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SOME PROPERTIES OF COARSE LIPSCHITZ MAPS BETWEEN
BANACH SPACES

A. DALET AND G. LANCIEN

ABSTRACT. We study the structure of the space of coarse Lipschitz maps be-
tween Banach spaces. In particular we introduce the notion of norm attaining
coarse Lipschitz maps. We extend to the case of norm attaining coarse Lipschitz
equivalences, a result of G. Godefroy on Lipschitz equivalences. This leads us
to include the non separable versions of classical results on the stability of the
existence of asymptotically uniformly smooth norms under Lipschitz or coarse
Lipschitz equivalences.

1. INTRODUCTION

In a recent paper [6] G. Godefroy studied various notions of norm attaining Lip-
schitz functions. If (M,d) and (N,d) are two metric spaces and f : M — N is
Lipschitz, it is natural to say that f attains its norm at the pair (z,y) in M x M

with x # y if
S S0) _ .,

where Lip (f) denotes the Lipschitz constant of f.

In [6], G. Godefroy introduced the following weaker form of norm attaining vector
valued Lipschitz functions. Let (M, d) be a metric space, (Y,]| ||y) a Banach space
and f: M — Y a Lipschitz map. We say that f attains its norm in the direction
y € Sy, where Sy denotes the unit sphere of Y, if there exists a sequence (s, t,,)5
in M x M with s, # t, and such that

lim f(sn) = f(tn)

n—o0 d(Sn,tn) - ysz <f)

One of the main results of [6] is that if a Lipschitz isomorphism f between two
Banach spaces X and Y attains its norm in the direction y € Sy, then there exists
a constant ¢ > 0 such that py (y,ct) < 2px(t), where p denotes the modulus of
asymptotic uniform smoothness (see definitions in section 6). Then, noticing that
this is impossible if one of the spaces is asymptotically uniformly flat and the other
has a norm with the Kadets-Klee property, he provides examples of pairs of Banach
spaces (X,Y’) for which the set of norm attaining Lipschitz maps, in this weaker
sense, is not dense.
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2 A. DALET AND G. LANCIEN

The starting point of this work was to notice that this argument could be adapted
to the setting of coarse Lipschitz maps between Banach spaces X and Y. This space
of functions is a vector space on which a natural semi-norm is given by the Lipschitz
constant at infinity of a coarse Lipschitz map. It is then natural to work with the
corresponding quotient space that we shall denote CL(X,Y).

In section 2 we introduce these basics definitions as well as the analogue of Gode-
froy’s definition for norm attaining coarse Lipschitz maps.

In section 3 we define the notion of coarse Lipschitz equivalent Banach spaces,
or quasi-isometric Banach spaces in the terminology introduced by M. Gromov in
[10]. In Proposition 3.3, we gather some characterizations of the coarse Lipschitz
equivalence that were essentially known. In particular we describe the link with
the notion of net equivalence of Banach spaces. We also insist on the existence of
continuous representative of coarse Lipschitz equivalences. This will be crucial in
our further use of the Gorelik principle.

In section 4 we address the question of the completeness of our normed quotient
space CL(X,Y). In Proposition 4.5 we give a sufficient condition for CL(X,Y") to
be complete. We also describe situations when the coarse Lipschitz equivalences can
be viewed as an open subset of our quotient space.

In section 5 we gather the necessary background on the so-called Gorelik principle.
First, we recall its classical version for uniform homeomorphisms and Lipschitz iso-
morphisms. Then we prove in Theorem 5.3 a version of the Gorelik principle which
is a variant of Theorem 3.8 in [8] stated in terms of coarse Lipschitz equivalences
instead of net equivalences of Banach spaces.

Section 6 is devoted to the study of the preservation of the asymptotic uniform
smoothness under Lipschitz isomorphisms and coarse Lipschitz equivalences. First
we recall the definitions of the relevant moduli and their relationships. The stability
of the existence of an equivalent asymptotically uniformly smooth norm was proved
in [7] in the separable case. We take in Theorem 6.3 the opportunity to detail its
proof in the non separable case that we have not found in the literature. In Theorem
6.5 we detail a precise quantitative version of the stability of asymptotically uni-
formly smooth renormings under coarse Lipschitz equivalences, again in the general
case. This result was mentioned in [8] with only a very brief outline of the proof.
Moreover the details of this proof will be used in our last section.

Finally, in section 7 (Theorem 7.1), we extend Godefroy’s result to our setting
of norm attaining coarse Lipschitz equivalences and we give examples of situations
when it can be properly stated that the set of norm attaining coarse Lipschitz maps
between two Banach spaces X and Y is not dense in the quotient space CL(X,Y).

2. NORM ATTAINING COARSE LIPSCHITZ MAPS

Definition 2.1. Let (M, d) and (N, d) be two metric spaces and a map f : M — N.
If (M, d) is unbounded, we define

S((f (=), f(¥))

Vs >0, Lips(f) = SUP{ d(z,y)

cd(w.y) = s} and Lipao(f) = inf Lips(f).
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Then f is said to be coarse Lipschitz if Lips(f) < oo.
The set of coarse Lipschitz maps from M to N is denoted CL(M, N).

The following equivalent formulations are easy to verify.

Proposition 2.2. Let (M,d) and (N,d) be two metric spaces, with (M,d) un-
bounded and let f : M — N be a mapping. Then the following assertions are
equivalent.

(i) The map f is coarse Lipschitz.
(i1) There exist A and 6 in [0,400) such that

Vo,y € M d(z,y) > 0= 6(f(x), f(y) < Ad(z,y).

