N
N

N

HAL

open science

About classical solutions of the path-dependent heat
equation

Cristina Di Girolami, Francesco Russo

» To cite this version:

Cristina Di Girolami, Francesco Russo. About classical solutions of the path-dependent heat equation.

2018. hal-01762783v1

HAL Id: hal-01762783
https://hal.science/hal-01762783v1

Preprint submitted on 10 Apr 2018 (v1), last revised 2 Feb 2020 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01762783v1
https://hal.archives-ouvertes.fr

About classical solutions of the path-dependent heat equation

CRISTINA DI GIROLAMI*, AND FRANCESCcO RUSSO '

April 5th 2018

Abstract

This paper investigates two existence theorems for the path-dependent heat equation, which is the
Kolmogorov equation related to the window Brownian motion, considered as a C([—T, 0])-valued process.
We concentrate on two general existence results of its classical solutions related to different classes of final
conditions: the first one is given by a cylindrical non necessarily smooth r.v., the second one is a smooth

generic functional.
[2010 Math Subject Classification: | 60H05; 60H30; 91G80

Key words and phrases Infinite dimensional analysis; Kolmogorov type equations; path-dependent

heat equation; window Brownian motion.

1 Introduction

The path-dependent heat equation is a natural extension of the classical heat equation to the path-
dependent world. If the heat equation constitutes the Kolmogorov equation associated with Brownian
motion viewed as a real valued process, then the path-dependent heat equation is the Kolmogorov equation
related to the Wiener process as C([—T, 0)-valued process, that we will denominate as window Brownian
motion. One particularity of C'([—T,0) is that it is a (even non-reflexive) Banach space, which does not
make it an easy task for stochastic calculus.

An important recent contribution in the study of path-dependent heat equation was carried on by [5],
which considered a (not necessarily smooth in time) mild type solutions, involving at the same time a
path-dependent drift, see also references therein for related contributions. In this paper we focus on classical

solutions of the path-dependent heat equation with two types of final condition. Let H : C([-T,0]) — R
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be continuous and let o be a real constant. Our path dependent heat equation can be expressed as

atu(tv 77) + jjft’o] Dj:vu(t 77) d_n(x) + %02<D2u(ta 7])’ ]1{0} ® ]1{0}> = 07 for (ta 77) € [07 T[XC([_T7 O])

w(T,n) = H(n) for n € C(]-T,0]).
(1.1)

Even though some results can be extended to a more general context we have preferred for clarity to
work with ¢ being a constant. A function w : [0,7] x C([-T,0]) — R will be a classical solution
of (1.1) if it belongs to u € C12 ([0, T[xC([-T,0])) N C°([0,T] x C([-T,0])) in the Fréchet sense and
if it verifies (1.1). For any given (t,n) € [0,T] x C([-T,0]), we denote by D% F (t,1) the component
of DF (t,n) concentrated on the Dirac zero defined by D%F (t,n) := DF (t,n)({0}) and we denote by
D= F (t,n) the component of DF (t,n) singular to the Dirac zero component, i.e. the measure defined by
DLYF (t,n) := DF (t,n) — DF (t,1) ({0})do. For every n € C([—,0]), we observe that ¢t +— D% F(t,n) is a
real valued function. If for each (t,7), D-F (t,n) is absolutely continuous, we denote by DF (t,n) its
density and in particular it holds that D1 F (t,n) = D°F (t,n) dz.

A central object appearing in the path-dependent heat equation PDE (1.1) is the deterministic integrals
denoted by

/ DEu(tnd (),
]7t70]

where Dtu(t,n) is a measure on [T, 0] and € C([-T,0]). We will give a sense, for =T < a < b < 0, to the
term f]a,b] D+u(t, z)d~n(z) as essentially the deterministic forward integrallim, f]a,b} D uf(t, :E)Mdly
see Definition 2.2. More generally, let u be a finite Borel measure on [—T,0] and f a cadlag function, we
will give a sense to the integral f]a,b} p(dx)d™ f(x). Whenever f has bounded variation and g is absolutely
continuous, it will coincide with the classical expected Riemann-Stieltjes integral, see Proposition 2.3.

