lipschitz nonlinearities, are
required. They were proved by the authors in [§] for . The analysis of the error is based on
the decomposition of the error using the solution of related Kolmogorov equations, see ({11
below and Section [3| for a description of the method. Appropriate regularity properties need
to be proved for the first and second order spatial derivatives: this is presented in Theo-
rems and [£.2) which are auxiliary results in the analysis, but may have a more general
interest. The proofs of our main results use different strategies. The proof of Theorem is
shorter, due to the use of a nice auxiliary continuous-time process, and of appropriate tem-
poral and spatial regularity properties of the process, following [28]| and [29]. The proof of
Theorem follows essentially the same steps as in [I3] and related references, in particular
a duality formula from Malliavin calculus is used. The estimate of the Malliavin derivative
given in Lemma [6.4] uses in an essential way the structure as a splitting scheme, and is one
of the original results used in this work.

This article is organized as follows. Assumptions, equations and numerical schemes are
given in Section 2 Our main results, Theorems [3.2] and [3.3] are stated in Section [3} The reg-
ularity properties for solutions of Kolmogorov equations are stated and proved in Section [4
Section [] is devoted to the proof of Theorem [3.2] whereas Section [6] is devoted to the proof
of Theorem [B.3]

2. SETTING

We work in the standard framework of stochastic evolution equations with values in infinite
dimensional separable Hilbert and Banach spaces. We refer for instance to [9, [12] for details.
Let H = L?*(0,1), and E = C([0,1]). We use the following notation for inner product and
norms: for xy,x9 € H, x € F,

1
(@1, 22) :/ 21(O2a()dS ,  |wilu = (@, 20)7 , Ja]p = max|2(E)].
0

£€(0,1]

For p € [1, 00|, we also use the notation LP = LP(0,1) and |- |.» for the associated norm.
2.1. Assumptions.

2.1.1. Linear operator. Let A denote the unbounded linear operator on H, with

D(A) = H2(0,1) 1 (0, 1),
Az = 9z, ¥V o € D(A).

Let e, = v/2sin(n7-) and A, = n’z?, for n € N. Note that Ae, = —\,e,, and that

(en)neN is a complete orthonormal system of H. In addition, for all n € N| |e,|p < V2.
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The linear operator A generates an analytic semi-group (etA)

>0 on LP for p € [2,00) and
on E. For a € (0,1), the linear operators (—A)~® and (—A)® are constructed in a standard

way, see for instance [26]:

_ sin(ma) _ sin(ma)

(—A)™ /Ooo Ot — A7t (—A)” /OOO t (=AYt — A)7ldt,

™ ™

where (—A)?® is defined as an unbounded linear operator on LP. In the case p = 2, note that

(—A) = Z N Nz, e)e;, x€H,

(—A) %z = Z Mz, ei)ei, € Dy((—A)%) = {x € H; Z)\?a(x,eif < oo} .
iEN i=1

We denote by L£(H) the space of bounded linear operators from H to H , with associated
norm denoted by || - ||z(m). The space of Hilbert-Schmidt operators on H is denoted by
L5(H), and the associated norm is denoted by || - ||z, (x)-

To conclude this section, we state several useful functional inequalities. Inequality is
a consequence of the Sobolev embedding W?72(0,1) C C([0,1]) when 2n > %, and of the
equivalence of the norms W?7%(0,1) and |(—A)" - | ;2. For inequalities and (4), we refer
to [27] for the general theory, and to the arguments detailed in [7].

e For every n > 1, there exists C, € (0, 00) such that
(2) (=) 2 < Gyl - |1

e For every a € (0,3), € > 0, with a + € < 1, there exists Cy € (0,00) such that
(3) [(=A)" " (zy)lpr < Cael (= A) @[ 2](=A) Y| L2.

e For every a € (0, %), e >0, with a + 2¢ < %, there exists C,, . € (0,00) such that, if
¥ : R — R is Lipschitz continuous,

(4) (=A)* Y ()2 < Coclt]uipl (—A)™ - |12,
[ (z2)—(z0)|

where [w]Lip = sup |z2—21|

Z17#22
These inequalities are used in an essential way to prove Lemma below. In addition,
inequality is also used in the proof of Theorem .

2.1.2. Wiener process. Let (Q,}" , IP) denote a probability space, and consider a family
(ﬁn)n N of independent standard real-valued Wiener processes. Then set

W(t)=> Bat)en

neN

This series does not converge in H. However, if H is an Hilbert space, and L € Lo(H, H )
is a linear, Hilbert-Schmidt, operator, then LW (t) is a Wiener process on H, centered and

with covariance operator LL*.
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2.1.3. Nonlinearities. For all t > 0 and all z € R, define

z ﬂ t>0,

(5) ilz) = \/22 (1 —22)e2 - Wilz) = {z 3, t=0.
Note that for all t > 0,z € R, ®;(z) = z + t¥,(2). Moreover, (@t(-))t>0 is the flow map
associated with the ODE 2 = z — 2% = ¥y (2).

Lemma below states the properties of ®a; and Va,, and their derivatives, which are
used in order to prove well-posedness and moment estimates, and to derive error estimates.

We refer to [§] for a detailed proof (except for the inequality concerning the second order
derivative, which is not considered there but is obtained using similar arguments).

Lemma 2.1. For every Aty € (0,1], there exists C(Aty) € (0,00) such that for all At €
[0, Atg], and all z € R,

[@a(2)] < e, ar(2)
Vhi(2)] < C(Ato) (1 + |2]%), [Wa(2)]
[Uai(2) — Uo(2)| < C(Atg) AL + |2°).

<e
< (Ato)(1+ 121);

In particular, the mapping Y, satisfies the following one-sided Lipschitz condition: for all
21,29 € R,

(Tau(z2) = Tar(z1)) (22 — 21) < ez — 2™

Observe also that for At > 0, the mapping W, is of class C*°, and admits bounded first
and second order derivatives. However, such bounds are not uniform with respect to At > 0.
We conclude this section with an auxiliary result, see [29] for a similar statement.

Lemma 2.2. For every Aty € (0,1], n € (3,1), « € (0,3), and € > 0 such that a + 2¢ < 3,
there exists C(Atg,n, a,€) € (0,00) such that for all At € [0, Aty] for all x,y € H, with
[(—A)2+2|y < oo,

+e 2te -3

= (Wa(@)y) e < C(Atg,n, a,€)(1+ [2|)|(—=A) 2 alu|(—A) 2 yla.

Proof. Using successively the inequalities and ,

2 (Va(@)y) |2 < Cyl(—=A)”
< Chacl(—A4)"

[(=A)™"

a+€ a+e

[(=A)™" (‘Pm( )L
Wi ()2l (= A) "2y e.

The function U/, is not globally Lipschitz continuous when At = 0, and Alimo [Wr 4 ]Lip = 00.
—

Thus inequality cannot be used directly.