(iii) There exist A and B in [0,+00) such that

Va,y € M 0(f(x), f(y)) < Ad(z,y) + B.

Note that in the above statement, Lip.(f) coincide with the infimum of all A > 0
such that (ii) is satisfied for some 6 > 0 and also with the infimum of all A > 0 such
that (iii) is satisfied for some B > 0.

Suppose now that (M, d) is an unbounded metric space and (Y, || ||y) is a Banach
space. Then it is easy to see that CL(M,Y") is a vector space on which Lips, is
a semi-norm that we shall also denote || ||cz(ary) or simply || [lcr if no confusion
is possible. Then we denote N (M,Y) = {f € CL(M,Y), Lipoo(f) = 0} and
CL(M,Y) the quotient space CL(M,Y)/N(M,Y). The semi-norm Lip., induces a
norm on C'L(M,Y’) that will also be denoted Lipeo, || |cr(as,yy or || [lcr. We shall
try to avoid as much as possible the confusion between elements of CL(M,Y’) and
elements of CL(M,Y).

We now introduce the notion of norm attaining coarse Lipschitz maps.

Definition 2.3. Let (M, d) be an unbounded metric space and (Y, || ||y) a Banach
space. Assume that f: M — Y is coarse Lipschitz. We say that f attains its norm
in the direction y € Sy if there exist a sequence of pairs of distinct points (s, t,)
in M such that

lim d(s,,t,) = +oo and lim M

n—o00 n—00 d(sn’ tn)

=y Lipoo (f)-

Remark. Note that the above definition is only interesting when Lip.(f) # 0,
that is when f # 0 in the quotient space CL(M,Y).

Note also that if f € CL(M,Y) attains its norm in the direction y € Sy and
g : M — Y is such that Lips(f — g) = 0, then g also attains its norm in the
direction y. Therefore, this notion is well defined for an element f of the quotient
space CL(M,Y).
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3. COARSE LIPSCHITZ EQUIVALENCE OF METRIC SPACES

Definition 3.1. Let (M,d) and (N,d) be two unbounded metric spaces and f :
M — N be a coarse Lipschitz map. We say that f is a coarse Lipschitz equivalence
from M to N, if there exists a coarse Lipschitz map g : N — M and a constant
C > 0 such that

Ve e M d((go f)(z),) <C and Vye N 6((fog)(y),y) <C.
We denote CLE(M, N) the set of coarse Lipschitz equivalences from M to N. If
CLE(M, N) is non empty, we say that M and N are coarse Lipschitz equivalent and
denote M <& N.
This notion of coarse Lipschitz equivalent metric spaces is exactly the same as

the notion of quasi-isometric metric spaces introduced by Gromov in [10] (see also
the book [5] by E. Ghys and P. de la Harpe).

Remark. It is easy to check, for instance using the characterization (iii) in Propo-

. CL . . .
sition 2.2, that ~ is an equivalence relation.

We now turn to the notion of net in a metric space.

Definition 3.2. Let 0 < a < b. An (a,b)-net in the metric space (M,d) is a subset
M of M such that for every z # 2’ in M, d(z,2’) > a and for every z in M,
d(x, M) < b.
Then a subset M of M is a net in M if it is an (a, b)-net for some 0 < a < b.

Let us now give two technical equivalent formulations of the notion of coarse
equivalence between Banach spaces, that we shall use later. The main result, which

is the fact that (ii) implies (iii) is essentially contained in the proof of Theorem 3.8
in [8].

Proposition 3.3. Let X and Y be two Banach spaces and f : X — Y. The
following assertions are equivalent.

(i) The map f belongs to CLE(X,Y)

(ii) There exist Ag > 0 and K > 1 such that for all A > Ay and all mazimal
A-separated subset M of X, N' = f(M) is a net in'Y and

1
Voo’ e M e — 2| < [If(z) = f(@)]] < K|z = ')
(iii) There exist two continuous coarse Lipschitz maps ¢ : X =Y andy : Y — X
and a constant C > 0 such that ||p(x) — f(x)|| < C for all z in X and
Vee X [[(Yop)(z) -z <C and Yy e |[[(pod)(y) —yll <C.

Proof. (i) = (ii). Assume that there exist g : Y — X and constants C, D, M > 0
such that

Vee X [[(gof)(z)—zl| <C, VyeY |[(fog)y)—yll <C.

and
Vo, ' € X ||f(x) — f(2')]| < D+ M|z — 2|,
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Yy,y' €Y lg(y) — 9l < D+ Mlly — /||
Let Ag = (2C+D)(M +1), A > Ay and M be a maximal A-separated subset of X.
Note that M is a (A, A)-net of X. Let now z # 2/ € M, y = f(z) and ¢y = f(2).
Then
1f(z) = f@)| < D+ Mz —2'|| < A+ Mllz — 2" < (M + 1)z — 2|

On the other hand [|g(y) — z|| < C and ||g(y") — 2/|| < C, which implies that
lg(y) — g(¥)|| > ||l — 2'|| — 2C and therefore

A |z — 2|
—2ZI<20+D+Mlly—19|| < ——— + M|y — || < =21
|z —a'|| < + D+ My yH_M—i—l—i_ ly =o'l < V1

It follows that ||z — /|| < (M + 1) |ly — ¥/||. So f is a Lipschitz isomorphism from
Monto N = f(M) and K = M + 1 satisfies the required inequalities. In particular
N is a-separated, with a = A(M +1)7L.

Finally let z € Y. There exists x € M such that ||z — g(z)|| < A. Then

1f(x) =2l < |[f(2) = flg(2)[ + C < D+ MA+C =b.