As we mentioned, we state two existence theorems of the classical solution of (1.1) under two different
types of final condition H. In Proposition 3.4, we consider as final condition a possibly not smooth function
H of a finite numbers of integrals of the type f_OT wd~n. The reason of validity of that result (when o # 0)
can be understood through the non-degeneracy feature of Brownian motion.

In Theorem 4.10 we suppose the final condition function H to be C3(C([—T,0])). This result generalizes
an existence results already established in the unpublished monograph [3] Sections 9.8 and 9.9, where we
assumed a Fréchet smooth dependence with respect to L2?([—T',0]).

In this paper we have only concentrated our efforts on the problem of existence of solution of (1.1),
the uniqueness constituting a simpler task which can obtained as an application of a Banach space valued
Ito6 formula established in [4]. Let W be a Brownian motion, we denote by (W;)o<i<r the real valued
Brownian motion and by (W;(-)) or simply W (-) its window Brownian process with values in C([-T,0])
defined by Wy(z) := Wiy, see Definition 2.1.



An application of our two existence results consists in obtaining a Clark-Ocone type formula for a
path-dependent random variable h := H(Xr(-)), where X is a finite quadratic variation process with
quadratic variation given by [X]; = ¢2¢, but X non necessarily a semimartingale. A possible example
of such process is given by X = W + B i.e. a Brownian motion plus a fractional Brownian motion of
parameter H > 1/2 or the weak k-order Brownian motion of [6].

Let u be the solution of (1.1) provided by Proposition 3.4 or Theorem 4.10. By It6 formula, see e.g.

Theorem 5.2 in [4], if u verifies some more technical conditions then

T T
h:u(O,X0(~))+/O Lu(t, X () dt+/0 D%u(t, X,(-))d~ Xy, (1.2)

where £ denotes differential operator for u € C1? ([0, T[xC([-T,0])) defined by

1
‘Cu(tv 77) = atu(tv 77) + / Dch_zu(t7 77) d_n(x) + +§U2 <D2’Lb(t, 77); ]]-{0} ® ]1{0}>7

]—t,O]

for (t,n) € [0, T] x C([-T,0]). Now by (1.2)
h =u(0,Xo(-)) + /OT Do%ou(t, X;(-))d™ Xy, (1.3)

where we remind that fot Yd~ X is the forward integral via regularization defined first in [10] and [9] for X
(respectively Y) a continuous (resp. locally integrable) real process, see also [11] for a survey. Whenever
X = W, the forward real valued integral equals the classical Ito integral, see Proposition 1.1 in [10]. In
particular, if » € D2, it holds that the representation stated in (1.3) coincides with the classical Clark-
Ocone formula h = E[h] + fOTIE[DlnhLFt] dW; , ie. u(0,Wy(-)) = E[h] and D%u(t, W;(-)) = D*(h|F;),
D™ denoting the Malliavin derivative. This follows by the uniqueness of decomposition of square integrable
random variables with respect to the Brownian filtration. We remark that our representation (1.3) can be
proved in some cases, where h ¢ D12, see e.g. Section 3.

The paper is organized as follows. After this introduction, in Section 2 we recall some preliminaries: basic
notions of calculus via regularization in finite and infinite dimension, Fréchet derivatives of a functionals
and the important subsection 2.2 about deterministic calculus via regularization. In Section 3 we show the
existence of a classical solution of the Kolmogorov PDE for a cylindrical H. Finally in Section 4 we show

that existence for H being general but smooth.

2 Preliminaries

2.1 General notations

Let A and B be two general sets such that A C B; 14 : B — {0,1} will denote the indicator function
of the set A, so 1a(x) =1if x € Aand 14(z) =0if z ¢ A. Let k € NU {+00}, we denote by C*(R")



the set of all function g : R” — R which admits all partial derivatives of order 0 < p < k and they are
continuous. If I is a real interval and g is a function from I x R™ to R which belongs to C1?(I x R"),
the symbols d;g(t, x), 9;g(t,x) and 3% g(t, z) will denote respectively the partial derivative with respect to
variable I, the partial derivative with respect to the i-th component and the second order mixed derivative
with respect to j-th and i-th component evaluated in (¢,z) € I x R™.

