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About classical solutions of the path-dependent heat equation

CRISTINA DI GIROLAMI*, AND FRANCESCcO RUSSO '

February 1st 2020

Abstract This paper investigates two existence theorems for the path-dependent heat equation, which
is the Kolmogorov equation related to the window Brownian motion, considered as a C([—T, 0])-valued
process. We concentrate on two general existence results of its classical solutions related to different classes
of terminal conditions: the first one is given by a cylindrical non necessarily smooth random variable, the

second one is a smooth generic functional.
[2010 Math Subject Classification: | 60H05; 60H30; 91G80

Key words and phrases Infinite dimensional analysis; Kolmogorov type equations; path-dependent

heat equation; window Brownian motion.

1 Introduction

The path-dependent heat equation is a natural extension of the classical heat equation to the path-
dependent world. If the heat equation constitutes the Kolmogorov equation associated with Brownian
motion viewed as a real valued process, then the path-dependent heat equation is the Kolmogorov equation
related to the Wiener process as C([—7, 0])-valued process, that we will denominate as window Brownian
motion. One particularity of C([—T,0]) is that it is a (even non-reflexive) Banach space and for integrator
processes taking values in it, it is not obvious to define a stochastic integral. In the recent past, many
works were devoted to various types of path-dependent PDE under different perspectives (for instance
under the perspective of viscosity solutions, see e.g. [2, 14, 3| ...), using generally approaches close to the
functional Ito calculus of [9]. A recent contribution in the study of the path-dependent heat equation (in
the spirit of Banach space) was carried on by [10], which considered (not necessarily smooth in time) mild

type solutions, involving at the same time a path-dependent drift, see also references therein for related
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contributions. The problem of finding classical or smooth solutions has been neglected, especially using the
Banach space approach, except for some particular final conditions, see e.g. [5] and of course [6].

In this paper we focus on classical solutions of the path-dependent heat equation with two types of
terminal conditions. In reality this work updates [6, 7|, somehow a pioneering (never published) work of
the authors, which formulated similar results in a Hilbert framework.

Let H : C([-T,0]) — R be continuous and let o be a real constant. Even though some results can be
extended to a more general context we have preferred for clarity to work with o being a constant. See
Section 4.3 for some results with general o : [0,7] x R — R.

Our path dependent heat equation can be expressed as

{ Opult,m) + ji_to] Dj_g;u(tvn) d-n(z) + %02<D2u(ta ), ]l{()} ® ]1{0}> =0for (t,n) € [OvT[XC([_Ta 0])
u(T,n) = H(n) for n € C([-T,0]).
(1.1)

A function u : [0,T] x C([-T,0]) — R will be a classical solution of (1.1) if it belongs to
CH2 ([0, T[xC([-T,0]))NC°([0,T] x C([-T,0])) in the Fréchet sense and if it verifies (1.1). For any given
(t,n) € [0,T) x C([-T,0]), DF (t,n) denotes the first order Fréchet derivative with respect to n, D% F (t,7)
the component of DF (t,n) concentrated on the Dirac zero defined by D% F (t,7) := DF (t,1)({0}) and
D~ F (t,n) denotes the component of DF (t,n) singular to the Dirac zero component, i.e. the measure defined
by DY F (t,n) := DF (t,n)— DF (t,n) ({0})d. For every n € C([~,0]), we observe that ¢ — D% F(t,n) is a
real valued function. If for each (¢,n), DF (t,n) is absolutely continuous with respect to Lebesgue measure
on the reals, D*F (t,n) denotes its density and in particular it holds that D F (t,n) = D3F (t,n) d.
A central object appearing in the path-dependent heat equation PDE (1.1) is the deterministic integrals
denoted by

/ DEu(tn)d (),
]7t70]

where D>u(t,n) is a measure on [T, 0] and n € C([-T,0]). We will give a sense, for —T' < a < b <0, to
. DL u(t, ) et =n@) g,

see Definition 2.2. More generally, let 1 be a finite Borel measure on [—T,0] and f a cadlag function, we

the term Jia b Du(t, z)d n(z) as the deterministic forward integral lim€_>0f]

will give a sense to the integral f]a’b} wu(dx)d™ f(x). Whenever f has bounded variation and p is absolutely
continuous with respect to the Lebesgue measure it will coincide with the classical Riemann-Stieltjes
integral, see Proposition 2.3.

As we mentioned, we state two existence theorems of the classical solution of (1.1) under two different
types of terminal condition given by a function H. In Proposition 3.4, we consider as terminal condition
a possibly not smooth function H of a finite numbers of integrals of the type fET wd~n. The reason of
validity of that result (when o # 0) can be understood through the non-degeneracy feature of Brownian

motion.



In Theorem 4.11 we suppose the terminal condition function H to be C3(C([-T,0])). This result
generalizes an existence results already established in the unpublished monograph [6] Sections 9.8 and 9.9,
where we assumed a Fréchet smooth dependence with respect to L2([-T,0]).

In this paper we have only concentrated our efforts on the problem of existence of a solution of (1.1),
the uniqueness constituting a simpler task which can be obtained as an application of a Banach space
valued It6 formula established in [8].

Let W = (Wi)o<t<r be a classical real Brownian motion on some probability space (2, F,P); (F;) will
denote its canonical filtration. (Wy(-)) (or simply W (-)) stands for the window Brownian process with
values in C([—T,0]) defined by Wy(z) := Wiy, see Definition 2.1.

An application of our two existence results consists in obtaining a Clark-Ocone type formula for a
path-dependent random variable h := H(Xr(-)), where X is a finite quadratic variation process with
quadratic variation given by [X]; = o%¢, but X non necessarily a semimartingale. A possible example
of such process is given by X = W + B¥  i.e. a Brownian motion plus a fractional Brownian motion of
parameter H > 1/2 or the weak k-order Brownian motion of [11].

Let u be the solution of (1.1) provided by Proposition 3.4 or Theorem 4.11. By It6 formula, see e.g.

Theorem 5.2 in [8], if u verifies some more technical conditions then

T T
h =u(0, Xo(-)) + / Lu(t, X4 (+)) dt + / Do%ou(t, Xy(-))d™ X, (1.2)
0 0
where £ denotes differential operator for u € C1? ([0, T[xC([-T,0])) defined by

1
Lu(t,n) == dyu(t,n) + /] | Dgu(t,n) d”n(z) + 50*(D*u(t,n), 110} ® I(oy),
—,0

for (t, ) € [0,T] x C(|~T,0]). Now by (1.2)
h = u(0, Xo(+)) +/O D%u(t, X,(-))d~ X, (1.3)

where we remind that f(f Yd~ X is the forward integral via regularization defined first in [16] and [15] for
X (respectively Y) a continuous (resp. locally integrable) real process, see also [17] for a survey. Whenever
X =W, the forward real valued integral equals the classical It6 integral, see Proposition 1.1 in [16]. In
particular, if A € D2, it holds that the representation stated in (1.3) coincides with the classical Clark-
Ocone formula h = E[h] + fOTIE[D{”hLFt] dW; , ie. u(0,Wy(-)) = E[h] and D%u(t, W;(-)) = DI"(h|F;),
D™ denoting the Malliavin derivative. This follows by the uniqueness of decomposition of square integrable
random variables with respect to the Brownian filtration. We remark that our representation (1.3) can be
proved in some cases, where h ¢ D12, see e.g. Section 3.

The paper is organized as follows. After this introduction, in Section 2 we recall some preliminaries:
basic notions of calculus via regularization in finite and infinite dimension, Fréchet derivatives of functionals

and the important subsection 2.2 about deterministic calculus via regularization. In Section 3 we show the



existence of a classical solution of the Kolmogorov PDE for a cylindrical H. Finally in Section 4 we show

that existence for H being general but smooth.

2 Preliminaries

2.1 General notations

Let A and B be two general sets such that A C B; 14 : B — {0,1} will denote the indicator function
of the set A, 50 1a(z) =1if x € Aand 14(z) =0if x ¢ A. Let k € NU {+o00}, C*(R") indicates the set
of all functions g : R — R which admits all partial derivatives of order 0 < p < k and are continuous. If I
is a real interval and g is a function from I x R™ to R which belongs to C'2(I x R™), the symbols d;g(t, x),
0;g(t, x) and 8% g(t, z) will denote respectively the partial derivative with respect to variable I, the partial
derivative with respect to the i-th component and the second order mixed derivative with respect to j-th
and i-th component evaluated in (¢,x) € I x R™.

Let a < b be two real numbers, C'([a, b]) will denote the Banach linear space of real continuous functions
equipped with the uniform norm denoted by || - ||oo. Let B be a Banach space over the scalar field R. The
space of bounded linear mappings from B to E will be denoted by L(B; E) and we will write L(B) instead
of L(B; B). The topological dual space of B, i.e. L(B;R), will be denoted by B*. If ¢ is a linear functional
on B, we shall denote the value of ¢ at an element b € B either by ¢(b) or (¢, b) or even p.(¢,b)p. Let K
be a compact space, M(K) will denote the dual space C(K)*, i.e. the so-called set of all real-valued finite
signed measures on K. In the article, if not specified, the mention absolutely continuous for a real-valued
measure will always refer to the Lebesgue measure .

Let E, F,G be Banach spaces; we shall denote the space of G-valued bounded bilinear forms on the
product E x F by B(E x F; G) with the norm given by ||¢|g = sup{||é(e, f)llc : lelle <1;||fllr <1}. If
G = R we simply denote it by B(E x F). We recall that B(B x B) is identified with (B®,B)*, see [18, 12]
for more details.