We have shown that N is an (a,b)-net in Y, which finishes the proof of this impli-
cation.

+ My =]

(79) = (i17) For A > Ap, we pick (z;);cr a maximal A-separated subset of X. Note
that (x;)ier is an (A, A)-net in X. For i € I, let y; = f(z;). Then, by assumption,
(yi)ier is an (a,b)-net in Y, for some 0 < a < b, and we have

. 1
Vij el pllzi —all < llyi —yjll < Kl — a]l.
Then we can find a continuous partition of unity (f;);er subordinated to the open
cover (Bx(x;, A))icr of X and a continuous partition of unity (g;);c; subordinated
to the open cover (By (yi,b))icr of Y and we set

Vee X o(x) = Zfz(a:) y; and YyeY (y) = Zgi(y) Z;.
iel il
Note first that ¢ and ¥ are continuous.

Let z € X and pick ¢ € I such that ||z — 2;]] < A. Now, if fj(x) # 0, then
|z — ;]| < Aand ||z; — x| <2A. It follows that

lo@) —will =11 Y. f@) (-l < 24K.
3,f5(x)#0

Let now #’ € X and j € I so that ||z’ — z;|| < A. Then we have

lp(x) = o(@)]| < 4AK + [ly; — y;l|l < 4AK + K|lz; — ;]| < 6AK + K|z — 2/]|.

This shows that ¢ is coarse Lipschitz and Lips(¢) < K and a similar proof yields
that the same is true for ¢.

For x € X, pick again ¢ € I such that ||z — z;|| < A. If g;(p(x)) # 0, then
le(@) —yill < band |lyi —y;ll < llo(x) = will + [o(z) — y;ll < 2AK +b. Therefore

(@) —zill =1 Y gi(p(@)) (2 — z)|| < KQ2AK +b).
595 (F@)#0
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Finally, we get that
[(p(2) — 2| < [[P(p(2) = zill + |2 — 2l < KQ2AK +b) + A = Ch.

Similarly, we get that there exists Co > 0 such that forally € Y, ||p(¢(y))—y|| < Ca.
Finally, recall that f is coarse Lipschitz. So, there exist D, E > 0 such that for all
2,2’ € X, || f(x) — f(@)]| < Dljw — o' + E. Since

VeeX o) - f@)= D fi@)(f(z) - f@),
Jr [ (x)#0

and ||z; — x| < A, whenever f;(x) # 0, we obtain that
Ve e X, |le(z)— f(x)| < DA+ E = Cs.
We conclude the proof of this implication by taking C' = max{C1, Cy, Cs}.

(13i) = (7) is clear.
0

Remark. The main information of Proposition 3.3 is that for any f in CLE(X,Y),
there exists ¢ which is a continuous representative of the equivalence class of f
in CL(X,Y) and also a coarse Lipschitz equivalence with a continuous “coarse
Lipschitz inverse” 1. This will be crucial when we shall apply the Gorelik principle
whose proof is based on Brouwer’s fixed point theorem.

Let us notice that, using for instance the characterization (ii) of Proposition 3.3,
the following is immediate.

Corollary 3.4. Let X, Y be two Banach spaces and f € CLE(X,Y). Then, for
any A # 0, A\f € CLE(X,Y).

4. ON THE COMPLETENESS OF CL(X,Y)

Definition 4.1. Let X and Y be two Banach spaces and M be a net in X. We say
that (M, X,Y") has the Lipschitz extension property if any Lipschitz function from
M to Y admits a Lipschitz extension from X to Y. We say that the pair (X,Y)
has the net extension property (in short NEP) if there exists a net M in X such
that (M, X,Y') has the Lipschitz extension property

Lemma 4.2. Assume that X and Y are Banach spaces and M is a net in X such
that (M, X,Y) has the Lipschitz extension property, then there exists X > 1 such
that any Lipschitz function f : M — Y admits an extension g : X — Y with

Lip (9) < ALip (f).

Proof. We may and do assume that 0 € M and f(0) = 0. Then the conclusion fol-
lows from a straightforward application of the open mapping theorem to the restric-
tion operator to M defined from Lipy(X,Y’) onto Lipy(M,Y"), where Lipy(X,Y) is
the Banach space of all Lipschitz functions from X to Y that vanish at 0 equipped
with the norm ||f||z = Lip (f). O
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Definition 4.3. Let X and Y be two Banach spaces and let p > 1. We say
that (X,Y) has the p-Lipschitz representation property if (in short u-LRP) if for
any f € CL(X,Y) and any ¢ > Lipoo(f), there exists g € Lipy(X,Y) so that
Lip(g) < pc and f — g is bounded.

Proposition 4.4. Assume that X and Y are Banach spaces such that (X,Y) has
the net extension property. Then there exists p > 1 such that (X,Y") has the u-LRP.

Proof. Let f € CL(X,Y) such that Lips(f) < ¢. Pick M be a net in X and A > 1
such that the conclusion of Lemma 4.2 is satisfied. It follows from an easy change
of variable argument that for any A > 1, the net AM also satisfies the conclusion
of Lemma 4.2 with the same constant A\. Then for A large enough, the restriction
of f to AM is c-Lipschitz. So it admits an extension g : X — Y such that g is
Ac-Lipschitz. Since f and g are both coarse Lipschitz and coincide on a net, it is
not difficult to see that f — g is bounded. By adding a constant to g, we may also
assume that ¢g(0) = 0, which concludes the proof. O

Remark. We do not know if the converse of this last proposition is true. However,
it is not difficult to check that the existence of p > 1 such that (X,Y) has the
pu-LRP is equivalent to the existence of A > 1 such that (X,Y) has the A-ANEP.
Here, \-ANEP stands for A-almost net extension property, which is formally weaker
than NEP and has the following ad’hoc meaning: there exists a net M in X such
that for any Lipschitz function f : M — Y, there exists g : X — Y Lipschitz so
that Lip (¢g) < ALip(f) and f — g is bounded on M.