Throughout this paper we will denote by (2, F,P) a fixed probability space, equipped with a given
filtration F = (F3)¢>o fulfilling the usual conditions. Let a < b be two real numbers, C([a, b]) will denote
the Banach linear space of real continuous functions equipped with the uniform norm denoted by || - ||oo-
Let B be a Banach space over the scalar field R. The space of bounded linear mappings from B to E will
be denoted by L(B; E) and we will write L(B) instead of L(B; B). The topological dual space of B, i.e.
when L(B;R), will be denoted by B*. If ¢ is a linear functional on B, we shall denote the value of ¢ at an
element b € B either by ¢(b) or (¢,b) or even g (¢,b)p. Let K be a compact space, M(K') will denote the
dual space C'(K)*, i.e. the so-called set of finite signed measures on K.

Let E, F,G be Banach spaces; we shall denote the space of G-valued bounded bilinear forms on the
product E x F' by B(E x F;G) with the norm given by ||¢||z = sup{||¢(e, lla : lelle < 1;||fllr < 1}. If
G = R we simply denote it by B(E x F). We recall that B(B x B) is identified with (B®,B)*, see [12, 7]
for more details.

We recall some notions about differential calculus in Banach spaces; for more details reader can refer to
[1]. Let B be a Banach space. A function F : [0, T] x B — R, is said to be C12([0, T] x B) (Fréchet), or C'1+?
(Fréchet), if the following three properties are fulfilled. 1. F' is once continuously differentiable; the partial
derivative with respect to ¢t will be denoted by 0;F : [0,T] x B — R; 2. for any t € [0,T], © — DF(t, )
is of class C! where DF : [0,T] x B — B* denotes the derivative with respect to the second argument
and 3. the second order derivative with respect to the second argument D*F : [0, 7] x B — B(B x B) is
continuous.

If B=C([-T,0]), we remark that DF defined on [0,T] x B takes values in B* = M([-T,0]). For all
(t,n) € [0, T] x C([-T,0]), we will denote by D4, F(t,n) the measure such that

m-r.op PEE ), om0y = DE(tn)(h) = /[ o h(z) Da F(t,n) v h e C([=T,0]).
Whenever B = E = F = C([-T,0]), then the space of finite signed Borel measures on [—T',0]? is included
in the space B(B x B) in the following way:

n(z, y)p(dz, dy) = / m(z)n2(y)u(dz, dy) .

o) (M) —,2:/
M([-T,0)%) C([-T,01%) 702

[7T’0]2

We convene that the continuous functions (and real processes) defined on [0, 7] or [T, 0], are extended

by continuity to the real line.



Definition 2.1. Given a real continuous process X = (Xt)te[O,T]a we will call window process, and
denoted by X (-), the C([-T, 0])-valued process

X() = (X)) g0z = {Xe(@) = Xypasw € [-T,0],£ € 0, 7]}

X (+) will be understood, sometimes without explicit mention, as C([—T,0])-valued. In this paper B
will be often C([-T,0]).

We recall now the integration by parts in Wiener space. Let d be the it Skorohod integral or the adjoint
operator of Malliavin derivative D™ as defined in Definition 1.3.1 in [8]. If u belongs to Dom §, then 6(u)

is an element of L?(2) characterized by

T
E[F5(u)] = E V DI'F dt] , (2.1)
0
for any F € D2,

2.2 Deterministic calculus via regularization

Let —T < a < b < 0, we will essentially concentrate in the definite integral on an interval J =la, b] and
J = [a,b],where a < b are two real numbers. Typically, in our applications we will consider a = —T or
a = —t and b = 0. That integral will be a real number.