We recall some notions about differential calculus in Banach spaces; for more details the reader can
refer to [1|. Let B be a Banach space. A function F : [0,7] x B — R, is said to be C*2([0,T] x B)
(Fréchet), or C12? (Fréchet), if the following three properties are fulfilled. 1. F is once continuously
differentiable; the partial derivative with respect to ¢t will be denoted by O,F : [0,T] x B — R; 2. for
any t € [0,T], x — DF(t,z) is of class C! where DF : [0,7] x B — B* denotes the derivative with
respect to the second argument and 3. the second order derivative with respect to the second argument
D?F :[0,T] x B— B(B x B) is continuous.

If B=C([-T,0]), we remark that DF defined on [0,T] x B takes values in B* = M([-T,0]). For all
(t,n) € [0,T] x C([-T,0]), we will denote by D4, F(t,n) the measure such that V h € C([-T,0))

m(—rop DEEn), om0y = DE(t,n)(h) —/[ o h(@)Da F(t,n) -



Whenever B = E = F = C([-T,0]), then the space of finite signed Borel measures on [T, 0]? is included
in the space B(B x B) in the following way:

n(x,y>u<dx,dy>::“/‘ (@) na)e(de, dy)

M([—T,O]2)<.ua77>C([—T,0]2) :/
[-T.,0]?

(-T,0]

We convene that the continuous functions (and real processes) defined on [0, 7] or [T, 0], are extended

by continuity to the real line.

Definition 2.1. Given a real continuous process X = (X¢).c[o,7], we will call window process, and
denote by X(-), the C([-T, 0])-valued process

X() = (Xt(‘))te[O,T] ={Xi(z) = Xiyu;2 € [-T,0,t €[0,T]} .

X (+) will be understood, sometimes without explicit mention, as C([—T,0])-valued. In this paper B
will be often taken to be C([-T,0]).

We recall now the integration by parts in Wiener space. Let ¢ be the Skorohod integral or the adjoint
operator of Malliavin derivative D™ as defined in Definition 1.3.1 in [13]. If u belongs to Dom ¢, then §(u)
is an element of L?(Q) characterized, for any F € D'2, by

E[Fé(u)]=E l/oT D'F uy dt] ) (2.1)

2.2 Deterministic calculus via regularization

Let =T < a < b <0, we will essentially concentrate on the definite integral on an interval J =]a,b] and
J = [a,b],where a < b are two real numbers. Typically, in our applications we will consider a = —T or
a = —t and b = 0. That integral will be a real number.

We start with a convention. If f : [a,b] — R is a cadlag function, we extend it naturally to two possible

cadlag functions f; and f7 in real line setting

fb) = x>0b, fb)  x>0b
frx) =% f(z) : =z€lab), and  fj(x) =4 f(z) : x€ab],
fla) : z<a. 0 : z<a.

Definition 2.2. Let u be a finite Borel measure on [0,7], u € M([-T,0]) and f : [a,b] — R be a cadlag
function. We define the deterministic forward integral on J =|a,b] and on J = [a, b] denoted by

/]a’b] p(dr)d™ f(x) (or simply /]%b] #d_f) and /[a,b] u(dx)d™ f(z) (or simply/

[a,b]

pd” f)
as the limit of

fi(z+e€) = fi(x)

la,b] €

17 (Ja, 0], f€) =

p(da)



and of

g = [ PEEIZI0), g,

[ab] €

when € | 0, provided it exists.

If 1 is absolutely continuous we denote by pu%c the density with respect to Lebesgue measure. In this

case we set

/ pd” f = / peed™ f, / pd” f = / peed™ f. (2.2)
la,b] Ja,b] la,b] [a,b]

The first integral on ]a, b] appears in the path-dependent PDE (1.1), the second one on the closed
interval [a, b] is fundamental in Section 3. The proposition below discusses the case when f or p is absolutely

continuous.

Proposition 2.3. Let pu(dx) = p*(x)dz, i.e. p be absolutely continuous with Radon-Nikodym derivative

density denoted by p®¢. By default, the bounded variation functions will be considered as cadlag.

1. If f has bounded variation then

/ p(z)d” f(z) = / p(x—)df (x) (classical Lebesgue-Stieltjes integral).
]a,b] ]a,b]

In particular, whenever p® =1, f]a . p(z)d™ f(x) = f(b) — f(a).

2. If the function p®c : [a,b] — R is cadlag with bounded variation, then

(a)

/[ @A) = @0~ [ e (2.3)

la,b]

b
/]b] /f‘c(m)d_f(w)=u“(b)f(b)—u“(a)f(a)—/ f(@)du® (). (2.4)

Proof. The statements follow directly from the definition. Concerning the case when the integration
interval is [a,b] we remark that our definition is compatible with Definitions 4, 18, see also Proposition
8 of [4]. By Proposition 4 ibidem, we get item 2.(a). The other items can be established by similar

considerations and are left to the reader. O



3 The existence result for cylindrical terminal condition

The central object of this section is Proposition 3.4 which gives an existence result of the solution of the
path-dependent heat equation (1.1) when the terminal condition H depends on a finite number of integrals,
but it is not necessarily smooth. As we mentioned, here the idea is to exploit the non-degeneracy aspect of
the Brownian motion in the sense that the covariance matrix of every finite dimensional distribution is
invertible. In this section the standard deviation parameter o will be supposed to be different from 0. This
in opposition to the case of Section 4 where H is Fréchet smooth, but not necessarily cylindrical; there o is

allowed even to vanish.

We introduce now the functional H. For all i = 1,...,n, let ¢; : [0,7] — R be C%([0,T];R). Let

f :R™ — R be measurable and with linear growth. We consider the functional
H:C(-T,0)) > R
defined by

H) = f ( |, ptrneaw. [ wn(U+T)d_77(U)> . (31)

We recall that for smooth ¢;, i € {1,...,n}, the deterministic integral f[_T 0] wi(u 4+ T)d n(u) exists

pointwise, according to Definition 2.2. That integral exists since, by (2.3) in Proposition 2.3, we have

/ i+ T)d™n(u) = oi(T)(0) — / n(s — T)dis(s). (3.2)
[-T.,0] 0

So, replacing 7 by the random path cWr(-) in (3.1) we get

h=HWzr())=f (a/[TO] <p1(u—|—T)d7WT(u),...,U/

[7T70]

_y <U/OT @1(s)d—WS,...,a/OT @n(s)d‘Ws>

T T
=f <0/0 <p1(s)dWs,...,U/0 @n(s)dWs> . (3.3)

We stress that in the first line of (3.3) the integrands are deterministic forward integrals; those integrals

en(u+T)d” WT(H))

exist pathwise, however in the second line of (3.3) there appear stochastic forward integrals. The second
equality is justified because the convergence for every realization w implies of course the convergence in
probability, which characterizes the stochastic forward integral. The latter equality holds because It

integrals with Brownian motion are also forward integrals, see Proposition 1.1 in [16]. On the other hand,



for every i € {1,...,n}, since p; are of class C? then Proposition 2.3 and in particular (2.3) gives

/ eI Wa= [ ulu+ ) Wylu) = o ()W, - / Wodgi(s), (3.4)
0 [—t,0] 0

where the first equality holds by similar reasons as for the first equality in (3.3). The second equality holds
by (2.3).

We formulate the following non-degeneracy assumption.

Assumption 1. For t € [0,T], we denote by ¥; the matrix in M, «,(R) defined by

T
(Zt)1§i,jgn = </t @i(s)‘ﬁj(s)ds>

We suppose det (3;) >0Vt e [0,T7].

1<ij<n

Remark 3.1. 1. We observe that, by continuity of function ¢ — det (X;), there is always 7 > 0 such
that det (3;) # 0 for all t € [0, 7[.

2. It is not restrictive to consider det (¥¢) # 0 since it is always possible to orthogonalize (p;);—1
in L%([0,7)) via a Gram-Schmidt procedure.

We remember that W is a classical Wiener process equipped with its canonical filtration (F;). We set

h = H(Wr(-)) and we evaluate the conditional expectation E [h|F;]. Tt gives

f <U/T<pz( )dW5,...,a/OT<p,L(s)dW3> |]-"t]
=0 (t,a Ot S,...,U/Ot gpn(s)dWS)

(t, (u+t)d~ oW (u),..., / on(u+ t)d_aWt(u)>
[—t, [—£,0]

E[p|lF] =E

|
S

0
— v t, o1 (u+ t)d~ oW, (u), / apn(u—I—t)d_th(u)) 7 (3.5)
TO] [=T.,0]

where the function ¥ : [0,T] x R" — R is defined by

T T
f <y1 —i—a/t ©1(8)dWe,......  Yn —i—a/t @n(s)dWs>] , (3.6)

for any t € [0,T],91,-..,yn € R. In particular

\Il(t>y1a"'7yn) =K

\Ij(Ta yla"'vyn) = f(yla """ ayn) .

The second equality in (3.5) holds because for every 1 <i <n

/Ot on(s)odWs = /j on(u+t)d oWi(u),



for the same reasons as in (3.4). We evaluate expression (3.6) introducing the density function p of the

< / oW, / T%«s)dm) |

whose covariance matrix equals to X;. The function p : [0,7] x R™ — R is characterized by

Gaussian vector

B 1 (21, 20) S (21, oy 20)*
ptyz1,. . 2n) = )7 det (50) exp{ 5 ,

and function ¥ becomes

Jon £ Gy zn)p(t,ﬂ,...,@) dz, - dz,, it t € [0,T]

o o

\Il(t’ylvu-ayn) = )
f(yl, ...... ,yn)7 ft=1T.