Proposition 4.5. Assume that X and Y are Banach spaces such that (X,Y) has
the p-LRP for some p > 1. Then (CL(X,Y),|| |lcr) is a Banach space

Proof. Let (fn)22; be a sequence in CL(X,Y) such that > 7, || fnllcr < co. Then
for any n in N, there exists g, € Lipo(X,Y) such that g, belongs to the equiva-
lence class of f,, and Lip(gn) < p|fullcr +27"™. Then using the completeness of
(Lipo(X,Y), || ||z) we get that there exists g € Lipo(X,Y") such that

N
lim |g — —0.
Jim g = gnllz

n=1
It follows that limy_o ||g — Zi:[:l fnllcr = 0, which concludes our proof. O
Remark. We do not know if (CL(X,Y),| |lcr) is a Banach space without any

assumption on the Banach spaces X and Y. We conjecture that it is not the case,
but a counterexample still has to be constructed.

Proposition 4.6. Assume that X and Y are Banach spaces such that (X,Y) and
(Y, X) have the u-LRP for some > 1. Then for any f € CLE(X,Y), there exists
e >0 such that f —u € CLE(X,Y ), whenever v : X — Y is such that Lips(u) < €.

Proof. Since f € CLE(X,Y), there exists C' > 1 and g € CLE(Y,X) so that
Lipso(f) < C, Lips(g) < C and

Vee X |[[(gof)(x)—z]| <C and VyeY |[(fog)(y) -yl <C.
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Let us now fix u € CL(X,Y) such that Lips(u) < (u?C)~L

It follows from our assumptions that there exist ¢ € Lipg(X,Y), ¢ € Lipy(Y, X)
and v € Lipo(X,Y) so that Lip(¢) < puC, Lip () < uC, Lip(v) < (upC)~! and
such that f — ¢, g — % and u — v are bounded.

Note first that it is not difficult to deduce from our assumptions that ) o p — I'x is
bounded on X and ¢ ot — Idy is bounded on Y.

Consider now

G:i@bo(vod;)”:d;o <§:(vo¢)”> = (i(¢ov)”) 0.
n=0 n=0 n=0

Since Lipo(Y, X), Lipo(Y,Y) and Lipy(X, X) are complete and since Lip (vot)) < 1
and Lip (1 ov) < 1, the above expressions converge in the Lipschitz norm (and thus
also pointwise) to a common function G belonging to Lipg(Y, X). Then we can write
o0
(p—v)oG—1Idy = (potp —Idy)o <Z(vozp)">.
n=0
The series involved in the above equation is absolutely convergent in Lipy(Y,Y)
which is complete. It then follows that (¢ — v) o G — Idy is bounded on Y.
On the other hand

Golp—v)—Tdy = (Y (Wov)") ooy Ix).
n=0
Here, by completeness of Lipg(X, X ), the series > > ;(¢pov)™ converges to a function
F € Lipy(X,X). since (¢ o ¢ — Ix) is bounded and F is Lipschitz, we have that
G o (p —wv) — Idx is bounded on X.
Recall now that h = (f —u) — (¢ —v) is bounded and write

(f—u)oG—Idy =(p—v)oG—Idy +hoG.
It is then clear that (f —u) o G — Idy is bounded on Y. Finally
Go(f—u)—Idx =Go(p—v)—Idx +[Go(f —u)—Go(p—uv).

Since G o (¢ —v) — Idx and (f —u) — (¢ — v) are bounded and G is Lipschitz, we
deduce that G o (f —u) — Idx is bounded on X.
We have proved that f —u € CLE(X,Y). O

Remarks.

In the particular situation described in Proposition 4.6, we could denote CLE(X,Y)
the set of equivalent classes of elements of CLE(X,Y) and state that it is open in
the quotient space CL(X,Y).

In this work we have chosen to follow Gromov’s definition for the invertible ele-
ments of CL(X,Y). On of the advantages of this definition is to coincide with the
notion of net equivalence for Banach spaces. However, in pursuing the study of
our normed quotient space, it would be more natural to say that f € CL(X,Y)
is “invertible” if there exists g € CL(Y,X) such that Lips((f o g) — Idy) =

Lips((go f) — Idx) = 0.
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5. BACKGROUND ON THE GORELIK PRINCIPLE.

The tool that we shall now describe is the Gorelik principle. It was initially
devised by Gorelik in [9] to prove that £, is not uniformly homeomorphic to L,, for
1 < p < 00. Then it was developed by Johnson, Lindenstrauss and Schechtman [12]
to prove that for 1 < p < oo, ¢, has a unique uniform structure. We now recall the
crucial ingredient in the proof of the Gorelik Principle (see step (i) in the proof of
Theorem 10.12 in [2]). This statement relies on Brouwer’s fixed point theorem and
on the existence of Bartle-Graves continuous selectors. We refer the reader to [1] or
[2] for its proof.

Proposition 5.1. Let X be a finite-codimensional subspace of a Banach space X
and let 0 < ¢ < d. Then, there exists a compact subset A of dBx such that for every
continuous map ¢ : A — X satisfying ||¢(a) — a|| < ¢ for all a € A, we have that
H(4) N Xo # .