However, the derivative W4, has at most linear growth, uniformly in At € [0, Aty):
|U%.(2)] < C(Atg)(1+4]z]|) for all z € R. By a straightforward truncation argument, applying
inequality yields
a+2e

Wii(2)]22 < ColC(Ato) (1 + |2[p)|[(—A) 2 2]r2.
This concludes the proof of Lemma [2.2] 0]

|(—A)**



2.2. Stochastic Partial Differential Equations. The stochastic Allen-Cahn equation
with additive space-time white noise perturbation, is

(6) dX(t) = AX(t)dt + (X (t) — X(¢)°)dt + dW (t) , X (0) = z.
More generally, for At € [0, 1] introduce the auxiliary equation
(7) dXAY = AXAY($)dt + Wp (XA (1)) dt + dW (t) , XAV = 2,

If At > 0, since Wp,; is globally Lipschitz continuous, standard fixed point arguments (see
for instance [12]) imply that, for any initial condition x € H, the SPDE (7)) admits a unique
global mild solution (X (A0 (¢, 1’)) i>g» - which satisfy

t t
X (A0 (t,x) = ety —i—/ e(t’S)A\IfAt(X(At)(s, x))ds —|—/ e(t’S)AdW(s), t>0.
0 0

If At = 0, proving global well-posedness requires more refined arguments, in particular
the use of the one-sided Lipschitz condition (see for instance [9]). For any initial condition
r € E, there exists a unique mild solution (X (t, x)) >0 Of Equation @, and X(© = X solves

Equation with At = 0:

t t

XOt,2) = ez +/ e (X O (s, 2))ds +/ AW (), t > 0.

0 0

To simplify notation, we often write X (¢) and X *Y(¢) and omit the initial condition z.
Let

(8) WA®) = /0 Ay (s).

Then (see [9, Lemma 6.1.2]) for every T' € (0,00) and M € N, there exists C(T, M) € (0, c0)
such that
(9) E[ sup [WA(1)[3] < C(T, M).

te[0,7
Combined the one-sided Lipschitz condition for Wa,, see Lemma 2.1 (9) yields moment
estimates for X (A,

Lemma 2.3. Let T € (0,00), Aty € (0,1] and M € N. There exists C(T, Aty, M) € (0, 00)
such that, for all At € [0, Aty] and z € E,

B[ S[up] | X A0 (¢, 2)|M] < C(T, Ato, M) (1 + |z|).
te[o, T

We refer to [§] for a proof.

2.3. Kolmogorov equations. In this section, we introduce functions u(** which play a key
role in the weak error analysis, and which are solutions of infinite dimensional Kolmogorov
equations associated with (7).

Let ¢ : H — R be a function of class C?, with bounded first and second order derivatives.
Let At € (0,1]. Note that we do not consider the case At = 0 in this section, the reason
why will be clear below.

For every t > 0, set
(10) uBD(t, ) = E[gp(X(At) (t,z))].

6



Formally, u(®" is solution of the Kolmogorov equation associated with :
(11)
ouBD (¢, )

1
= LENB(1,2) = (Ax 4+ Wai(@), Du (t,2)) + 5 D D (1,2).(e5. ;).

jEN
where the first order spatial derivative is identified as an element of H thanks to Riesz
Theorem.

A rigorous meaning can be given using an appropriate regularization procedure. Since
W5, is globally Lipschitz continuous for fixed At > 0, this may be performed by a standard
spectral Galerkin approximation. However, this choice would not allow us to pass to the limit
At — 0 in estimates and keep bounds uniform in the regularization parameter. Instead, we
propose to replace the noise dW(t) in by e’AdW (t), with the regularization parameter
0 > 0. Rigorous computations are performed with fixed 4 > 0. Section {4| deals with
regularity properties for Du(®)(t,z) and D?*u®"(t,z), which allow us to obtain bounds
which are uniform with respect to 9§, hence passing to the limit 6 — 0 is allowed.

To simplify notation, we do not mention the regularization parameter ¢ in the computa-
tions and statements below.

2.4. Splitting schemes. We are now in position to rigorously define the numerical schemes
which are studied in this article.
A first scheme is defined as:
(n+1)At

(12) X1 = AP p (X)) + / eMAOAGYY (1),
nAt

A second scheme is defined as:
(13) X1 = Sar®ai(X,) + SAt(W((n + 1)At) — W(nAt)),

where Sa; = (I — AtA)™L.

The schemes are constructed following a Lie-Trotter splitting strategy for the SPDE @
Firstly, the equation dX(t) = Wo(X(¢))dt is solved explictly using the flow map at time
t = At, namely ®;. Secondly, the equation dX(t) = AX(t)dt + dW (t) is either solved
exactly in scheme , or using a linear implicit Euler scheme in .

As already emphasized in [0, 8], observe that and can be interpreted as integrators
for the auxiliary equation (7)) with nonlinear coefficient W;: respectively

(n+1)At

XnJrl — eAtAXn + At@AtA\IJAt(Xn> +/ e(nAtft)Adw(t),
nAt

Xng1 = Sae X + AtSA W ac(Xy) + SAt(W((n + 1)At) — W(nAt)),

where in , an exponential Euler integrator is used, whereas in ([13]) a semi-implicit inte-
grator is used.
Moment estimates are available. We refer to [§] for a proof.

Lemma 2.4. Let T € (0,00), Aty € (0,1] and M € N. There exists C(T, Aty, M) € (0,0)
such that, for all At € [0, Aty] and x € E,
E[ sup |Xu|if] < C(T, Atg, M)(1 + |z[3).

neNnAt<T
7



3. WEAK CONVERGENCE RESULTS

This section is devoted to the statement of the main result of this article: the numerical
schemes and have a weak convergence rate equal to %, see Theorems and
below respectively.

The main difficulty and novelty of this contribution is the treatment of SPDEs with non
globally Lipschitz continuous nonlinear coefficient. Up to our knowledge, except in the PhD
Thesis [18] (where split-step schemes based on an implicit discretization of the nonlinear
term, for more general polynomial coefficients, are considered), there is no analysis of weak
rates of convergence for that situation in the literature.

Strong convergence of numerical schemes and is proved in [§], without rate.
In [6], the strong rate of convergence  is proved for the scheme (12)).

Test functions satisfy the following condition.

Assumption 3.1. The function ¢ : H — R is of class C?, and has bounded first and second
order derivatives:

lellico = sup |Dp(x).h] < oo,
w€H,heH |h|g=1

[ell2,00 = [loll1,00 + sup |D?p(x).(h, k)| < oo.
w€H h,keH,|h|g=|k|g=1

We are now in position to state our main results.

Theorem 3.2. Let (X,,)nen be defined by the scheme (12)).

Let T € (0,00), Aty € (0,1] and x € E. For all a € [0,3), there exists Co (T, Aty, |z|5) €
(0,00) such that the following holds true.

Let ¢ satisfy Assumption[3.1. For all At € (0, Atg] and N € N, such that T = NAt,

(14) [E[p(X(NA)] = E[p(Xn)]| < Ca(T, Ato, 2] )|l ]l AL",

Theorem 3.3. Let (X,,)nen be defined by the scheme ((13)).

Let T € (0,00), Atg € (0,1] and x € E. For all a € [0, 3), there exists Co (T, Aty, |z|g) €
(0,00) such that the following holds true.

Let o satisfy Assumption . For all At € (0, Atg] and N € N, such that T = NAt,

(15) E[p(X(NAD)] ~ E[o(Xx)]| < CalT, Mo, [z]5) |0 ll2 0 A

Theorems [3.2] and [3.3] are natural generalizations of the results obtained for SPDEs with
globally Lipschitz continuous nonlinear coefficient, see for instance [13]. We obtain the same
weak order of convergence %, which is twice the strong order of convergence.

Remark 3.4. The regularity of the function o is essential to get a weak order of convergence
which is twice the strong order, as proved in [5]. If one wants to replace ||¢||2.00 by ||¢]l1.00
in the right-hand side of , the order of convergence has to be replaced by 5, even in the
absence of nonlinear coefficient.