We start with a convention. If f : [a,b] — R is a cadlag function, we extend it naturally to two possible

cadlag functions f; and f7 on real line setting

fb) = x>0b, fb)y  x>0b
frx)=1{ f(z) : =z€lab], and  fr(z) =4 f(z) : x€ab],
fla) : z<a. 0 : z<a.

Definition 2.2. Let u be a finite Borel measure on [0,7], u € M([-T,0]) and f : [a,b] — R be a cadlag

function. We define the deterministic forward integral on J =|a,b] and on J = [a, b] denoted by

/}a,b] p(dr)d™ f(z)  or simply / ud™ f and /[a,b] w(dx)d™ f(z) or simply / pud~ f

Ja,b] la,b]

as the limit of

frx+e) — fJ(iE)M

Ja,b] €

I~ (Ja,b], f.€) = (dr)  and of r([a,b],f,e):/ filx+e) — fi(x)

[a,b] €

when € | 0, provided it exists.



If 1 is absolutely continuous we denote by u®c the density with respect to Lebesgue measure. In this

case we set

[owap [ wearso [ ouigie [y, (2.2)
la,b] ]a,b] la,b] la,b]

The first type integral on ]a,b] appears in the path-dependent PDE (1.1), the second one on the closed
interval [a, b] is fundamental in Section 3. Now Proposition 2.3 The proposition below discusses the case

when f or u is absolutely continuous.

Proposition 2.3. Let u(dx) = p*(x)dz, i.e. p be absolutely continuous with Radon-Nikodym derivative

density denoted by p®c. By default, the bounded variation functions will be considered as cadlag.
1. If f has bounded variation then
/ p(x)d™ f(z) = / u(x—)df (x) (classical Lebesgue-Stieltjes integral).
]a,b] ]a,b]

In particular, whenever p% =1, f]a b p(x)d™ f(z) = f(b) — f(a).

2. If the function p®¢ : [a,b] — R is cadlag with bounded variation, then

()
/[ @ = 050 - [ i@ (2.3)

la,b]

b
[ T ) = p 0 0) i (@) o) - / F@)du (a). (2.4)

Proof. The statements follow directly from the definition. Concerning the case when the integration
interval is [a,b] we remark that our definition is compatible with Definitions 4, 18, see also Proposition
18 of [2]. By Proposition 4 ibidem, we get item 2.(a). The other items can be established by similar

considerations and are left to the reader. O

3 The existence result for cylindrical final condition

The central object of this section is Proposition 3.4 which gives an existence result of the solution of the
path-dependent heat equation (1.1) when the terminal condition H depends on a finite number of integrals,
but it is not necessarily smooth. As we mentioned, the idea is here to exploit here the non-degeneracy aspect
of the Brownian motion in the sense that the covariance matrix of every finite dimensional distribution is

invertible. This in opposition to Section 4 where H is Fréchet smooth, but not necessarily cylindrical. In



this section the standard deviation parameter o will never vanish. We introduce now the functional H.
For alli=1,...,n,let ¢; : [0,7] — R be C?([0,T];R). Let f:R™ — R be measurable and with linear

growth. We consider the functional
H:C(-T,0)) = R
defined by

H) = f ( RS L @n<u+T>dn<u>> . (3.1)

We recall that for smooth ¢;, i € {1,...,n}, the deterministic integral f[fT 0] wi(u 4+ T)d n(u) exists

pointwise, according to Definition 2.2. That integral exists since, by (2.3) in Proposition 2.3, we have

[ et D = @O - [ nts - Tidels) (52)
(=T.0] 0

So, replacing 1 with the random path oWy (+) in (3.1) we get

h = H(WT()) =f (UA_TO] (,01(U+T)d_WT(’U,)7...7J/

[_T70]

y <a/0Tsol<s>dWs,...,a/OTsms)dWs>

T T
=f <0/0 901(5)6”/‘/37 ceey 0/0 @n(s)dVVs) . (33)