(3.7)

Remark 3.2. 1. If f is not continuous, we remark that, at time ¢ = T, ¥(T,-) is a function which
strictly depends on the representative of f and not only on its Lebesgue a.e. representative. So W,

as a class, does not admit a restriction tot =T.

2. The function p is a C3°°([0, T[xR") solution of

atp(t Zly-+32n) = T3 Z 901 90] 1]p(t Zla"'vzn) .
3,J=1

Therefore the function ¥ is C*2([0, T[xR™) and solves
O' n
6t\11(t,2:1,..., = ?z_: 8 \I/(t Zly---y”n ) (38)

We define now a function w : [0,7] x C([-T,0]) — R by

u(t,n) = ¥ <t, [ Oy S t>d—n<s>> , (39)

where (¢, y1,...,yn) is defined by (3.7).
By the fact that, for every i, the functions ; are C2, so in particular with bounded variation, similarly

0 (3.2) we can write

/ pi(s + ) n(s) = n(O)pi(t) — / n(s — t)pi(s)ds, (3.10)
[—t,0] 0

see (2.3).
Remark 3.3. By construction we have u(t,cW:(:)) = E[h|F:] and in particular u(0, Wy(:)) = E[h].

We state now the main proposition of this section.



Proposition 3.4. Let H : C(|-T,0]) — R be defined by (3.1) and « : [0,T] x C([-T,0]) — R be
defined by (3.9).

1. Function u belongs to C*2 ([0, T[xC([-T,0])) and it is a classical solution of (1.1).
2. If f is continuous then we have moreover u € C ([0,7] x C([-T,0])).

Proof. We will see that D*u(t,n) is absolutely continuous with density that we will denote z +— D2, so

(1.1) simplifies in

Lu(tn) = Batton) + [ Diulton) d nfa) + 3Dt )({0.01) = 0

]-t,0]
u(T,n) = H(n).

We first evaluate the derivative d;u (t,7), for a given (¢,7n) € [0,T] x C([-T,0]):

Oru(t,m) = 0y ¥ (t, /[_t ; p1(s+t)d n(s),..., / pn(s+ t)dn(s))

[—t,0]

n

+> <8in <t, /[fw] e1(s+t)dn(s),.. '7/[%01 son(8+t)d77(8)> :

=1
)

— o (t, /H’O] or(s + ) n(s), ., /H,o] on(s + t)d—n(s>>

n

+> <3z“1’ <t7 /[_t’o] e1(s+t)d " n(s), .. -7/[_w] on(s +t)d77(8)> ‘Iz'> ; (3-11)

I = ( /]] Gils +t)d77(8)> .

Indeed, by usual theorems of Lebesgue integration theory and by Proposition 2.3, (2.3) and (2.4), for every

where

1 < i < n, we obtain

0 ( [ et t)d‘n(8)> = (w00ei) -~ [ s + 0as)

0
= 1(0)@i(t) — n(—t)@:(0F) — [t n(s)pi(s +t)ds = I;.

In order to evaluate the derivatives of u with respect to 7, we observe that by (3.9) and (3.10) we get

U(tm)=\1’(tﬂ7(0)<p1(t)— |t = a1, ..ot - [ n(s—t)¢n(8)d5>~

For every t € [0,T], n € C([-T,0]), the first derivative Du evaluated at (¢,7) is the measure on [T 0]

10



defined by
Dggu(t,n) = D%u(t,n) dx 4+ D u(t,n)d(dz) with

D¢cu(t,n) = — Z (@\IJ (t, /[t ) p1(s+t)d n(s),..., /[t . on(s+ t)dn(5)>> .

i=1

(Lra@ee +1) |

S0y = Y i , S n(s),...,
D%u(t,n) Z(“’(f /[_t’o]w( +1)d1(s) /

Pn(s +t)d‘n(8)>> ~pi(t) -
i=1 [—t,0]
As anticipated, we observe that @ — D2 (t,7n) has bounded variation.
Deriving again in a similar way, for every t € [0,T], n € C([-T,0]), the second order derivative D*u

evaluated at (¢,7) gives

D?iac,dyu(tv 77) = Z (812,]\11 <t7 /[—t o 501(8 + t)d_Tl(S)v e /[—t " Qpn(s + t)d_n(3)>> :

ij=1

: (%‘ (t)pj(t)do(dx)do(dy) — i(t)L[—t,0)(x)B;(z + t)do(dy)

— @i (4,0 ()P (y + t)d0(dx) + Lt 07 (2) L j—p,07(y)Pi(x + )P (y + t)) - (3.12)

We get

n

/]7“)] Dz u(t,m)d n(z) = Z <8i\11 (t, /[‘—t,O] p1(s+t)d n(s),..., /[‘—t,[)] on(s+t)d” n(s))) I (3.13)

i=1
Using (3.8), (3.11), (3.13) and (3.12) we obtain that Lu (¢t,n) = 0. Condition w(7T,n) = H(n) is trivially
verified by definition. This concludes the proof of point 1.

Point 2. is immediate. O

Remark 3.5. In this section we have often used the concept of deterministic forward integral on a closed
interval [—t, 0], given in Definition 2.2

/ wi(s+t)d"n(s), instead of wi(s+t)d n(s). (3.14)

[—t,0] ]—-t,0]
Since Wy = 0, the two integrals are the same when we replace n = W;(+) so
[ el 0d nlewi = [ eils+ 0 06w
[—t,0] 1—1t,0]

The choice of the left expression in (3.14), which is compatible with the fact of considering
Sty Pacult,n) dn(x) in (1.1), is justified since

t— pi(s+t)d n(s)

]7t’0]

is not differentiable.
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4 The existence result for smooth Fréchet terminal condition

4.1 Preliminary considerations

In this section, we will prove an existence theorem for classical solutions of (1.1) under smooth Fréchet
terminal condition. In order to define explicitly the solution of the PDE, we need to introduce two central
objects for this section: the Brownian stochastic flow which is a real valued stochastic flow denoted by

(X{")o<s<t<T.zer and the functional Brownian stochastic flow which is a C'([~T, 0])-valued stochastic flow
denoted by (Yts’n)ogsgth,nec([—T,o])~

Definition 4.1. Let A := {(s,t)] 0 < s <¢ < T} and n € C([-T,0]). We define the flows that will appear
in this section.

1. We denote by (X;*)g< ;<1 ser the real-valued random field defined by
(s,t,x) = X" =z 4+ (W, — W) . (4.1)

This will be called Brownian stochastic flow.

2. We denote by (Y;"")o<,<i<rec(—r,0) the C([=T,0])-valued random field defined by

n(x +t—s) xe[-T,s—t

(4.2)
n(0) + o (Wi(z) — Ws) =z €[s—t,0].

(85t7"7) = )/tsm(x) = {

This will be called functional Brownian stochastic flow.

Let H : C([-T,0]) — R be the functional appearing in (1.1) and a path-dependent random variable
h:= H(cWr(-)). We define the functional  : [0,T] x C([-T,0]) — R by

u(t,n) =E[H(Y;")]. (4.3)
Since oWr(-) = Y7 we have
E(h|F) =K [H(oWr())|F] = E {H(YTt"’W‘(')) \ft] = u(t,oW, ().

For this reason, u defined in (4.3) is a natural candidate to be a solution of (1.1). In Theorem 4.11 we will
show, under smooth regularity of H, that such an u is sufficiently smooth to be a classical solution of the
path-dependent heat equation (1.1).

We dedicate next two subsections to investigate some properties of thin that we will use in the proof of
the main theorem. The Section 4.2 below contains the general results for the flows introduced in Definition
4.1. In Section 4.3 we will introduce the Markovian stochastic flow for a general o : [0,T] x R — R, which
coincides with the Brownian stochastic flow when o is constant. We will derive some properties for this
flow that we need in the theorem. We recall that, given X and Y two random elements taking values in
the same space, we write X ~ Y if they have the same law. From now on a realization w € 2 will be often
fixed.

12



4.2 Some properties of the Brownian (resp. functional Brownian) flow
First of all we observe that the functional Brownian stochastic flow is time-homogeneous in law.

Proposition 4.2. Y;>" and Y, have the same law as C([—T,0])-valued random variables. In particular,
for every x € [-T,0], Y (x) ~ V" (z).

Proof. Tt follows from the two following arguments. For z € [=T, s — t], Y;>"(x) and Y, (z) deterministic
and are equal to n(z+t—s). For z € [s—t, 0], the real-valued processes Y;”" (z) = n(0)+o (W;(x) — W) and
Y2 () = n(0) + o (Wi_g(x) — W), have the same law by well-known properties of Brownian motion. [

The next proposition concerns the continuity of the field ¥;>" with respect to its three variables.
Proposition 4.3. (Y;"")o<s<i<7, nec(-1,0)) is a continuous random field.

Proof. As usual in this section w € Q is fixed and w, (resp. @y (,)) is respectively the modulus of
continuity of n (resp. the Brownian path W(w)).

Let (s,t,m) be such that 0 < s < t < T,n € C([-T,0]) and a sequence (Sy,tn,N,) also such that
0<s, <t, <T,n, € C([-T,0]) with

nlggo (Is = sn| + [t = tul + [[n = 7nlloc) = 0.
We have to show that Y""" — V;>" in C([0,T], when n — oo i.e. uniformly. For z € [0,T], we evaluate

|Yti,nmn =Y (z) < (I1(n) + Ix(n) + I3(n))(z),

where
L(n)(z) = [Yor™ =Yer"|(x)
Ln)(z) = [Y" =Y"|(2)
In)(z) = [Ypm" =Y ().