In the right-hand side of (14)), it is sufficient to control only ||¢||l1,00. This is due to an
appropriate decomposition of the weak error. This is not in contradiction with [5]: in the

absence of nonlinear coefficient, the weak error is equal to zero.
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Proving Theorem [3.2] and [3.3] is the aim of the remainder of the article. The strategy
consists in decomposing the weak error as follows:

[E[p(X(NAH))] - E[p(Xy)]| < [E[p(X(NAL)] - E[p(X A (NAL))]|
+ [E[p(X N AL)] - E[p(Xn)]].

The first error term is estimated using the following result, quoted from [8], combined
with globally Lipschitz continuity of ¢ induced by Assumption [3.1]

Proposition 3.5. Let T € (0,00), Aty € (0,1) and © € E. There exists C(T, Aty, |z|g) €
(0,00) such that for all At € (0, Aty],

sup E[|X(t) — X(At)(t))’H} < C(T, Aty, |z|g) At.

te[0,T

The treatment of the second error term requires more subtle arguments. First, thanks
to , and a telescoping sum argument,

E[@(X(At) (nAt)] —Elp(X,)] = u ) (nAt, z) — E[U(At)(O,Xn)]

3
—

<]E [ (n — k)AL, Xg) — ul®((n — k — 1)AL, Xk+1)]).

i

The details then depend on the numerical scheme. First, an auxiliary continuous-time
process X is introduced, see and (33). It satisfies X (kAt) = X, for all k € N. Second,
It6 formula is applied, and the Kolmogorov equation ((11)) is used. Theorem (numerical
scheme given by ) is proved in Section . Theorem (numerical scheme given by )
is proved in Section [0}

Spatial derivatives Du(®Y(t,2) and D?*u)(t,r) appear in the expansion of the error
obtained following this standard strategy. In infinite dimension, see |3} [7, 13],30], appropriate
regularity properties are required to obtain the weak order of convergence % They are studied
in Section [

4. REGULARITY PROPERTIES FOR SOLUTIONS OF KOLMOGOROV EQUATIONS

This section is devoted to state and prove regularity properties of the function u(** defined
by , solution of the Kolmogorov equation associated to the auxiliary equation ([7)).
The main difficulty and novelty is due to the poor regularity property of Wa;: even if for
fixed At, W, is globally Lipschitz continuous, there is no bound which is uniform in At > 0,
since Uy is polynomial of degree 3.

Theorems [4.1] and below are the main results of this section, and they are of interest
beyond the analysis of weak convergence rates. They are natural generalizations in a non-
globally Lipschitz framework of the estimates provided in [13], and extended in [7] with
nonlinear diffusion coefficients. We emphasize that the right-hand sides in the estimates
and do not depend on At.

Theorem 4.1. Let T € (0,00) and Aty € (0,1]. For every a € [0,1), there exists
Co(T, Aty) € (0,00) such that, for all At € (0,Aty), z € E, h€ H and t € (0,T],
Ca(T, Ato) (1 + |2[3)[llh.00

tOé
9

(16) |Du'D(t, x).h| < |(—A)"“h|g.



This may be interpreted as a regularization property: the assumption Du(*(0,z) € H
implies that, for positive ¢, (—A)*Du®) (¢, z) € H with a € (0,1).

Theorem 4.2. Let T € (0,00) and Aty € (0,1]. For every 3,y € [0,1), with the condition
B+ < 1, there exists Cg (T, Aty) € (0,00) such that, for all At € (0, Aty), x € E, h,k € H
and t € (0,7,

Cpr(T, Ato)(1 + |z[)[[#ll2.00

(17) [P0t ). (h k)| < preE (= A) (= A) 7K 4.
Remark 4.3. Results similar to Theorems and are studied in [18|, with different

techniques.

Note that we obtain stronger results. In Theorem[{.1, one may choose a € [0,1) instead
of a € [0, %) In Theorem one may choose 3,y € [0,1) such that B+ v < 1, instead of
B,v € 0, %) The stronger statements are useful below, to simplify the treatments of several
error terms.

Expressions of Du(®)(t,z) and D?*u®!(t, ) are given below: for h,k € H, v € H, and
t >0,

Du@t h=E[Dp(X »n%txﬂ
(18) D*u)(t, z).(h, k) = E[Dgp ). (¢, )]
+E[D? A“ (t w>>.<n (t, ), 1" (¢, 2))],

where the processes (-, ) and ("*(-, z) are the solutions the random PDEs

dn"(t
(19) % = Ayt 2) + Vn (X B0t 2)" (1, ),
with initial condition 7"(0,x) = h, and
d¢"* (t, x) hik / ) hok n (3 (A h k
(20) T PR AC 7 (ta LC) + \IlAt<X <t7x))< 7 (ta LC) + At(X <t7$))77 (tv 1’)77 (ta LC),

dt
with initial condition ¢"*(0,z) = 0.

To simplify notation, the parameter At is omitted in the notation for 5" (¢, z) and ¢"*(t, z).
4.1. Proof of Theorem Following the strategy in [7], introduce the auxiliary process
i (t,x) = n"(t,x) — eh.

Then, thanks to ,
Du(t, z).h = ]E[D@(X(At) (t, a:)).(etAh)} + E[D@(X(At) (t,x)).7"(t, z)],
and thanks to ((19)),

dif (t
L) A1) + W (X0, 2)) (1) + W (XD h . 7(0) = 0.
On the one hand, for any ao € [0,1), h € H and t > 0,
Ca a
(21) [E[Dp(XAI(t,2)).(e“h)]| < [lell10ole Bl < o [ll0el(=A) "Rl

10



On the other hand, the process 7" may be expressed as

t
22) (ta) = [ U9 (VXS s a))e h) s,
where (U(t, s)h) . solves, for every h € H,
(23) W = (A+ \I/'At(X(At)(t,x)))U(t,s)h , U(s,s)h = h.

A straightforward energy estimate, using the one-sided Lipschitz condition for ¥, yields
1d|U(t, s)h|?
bl o A B
2 dt -

thus by Gronwall Lemma |U (¢, s)h|* < C(T, Aty)|h|?, for all s <t <T.
Thus, thanks to , for a € 10, 1),

(eAfo — A\ |U(t, s)h|?,

t
(t0)l < CUT. Ato) [ W, (X4 (5, ) s
0
¢
/ (AY) Ca —o
< O(T, Ato) sup Wy X20(s, o)) [ Cods)(— Ay hlir
s€[0,T] 0o 5%
Thanks to Lemmas [2.1] and [2.3]

28 [EDex @) 0] < TR0 0 ) ol el (-4l

Combining and concludes the proof of .

For future reference, note that for ¢ € (0,71,

Calls A00)) ol (1 4+ sup [ Wy, (X9 (s, 2))]).