We stress that in the first line of (3.3) the integrands are deterministic forward integrals; those integrals

on(u+T)d™ WT(u)>

exist pathwise, however in the second line of (3.3) appear stochastic forward integrals. The second equality
is justified because the convergence for every realization w implies of course the convergence in probability,
which characterizes the stochastic forward integral. The latter equality holds because It6 integrals with
Brownian motion are also forward integrals, see Proposition 1.1 in [10]. On the other hand, for every

i €{l,...,n}, since p; are of class C? then Proposition 2.3 and in particular (2.3) gives

/0 o)W = [ pilut 1)dWi(u) = ()W — / Wodii(s). (3.4)

[—t,0]

where the first equality holds by similar reasons as for the first equality in (3.3). The second equality holds
by (2.3).

We formulate the following non-degeneracy assumption.
Assumption 1. For ¢t € [0,T], we denote ¥; the matrix in M, «,(R) defined by

T
(Et)1gi,jgn = </t @i(s)@j(s)d5>

1<ij<n



We suppose
det (X)) >0 Vte|0,T].

Remark 3.1. 1. We observe that, by continuity of function ¢ — det (), there is always 7 > 0 such
that det (X;) # 0 for all ¢ € [0, 7[.

2. It is not restrictive to consider det (X¢) # 0 since it is always possible to orthogonalize (p;);—1

in L2([0,T7]) via a Gram-Schmidt procedure.

7 7n

Let W be a classical Wiener process equipped with its canonical filtration (F;). We set h = H(Wrp(+))

and we evaluate the conditional expectation E [h|F;]. It gives

T T
=E|f (U/O tpi(s)dWs,~~,U/0 <pn(s)dWs> |ft]

( S,...,U/Otgan(s)dWs)
<t, o1 (u+ )= oW(u), ..., / <pn(u+t)daWt(u)>
[—,0]

E[h|F]

=v

I
S

[—t,0]
" t, o1 (u -+ D)= Wi(u), / gpn(u—i—t)d_UWt(u)) , (3.5)
TO] [=T,0]

where the function ¥ : [0,7] x R™ — R is defined by

T T
f <y1+o/t p1(8)dW,...... ,ynJrJ/t @n(s)de>] , (3.6)

for any t € [0,T],91,-..,yn € R. In particular

qj(t7y17"'7yn) =E

(T, y1,. 3 Yn) = f (1,00 .- s Yn) -

The second equality in (3.5) holds because for every 1 <i <n

t 0
/ on(s)odWy = on(u+t)d"oWy(u),
0

—t

for the same reasons as in (3.4). We evaluate expression (3.6) introducing the density function p of the

(/tT ©1(8)dWs, .. .,/tT %(S)dWS> :

whose covariance matrix equals to X;. The function p: [0,T] x R® — R is characterized by

1 (21, 20) S (21, oy 20)*
oz = _ |
p( ) %15 ) % ) (27T)”det (Zf) eXp{ 2

Gaussian vector




and function ¥ becomes

f(él,...,én)p<t,zl_yl,...,zn_y")d21~-~d2n if ¢ € [0,T]
g

\Ij(t7y17'- 7y77) R g (37)
flyr, oot s Yn) ift="1T.
Remark 3.2. 1. If f is not continuous, we remark that, at time ¢ = T, ¥(T,-) is a function which

strictly depends on the representative of f and not only on its Lebesgue a.e. representative. So U, as

a class does not admit a restriction to ¢t = T" which can not be identified with its class in a.e. sense.

2. Function p is a solution C*°°([0, T[xR™) of

1 n
atp(ta 21y vzn) = 75 Z (pl(t)@](t)alsz(t, 21y Zn) .
i,j=1

Therefore function ¥ is C12([0, T[xR™) and solves

n

> pilt)pi (1)Lt 21, 2). (3.8)

ij=1

2
at\:[j(tvzla .. '7zn) = _%

We define now a function w : [0,7] x C([-T,0]) — R by

u(t,n) = O (t, /[t , <p1(s—|—t)d77(s),...,/[t , gpn(5+t)dn(s)> , (3.9)

where U(t,y1,...,yn) is defined by (3.7).
By the fact that, for every 4, the functions ¢; are C2, so in particular with bounded variation, similarly to

(3.2) we can write

[ e 0 = a0 [ ata =ty (3.10)
see (2.3).
Remark 3.3. By construction we have
u(t, oWy () = E[h|F]
and in particular (0, Wo(+)) = E[h].
We state now the main proposition of this section.