Let us now state the Gorelik principle as it can be found in [1], [2] or [7].

Theorem 5.2. Let X and Y be two Banach spaces and let f be a homeomor-
phism from X onto Y whose inverse is uniformly continuous. Let b,d > 0 so that
w(f~1,b) < d, where w(f~1,.) is the modulus of uniform continuity of f~*. Assume
that Xg is a closed finite codimensional subspace of X. Then there exists a compact
subset K of Y so that
bBy C K + f(2dBx,).

In particular, if f is a Lipschitz isomorphism such that Lip(f) <1 and Lip(f~!) <
M, the condition w(f~1,b) < d is satisfied when Mb < d.

We will now state a version of the Gorelik principle that will be used to study
coarse equivalent Banach spaces. For the sake of completeness we shall reproduce
the proof that can be found in [8] (Theorem 3.8) with more attention given on
keeping optimal estimates and with slightly weaker assumptions.

Theorem 5.3. Let X and Y be two Banach spaces. Assume that f: X — Y and
g:Y — X are continuous, and that there exist constants C, D, M > 0 such that

vy, y' €Y gly) — 9|l < D+ Mly— |
and
VeeX |(gof)(z)—z|<C and VyeY |[(fog)ly)—yll <C.

Let A < 1. Then for all o > ag = 2(C + D)(1 — A\)~! and all finite codimensional
subspace Xg of X, there is a compact subset K of Y so that

Ax
MBY C K+ CBy + f(QOéBXO).
Proof. Let p = %, ay = th = Q(fjf) and o > ap. Let also Xy be a finite

codimensional subspace of X.

It follows from Proposition 5.1 that there exists a compact subset A of aBx such
that for every continuous map ¢ : A — X satisfying ||¢(a) — a|| < pa for all a € A,
we have that ¢(A) N Xo # 0.
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Consider now y € ’\HaBy and define ¢ : A — X by ¢(a) = g(y + f(a)). Then ¢ is
clearly continuous and
Va € A, [¢(a)—al < C+[lg(y+f(a))—g(f(a))|| £ C+D+Mlly| < C+D+Aa < pov.

Hence, there exists a € A so that ¢(a) € Xp. Since ||a| < a and ||¢(a) — a|| < pea,
we have that ¢(a) € 2aBx,.

Finally, we use the fact that ||(f o g)(y + f(a)) — (y + f(a))|| < C to conclude that
y € K 4+ CBy + f(2aBx,), where K = —f(A) is a compact subset of Y. O

Remark. Note that in the above result we have not assumed that f is coarse
Lipschitz.

6. ASYMPTOTIC UNIFORM SMOOTHNESS AND COARSE LIPSCHITZ EQUIVALENCE

We now recall the definitions of the modulus of asymptotic uniform smoothness
of a norm and the modulus of weak® asymptotic uniform convexity of a dual norm.
They are due to V. Milman [13] and we follow the notation from [11]. Solet (X, || ||)
be a Banach space. For t > 0, and z € Sx we define

px(z,t) = inf sup ([|z +ty| - 1),
Y yeSy

where Y runs through all closed subspaces of X of finite codimension. Then

px(t) = sup px(z,1).

TESx

The norm || || is said to be asymptotically uniformly smooth (in short AUS) if

im 2X®) _
t—0 t

We say that the norm || || is asymptotically uniformly flat if
Jtg € (0,400) Vte[0,t0] px(t) =0.
Now, for ¢ > 0, and z* € Sx+ we define

Ox(z*,t) =sup inf (|jz*+ty*]| — 1),
E y*GSEJ_

where E runs through all finite dimensional subspaces of X. Then
Ox(t)= inf Ox(z*,1t).
X( ) .’E*lerulgx* X(m ’ )
The norm of X* is said to be weak* asymptotically uniformly convex (in short w*-
AUC) if
Vt>0 Ox(t) > 0.
The duality between these two moduli is now well understood. The following
complete and precise statement is taken from [4] Proposition 2.1.
Proposition 6.1. Let X be a Banach space and 0 < o,7 < 1.
(a) If px (o) < %, then Ox(7) > % .
(b) If 0x(7) > or, then px(0) < oT
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As an immediate consequence we have that || ||x is AUS if and only if || || x~ is
w*-AUC.

Let us also detail a few other classical consequences. First we recall that for a
function f which is continuous monotone non decreasing on [0,1] and such that
f(0) =0, its dual Young function is denoted f* and defined by

Vs [0,1] f*(s) = sup{st — f(2), ¢ € [0,1]}.
As a corollary of the previous proposition we obtain.

Corollary 6.2. Let X be a Banach space. Then

n * — S n % (S —
Vs € [0,1] (0x)"(s) = PX(g) and  (0x) (6) < px(s).
Proof. Consider first t = 2py(5) € [0,1]. Then py($) = $t. So it follows from
Proposition 6.1 (b) that 6x (t) < 5t. Therefore (6x)*(s) > st —0x(t) > 5t = px(%).
Assume now that (6x)*(£) > px(s). Then there exists ¢ € [0, 1] such that
St—0x(t) > px(s). Thus Ox(t) < £t—px(s) < §t. It now follows from Proposition
6.1 (a) that py(s) > §t. But this implies that 6 x(t) < 0, which is impossible. ~ [J

The following theorem states that the existence of an asymptotically uniformly
smooth norm is stable under Lipschitz isomorphisms and appeared first in [7], in
a separable setting. Its proof can also be found in the recent textbook [1] (see
paragraph 14.6). The general case can be deduced by routine arguments of separable
saturation and separable determination of the moduli. However, we shall detail here
the direct proof in the general case. The only modification is that we deal with
the definition of the asymptotic moduli instead of using weak*-null or weakly null
sequences.