@) el < D
s€[0,7

4.2. Proof of Theorem Thanks to ,
D2 B0 (t,2).(h, k)| < (@l BIC" (1 @) 1] + lello,oBlIn" (¢ @) a0 (¢, 2) ]

On the one hand, thanks to , using Lemma and Lemma we obtain

06) Bl )bt ) ) < 22D ﬁ;oggl + |fh)

for all 5, € [0,1).
On the other hand, using (23)), from the equation (20]), the process ¢("* may be expressed

as
(27) (Mt a) = /t U(t, s) (Wi (XE (s, 2))n" (s, 2)1" (s, 2) ) ds.
0
Thanks to ,

[(=A) 72 (WA(X A (s, )" (s, )0 (5,)) |y < CIWA(X A (s,2)| " (s, 2) |0 (s, @) [

The following result allows us to use this inequality in (27)).
11
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Lemma 4.4. Let T € (0,00) and Aty € (0,1). There exists C(T, Aty) € (0,00) such that,
for all At € (0,Aty), r€e E,he H 0<s<t<T,
C(T, At
Ut sl < L2 (1 qup W (XA (1, 2)] ) [(—A) 2
(t—s)2 0<r<T

The proof of Lemma is postponed to Section . We refer to [11] for a similar result
and the idea of the proof.

Thanks to Lemma and to (27)), we get

LO(T, At /
E[¢"*(t, 2)|n S/ (—10)(1+ sup W, (XA (r, 2))[p)
o (t—s)2 0<r<T

(WA (XA (s, 2)| gln" (s, 2) 10" (s, ) | ds.
Thanks to (25)), and Lemmas and , we obtain

t
1
E[CH (8, 2)]ir < Cpn (T, Atg)(1 + |2[}) / s (ARl AV Kla
0 (t—s)2sPty
hence
Cs (T, Ato)(1 + |z|} _ _
(28) E|cH (1, 2|y < Cea A0 A WD) gy ayp,

- 8+
Combining and , thanks to , then concludes the proof of .
4.3. Proof of Lemma We claim that for all 0 < s < T and h € H,

T
(29) / U (r, s)hlgdr < C(T, Ato) (1 + sup |Wy, (X3 (r, 2))|p) [(—A) " /2hf3;.

0<r<T
Lemma ([4.4]) is then a straightforward consequence of , using the mild formulation

t
Ult,s)h = e"=*)4h + / AW (XA (s, 2))U(r, 5)hds.
It remains to prove (29). Let s € [0,7] be fixed, and define
Us:heH— (Ut s)h) € L*(s,T; H).

Introduce U¥ : L?*(s,T; H) — H the adjoint of U,. Then, by a duality argument, the
claim is a straightforward consequence of the following estimate: for all ' € L?(s,T; H),

s<t<T

(30)  |(—ARULFP < COT,Atg)(1+ sup [Wa,(XAO(r,2))]5) / P dr.

0<r<T

To prove (30), let F € L?(s,T; H), and observe that U; F = &(s), where (&(t)) ., is the
solution of the backward evolution equation o

dé“;t(t) = —AL(t) — U (XAt 2))E(t) — F(t) , &(T) =0,

Indeed, for all h € H,

) = [ Wit POt =~ [ 5 (U &0)de = (1,65,

using the conditions &(7") = 0 and U(s, s)h = h.
12




To obtain the required estimate of |(—A)%L{S*F|2 = |(—A)2&,(s)]?, compute

A = (A& (1) — (A (X400, )8 (1), (~A)es (1)
B, (~AE0)
> (=AY — 1WA (X400, ) ol (1)l (A (1)
— |F(0)] ] (~A)& (1)

1 1
> — S [ (Xt 2) IO — 5P O,
thanks to Young inequality. Integrating from ¢t = s to t = T, and using &(7") = 0, we have
A T 1 [T
B EAGOP < sw WX [ G0 [ O

Moreover, using —W'y,(+) > —e® see Lemma thanks to Young inequality, we have
Dl = (A1) — Al — (F(), (1)
(= A) 26 = A& 05 — (= A)TF@)]ul(—A) &)
> —eMlg (0 — 51-A)F R,

2
then by Gronwall Lemma there exists C'(T, Aty) € (0,00) such that for all s <t < T

v

&2 < O(T, Aty) / (= A V2R() 2.

Hence, with the inequality |[(—A)~2 - |z < C| - |4 and Equation (1), we obtain Equation
, leading to estimate , concluding the proof of Lemma .

5. PROOF OF THEOREM [3.2]

The aim of this section is to prove Theorem . Let the numerical scheme (X")neN be
given by (12)).

The section is organized as follows. An auxiliary process X and an appropriate decomposi-
tion of the error are given in Section[5.1} Error terms are estimated in Section [5.2] Auxiliary
results are proved in Section [5.3]

5.1. Decomposition of the error. As explained in Section [3| the strategy for the weak
error analysis requires to apply It6 formula, hence the definition of an appropriate continuous-
time process X.
Set, for every n € N, and every t € [nAt, (n + 1)At],
t

(32) X(t) = e () + [ ()
nAt

By construction, X (nAt) = X, for all n € N. Moreover,
dX (1) = AX (t)dt + dW (t) + A4 (D)0 (X,))dE ,  t € [nAL, (n+1)At],n € N.

Recall that ®;_,A; and ¥, are defined by .
13



The following result gives moment estimates. Proof is postponed to Section [5.3]

Lemma 5.1. Let T € (0,00), Aty € (0,1) and M € N. There exists C(T, Aty, M) € (0, 00)
such that, for all At € (0, Aty] and z € E,

sup E[|X (1) < C(T, Ato, M)(1 + ||z)™.
te[0,7

The error is then decomposed as follows, using [t6 formula, and the Kolmogorov equa-
tion , with T'= NAt

Bu4 (T, 2)] ~ E[u®)(0, Xx)]

=3 (E [uAD (N = k)AL, X3,)] — E[u®)((N — k — 1)At, Xk+1)]>
k=0
N-1 (k+1)At ~ ~

=) E / (DUAHT —t, X (1)), Upe(X (1)) — DA (D _pni (X)) dt
o kAt
N-1

= (dp+d; +d} +d})
k=0

where
(k+1)At ~ ~
i —E / (DUAD(T — £, X (1)), Uar(X () — Uar(Xe))dt,
kAt

2 (DS (At) (t—kAt)A
G=E [ DUSNT b X(0), (1 - ) Ba (X))
k
(k+1)At .
di=F / (DuSN(T —t, X (1)), e FA0A (0 50 (Xi) — U ar(Proiad(Xi))))dt,
k

(k+1)At ~
di =E / (DuA(T — 1, X (1)), e FADA (WA (Dy—par(Xi)) — Wo(Prpae(X))))dt.
k

5.2. Estimates of error terms.

Treatment of d.. Let n > }l, a € (0, %)7 and € > 0, such that a + 3¢ < %
Assume k = 0, then, thanks to Theorem [.I] and Lemmas [2.1] and Lemma [5.1

|do| < C(T. Ato) [[pll1,00 AL + |[5).
Assume that 1 < £k < N — 1. Thanks to Theorem

(k+1)At ~ ~
< [ BT — K (0), BalE (D) — V(X0

At
(k+1)At C”H‘LH<T’ Ato) . 9 e -

S/ el B[+ [X () B)[ (= A) T2 (Tar(X (1)) — Car(X)) | ] dt
kAt (T —t)ym™ >

Thanks to Lemma [2.2] and Taylor formula,

(=) (Tanl X (1) = Par (X)) [ < M(Xo X(0)](—4) 2 (X (8) = X)),
14




with
M(Xp, X (1)) < CaeAto)(1+ | X (1[5 + [(=A) ™2

a+25 ~

X (O} + [Xilp + (-4

Using Holder inequality, we need to estimate (EM (X, X’(t))“)i and (E‘(—A)_%(X(t) -