By Definition 4.1, it is easy to see that ||11(n)|lcc < [|7 = Mnlloe + [17(0) — 1(0)| < 2[|n — Nn|oc- Since I3(n)
behaves similarly to Is(n), we only show that lim,, ., I5(n) = 0. Without restriction of generality, we will
suppose that ¢, <t for any n, since the case when the sequence (t,,) is greater or equal than ¢, could be
treated analogously. We observe that following equality holds:
(Y2 =Y (@) = n(z 4ty — 8)L_ps—t,) () = n(z +t — 8)1|_p g (x)
+ (1(0) + o Wi, (x) — oWs) L5, 0]
— (0(0) + oWy (z) — oWs) Ljs—y (2
=@ +tn —s) —n(x+t—s) Li_rs—qg (@)
+ (@ +tn = 5) = n(0) = oWi(z) + oWs) Ljsy ss,1(2)
+ (oWi, (x) — o Wi (2)) List,, g (2) - (4.4)

()
)
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Using (4.4) to evaluate ||I3(n)||sc We obtain

sup [Y(2) = VP (@) < sup [n(x +tn —5) —nlz+t—s)]
z€[-T,0] z€[-T,0]

+  sup  |n(xz+t, —s) —n(0)]

TE[s—t,s—1ty]
+ sup o|Wi(x) — W
TE[s—t,s—1ty]
+ sup oW () — Wi(z)| <
z€[-T,0]
<2 @y ([th — t]) + 2 cww () (|tn — t]) ——— 0.

n—-4oo
Since n and W (w) are uniformly continuous on the compact set [0, 7] both moduli of continuity converge

to zero when t,, — tg. O

At this point we make some simple observations that will be often used in the sequel.

Remark 4.4.

1. There are universal constants Cy, Cz, C3 and Cy such that, for every ¢t € [0,T],e > 0 with t+e€ € [0, T7,
it holds

HY:,{’”HOO <y (1 +[|7]loc + sup 0|Wt|>

te[0,T]
Y7 ", < Co (1 + oo + 0 S |Wt|) (4.5)
telo,
and
T—t,m
[ e (1 il + o sup Wt|> . (4.6)
0 te(0,T)
(4.5) implies that, for any a € [0,1],¢ € [0,T], € with ¢ + € € [0, 7], it holds
t+en t+e Y, 0
oY M+ (1 - )Y, <Cy <1 +Inlloc + 0 sup |Wt> . (4.7
oo tel0,T

2. For any «a € [0,1],t € [0, 7] it holds

t+e, Yt+€ C([—T,O]) th_'ﬂ? . (48)

e—0

QY (1 - )Yy,

t+e,Y, t+€

In fact expanding the term Y, , which equals Yf«’”, we obtain

et oyt —afgren v

oo

Hanf“’" +(1—-a)Y,

The right-hand side converges to zero because of Proposition 4.3.

14



3. In the sequel we will make an explicit use of the expression below:

nae+T—t+e)—nxz+T-—1) z e [-T,t—T)
(Y;fe’" 7Y;ﬂ’7’) () = nx+T—t+e)—n0)—cWr(zx)+ocW, zet—T,t—T+¢€
oWy —oWige z€[t—T+¢0].

4.3 About a Markovian stochastic flow and functional Markovian stochastic
flow
The Brownian (resp. functional Brownian) stochastic flow can be generalized considering o : [0,T] xR —
R Lipschitz with linear growth, i.e. not necessarily constant. We introduce the Markovian flow and we
show some properties.

Let 0,b: [0, 7] x R — R being Lipschitz functions with linear growth. Let, for every s € [0,T],z € R,
X = X*7* be the solution of the SDE

t t
Xi=x —|—/ o(u, Xy)dW, —|—/ b(u, Xy)du, te€[s,T].

Let again A := {(s,t)] 0 < s <t <T}. It is well-known that the real-valued random field (s,t,z) — X;*

defined over A x R — R, admits a continuous modification.

Definition 4.5. 1. The random field (s,t,z) — X;** will be called Markovian stochastic flow.

2. We denote by (Y;"") o< <;<rnec(—1,0) the random field defined over A x C([~T,0]) — C([-T,0])
by

nz+t—s) ze[-T,s—1f

5,t,m) — Y (x) =
(s 8,) e { th,n(o) x € [s—1t,0].

This will be called functional Markovian stochastic flow.

Remark 4.6. 1. The Brownian flow (X;"*) introduced in Definition 4.1 is a particular case of the
Markovian flow when o(t,z) = o, o a constant. We could have formulated this chapter in this more

general framework but for simplicity of exposition we have restricted us to the case o constant.

2. The Markovian stochastic flow verifies the flow property for 0 < s <t <r <T,
X = xbXT (4.9)
We set

Yo (z) = { nex+t—s) zel[-T,s—1 (4.10)

thfm(o) r € [s—1t,0].
The functional flow (Y¥;*") coincides of course with (4.2) when (X;*") is given by (4.1).

The following lemma shows a “flow property” for the functional flow.
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Lemma 4.7. Let n € C([-T,0]), for 0 <s <t <7 <T. Then
yen =y (4.11)

Proof. Tt follows from the flow property (4.9) for the Markovian stochastic flow.

For fixed w € 2, we inject 7 = V" into Y, obtaining

nxz+r—s) xe[-T,s—r]
Yf’yﬁsyn(x) = Xfféo) rE€ls—rt—r] 3 =Y>(z),
_ 5,1(0)
X0 = X = X0 welt—n0)
which concludes the proof of the Lemma. O

We concentrate now on the derivatives of the functional Markovian stochastic flow. Let ¢t € [0, T7[.
By (4.10) we remind that

Yin () = { n(ﬁo)ﬁt) pel-T,t—T]
XT’ZP p€t—T,0]
It is possible to calculate formally the first and second derivatives of Y, (p) for p € [T, 0].

Remark 4.8. For p € [~T,0] then Y} (p) : C([~T,0]) x @ — R and DY} (p) : C([-T,0]) x Q@ —
(C([-T,0)))" = M([-T,0]). In particular if f € C([-T,0]),

et (PYr"(0) 5 e-r.o) /[ o F(@)Dau Y7 (p, w).

In particular we have

Op+r—t(dx) pe-T,t—T]
DaYi"(p) =4{ °F bn(0) (4.12)
5o(dz)8§XT+p p e [t —-T, 0]
and
0 pe[-T,t—T]
D3y Y7 (p) = { 5 2 5t(0)
O(dx)éo(dy)(?&XT+p p e [t - T, 0]

Avoiding some technicalities it is possible to evaluate the first and second derivatives of the functional
flow itself. In the sequel n will always be a generic element in C([—7,0]). Let (X;**) be the real stochastic

flow as in (4.1) and the associated functional stochastic flow (Y;>"7) as in Definition 4.1.

Lemma 4.9. Let t € [0,T].
1. Themap Y} : C([=T,0])xQ — C([~T,0]) acting as n ~ V" is of class C? (C([~T,0]) ; C([~T,0]))

a.s.
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2. The derivatives DY, : C([~T,0])xQ — £ (C([~T,0]); C([~T,0])) and D*Y;2" : CO([~T,0]) xQ —
B(C([-T,0]) x C([-T,0]); C(]-T,0])) are characterized as follows. For f,g € C([-T,0]) we have

flo+T—=1t) pel[-Tt-T]

t,n _
p— /[—T,o] Da Y7 (p) f () = { £(0) agXt,n(o) pelt—T,0]

T+p
and
0 pe[-T,t—T]
p / D3y 4. Y7 (p) f(2)g(y) = . (4.13)
Crop v £(0)g(0) 92 X519 pe[t—1T,0].
In the remark below we express Lemma 4.9 in the case of the functional Brownian flow.
Remark 4.10. When o(t,2) = o is a constant, by (4.1) the following holds.

1.

O X =1 and 9%X!L¢=0. (4.14)

2. By (4.14) the derivatives given by (4.13) for the functional Brownian flow reduce to

flo+T—t) pel[-T,t-T]

= /{m DdeT’%p)f(a:):{ s i

and

P [ Phas B 01@aw =0 pe =T

4.4 The existence result for smooth Fréchet terminal condition

In this section, Theorem 4.11 states the existence result and Fréchet regularity of the solution of the
infinite dimensional PDE (1.1) when o is constant and H is C3(C([-T,0])). In particular we will give
conditions on the function H such that u defined in (4.3) solves the PDE stated on (1.1). Those conditions

are reasonable but they are however not optimal.
Theorem 4.11. Let H € C3 (C([-T,0])) such that D3H has polynomial growth (for instance bounded).
Let u be defined by u(t,n) =E [H(Y;«")] ,t€[0,T],n e C([-T,0]).

1) Then u € C%2([0,T] x C([-T,0])).

2) Suppose moreover the following for every n € C([-T,0]):
i) The measure Dy, H(n) is Lebesgue absolutely continuous. We will denote = — D, H(n) its
density and we suppose that DH(n) € H*([-T,0]), i.e. function x — D, H(n) is in H'([-T,0]).
ii) DH has polynomial growth in H'([-T,0]), i.e. there is p > 1 such that

n = [DH(n)|| g < const ([l +1) . (4.15)
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In particular

sup [DyH(n)| < const ([[n[|% + 1) < const ([|n]|%, +1) -
te[—T,0]

iii) The map
n — DH(n) considered as C([~T,0]) — H*([-T,0]) is continuous. (4.16)

Then u € C12([0,T] x C([-T,0])) and u is a classical solution of (1.1) in C([-T,0]), i.e. u solves
1
deult,n) +/ Dgzult,n) d™n(x) + 50 (D*ult, n), 1(0y@?) = 0
]—t,O]

u(T,n) = H(n).