Theorem 6.3. Let X andY be two Banach spaces and assume that f : X — Y isa
bijection such that Lip(f) <1 and Lip(f~') < M. Then there exists an equivalent
norm | | on'Y such that || ||y <| | < M| ||y and

t

YVt € [O, 1], §| |( ) g (4M)
Proof. Let
=) - f@) /
C’fconv{m, T #Fx EX}.

Clearly, C' is closed convex symmetric and C' C By. Let now y € Y such that
|yl = 5. For t € [0,400), denote z; = f~1(ty). We have that ||z1 — z¢| < 1 and
|lzar — zol] > 1. So, there exists ¢ € [1, M] such that ||z; — x| = 1. It follows that
ty € C. Since C is convex and symmetric, we deduce that ﬁBy c C. So, if we
denote | | the Minkowski functional of C', we have that | | is an equivalent norm on
Y such that || |y < || < M| |ly. Its dual norm is given by

(SGENCI RS

[l — ']

Yyt eY*® |yt = sup{
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Let t € (0,1] and assume as we may that ?X(ﬁ) > 0. So let y* € Y* such that
ly*| =1 and n > 0. We can pick = # 2’ € X such that

(", f(z) = f(@)) = (1 = )|z — 2.

We may assume that 2’ = —z and f(2') = —f(x), so that we have

(1) (", f(z)) = (1 —n)l|.
Pick 0 < 0 < Ox(z57). It follows from statement (b) in Proposition 6.1 that

ﬁX(%M‘S) < J. So, there exists a finite codimensional subspace Xy of X such that

AMO |z
< t

Pick b < 46\1‘\/:(;”. It now follows from the Gorelik principle (Theorem 5.2) that there

exists a compact subset K of Y such that

(2) vz Bxo, e+ 2] < (14 d)[l].

(3) bBy C K + f(WB O).

Fix now £ > 0, consider a finite e-net F' of K and denote E the finite dimensional
subspace of Y spanned by F U {f(x)}. For any z* € E* such that |z*| = ¢, we have
|z*|| >t and, if € > 0 was initially chosen small enough, by (3) we deduce that

8Mé||x .
€ ﬁBXO (z*,—f(2)) > (b—n)t.
It now follows from the fact that |y*| =1 and (2) that

(" f(@) + f(2)) = (", f(2) = f(@")) < |2’ = 2] < (1 +9)]|=]|.
Then (1) implies that (y*, f(2)) < (§ +n)|lz|. Combining this last inequality with
the fact that (z*, f(x)) = 0 and (1), (2) and (3), we obtain that

"+ 2% f(2) = F(2)) = (L =n)l=l| = (6 +n)llxll + (b = n)t.
Using again the definition of | | and (2) we get

v+ =1 = (= n)lell = G+ mlal+ 6 =) ((1+ )l

(4) 3z

Letting b tend to % and 7 tend to 0, we deduce that
— 1436
0 ) > —1>0.
1yt = 5 5 >

In the above estimate, which does not depend on y* in the unit sphere of | |, we let

§ tend to fx (4+7) to conclude our proof.
O

Corollary 6.4. Let X andY be two Banach spaces and assume that f : X — Y isa
bijection such that Lip (f) <1 and Lip (f~') < M. Then there exists an equivalent
norm | | on'Y such that || ||y <| | < M| ||y and

vee 0,1 7 (5557) < Px (o).
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Proof. Let f, g be continuous monotone non decreasing on [0, 1] with f(0) = ¢(0) =
0. If there exists a constant C' > 1 such that for all ¢ € [0,1], f(¢) > g(¢t/C), then it
is clear that for all t € [0,1], f*(¢/C) < ¢g*(t). Since the norm | | given by Theorem
6.3 satisfies

_ ot
> .
vt e [0,1] ) (t) > 9X(4M),
the conclusion of the proof follows now directly from Corollary 6.2. O

We now turn to the study of the preservation of the modulus of weak™ asymp-
totic uniform convexity, up to renorming, under coarse Lipschitz equivalence. The
following precise quantitative statement is a slight modification of Theorem 3.12 in
[8], in which the proof is only very briefly outlined. It will also be crucial for us to
use the details of the construction of this equivalent norm in our last section.

Theorem 6.5. Let X and Y be two Banach spaces and M > 1. Assume that
f: X =Y andg:Y — X are continuous with Lipso(f) < 1, Lipso(g) < M and
that there exists a constant C > 0 such that

Ve e X |[[(gof)(x) —2| <C and Yy eY |[[(fog)(y) -yl <C.

Then for any € in (0,1), there exists an equivalent norm | | on'Y such that

1 o
Tl Iy <1< MYy and Vi 0.1) 810> Ox (g5372) -

Proof. We will adapt the proof of Theorem 5.3 in [7].
For k € N, we define

C :corw{f(x)_f(ml), |z — 2| > 2k}.