1
Xr) ‘iI) 2. The following auxiliary results give the required estimates.

Lemma 5.2. Let T € (0,00), Aty € (0,1), a € [0,1) and M € N. There exists Co (T, Ato, M) €
(0,00) such that, for all At € (0,Aty], v € E, and n € N with nAt < T,

(E[|(—A)FWARAL M) + (B[ (-A)E X, |4]) 7 < C,

Lemma 5.3. Let T € (0,00), Aty € (0,1), a € [0,
such that, for all At € (0, Aty] and x € E, for all t €

(T,
). There exists Co (T, Aty) € (0,00)
0,7] N [nAt, (n+ 1)At], n € N,

— |

(EI(~A) 3 (X (1) — Xa)[3)* < CalT, Atg)AL(1+ [zl + (nAA1) [a] ).
Thanks to Lemma , ® 4, is globally Lipschitz continuous, hence applying yields
X (Ol < 1(=A)F @ pnn(Xo) i+ [(=A) 5 (W) — 2 WARAL) [

< CeM(=A)F Xl 4+ [(=A) T WAD] + (=4 WA (A8 .
With the condition a + 3¢ < %, Lemma above then implies

a+2€

(=A4) >

a+25

. 1
(EM(Xy, X (1)) * < C(+ |l + (RAH) > |23).
Finally, using Lemmas [p.J]and [5.3] for 1 <k <n —1,
(VAL O, (T, Aty) 1
di| < At® e =0 ot | 14+ ——5— | (1 >
< o [ Ll o a1+ e ) (1 b
Observe that 2o + 3e < 1.

Treatment of d7. Let a € (0, %) Then, thanks to Theorem , for all k € {0,..., N — 1},

(k+1)A )
2| < /k E[[(Dul0(T — t, X(8)), (I — el *504) 0 5,(X,)) ] dt

At
TV Coo (T, At) || 211,00 24 - >
S/ 2 ST (— A) (T — e RO | B [(1 4 [ X (8)[5) W (X 1] dt
kAt (T —1)
(k+1)At T At
< At2a/ 0204( ) O)!SOHLOO(l—F‘;d%)dt
kAt (T —t)2

using [|(—A)72(I — e kA || £ 4y < Coo(t — KAL) < Oy At when 0 < t — kA < At.

Treatment of di. Thanks to Lemma [2.1] n for all z € R, and all 0 < 7 < At < Aty,
[Wai(2) = Uar(@r(2))] < C(Alg)]z — D-(2)|(1 + [2)
< C(At)T|W-(2)](1+ |2]?)
< C(Atg)At(1 + |2]°).
15



Thanks to Theorem [4.1] for all k € {0,..., N — 1},

(k+1)At ~
‘d2| < /k EU(DU(At)(T _ tjx(t»’e(tkat)A(\I;At(Xk) — \I’At<q)t—kAt(Xk>>)>|]dt

At

(k+1)At
< / Co(T, Ato)||90||1,ooEH\I’At(Xk) - \I/At(q)t—kAt(Xk)HH} dt
kAL

(k+1)At
< At / Co(T, Ato)llolhocE[(1 + [ X, [5)] dt
kAt

< ALC(T, Ato)|lpll,o0 (1 + [2[3)-
Treatment of d}. Thanks to Theorem and Lemma , for all k € {0,..., N — 1},

(k+1)At 3
|dy] < /m: E[[{Du®(T —t, X (t)), " 204 (W g (By_pae(Xi)) — o(Pe—par(Xi))))|] dt

(k+1)At
< / Co(T, Ato)||<,0H1,ooEH‘I’At(@t—kAt(Xk)) — \I]O((I)t—k:At(sz)HH} dt
kAt

(k+1)At
<ot [ GoT At)lelcBl(+ Xl
k

At
< APC(T, Ato) [ @ll1,00 (1 + |2]%).

Conclusion. In conclusion,

|E[U(At)(T, x)] — E[U(At)(O,XN)} ‘ < C(T, Ato, [z|5) l¢l1,00

N-1 (k+1)At C T At
(AH—At“Z/ ocT:Alo)

=1 Jrat (T — t)77+ ate $2a+3¢
N—-1  .(k4+1)At O (T. At
+ AP / 2T °)|2|‘P“1’°° dt + At(NAt))
o Jrat (T =)

< O(T, Ato, |#] ) ([ @100 A7,

with a < %, and € > 0 such that a + 3e < %
Combined with the arguments of Section [3] this concludes the proof of Theorem

5.3. Proof of Lemmas [5.1], [5.2] and [5.3]

Proof of Lemma[5.1. For any n € N, and t € [nAt, (n + 1)At], the definition of X(t)

gives

X ()| <[P nat(Xn)|z + [WAR) — e 20AWA(nAL)|
< M Xolp + WA |8 + WAL 5,

thanks to Lemma . Using @D and Lemma then concludes the proof. U
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Proof of Lemma[5.3. Note that, for all n € N, such that nAt < T,

>‘H
S

(EI(=A) 2 Xal3 )™ < [(=A)F el + C(T)Ati(EI(—A)%e(”_’“W‘I’At(Xk)|%)

+ (E|(—A) WA (AL [3)) 7
1

mmwww + Ca(T, M),

n—1
< (nAt) "%zl + C(T)ALY

k=0
since, for all ¢ € [0, 77,
E|(—A)SWAM|Y < O / I~ %942 ds)
SC’(/(t—s) “ Eals)
0
< C (T, M),

where € € (0,3 — a). Thanks to Lemma [5.1] then

2

(EI(=A)5 X, M)V < Cu(T, Atg, M)(L + |2 + (AL~ [ ).

]
Proof of Lemmal[5.3. For t € [nAt, (n+ 1)At], t <T,
t
X(t) = X, =etmA0AX X, + (t — nAt)e A0, (X,) + / =AW (s).
nAt
First,
(I (=)0 = DXa) < (=A% — D) (B - 4)2 03
< Co(T, Atg) At* (1 + |2|g + (nAE) ™2 |z| ),
thanks to Lemma [5.2] Second,
o 1 1
(E|(—A) "2 (t — nALe® 2040, 0 (X,)[2)F < AHET, ai(X,)[%)
< O(T, M)A + [af}),
thanks to Lemma . Third, by It6 formula, for e = % —a >0,
t t
B(-A) [ MW (s = [ A S, ds
nAt nAt
t
< Ca/ (t — s)" 2 tgs
nAt
< O Atz = O A,
This concludes the proof of Lemma [5.3] 0]
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6. PROOF OF THEOREM [3.3]

The aim of this section is to prove Theorem . Let the numerical scheme (X”)n N be
given by .

The section is organized as follows. An auxiliary process X and an appropriate decomposi-
tion of the error are given in Section[6.1} Error terms are estimated in Section [6.2] Auxiliary
results are proved in Section [6.3]

Assume that ¢ satisfies Assumption [3.1] and to simplify notation, without loss of gener-
ality, assume that ||¢]|2,00 < 1.

6.1. Decomposition of the error. As explained in Section [3| the strategy for the weak
error analysis requires to apply It6 formula, hence the definition of an appropriate continuous-
time process X.

Set, for every n € N, and every t € [nAt, (n + 1)At],

(33)  X(t) = Xy + (t — nA)ASA X, + (£ — nA)SAVa(Xy) + Sac(W(t) — W(nAt)),

where we recall that Sa; = (I — AtA)~%
By construction, X (nAt) = X, for all n € N. Moreover,

dX (t) = ASAt Xndt + SarUai(X,,)dt + SadW (), t € [nAt, (n+ 1)At],n € N.