Remark 4.12. Contrarily to the (non-degenerate) situation of Section 3, Theorem 4.11 holds even when
o = 0. In that case one gets a first-order equation; the regularity on H could be relaxed but we are not

specifically interested in this refinement.

Remark 4.13. 1. Assumption (4.15) implies in particular that D H has polynomial growth in C'([-T,0]),
i.e. there is p > 1 such that

n— P |D.H(n)| = [|DH(n)|lec < const (||n]l5 +1). (4.17)
xe|—1,

Indeed it is well-known that H'([-T,0]) < C([-T,0]) and for a function f € H" it holds || f|ec <
const|| f| -

2. By a Taylor’s expansion, given for instance by Theorem 5.6.1 in [1], the fact that D3 H has polynomial
growth implies that H, DH and D?H have also polynomial growth in C([-T,0]).

3. Du(t,n), D?u(t,n) and d;u(t,n) will be explicitly expressed in term of H at (4.21), (4.23) and
(4.51).

Proof. By expression (4.3) it is obvious that u(T,n) = H(n).
Proof of 1).
e Continuity of function u with respect to time f¢.
We consider a sequence (t,) in [0,7] such that ¢, —— to. By Assumption, H € C°(C([-T,0])).
Consequently, by Proposition 4.3

H(Y" ) - H(Yp", ). (4.18)

By Remark 4.13.1. H has also polynomial growth, therefore there is p > 1 such that

|H(¢)| < const (1 + sup |§(m)|p> V¢ eC(-T,0]) .

z€[—T,0]
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By (4.6), we observe that

P
\H(quftﬂ < const (1 + Hngf’tH ) <
o0

<const 14+ sup |n(x)|P + oPsup |[WiP | .
z€[-T,0] t<T

By Lebesgue dominated convergence theorem, the fact that sup,., |[W;|? is integrable and (4.18), it follows
that

w(tn,n) =E [H(Y})ﬂtn)} — E [H(Yﬁﬂto)} = ulto,n) -

n— oo

e First order Fréchet derivative.
We express now the derivatives of u with respect to the derivatives of H. We start with Du : [0,7T] X
C([-T,0]) — M([-T,0]). Omitting some details, by integration theory for every ¢ € [0, T}, u(t,-) is of

class C* (C([-T,0])). By usual derivation rules for composition we have

Dy, H (Y7") = /[] DapH (Y1) Das Y1 (p)-

Dygu(t,n) =E [Dg H (Y7")] = E

/[ o Dy, H (Y1) DMYTt’"(p)] . (4.19)

We compute explicitly (4.19) using the expression (4.12). Integrating with respect to p (for a fixed ), we

obtain the following.

Dagu (t,m) =E l / Da,H (Y") Daa Y1 (p) | +E / DapH (Y2") Daa Y (p)
[T, t—T] [t—T,0]
=E l / DapH (Y") Spir—i(dw) | +E / D, H (Y") | do(d). (4.20)
[(-T,t—T] [t=T,0]
Consequently
Dagult,n) = Dgyu (t,m) + Du(t,7)é0(dx), (4.21)
where
Dz u(t,n) = E [Dag—re H (YE")] L=t 0((2) (4.22)
and

D%y (t,n) =E / Dy, H(Y;")
[t—T,0]
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Indeed the first addend Di u(t,n) of (4.21), i.e. expression (4.22) comes from (4.20), using the fact
that 0,7—¢(dx) = d4z—74+¢(dp) and integrating with respect to p. The continuity of (¢,1) — Dgzu(t,n)
in (4.21) can be justified since the functions [0,7] x C([~T,0]) — R, (t,n) ~ D%u (t,n) and function
[0,T] x C([-T,0]) = M([-T,0]) defined by (t,n) — D>u(t,n) are both continuous. The latter fact follows
from the fact that H € C*(C([-T,0])), DH with polynomial growth, (4.6), (4.5), the fact that for any
given Brownian motion W, SUp, <7 |W,| has all moments and finally the Lebesgue dominated convergence
theorem.
e Second order Fréchet derivative.

We discuss the second derivative
D?u :[0,T] x O([~T,0]) — (C([-T,0)&~C([-T.0]))* = B(C([~T,0)), C([-T.0])).
For every fixed (t,7) we get
D?lx,dyu(tv n) = E[Drziy—T+t dx—T+tH<YTtm)1[—t,o[(I) @ Ly op(y)| +
Do—rt(DH (Y7"), Ljp—7.0)] L[—t.0(x) do(dy)+

E|
E [Day-r+¢(DH(Y7"), 1p—1.0))] Lj—s,01(y) o(dx)+
E [(D*H(Y7"), Ljp—1,0) ® Lip—.0))] do(da) do(dy) -

It is possible to show that all the terms in the first and the second derivative are well defined and continuous

using similar techniques used in the first part of the proof. We omit these technicalities for simplicity.

Remark 4.14. For illustration, if D?H is an absolutely continuous Borel measure on [—7,0]? with density
D} H = D,D,H, we obtain the following

Dy ay(tn) = E[DyfTHszTHH(Yt’n)} Lyt o(x) Ts0r(y)da dy+
+ E / D Dw T+tH( )d8:| ﬂ[ t,0[ ( )dx5o(dy)+

+ E / DleszH( 7n)dS1 d82‘| 50 (da:) (50(dy) (423)
[t—T,0]2

Proof of 2)

Remark 4.15. Under hypothesis 2) we remark the following.
1. The right-hand side of (4.22) is absolutely continuous in . In other words D u(t,n) = D%u (t,n)dx
and
0 z € [T, —1]

]E[Dm,THH(YTt”’)] z€ [~t,0[. (4.24)

Du(t,n) = E [DI,TJFtH(Y;J")] 1y op(x) = {
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2. In particular by item ii),  — D, H(n) belongs to H!, so it has bounded variation. Therefore the
deterministic forward integral in (1.1) exists because of Proposition 2.3 and it can be expressed
through (2.4). We will denote by D'H(n) the derivative in x of function = — D, H(n), where
D, H(n) is the density of the measure Dy, H(n) for every fixed . Since x — D, H(n) is absolutely
continuous then, by (2.2) we have

/ Day—rieH (Y7) d™n(z) = / Dy_giH (Y7") d™ (). (4.25)
1—t,0] 1—t,0]
Previous deterministic integral exists because 2 — D, H (n) has bounded variation and by Proposition
2.3 it equals

0
—D_p H (Y7") n(=t) + Do H (Y7") 1(0) = | Di_gp H (Y7") () da.

—t
e Derivability with respect to time t.
Let t € [0,T],n € C([-T,0)]. We will show that

Z

du(t,n) = —E /] . Dy_reH (Y7") d7n(x) + o (D*H (Y2") | lyrq®?)

We need to consider € such that ¢ + ¢ € [0, 7] and evaluate the limit, if it exists, of

u(t +6 77) — u(t7 77)

: (4.26)

when € — 0. Without restriction of generality we will suppose here € > 0; the case ¢ < 0 would bring
similar calculations.

t,m
The flow property (4.11) gives Y:,f;’" = Y;JFE’Y‘“, which allows to write

u(t,n) = E {H(Y;*E’Yttﬂ)} . (4.27)

We go on with the evaluation of the limit of (4.26). By (4.27) and by differentiability of H in C'([-T,0])
we have

HVEom) B (v = (D (vr) ygren -y P
+ /01<DH (aYT”“" +(- a)Yfe’Ym) — DH (") Y - Y g —
= oy Dot (87) (4770 -3 @) (et (.25
where
Steton) = [ 08 (axp o+ 1= vy M) <o () v v
Setting v = Y;;Z, we need to evaluate
YN x) = VT (@) x € [-T,0]. (4.29)
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(4.29) gives

th_fe,’l](x)iY’}JrE,'Y(x): 77(27+T_t:€)_7($+T_t_E) S [_T’t_T+E[ (4'30)
n(0) = 7(0) = —o(Wi4e(0) + W) € [t—T+¢0],
because 7(0) = ¥;57(0) = 1(0) + o(Wi4.(0) — W;). Moreover, by (4.10), we have
Tt ) e Y (et T —t— ey = ) ME+T 1) ze[-Tt-T[
Vet T—t= =Y le+T-t-c) { 0(0) + o(Wr(z) — Wi) a€lt—T.t—T+e.
Finally we obtain an explicit expression for (4.29); indeed (4.30) gives
Nz+T—t—¢e)—nlx+T—1t) ze[-T,t—T]
YN z) — Y @) = e+ T —t—€) —n0) —o(Wr(z) + Wy) a€lt—T,t—T+¢ (4.31)
o(Wy — Wige) z€et—T+¢0].

Consequently, using (4.27), (4.28) and (4.31), the quotient (4.26) appears to be the sum of four terms.

u(t+e€,m) —u(t,n) _E {H(YTHE’") _ H(Y;Jre Yr+’i)]
€ €

= Li(e,t,n) + Ia(e, t,n) + Iz (e, t,m) + %E [S(etm)] (4.32)
where
et /tTT DL (Vi na+T —t - ei n(a+T — t)dx] _
= E [ Dy H (YVET) de]
—t
et —E /tme Do (V") ne+T—t—e)— ni()) — o(Wp(z) + W) dm]
t=T

t—T+e o
~E l / D.H (Y") Wi = Were dx]
t—T €

/tme Dot (vny 1T =16 = 0(0) o (Wr(w) + Wese) dx]
t—T ¢

=E

Is(e, t,n) = U D, H (Y}") o(We - Wt“)d}

and E [S(e, t,n)] is equal to

1 0
/ E U (DwH <ay}+€’" +(1- a)YH_e’Y‘*E) - D,H (yfﬁ)) .
0 =T

: (Yﬁe’"(m) _ oyt )) dx} da . (4.33)
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e We will prove that

Ii(e, t,n) 0 Ii(t,n) == I (t,n) + Lia(t,n) + Lis(t,n), (4.34)
where

Ln(t,n) = E [D_rH (Y7") n(~t)]
0

Io(t,n) =E [ Dl 7 H (YP") n(x)dx}

Lis(t,n) = —E [Dy_r H (Y7") n(0)] .