[l —2'|
Then (Cy)32, is a decreasing sequence of closed convex and symmetric subsets of
Y. Since Lipso(f) < 1, we have that Cj, C (1 + €)By, where ()32, is a sequence
of positive numbers tending to 0. In particular there exists kg € N such that

g
> —_— .
Vk > ko CkC(l—FlGM)ByC(l—I—&)ByCQBy

Fix now k € N, y € Sy and denote yg = f(0). It follows easily from our assumptions
that limy,~ ||g(ty)|| = oco. Recall also that f(g(ty)) = ty + us, with ||ue]] < C. So,
for ¢ large enough

fla(ty) —yo _  ty U — Yo
lg(ty) |l lgGll gyl

It follows from the assumption that Lipso(g) < M that there exist a > 7; and a
sequence (ty), tending to +oo such that m tends to a. Since C}, is closed, we
obtain that ay € C%. Finally, we use the fact that C} is convex and symmetric to
deduce that ﬁy € ('} and thus that ﬁBy C Ckg.

So, if we denote | | the Minkowski functional of Cj, we have that for all k& > ko,

€ C.
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| |k is an equivalent norm on Y such that (1 + t&7) | Iy < | [ < M| |ly. It will
be useful to describe the dual norm of | |, also denoted | |, as follows

* _ /

[l — 2]

Note that our assumptions also imply the existence of D > 0 such that

(5) Vy,y' €Y lgly) — 9l < D+ My —y'|.
This will enable us to apply the Gorelik principle as it is stated in Theorem 5.3.
The key lemma is the following.

Lemma 6.6. Let t € (0,1) and assume that §X(W) > 0. Let y* € Y™ such that
ly*|| < M, e >0 and ki € N such that

t
48 M? ) 4
Then there exists a finite dimensional subspace E of Y so that for all k > k1 and
all z* € E+ such that 5 < ||2*|| < tM, we have

ki > ko, 24M%0x( )25 > 4(C+ D)t and 27M(CM +1) < -

—= t €
* * > 2 * _ * 9 — Z.
(6) " + 271k 2 20y ke = Iyl + Ox (g3) — 5
Proof. Let n = 1g57 and pick 0 < 6 < @X(W) such that
(7) 24M252F > 4(C + D)t.

Let k > k; and choose = # 2’ € X such that ||z — 2’| > 2! and

(" f(@) = f2) = @ =y |esallz = /).
We may assume that 2/ = —z and f(2') = —f(z), so that we have

(8) (" f(2)) = (1= )ly" [esall]-

Since 0 < § < Ox(z5572)-

ﬁx(“fm) < §. So, there exists a finite codimensional subspace Xy of X such that
2

48Mt(5HxH Bx,

From (5), (7) and Theorem 5.3, applied with A = 1 and o = ¢t7124M?2§||z|, we infer

the existence of a compact subset K of Y such that

12M5]a]|

It follows from statement (b) in Proposition 6.1 that

(9) Vvze |z + z|| < (1+40)|z|| and [z + z|| > ||z]| > 2*.

A8M25||x
v CK+CBY+f(tHHBXO)'

As in the previous proof, fix ' > 0, pick a finite '-net F' of K and let F be the
linear span of F'U{f(z)}. Let now z* € E* such that £ < ||z*|| < tM. Then,

48M3?6 ||z
Bl
if / was initially chosen small enough.
We then deduce from (9) that

1) " f@) + f(2) = " f(2) = £(@)) < Jylella’ — 2] < (14 0) |y [wll].

(10) 3z (" =f(2)) =2 6Mb|jz|| = (CM + 1),
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Thus, combining the above informations we get
'+ 2" S () = 1) 2 (20— nly s — (L4 )|y + 6M8) [lz] = (CM +1).

Using again (9) we then have
1
"+ 2l 2 75 (200 = Wl — (L4 Oyl + 600 — 27 (CM + 1)),
So, it follows from our initial choice of k1 and the fact that § <1 and M > 1 that

* * * * 6
ly* + 2%k > 2(1 =) (1 = )|y [k1 — [y"|x + (M +1)d — T

Note that [|y*|| < M implies that |y*[r41 < (1 + 1557)M and recall that n = 557
So we obtain that

* * * * 6
ly* + 2%k > 2(1 =) |y* ka1 — |y |k—2M5+(2M+1)5—1-

Then with our choice of 1 implies that

3
9"+ 2%l 2 20y ke = [y le +0 = 5
Letting ¢ tend to 0x (4557 ), we obtain
"+ 2%k = 20y (k1 — 197k +§X(7t ) -2
= i a8M27 2

g

End of proof of Theorem 6.5. Note that a simple convexity argument shows that
for any space Z, the function ¢ — t~10z(t) is increasing on (0, 1].
Assume first that OX(W) < 5. Then for any ¢ € (0,1] we have that

_ _ 1 _ ot
Oy(t) 20> 0x(1o3) = 2 Ox(53m) — &
and the original norm on Y works.

Assume now that gx(ﬁ) > 5. Since Ox is continuous, there exists ¢y € (0, 1)
so that O (4;#) = 5. As above, we easily have that for any equivalent norm N
on 'Y and any ¢ € (0,%0], On(t) > 0> 0x(g557z) — . So we only have to treat the
problem for ¢ € [ty, 1]. Let us pick k; € N satisfying the assumptions of Lemma 6.6
for to. It then follows from the monotonicity of ¢ + t~'@x(¢) that the conclusion of
Lemma 6.6 applies for any ¢ € [to, 1] and any k > k.