The following result gives moment estimates. Proof is postponed to Section [6.1

Lemma 6.1. Let T € (0,00), Aty € (0,1) and M € N. There exists C(T, Aty, M) € (0,0)
such that, for all At € (0, Aty] and z € E,

sup E[| X (t)|¥] < C(T, Ato, M)(1 + |z]3)™.
tel0,T

The error is then decomposed as follows, using It6 formula, and the Kolmogorov equa-
tion , with T'= NAt,

E[u®) (T, 2)]~E[u® (0, Xy)]
= E[u®) (T, 2)] ~ Eu® (T — At, X1)]

+ NZ_:I(E [WBO((NV = K)AL X)) = E[u®) (N = k = )AL X))
= Ei[u(At)(T At, XBD(AL)] — E[u®N(T — At, X))
+ - (ak + g +Ck),
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where

/(k+1)At E(Du)(T — t, X (1)), AX (t) — ASxXp)dt
/k AtE<
ST D2ANT — £, X (1)).(e),¢)) (1 B m>

1 (k+1)At
Cr = 5/ E
kAt jEN

Section [6.2] is devoted to the proof of Lemmas [6.2] and below. Theorem is a
straightforward consequence of these results, thanks to the decomposition of the error above.

Qj
At
(k+1) N B
br Du™N(T —t, X (1)), Uar(X (1)) — Sar¥as(Xy))dt
At

dt.

Lemma 6.2. Let T € (0,00), Aty € (0,1] and x € E. For all a € [0,3), there exists
Co(T, Aty, |z|g) € (0,00) such that, for all At € (0, Aty),

B (T — At, XEO(A)] — Bu@O(T — At X,)]| < CalT, Ate, [a]) AL
Lemma 6.3. Let T € (0,00), Aty € (0,1] and © € E. For all a € [0,3), there exists
Co(T, Aty, |z|g) € (0,00) such that, for all At € (0, Aty),

1
(|ak| + [bx| + |ex]) < Co(T, Aty, |z|p) At®.
k=1

3

Compared with Section [p| there are more error tems, and the analysis is more technical.
The proof essentially follows the same strategy as in [13]. In particular, Malliavin calculus
techniques are employed. For completeness, details are given.

We emphasize that the most important new result is the estimate on the Malliavin deriva-
tive, see Lemmal6.4] This result is non trivial, since WA, is not globally Lipschitz continuous,
and it is obtained thanks to the structure of the numerical scheme, based on a splitting ap-
proach.

Note that an alternative approach to treat the term b, below, would be to adapt the
strategy used in Section to treat the term d., using Lemma in particular. Appropriate
versions of Lemmas [5.2] and would be required. It seems that this alternative approach
does not considerably shortens the proof.

We recall the Malliavin calculus duality formula in some Hilbert space K. Let D%? be the
closure of smooth random variables (with respect to Malliavin derivative) for the topology

defined by the norm
T
IFlors = (BIFR]+ B | [ Doas) )

where D, F denotes the Malliavin derivative of . For F' € D"? and = € L*(Q2x [0, T]; K) such
that Z(t) € D2 for all t € [0, 7] and fOT fOT |DE(t)|?dsdt < 400, we have the integration by
part formula:

E{F /0 (E(s),dWs)] TQ]E { /O (DSF,E(s)>ds}.



In our context, we will use another form of this integration by parts formula: for u € CZ(H),
and any adapted process = € L?(Q2 x [0,T]; Lo(H)),

T
> / D*uB)(F).(DS F,2(s)e;)ds | .
0

jEN

(34) E {(Du(At)(F),/OT E(s)dW(s)>] =

6.2. Estimates of error terms.

6.2.1. Proof of Lemma . For any « € [0, %), thanks to Theorem 4.1

[E[u)(T — At, XA (A1) -E[uS)N(T — At, X4)]|
Oa

< mEK—A)_Qa(X(M(At) — Xi)|n-

Note that
E|(—A) (X A(AL) — X1) | < [(—A) > (e — Sar)z|u

At
—l—/ E|(—A) 2B 5 (X GO (1)) | gdt + At|(—A) 72 Sa U pi(2) |
0

At At
+E| / (—A) 22 B=DAGW ()| + B / (—A) 722G pedW () |11
0 0

First,

[(=A) 72 (A = Sar)xlu < (I(=A) (€ = Dl ey + 1(=A) 7 (Sar = Dl ) 2]
< O A2y

Second, since ||(—A) || gy < oo for @ > 0, then using Lemma [2.3| gives
E|(—A) A MU (XA (1)1 < E[WadX 30 (0)|r < C(1+ Jaff)

and
[(—A) " *Sar¥ar()|r < [War(@)|a < C(1+ |zff).

Finally, for the stochastic integral terms,
At At
Bl [ (~A) e A @)+ Bl [ () SadW O < 280(-4) >0
0 0

and ||(—A)2|12, ) < 00 when %a > 1
It is then straightforward to conclude that, for « € [0, %),

B (T — Ar, X4 ()]~ Eu®) (T — At, X))]| < Ca(T, [a] ) A"

This concludes the proof of Lemma |6.2
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6.2.2. Proof of Lemmal6.5, Part 1. The aim of this section is to prove, for a € [0, 3), that
2

=

-1
|6Lk| S Coc(Ta Ath |x|E)Ata

1

B
Il

For that purpose, decompose a; as follows:

1 2
ar = ai + ay,

where
(k+1)At N
0l — / E[(Du®)(T —t, X (1)), A(I — Sa0) X)) dt,
kAt
(k+1)At - -
a2 = / E[(Dul®)(T —t, X (1)), AKX () = X,))]dt.
kAt

Using the formulation
k—1 k=1 a(+1)At
Xy, = Sk + ALY SUAX) + ) / Sk=LAW (),
=0 =0 AL
and the identity I — Sxa; = —AtSa,A, the expression a}, is decomposed as

111 1,2 1,3
ap =a, +a; +a,,

where

1,1 (kHAl (At) % 2 qk+1
a, = —At i E[(Du™)(T — t, X (1)), A*Ski'x)]dt,

At
(k+1)At ~ k—1
ay? = —At / . E[(Du®N(T —t, X (1)), At > A*SK, 10, (X0))]dt,
kAt =0
(k+1)At ~ k-1 .4+1)At
a® = —At / E[(Dul®)(T —t,X(t)),) / A2SE AW (1)) dt.
kAt /=0 LA

Using , the expression a? is decomposed as

2 21 2,2 2,3
ap = a, +a; +a,,

where

(k+1)At -
a2t = E[(DuA)(T — ¢, X (1)), (t — t3) A2Sar X5 )] dt,
k k

At

(k+1)At )
022 — / E[(Du®(T — t, X(8)), (¢ — tx) ASa¥ar(X)]dt,
kAt

(k+1)At . ¢
a2® = / E[(Du®)(T —t, X (1)), / ASadW (s))]dt.
kAt o1 kAt



Treatment of ai’l. Let o € |0, %) and € € (0,1—2a). Thanks to Theorem 4.1land Lemma ,

(k+1)At 1

01'] < Caus (T, Mo, fal) [ aHl(= AP Sk

kAt (T — t)2ate
(k:+1)At 1
< Co, (T, Aty, |$|E)At/ e A (= A) TSR e | (= A) 2 Sl ey
kAt (T —1)