—t

Admitting (4.34), the additivity and using (4.24) in Remark 4.15 we have

Il(ta 77) =-E

/ D7y H (Y") d_n(ac)‘| .
]—t,O]
It remains to show (4.34). In fact I1(e,¢,m) can be rewritten as sum of the three terms

—t+e _
Ill(evt777) =E |:/ DmethH (szyn) n(xG)dx:|
€

—t

Im(é,t,n) =K c

/0 Dyye-ritH (YP") = Dy_gye H (Y1)
—t

n(m)dx]

Iis(e, t,m) = —E {/ D, 7rH (Yjé’n) de} .
0 €

We can apply the dominated convergence theorem. Since W, SUp, <1 |W,| has all moments and taking into
account (4.17) in Remark 4.13, we get that I;(e, t,n) — I;(t,n) for i = 1,2,3 holds.
e—

e I5(e,t,m) converges to zero when ¢ — 0. Indeed, Cauchy-Schwarz inequality yields

™

1 t—T+e
|Is(e,t,n)|* < ~E V D, H (Y%W)de} .
t—T

1
)

€ -T

t—T+e¢
/t (n(@+T =t =€) = n(0) = o(Wr(x) + Wiero))? dl’] :

Again, by usual arguments and again because sup, <7 |W,| has all moments and taking into account (4.17)
in Remark 4.13, it follows that the first integral converges to E [Dt,TH (YTt’")Q} and the second integral
to zero.

e As third step we prove that

I3(e,t,m) — —0’E [(D*H(Y}{"), 11,0 @%)] = I3(t,7) - (4.35)
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For this, we rewrite I3(e,t,n) using (5.1), i.e. Wiy — Wy = W, and the Skorohod integral to obtain

0 W, .« — W, 0 o
Is(e,t,n) = —oF U Dy H (Y;") Mdz] ) U Dy H (Y;") dz - Ws}
t—T € € t—T

0 € €
- 75 U Do H (Y%”’) da - / JW,«] =-7g [z/ 5W5}, (4.36)
€ t—T 0 € 0

where Z := (DH(Y}"), 1);—1,0]). Denoting by the deterministic function ) := 1y, _7 ) (), using Proposition
5.4 with n = 1, it follows that Z = (DH(Y2"),)) belongs to D2 and

D'Z = o(D*H (Y Lje—r0)(2) ® Lyy—7t,0(y))- (4.37)

By integration by parts on Wiener space, expression (4.37), Fubini’s theorem with respect to r and v,
(4.36) gives

o € 0.2 €
I3(e, t,n) = —;]E {/0 D'Z dr} = —?E /0 (D*H (th“’n> Ly gt,0)(2) @ L7 07 (9)) dT}

o2

= —?E [(DQH <YTt’n) 7/06 L)y —1ye,0/(x)dr @ L)y _7 (y))}
=-ZE [<D2H (v ,/fe 10 (2)dz ® yy_g g (y))} , (4.38)

where the latter equality comes replacing z := r 4t in the integral.
Observing that

t+e t+e
/ H]Z—T,O] (.’E)dZ = / 1[07x+T[(Z)dZ
t t

T0dz =0 r<t-T & a+T <t
= [T Uperr()dz=2—t zelt-T,t-T+e & z+Telt,t+¢ (4.39)
tt+61dz:e z€lt—T+e¢€0] & z+T €t +¢T),
we get
1 (x—1)

B ]l]th,th%»e] (33) .

t+e
*/ 1).—r0(2)dz = Tjy_ppe () +
¢

Previous expression is bounded by 1. Moreover it converges pointwise to 1j,_p ¢ (z) as € | 0. By Remark
4.13 item 1., the fact that D?H has polynomial growth and that for any given Brownian motion W,
SUp, <7 |W,| has all moments and finally the Lebesgue dominated convergence theorem we conclude that

(4.38) converges to Is(t,n), i.e.
I3(t,n) = —0"E [(D*H (Y7") , 1,01 (%) @ Lj_1,0)(9))] -

So the convergence (4.35) is established.
e We study now the term 1E [S(e,t,n)] in (4.33).
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t+e, Y7

By Lemma 4.7, we get the a.s. equality Y27 = Y, '**. Using (4.31) and the fact that H €

C3 (C([-T,0])), (4.33) can be rewritten as the sum of the terms

t—T
/ (D H (aY7 "+ (1 — a)Yy") — D, H (Y")) -
-T

1
Al(eatan) = / E
0

r+T—t—¢ —nz+T -1
€

dm] do

t—T+e
/t (D H (aY7™" + (1 — a)Yy") — D H (Y7")) -

n@+T—t—¢)—n0) —oWr(z) + O'Wt+ed1::| dov
€

A3(€7 ta 77) = A3l(€7 ta 77) + A32(€7 ta 77) + A33(€a t) 77) + A34(€a t7 77) B

where

0.2
Azi(e,t,n) = - E {<D2H (Y%’n) Ljt—14e0) © Lje—1re0]) -

(W — Wt+e)2}
€ b

Aza(e,t,m) = o° /01 E [<<D2H (ayqt“Jre’n +(1- a)YTt’"> - D*H (YT”])) Ay Tge02)

(Wi = Wi o)® Wt'*'f)Q} do,
€

Asz(e,t,n) = ‘7/01 E [((DQH (aYTtJre’" +(1- a)YfJ") — D?’H (yj{ﬁ))
ny+T—t+e)—nly+T —1t)

€
Aza(e,t,m) = 0/01 E[((D?H (avf " + (1 = a)vf") = D2H (Yf7)),

ny+T—t—e) —n0) —o(Wr(y) + Wiic)

Lt rye,0(®) @ L t—7)(y)) - (We — Wege) | da,

L7460/ (@) @ Ly p—1pe) ()

(Wi — Wipe)] dar.

e Similarly to Iy (e, t,n), the term A; (e, t,n) can be decomposed into the sum of terms given below.

1 —t+e "
Ari(e,t,n) =E [/ / Dy _74¢H (anE+€’" + (1 - Oé)th“""> —Dy_r4H (YTt’") Mdm da} ,
o J-t

/1 /~0 Daye—ritH (ayﬁff" +(1- oz)Y;JT’) — Da_qyiH (QYTHM T(1- a)y;ﬂ)
0 —t

€

Aiz(e, t,n) =E |:

‘n(z)dz da]

1 0 Daje—rytH (YTt’") —Dp_ritH (Y;’")
=\
0 —t €

n(z)dz da:| ,

1 0 . xr — €
Aus(e, t,n) = —E [/ / Do H (@Y7 4 (1= a)Y") = Doy H (Y4) gdw da] .
0 —€
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e We show now that Aj;(e, t,n) converges to zero. By Cauchy-Schwarz inequality we have

—tde 20, _
AnetnP s [T =g,
—t €
1 —t+e 1 )
E [/ / Y [Dacrcel (aVE7 4 (1= )VE") = Doyt (V7)) o da] .
0 —t

The integral 1/e __tt+€ n?(x — €)dx converges to n?(—t) by the finite increments theorem. By hypotheses

(4.16) and (4.8) we have

|DH (aY; " + (1 - a)Y3") — DH (Yy") 250, (4.40)

HHI([*T’O]) e—0
Because of (4.40), it follows that

sup |DH (Y™ "+ (1—a)V3") = DH (Y3")| “*50 Vae[-T,0]. (4.41)
z€[—T,0] e—0

(4.41) implies that
t+e 1 e r 2 a.s.
/ / - [DQ:_T_HH (aYTH M4 (1 — )Y ’) — Dy H <Yq’i’")] dz da 0.

Using (4.17), (4.7), (4.5) and the fact that given any Brownian motion W, sup, ., |W,| has all moments
and Lebesgue dominated convergence theorem it follows that Ay (e, t,7n) converges to zero.

e Using the same technique we also obtain that Aq5(e, t,n) converges to zero.

e We show that Aja(e,t,7n) converges to zero.

For every fixed continuous function ¢ we can write

x+e—T+t
Dy—ryieH () = Da—ria H (C) = / D, H (¢) du .

x—T+t
It follows that Aqa(e,t,n) can be rewritten as

/ / e / } T+f+g H (a7 " + (1 - a)Y;") = D, H (Ygﬁ’")}n(x)dudxda] ,

T+t

Taking the absolute value and considering the fact that |n(z)| < ||n||cc We obtain

z—THt+e
\Alg(etn)\<]E[/ / /
t € T+t

By Fubini’s theorem it follows

D.H (aY,}JrE’" (- a)YT‘=”) -D.H (YT“")‘ duda da] 191l 0o -

1 —T+t . . .
|[A12(e,t,m)| < E {/0 /T ’DLH (QYTJFE’” +(1— a)YT’") - D) H <YT’")‘ duda} 17]loo -
Now using Cauchy-Schwarz inequality we have
1 —T+t 2
| Ar2(e,t,n)[> < TE [/ / (Dot (avfom + (1= a)vf") = DLH (V7)) duda} InllZ
0 -T

1 2
< / t+en _ tn\ _ t,n 2
<TE [/O HD H (@Y em + (1= a)ypm) = 0'H (v") vy @] Il
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Convergence (4.40) implies in particular

a.s.