Pick now N € N such that % < § and define

k=ki1+N

1
= > Il

k=k1+1

which is a dual norm on Y* with

3
M7 < l*] < (1 4+ —)|ly*ll < (1 I < 2lly* .
ly || < |y*[ < (1 + 16M)II:L/ | < (T +e)lly*ll < 2lly|
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Let y* € Y*, with |y*| = 1. It follows from Lemma 6.6 that for any ¢ € [tg, 1], there
exists a finite dimensional subspace E of Y so that for all k € [k1, k1 + N] and all
z* € B+ such that |2*| = t, we have

_ t €
* k> 9y* I 9 — ) — —
" + 2"l > 20y lerr = 07+ Ox (g32) — 5

which implies that

L
48 M2 2
Since |y*| = 1, we have that ||y*|| < M and |y*|x+1 < 2M. So
t e 8M - t

—— ) = — > Y|+ O0x (=) — ¢
B N 2 W+ 0x(ggmp) —

2
This shows that for all ¢ € [to, 1], 0] |(t) > 0x (557z) — € and concludes our proof.
O

* * 2 * * a
"+ 21 = 1y 4 5 (17 kv = 17 k1) + 0 (

ly* + 27| > |y*| + Ox (

Corollary 6.7. Let X and Y be two Banach spaces and M > 1. Assume that
f: X =Y andg:Y — X are continuous with Lipso(f) < 1, Lipso(g) < M and
that there exists a constant C' > 0 such that

Vee X [[(gof)(z) -z <C and Yy eV [[(fog)(y) -yl <C.

Then for any € in (0,1), there exists an equivalent norm | | on'Y such that
1

1+e¢

Proof. Let ¢, be continuous monotone non decreasing on [0, 1] with ¢(0) = 1(0) =

0. If there exists D > 1 and € > 0 such that for all ¢ € [0, 1], ¢(¢) > 9 (t/D)—¢, then

it is clear that for all ¢t € [0,1], ¢*(¢t/D) < *(t) + . Then we can apply Corollary
6.2 to get that if | | is the norm given by Theorem 6.5, then for all ¢ € [0, 1]:

_ t ot
7 (Gzga2) = O (ggap

_ t _
[y <1 1< M|y and Vi€ 0,1] 7 ((srom) < Px() +e

) < @x)"(¢) +e < pxt) +e.

7. APPLICATION TO NORM ATTAINING COARSE LIPSCHITZ MAPS

In this section, we will extend to the setting of coarse Lipschitz maps and equiva-
lences, the results obtained by G. Godefroy in [6] on norm attaining Lipschitz maps.
Our first result is the analogue of Theorem 3.2 of [6].

Theorem 7.1. Let X and Y be two Banach spaces and M > 1. Assume that
f: X —=>Yandg:Y — X are continuous with Lipso(f) = 1, Lipoo(g) < M and
that there exists a constant C > 0 such that

Vee X |(gof)(z) -z <C and VyeY [(fog)(y) -yl <C.

Assume also that f attains its norm ||f|lcr = 1 in the direction y € Sy. Then

t
) — ) <D .
Vit € (07 1] Py (yv 5761 [3) = :OX(t)
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Proof. Let us fix € in (0,1) and denote | | the norm constructed in Theorem 6.5.
There exists sequences (x,,)52 1, (2,,)72; in X such that

o and  lim L) =) _

n=oo |z — x|

n=1»

lim i — | =

Note that for any k in N, L,(Tf‘) € Cy for n large enough. So y € C} and

[E2
ly|r, < 1. Therefore, |y| < 1. On the other hand |y| > (1+¢&)"! > 1 —¢.
Denote u = ﬁ It follows from Corollary 6.7 that p, ‘(u, =) <px(t) +e
Then there exists a finite codimensional subspace E of Y such that for all v € F

with |v] < ==z, we have

lu+v| < 1+ﬁX( )+ 2e.
It follows that for all v € E with [|v]| < ==&z,
ly +oll < (T +e)(ly —ul + Ju+v]) < (1+e)(1+px(t) + 3¢2).
Since € > 0 is arbitrary in the above inequality, this concludes our proof. U

Let us now recall that a Banach space X has the Kadets-Klee property if the norm
and weak topologies coincide on the unit sphere of X. The following corollaries are
the coarse Lipschitz analogues of Corollary 3.5 in [6].

Corollary 7.2. Let X and Y be two infinite dimensional Banach spaces such that
X s asymptotically uniformly flat and Y has the Kadets-Klee property and assume
that f : X — 'Y is a coarse Lipschitz equivalence. Then f does not attain its norm
in any direction in Sy .

Proof. Assume on the contrary that f : X — Y is a coarse Lipschitz equivalence
and that f attains its norm in the direction y € Sy. Assume also, as we may by
Corollary 3.4, that || f|lc = 1. Since X is asymptotically uniformly flat, it follows
from Theorem 7.1 that there exits tg > 0 so that for all ¢ € [0,¢0], py(y,t) = 0.

Consider now a weakly null net (ya)aca in Y such that ||y.|| = to for all o in A.
Then (||y + Yall)aca tends to 1, which contradicts the assumption that ¥ has the
Kadets-Klee property. O

Corollary 7.3. There exists a pair of Banach spaces (X,Y) such that the norm
attaining coarse Lipschitz maps are not dense in CL(X,Y).

Proof. Consider X = (co, || |loo) and Y = (co,|| |ly), where || ||y is an equivalent
norm on ¢y with the Kadets-Klee property. We recall that such an equivalent norm
exits on any separable Banach space (see for instance the book [3] and references
therein). Moreover X is clearly asymptotically uniformly flat. Since X is an absolute
retract (see Chapter 1 in [2]), we have in particular that (X,Y) and (Y, X) have
the net extension property. Therefore, by Propositions 4.4 and 4.6, CLE(X,Y) can
be viewed as an open subset of CL(X,Y’). Since it contains the identity map on
Cp, it is a non empty open subset of CL(X,Y). Combining this with Corollary 7.2
finishes our proof. O
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