(k+1)At 1
< Coe(T, Aty, 7| ) At /km AT e dt,

thanks to the standard inequalities ||(—A)'~“S%, || e < Ce(kAL) ™ and [[(—A) 2*Sarl ey <

CoAt* 1,

Treatment of a,”*. Let a € [0,1) and € € (0,1 — 2a). Thanks to Theorem {.1} Lemma ,

2
and Cauchy-Schwarz inequality,

(k+1)At

|CL]£’2| S 0201+6(T7 AtOv |x’E)At/

g A Y (E| (AP S U (X))
kAt — —

Thanks to Lemma 6.1},

ALY (B|(— A 25k 0 (X))

N

< ALY A SE e | (=A) S aell o (BN W ad (X))

< Coe(T, Aty |7 ) A2,

. k—1
usimg At Zé:O W < CE < 0o0. Thus
(k+1)At

1

1,2 2
a;”| < Ca,e(Ta Ato, |I|E)/ ——dt At*™.
4 kAL (T —t)2ate

Treatment of a,lf. The Malliavin calculus duality formula is applied, for fixed ¢, with
u=uP(T—t,-), F=X(t), and Z(s) = A2S%, " for (At < s < ({+1)At. This yields the
following alternative expression for a,i’gz

(k+1)A 5 K (E+DA
al® = — At / E[(Du®)(T —t, X (1)), / APSR AW (s)) ] dt
kAt =0 VAt

(k+1)At k=1 a(e41)A ~ ~
= —At / / Z]E[DQu(At) (T —t,X(1).(DIX(t), A2SK, M e;)] dsdt.
jEN
Lemma below prov1des the required estimate. Its proof is postponed to Section [6.3}

Lemma 6.4. Let T € (0, 00).
For all k € N, such that kAt < T, and all s € [0,T], almost surely,

1D X || oy < €'

In addition, D, X, = 0 if KAt < s.
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Moreover, for all0 < s < kAt <t < (k+1)At<T,
DX (1)l ey < (34 AW, (X)|p)e”

Let a € [0,3), and let & € (3 — @, 1 — 2a) and € € (0,1 — 20 — k) be two auxiliary

parameters. Then 2a+rxk+e <1, and a+ Kk > % Thanks to Theorem Lemma and
the moment estimates, by Lemma (6.1},

(k+1)A
|CL]1€73| S CO,2C¥+E+/€(T7 At07|x|E)At/ 2a+€+ﬁdtZAt2| 2 20—€— nsk £+163|H
kAt (T ieN
(k+1)At )\1 2a—kK

< Co (T, Ato, At S— N E—
>~ J€, ( 0 |I|E) /kAt (T — t)2atetk % (1 + )\jAt)

1
)

(k+1)At 1 dtz (At)\j)l_o‘ A1
)

< Ca,E,H(T7 Ath ’-IlE)At/

EAL (T —t 2a+e+k < (1 + )\jAIf) )\?Hm
(k+1)At 1
< Coo(T, Aty, |a:\E)/ ————dt At®,
kAt (T — t)2etets

using At S°F1 — < (. <00, and ¥y = < 00.
g szo ((k_e)m)l = Z]GN ATT

Treatment of &i’l. Note that (t —t;)ASa: = (tzt"’) (Sat—1I). As a consequence, it is sufficient

to repeat the treatment of a; above, and to use t — t;, < At, to get the required estimate for
2,1,
a;":

(k+1)At 1

2L < o, (T, At Ata/ dt
la;" | < Co (T, Ato, || 5) N (AL (T — fy2arern

Treatment of ai’Q. Let a € [0, %) Thanks to Theorem and Lemma ,

(kDAL 1y ¢ 1
62| < Con(T, Ao, 2]) / @dt(m A)2 5 0 (X))
o (T
(k-f—l)At 1 )
< Cyu(T, Aty _dt A
<CuTtolele) [

Treatment of a,’. Using the Malliavin calculus duality formula (34),

(k+1)At B t
= [ BT - X (), / ASaudIV (s))]dt
At kAt

/k+1 / ZE D2 AT — ¢, X(1)). (Dea X (1), ASAtej)}dsdt.

jEN

Observe that DX (t) = Sa; for kAt < s <t < (k+ 1)At. Let a € [0,2), and let x €

(3 — a,1 — 2a) be an auxiliary parameter. Then 2a + s < 1 and @ 4+ x > %. Thanks to
23



Theorem [4.2] and Lemma [6.1]

(k+1)A 3
\</ /; 2:1+AAt DO (T — 1, X (1)) (e, e;)|dsdt
t

7=1

At)\ (k+1)At 1
< Coasn(T, Aty |2]1) ]an/ L
0,2a+ 0 E Zl (1 + )\]At)Q)\? + KAL (T _ t)20£+fi

(k+1)At

1 (NAD) T At
< C, (T, Ato, T J
<Cudltolels) [ Gt S

(k+1)At

1
gcg4T¢umm@x/ AN

kAt (T — t)2etr

: 1
using iy sare < 0.
J

Conclusion. Gathering estimates above, for all a € [0, %),

N-1 (k+1)At

1
|6Lk| < O T Ato, |$|E Ata Z/

dt
i PR(T @

k=1

with two parameters [51(a), fa(ar) € [0,1). Therefore

N-1 k—‘rl)A 1 T 1
dt < dt <
Y[, mew—gets | mew gt <

This concludes the first part of the proof of Lemma [6.3]

6.2.3. Proof of Lemma Part 2. The aim of this section is to prove, for a € [0, 1), that

-1

=

|bk| S Ca(T7 At07 ’x|E>Ata

1

i

For that purpose, decompose by, as follows:

by = by, + b,
with



Introduce real-valued functions W ,(-) = (¥a,(+), ¢;), for all j € N. Using Ito formula, for
t € [kAtL, (kK + 1)At],

t

o ‘ 1 .
WL (X(0) = Wh 000 = [ 53 DML (Sares S

kAt < GeN
t

+ / t (DW, (X (5)), SarAX)ds + / (DW, (X (5)), Sar¥as(X3))ds
kAt kAt

+ /k <DW£t(X(S)), SardW (s)).

At

This expansion gives the decomposition

b= by 0+ b+ b

91 (k+1)At t 1 a0 ) ) i
b = =~ _E[(DuNT — 1, X (), D2y (X (5)). (e, 1)) | dsdt
: /k /kAt eN (1 + )\7,At)2 |:< u ( ) ( ))7 At( (S)> (ezaez»] sat,

=

o /(k+1)At /t E[<Du(At)<T B t7X(t)),D\I/At(X(S)).(SAtAXk)Hdetv

At At

- (k+1)At  pt B B

by = / E[(Du®(T —t, X (1)), DU a(X(5))-(Sar P ar(Xy)))] dsdt,
kAt kAt

(k+1)At t o
P2t = /k E[Y (Du)(T —t, X (1)), ¢;) /k | (DYA(X(5), SadW (s))] .