2
leqmon 7557 0

|D'H (aY7 ™"+ (1 — a)Y;") — D'H (Y7")

Again using (4.17), (4.7), (4.5) the fact that given any Brownian motion W, sup, <, |W,| has all moments
and Lebesgue dominated convergence theorem we have that Aj3(e, t,n) converges to zero.

e This concludes the proof that A; (e, t,n) converges to zero.

e Term As(e,t,n) also converges to zero. In fact Cauchy-Schwarz implies that

| Az (e, t,m)[2 g/ ) [/tFTJFE (DmH (aY}+€’" +(1- a)YfJ”) — D.H (YT“’))2 d:c} :

1
0 € -7
1 t—T+e€
g [/ (n(z+T —t — €) — n(0) —chT(a:)—&—oWHE)Qda:} dor .
€ t—T

The continuity of DH (see (4.16)), the fact that it has polynomial growth in the sense of Remark 4.13.1.,
(4.7) and Lebesgue dominated convergence theorem imply that the first expectation converges to zero. The
second expectation converges to zero by the same arguments together with the fact that sup,<p |W,| has
all moments.

e We show now that As; (e, ¢,m) converges to

0.2

—E[(D*H (Y7") L7 o2)] =: Asi(t,7) - (4.42)
At this level we need two technical results.

Lemma 4.16. The random variable B(e) := M weakly converges in L?() to 1 when € — 0.

Proof. In fact, E [B(e)?] = 3, so that (B(e)) is bounded in L?(Q) . Therefore there exists a subsequence
(en) such that (B(e,)) converges weakly to some square integrable variable By. In order to show that

By =1 and to conclude the proof of the lemma it is enough to prove that
E[B(e) - Z) — E[Z]

for any 1.v. Z of a dense subset D of L?(2). We choose D and the r.v. Z such that Z = E[Z] + fOT EdW

where (&;)sepo,7 is a bounded previsible process. We have

(Wipe —Wi)?2 (T
L O /O «sdes].

Since E [B(e)] E[Z] = E[Z], we only need to show that

E[B(e)- Z] = E[B(e)] E[Z] + E

E

_w.2 [T
(Wipe —Wy) / Edes] 0. (4.43)
€ 0 e—0

Since fOT &sdW; is a Skorohod integral, integration by parts on Wiener space (2.1) implies that the left-hand
side of (4.43) equals

E

2 T 1 t+e
E/ EsWive = Wil i1q(s)ds| =E L/ §sds Wipe = Wi)| 5
0 ¢
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this converges to zero since ¢ is bounded. O

Lemma 4.17. Let H be an Hilbert space equipped with a product (-,-). Let (Z,), and (Y,), be two
sequences in H such that Z,, converges strongly to Z and Y,, converges weakly to Y. Then (Z,,Y,)
converges to (Z,Y).

Proof. By Cauchy-Schwarz inequality we obtain
(Zn,Yn) =(Z2,Y)| = (Zn = Z,Yn) +(2,Yn = Y)| < | Zn = Z||u |Yallm + (Z, Y0 = Y)| —=+ O,

since || Z,, — Z|| i goes to zero by the strong convergence hypothesis of (Y},), || Y| is bounded because
weakly convergent and (Z,Y,, —Y) goes to zero by definition of weak convergence of (Y;,),, and the fact
that Z € H. U

(Wege—W)?
€

In order to show the convergence of 2431 (¢, t,n) = o°E {Z(e) . } to 2A31(t,n) we use Lemma

4.17 setting the Hilbert space H equal to L?(Q2). We only need to show the strong convergence in H of Z(e)
to Z := (D*H (Yf#”) s Aj—7,0) ® Ijy—7,9)). Taking into account ]l}t_p_e,o]@z — ]l]t_T70]®2 pointwise and

Lebesgue dominated convergence theorem, it is not difficult to show now that E [(Z (e) — Z)ﬂ converges

to zero, i.e. the strong convergence in L?({2). Finally by an immediate application of Lemma 4.16, the
term Asq (¢, t,n) expressed in (4.42) converges to %E[Z] which equals Az (t, 7).

e The term Az (e, t,7) converges to zero. In fact using 1j,_71¢ 02 < 17,02 and then the Cauchy-Schwarz
inequality we obtain

t+e,Ytt+’2

_ 2
B (02 (avf* s (= ) 0P (V) ) -

€

t+e,YH

_ 2
<5 (0% (avy o (- vy ) D2 (VA7) g ) (P

€

te, Y,
SH|E U<D2H (ayqtj—e’n +(1- OC)YTJre HE) —-D?H (Yit‘yn) A7 0p2)

2:|\/§

I T

. tte,YH" . 2
< |E HD?H <aYT+5'" +(1—a)Y, f+€) -p2H (Y '
(c-T.0ne3)

2]
The latter term converges to zero because D*H € C° (C([-T,0])) and D*H has polynomial growth as we
have seen in Remark 4.13 item 1.

e We show that Ass(e, t,n) converges to zero. We rewrite Assz(e,t,n) as o(Ass2(e, t,n) — Assi(e t,n)),
where

Aszi(e, t,n) =E [(DQH <YTt’n>

ny+T—t+e)—nly+T-1)

c Lt 1ie,00(®) @ L1 i1 (¥))-
(Wige — W],

! 5 e the, Y,
Assa(e, t,n) :/ E {(D H (aYT M4+ (1-a)Yp ”6) ,
0

ny+T—t+e)—ny+T-1)
€

L 74e,00(@) @ L _p 1) (¥)) Wite — We) | dov .

We will show that both Ass;i(e,t,m) and Assa(e, t,n) converge to zero. Denoting

Z:=(D*H (Y3") , V), (4.44)
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where
V=1 rieo(@) @i my) ny+T —t+e) —nly+T 1),
we rewrite
1

Aszi(e,t,n) = EE [Z - (Wipe — Wi)].
Using Proposition 5.4, and that H € C3(C([-T,0])), with polynomial growth we get that Z belongs to
D2 and

D'Z = o(DPH(YE") Ajprie0 ®Y) + (D H(YS"), DI'Y)

= o(D*H (YP") 11,0 (2) @ Lm0 (@) @ Lmem (W) 0y + T = t+€) = n(y + T = 1)), (4.45)

because DY is zero. Using (4.44), Skorohod integral formulation, integration by parts on Wiener space
(2.1), (4.45) and successively Fubini’s theorem with respect to the variables r and z and then integrating
with respect to r, we obtain

1 1 — 1 €
Aszi(et,n) = EE[Z c(Wipe = Wy)] = E [Z2- W= E [3 / 5Wu:| =
0

-1 {/EDTZdr} =
€ 0
_g ‘ 3 t,m
- EJEUO (D H(YT ) ,
Ly 144,01 (2) @ L 1ye,0)(2) @ L—pe—m)(v) Ny + T =t +€) = n(y + T — t)]) dr]
_9 3 t,n
B EJE[<D H<YT ) ’
/0 L)pryt,01(2) dr @ Lpp_rye0)(@) @ L_r )W) Ny + T —t+€) —nly+T —1)]) } . (4.46)
Analyzing the term foé 1), —74+,0(2) dr analogously to (4.38) and (4.39) we can establish the convergence of
Aszi(e,t,m). In fact the third order Fréchet derivative of H, denoted by D3H, is a map from C([-T,0]) to
the dual of the triple projective tensor product of C([-T,0]), i.e. (C’([—T, 0])®i) . We recall that, given a
general Banach space F equipped with its norm || - || and z,y, z three elements of F, then the norm of an
elementary element of the tensor product z ® y ® z which belongs to E®? is ||z - ||yl & - ||2]| z. We remark
that the trilinear form (¢, , ) — (D3H (Y}’") , PR 1) extends from C([-T,0]) x C([-T,0]) x C([-T,0])
to ¢, p,% : [=T,0] — R as a Borel bounded map. Indeed the application is a measure in each component.

Consequently

(D H (Y7") ) Lj—rse0)(®) @ Dp0) () Iy + €) = n(¥)] @ 1jy_rpe.0)(2))] <

< sup (DH (Y7") 6 @ 0 @ )| - aoy(e)
[¢lloo <1,llpllo0 <L[I]lo0 <1

— 3 t,m a.s.

