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Numbers of Crossings in Drawings of the Petersen Graph

In this paper we settle the two outstanding existence questions for drawings of the Petersen graph with 66 and 67 crossings. We show there exists a drawing with 66 crossings but no drawing with 67 crossings.

Introduction

A drawing D(G) of a graph G is a mapping of G into the plane where the vertices of G go into distinct points (also called vertices of D(G)) and the edges go into curves (also called edges of D(G)) connecting the corresponding vertices in such a way that two edges have at most one point in common either a vertex or a crossing (intersection).

Two drawings of G are isomorphic if there is a 1-to-1-correspondence between vertices, edges, parts of edges, crossings, and regions the plane is partitioned into such that all incidences are preserved.

Let cr(G) and CR(G) be the minimum and maximum number of crossings, respectively, of a graph G. For any graph G it may be asked whether drawings D(G) exist with S(G) crossings, cr(G) ≤ S(G) ≤ CR(G).

For the Petersen graph P (see Figure 2) it was proved in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF]: cr(P ) = 2, CR(P ) = 68, and the existence of S(P ) was left open for 66 and 67 crossings. Here we complete the results of [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] with the following theorem.

Theorem 1. There exist drawings D(P ) of the Petersen graph P with S(P ) crossings for 2 = cr(P ) ≤ S(P ) ≤ CR(P ) = 68 with the only exclusion of S(P ) = 67.

The proof of Theorem 1 follows from the results of [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] together with the following two theorems.

Theorem 2. There exists a drawing D(P ) having 66 crossings. Theorem 3. A drawing D(P ) with 67 crossings does not exist.

Proof of Theorem 2

This proof is given by the drawing depicted in Figure 1. Drawings with S(P ) = 66 crossings have been found by both authors independently, using a computer search and by hand, respectively.

Proof of Theorem 3

For the proof of Theorem 3 we consider as in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] the 10 cycles Ci, 0 ≤ i ≤ 9, being subgraphs of P (see Figure 2 ). Each C 6 has 3 pairs of opposite edges (o-pairs) and 6 pairs of edges with a common adjacent edge (i-pairs) which may determine a crossing. A nonadjacent edge pair of P is either an i-pair of one C 6 only or an o-pair of exactly two C 6 s (see Figure 2).

The 10 cycles C 6 of P may be interpreted as vertices of a graph P C 6 with edges between two C 6 s having an o-pair in common. Then P C 6 is a Petersen graph also (see Figure 2). We will need the following lemmas.

Lemma 1. In a drawing D(C 6 ) with 8 crossings the edge pair without a crossing is an i-pair.

Proof. This is Lemma 2 in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] Lemma 2. Two cycles C 6 of P having a common o-pair cannot both have the maximum number 9 of crossings.

Proof. This is Lemma 3 in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] Lemma 3. Two cycles C 6 of P having a common o-pair cannot both have drawings with 7 crossings each such that one of the two missing crossings is due to the common o-pair.

Proof. In the list of all 114 nonisomorphic D(C 6 )s in [START_REF] Harborth | Drawings of the cycle graph[END_REF] there are 11 drawings with 7 crossings (on page 19 the last 2 in row 3 and all 5 in row 4, and on page 20 the first 4). For 7 these D(C 6 )s the two missing crossings both are determined by i-pairs. The two remaining pairs of D(C 6 )s (on page 19 at the beginning in row 4 and the second and the third D(C 6 ) on page 20) are "isomorphic" pairs if the small triangles with crossings as vertices are contracted to a 3-fold crossing. So with 7 crossings there exist the two different D(C 6 )s in Figure 3 having an o-pair without a crossing where the first D(C 6 ) is isomorphically redrawn. Lemma 4. Any drawing of the Petersen graph has an odd number of i-crossings, that is, crossings from an i-pair of edges.

Proof. Consider two drawings D 1 (P ) and D 2 (P ). Redraw D 2 (P ) isomorphically such that its vertices are in the same positions as the corresponding vertices of D 1 (P ) (see Figure 6 with D 2 (P ) as an example being redrawn for D 1 (P ) from Figure 2). Then move the edges of D 2 (P ), one after another, into the corresponding edges of D 1 (P ). Whenever in this process an edge xy is moved via a vertex then the number of i-crossings in D 1 (P ) is changed by 0 or by 2 only, since each vertex different from x and y is incident to exactly two edges determining in D 1 (P ) an i-pair together with xy. In fact, these edges are edges of an 8gon. It follows that the number of i-crossings is always congruent modulo 2 and then it is odd since all 5 crossings of the classical D 1 (P ) in Figure 2 are i-crossings. To complete the proof of Theorem 3 note that P has 4 as its independence number. Thus by Lemma 2 at most 4 of the 10 subdrawings D(C 6 ) can attain the maximum number 9 of crossings. However, in this case it was proved in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] that S(P ) ≤ 60.

The number of nonadjacent edges in P is 15 2 -10 3 2 = 75. Thus for S(P ) = 67 there have to be 8 missing crossings either of i-pairs in one D(C 6 ) or of o-pairs in two D(C 6 )s. This forces the numbers of crossings in the 10 subdrawings D(C 6 ) to be 9988888888, 9997888888, or 9997788888. In the last case one missing crossing in the two D(C 6 )s with 7 crossings has to be caused by a common o-pair, contradicting Lemma 3. In the first two cases the 8 missing crossings are due to i-pairs only (see Lemma 1). Subtracting 8 from 60 being the total number of i-pairs in P gives an even number of i-pairs in D(P ), contradicting Lemma 4. This completes the proof of Theorem 3.

It may be remarked that in [START_REF] Harborth | The maximum crossing number of the Petersen graph[END_REF] the proof of S(P ) = 69 becomes much simpler by Lemma 4.
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 1 Figure 1: D(P ) with 66 crossings.
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 2 Figure 2: The 10 cycles Ci in P and P C6.
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 345 Figure 3: The two D(C 6 )s with 7 crossings and with a noncrossing o-pair.

Figure 6 :

 6 Figure 6: Two isomorphic D 2 (P )s for D 1 (P ) from Figure 2.
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