Treatment of b}.. Thanks to Theorem and Lemma ,

(k+1)At 1

N

bL] < Coa(T, Ao, 25) /k o T ECA) I S Wa X))
t

(k+1)At 1 )

< T At ———dt At

< Cou(T, At [2]) /k =

Treatment of b.'. Let o € [0, 1). Thanks to Theorem and Lemma , and to the
inequality |D?Was(z). (e, e:)|g < C(1+ |2|5)M|e;|%,

At? 1 o
m < OQ(T7 Ato, |.CE|E) Z /\1_(1 Aptte
‘ €N T

25

b | < Co(T, At |2]) Y

1€EN



Treatment of bg’2 A decomposition 62’2 b2 214 62 22 4 b2 23 into three terms is required:
(k+1)At -
P22 / / [(DuA)(T — t, X (1)), DUay(X(s)).(ASK ' 2)) | dsd,
At
(k+1)A N 5 i
222 / / E[(Du®)(T —t, X (t)), DUa, (X (s)) (At Z ASK T A(XY))) ] dsdt,
At =0
(k+1)A ~ k-1 .(+1)At
pa2s / / (DT — 1, X (1)), DUA(X(5))- (3 / ASK AW (r))] dsdt.
At =0 LAt

Let a € [0, %) Thanks to Theorem , Lemma , and to inequalities already used

above, the terms 62’2’1 and bi’m’ are treated as follows. First,

b2 < Co(T, At || ) AL | A2 SE || e | A2 S acll ey 2| i

g@mmMmmwﬁmﬁg
Second,
k—1
by 2] < Co(T, Ato, |x|p) AL (E|AL Y~ ASK T UA(X)]7) 2 dsdt
k_lé 0
< Co(T, Ato, || ) ALPAL D || A S| 2 1A > Saell ey
/=0

< O(T Ato, |$|E>At1+2a7

using that At 35~ 0 W < Co(T) < o0 for a € [0, 3).
It remains to treat b . Using the Malliavin calculus duality formula (34)) and the chain

rule,

= [ [y / S [ SRR — b, K1) (DU s (R (3)) (S ), DS K (1) drdse

tk y—0 jEN
thy1 tk L ptey - ~
/ / / S E[Du(T —t, X (1)), D*Uar(X (5)).(ASK; T e;, DI X (s))) | drdsdt.
tk p=0 JEN
Let n € (}1, 1), which allows us to use inequality . Thanks to Theorems 4 and .
Lemmas [6.1] and [6.4]
k-1 k+l)AtC T Ata. |z
2] < AP N C(ALC(T, Aty |2]) +/ ((T _%' |E>dt)|AS’“ el
=0 jeN kAt
(k+1)At 1 k-1 )\1—2&At
gC(T,AtO,\xyE)/ ———dt At Y |[(=A)**SK o .
e T A 2T

(k+1)At
dtAt>.

< C.(T, Aty
<CTbolele) [
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Finally,

(k+1)At 1

2,2 1 2«
|bk ‘ S Ca<T7 Ath ‘x|E) /I;At (1 + t2_o‘ -+ m)dt At .

Treatment of bi’?’. Applying Theorem and Lemma directly gives

02°| < Co(T, Aty || p) At2.

Treatment of bi’4. Using the Malliavin calculus duality formula and the chain rule,

t

(k+1)At B L
= [ B DT . X (0)e) [ (DWACK(), S (5]

N kAt

/ (+1)A /At uBAN(T —t, X (1)).(ej, DS X (£))(DW, (X (5)), Sares)] dsdt

3,JEN

(k+1)At
/ /AtZE (D> ST — t, X (1)).(DUai(X (s))Saves, DX (t))] dsdt

€N

(k+1)At e _ ~
/ / AtZE[D uANT — ¢, X(1)).(DU (X (5))Sacei, Sases) | dsdt,

indeed D, ~( t) = Sas for kAt < s <t < (k+1)At.
Let a € (0, ). Thanks to Theorem [£.2] and Lemma [6.1]
b2 < CpulT, / R T N e S

A,

(k+1)At 1 o 1
< Co (T, Aty, |z )/ —dt —
Tawlde) [ Tt

Conclusion. Gathering estimates above, for all a € [0, 3),

N-1 (k+1)A 1

b < Cu(T, At At di
] < Cul. Mo o) Z /w o gt

k=1

with two parameters 31 (), fa(ar) € [0,1). Therefore

N-1 .(k+1)At 1 T 1
dt < dt < 00.
21 /At th1(e) (T — ¢)Bale) ™ — /0 L) (T — t)h2(a) 0

This concludes the second part of the proof of Lemma [6.3]
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6.2.4. Proof of Lemma Part 3. Tt remains to treat S0 ' |ex|. Let a € (0, 1), and let
€ € (3 — a,1 — 2) be an auxiliary parameter. Thanks to Theorem , and to Lemma ,
using (—A)Pe; = )\;ﬁe

(k+1)At 1 N T2o—e (2)\At + ()\'At)Q)
< Cons (T Ato, e DI ; :
o] < Caare(T, Ato, [2]) /,m (T — 1)2ae JGZN (14 A,AL)?
(k+1)At 1 A 2N AT + (VAL
< Coure(T. Ato, —_— : ;
> Ooa+t ( 0 |x|E) /kAt (T _ t)2o¢+e ]26;] )\?"'6 (1 + /\jAt)Z

Note that > /\?‘% < 00, since a + € > 3. In addition, sgp (1+Z)2 < oo for 8 €[0,2]. Thus
N-1
‘Ck| < C T Ato, ’%‘E>Ata
k=1

6.2.5. Conclusion. Gathering the estimates on Y p " |ax|, Son" |be] and ST0 " |ex|, con-
cludes the proof of Lemma [6.3]

6.3. Proof of Lemmas [6.1] and [6.4.
Proof of Lemma[6.1 Let (wn)neN be given by

Wy = Z_: SETH W (R + 1)At) — W (KAL),

which solves wy, 1 = Saw, + SAt(W((n + 1)At) — (nAt))
Then (see [8]), there exists C(T', Aty, M) € (0, 00) such that

E[ sup |X,|p + sup |wal | < C(T, Ato, M) (1 + || )™
0<n<N

Recall that ASa, = 281 and that HSAtHE(E 1.
For nAt <t < (n+ 1)At § T, using

EIXOR)Y < BIX)Y +2° ‘AZ“ (BIX ) + (¢ = nt) (B0 (X)) ¥
+ (E[Sac(W(t) — W(nAt)%)W
(t — nAt)%

< C(L+Jalp +|olh) + (ElSae(W((n + 1)AL) = W (nA)|g) ™,
and it remains to observe that Sa,(W((n+1)At) — W(nAt) = wy11 — Sawwn, and to use the
estimate above.

This concludes the proof of Lemma 0

Proof of Lemma [6.4 Introduce the following notation: for every s € [0,T], £, = [ %] €
{0,...,N}.
If /;, > k, then s > kAt, and by definition of the Malliavin derivative, D, X}, = 0.
Note that Xy, 11 = Sar®ai(Xe,) + Sar(W((Ls + 1)At) — W(L;At)), thus DXy, 11 = Sas.
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Finally, if & > ¢, + 1, using the chain rule, for all h € H,
DI Xji1 = DI (Sar®ar(Xi)) = Sar®a(X3)DEX,
and since @, is globally Lipschitz continuous, thanks to Lemma [2.1],
DY (Xpn) i < eDyX| < €' |D Xl < € |h]a
Finally, for 0 < s < kAt <t < (k+1)At < T, and h € H, using the chain rule and ,
[DIX ()i < [DEX ()] + (8 — nAL)|ASADLX (1)1
+ (t — nAL)[Sar W, (Xi) Dl Xy 1
< (34 At (X)) DY Xl
and using the estimate above concludes the proof of Lemma [6.4] ([l
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