= HD H (Yy )|‘(C([7T,O])®i)* - @y (€) o 0,

since @, (€) is the modulus of continuity of . By the polynomial growth of D3H, (4.5), the fact that
for any given Brownian motion W, SUp, < |W,| has all moments and finally the Lebesgue dominated

convergence theorem we conclude that (4.46) converges to zero, therefore Ass;(e,t,7) converges to zero.
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At this point we should establish the convergence to zero of Assa(e,t,n). This can be done using, again
as above, integration by parts on Wiener space (2.1). However there are several technicalities that we have
to omit.

e We show finally that As4(e, t,m) converges to zero.
We rewrite term Asy(e, t,n) as

Asa(e,t,n) = o /01 E [((DQH (aYT‘+€”' +(1- a)Yf:”) - D2H (Y;:")) ,

ny+T —t—e) —n(0) — o(Wr(y) + Wite)

€

Lyt r4e,0/(®) @ Ly p—14a(¥))
‘(Wi = Wige)l da
as Asq(e,t,n) = o(Asar (e, t,n) — Asaa(e, t,n)) where
Azai(e,t,n) = /01 E[(D2H (a¥{ ™" + (1 = a)Yf") |

Ny +T —t —€) —n(0) — o(Wr(y) + Wipe)

Lt 146,00(®) ® L1 t—14¢(9))-

(Wt - Wt+€)] da ’

Azaa(e, t,n) = /01 E [(DQH (qu,n) )

ny+T—t—e —n0) —o(Wr(y) + Wite)

Ljt—146,0(®) @ L 14 (Y))
~(Wt — Wt+e)] do =
=E[(D?H (V7))

ny+7T—t—¢€ —n(0) —oc(Wr(y) + Wite)

Lyt —746,0(®) @ Ljp—1 e 14 (Y))

(Wi = Wip )]
Firstly we show that Asys converges to zero. It holds in fact
Azaa(et,n) = %]E [Z- (W = Wi )] = %]E (Z2- W] = %E [Z ' /065Wr] ;
where
2= (D*H (YE") Ajeorien)(@) © [y + T — t =€) = 0(0) = oWr(y) + oWey ] 174 (1))

Since D?H has polynomial growth and it is of class C!, by Proposition 5.4, Z € D*2. Then the integration

by parts on Wiener space gives
1 €
Asgo(e, t,m) = —E {/ D'z dr] . (4.47)
€ 0
According to Proposition 5.4, equation (5.4) for n = 2 and setting

Vi=ly_rieq@) @My +T —t—¢) —n(0) —oWr(y) + o Wiy Iji—ri—144 (1Y)

we get the following expression for the Malliavin derivative of Z in the Wiener space associated with (WT),

for r € [0,T —t]:

D2 = (D*H (Y7"), Y ® 1) _p440(2)) + (D*H (Y7") , DI Y). (4.48)
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Replacing (4.48) in (4.47) we get that Assa(e, t,n) equals a sum of Asyo1(€,t,n) and Asyaa(e, t,n) with

1 €
Azgzi1(e,t,m) = . E [/ <D3H (YTt’n) Y ® ]l]r—T+t,0](Z)>dT:| )
0

A3422(e,t,n)1E[ / (D*H (Y}’”),DT)))dr} : (4.49)
0

The term Aszyo1(€,t,n) converges to zero. In fact, similarly to the method developed in detail in (4.39), we

have

A3421(6,t777) =-E |:/ <D3H (th’m) ,y Y ]l]z—T-l-t,O] (7‘)> d?":|
0

A= |

E [<D3H(Yfi”),y®/ Ly 7ys0)(r) drﬁ
0

and

1 [€ €
*/ 1),y 0)(r)) dr <
0

€

ANz+T—t)

€ e—0

1.

Then by polynomial growth of D3H, (4.7), the usual property that given any Brownian motion W,
sup,<7 |W.| has all moments, the convergence of J to zero and through the application of Lebesgue
dominated convergence theorem we conclude that first term in Asyo; (e, ¢, 7n) converges to zero.
Concerning the term Aszgo0(e€, t, 1) we firstly need to compute the Malliavin derivative of Y:

D' Y =1 _11c,0@) @D [y +T —t —€) =n(0) = oWr(y) + oWitel L —me— 14 (y)
=01y 11e,0]() ® D [Wite = Wryy] Lje—r— 74 ()
=0l rie0](x) @ DI [We = Wrgy—t| L7 i1y ()
=01 14¢,0/(®) @ Lirgy—t, () - Ljs—r 14 (¥), (4.50)
since by usual property of Malliavin derivative D] We — WT+y—t] = L{r4y—t,q(r). Now replacing (4.50)
in (4.49) we have, similarly to the method developed in detail in (4.39),

A3422(€,t,7’]) = %]E |:<D2 t 77 / Dmy d’f’>:|

and

AT +y—t)

€ e—0

0.

g/ D;nydrgoe
€ Jo

We remark that T +y —t € [0, ¢] since y € [t —T,t — T + ¢]. Again by polynomial growth of D?H, (4.7), by
the usual property that for the Brownian motion W, SUP <7 |W,| has all moments and applying Lebesgue
dominated convergence theorem, we conclude that first term in Asg20(€,t,n) converges to zero. Finally
Asa2(€,t,m) converges to zero.

By similar arguments, even though technically a little bit more involved, also As4; (€, ,m) converges to

zero. This finally proves that Asy(e,t,n) — 0.
e—»
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e We are now able to express dyu : [0,T] x C([-T,0]) — R. For ¢ € [0,T], dzu(t,n) is given by the

convergence of term (4.32) to a sum of three terms different form zero:
Opu(t,n) = In(t,n) + Is(t,n) + As1(t,n) ,

i.e.

atu(ta 77) =-E

2

g
/] ]DI_THH (Y2 d*n(x)+?<D2H (Y2")  Ayper @) | (4.51)
—t,0

e The path-dependent heat equation.
Taking into account (4.25), the second order Fréchet derivative (4.23) and the time derivative (4.51) it
finally follows that u solves (1.1). O

5 Appendix: Malliavin and Fréchet derivatives

We need some technical results concerning the link between Fréchet and Malliavin derivatives in a
separable Banach space, that for the moment ,we set to be equal to R. We need to apply Malliavin calculus
related to the Brownian motion. Let T > 0 and ¢ € [0, T] be fixed. We recall that

Wy =Wy — Wy, z€[0,T—1]. (5.1)

So the Wiener space will be C([0, T — t]) with variable parameter in [0, 7 —¢] and based on W. We consider
the window Brownian element Wr_,(-) with values in C([—(T — t),0]), defined as

WT_t(l‘) = Wt-{—T—t(l‘) - W = WT_A,_x -W; xe€ [—(T — t), O]

Lemma 5.1. Let G : C([—(T —t),0]) — R of class C! such that DG has polynomial growth. Let ) € D*°.
Then

G (oWr_i(4))

belongs to D2 and

D (G(oTr_u()) ¥) =0 /] oy P @) (W)Y
+ G (cWr_()) DY rc[0,T —t] a.e. (5.2)

Proof. The proof of this result needs some boring technicalities involving the approximation of a continuous
function and its polygonal approximation. Formula (5.2) is stated in a particular case for instance in [13],
Example 1.2.1. U
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A consequence of previous lemma is the possibility of the differentiating
h=F(Yy"), F:0(-T,0) —R
of class C' Fréchet. We remark that
YiT =G, (Wr—())
where
Gy CI=(T — 1),0] — C([-T,0])
given by

n(x+T —t) xe[-T,t—T]
GW(V):{
n0)+~(T —t+z) ze€lt—T,0]

By Lemma 5.1, if Y € D,

Dy () =0 [ Day(FoGy) (oWri()) Y
Jz—T+t,0]
+ FoGy(ocWr_i(-)) DI'Y z€[0,T —1]. (5.3)
Remark 5.2. We remark that V v € C([-T + ¢, 0])
D(FoG,) € M([-T +1,0)).

We have, for ¢ € C([-T +t,0]),

[P Fec) ) cw = [ DuF G <)

[t—T,0]

So (5.3) gives, for z € [0,T — ],

DI (hY) = o / (DuyF) (Go(0TWr_0) Y + (FoGy) (0TWri()) DY
Jle—T+t,0]

=0 / (DayF) (Y7") Y+ F(Yp") DY
Je—T+t,0]
At this point we have proved the following.

Proposition 5.3. Let H : C([-T,0]) — R of class C''-Fréchet with polynomial growth. Let ) € D*>.
Then H(Y;")Y belongs to D2 and

DR (YY) =0 [ (DaH)YINY 4 F (V) DRV
Jlz—T+t,0]
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Previous proposition admits a generalization to the case when H : C([—T,0]) — R is replaced by a

functional

C([=T,0]) — (C([-T,0)@x -+ @ C([-T,0]))  n>1.

n times

Typically an example will be D™ H. We recall that

(C([—T, & - - & C ([T, o]))*

n times

can be isomorphically identified with the space of n-multilinear continuous functionals on C([—T),0]).

Proposition 5.3 can be generalized as follows.

Proposition 5.4. Let H : C([-T,0]) — R of class C"*!-Fréchet such that D"*! F has polynomial growth.
Let Y € DOO(C([O,T —t])®g - @,C([0, T — t])) Then (D" H(Y,}™),)) belongs to D'2. Moreover, for

n times

a.e. r € [0,T — t] we have

D;n (<DnH(Y’1f“m) ’ y>) :U<Dn+1H(Y’1t“m) al]r7T+t,0] & y>

+{DMHYEY)  DI'Y) . (5.4)
Remark 5.5. The function 1j,_7 o) can be considered as a test function (p. Indeed for fixed (1,---, ¢, €

C([-1,0]),
o D"MH(YE™) (G ® G @ Cn)
is a measure.

Proof. Avoiding to state too abstract results, the proof of Proposition 5.4 is based on a generaliza-
tion of Lemma 5.1 replacing the value space R with the separable Banach space B, setting B =
C(=T,0)r - & C([-T;0)). O

Lemma 5.6. Let B be a separable Banach space. Let
G:C([-T+t,0])) — B*

of class C! Fréchet with polynomial growth. Let Y € D*°(B).
Then G (Wr—_¢(-)) Y € D"*(B) and

D, (5+(G (Wr—:(}) » Y)B)
=c(-1.0)é.8) (DG Wr—()), r—1100) @ V)e(-ropé. B
+(G(Wr_()) , DY)
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Remark 5.7. 1. DG : C([-T +t,0]) — (C([-T,0))®,B)*.

2. Proposition 5.4 will be used for n =1, 2, 3.
3. DY € B for almost all r.
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