Proposition 3.4. Let H : C([-T,0]) — R be defined by (3.1) and w : [0,7] x C([-T,0]) — R be
defined by (3.9).

1. Function u belongs to C*2 ([0, T[xC([-T,0])) and it is a classical solution of (1.1).



2. If f is continuous then we have moreover u € C° ([0, 7] x C([-T,0])).

Proof. We will see that that D1u(t,n) is absolutely continuous with density that we will denote z — D2°,
so (1.1) simplifies in

Lu(tn) = Bt + [ Diultn) d nfa) + 3Dt )({0.01) = 0

1-t,0]
u(T,n) = H(n).

We first evaluate the derivative dyu (t,n), for a given (¢,n) € [0,T] x C([-T,0]):

Ou(t,n) = W <t, /[t . p1(s+t)d n(s),..., /

[7t10]

+; <ai\11 (t,/[_w] @1(s+t)d_n(s),...,/[_t70] SOn(s—l—t)d_n(s)) : (at /[_w] <pi(s+t)d_77(3)>>
4 ) 1(s d n(s),..., n(s d " n(s
<t /[_m]so (s +1)d"n(s) /[—t,o]‘p (s +t)d " n( ))

+ ; <5i‘1’ (tv/[w] p1(s +t)d n(s),.. "/[t,m son(s+t)dn(s)> I) ,

on(s + t)d‘n(8)>

|
&

(3.11)

where

I = </]—t,0] Pi(s + t)d_n(3)> :

Indeed, by usual theorems of Lebesgue integration theory and by Proposition 2.3, (2.3) and (2.4), for every

1 <1 < n, we obtain

2 ( [, et t)dn(8)> = (w00ai) -~ [ e + 0as)

0
= n(0)i(t) — n(—t)p:(0F) — /_t n(s)@i(s + t)ds = I;.

In order to evaluate the derivatives of u with respect to 7, by (3.9) and (3.10), it yields

u(t,mw(t,n(om(t) / n(s — g1 (s)ds, .., n(O)gn(t) / n(st)¢n(8)d8>-

For every t € [0,T], n € C([-T,0]), the first derivative Du evaluated at (¢,7) is the measure on [T 0]

10



defined by

Dazu(t,n) = D%u(t,n) dx 4+ D*u(t,n)d(dz) with

n

D¢Cu(t,n) = — Z <3i‘ll <t, /[t ’ w1(s+t)d n(s),... ,/

i=1 [—t,0

Do%u(t,n) = i <8i‘ll (t, /[—t,o] w1(s+t)d™n(s),... ,/ | on(s+ t)d‘n(s))) ~pi(t) .

i=1 [-t,0

]¢n(s+t)dn(8)>> : (1[—t,01 (x)sbz‘(xﬂ)) ,

As anticipated, we observe that @ — D% (t,7n) has bounded variation.
Deriving again in a similar way, for every t € [0,T], n € C([-T,0]), the second order derivative D?u

evaluated at (¢,7) gives

D?mdyu(t, n) = Z (8%\1! (t, /[t . p1(s+t)d n(s),..., /[t ) on(s+ t)dn(s)>> .

ij=1

' <<Pi(t)<ﬂj(t)50(d$)50(dy) = Qi) —¢,0)(z)P5(z + t)do(dy)

— i ()L —y,0/ () @iy + t)d0(dw) + L —y,0)(2) L —p 0] (¥)Pi(z + )G (y + t)) - (3.12)

We get

n

/]—t,o] Dgcu(t,n)d n(z) = Z (&kll (t, /[—ao] w1(s+t)d n(s),..., /[—t,o] on(s+ t)d‘n(s))) I;. (3.13)

i=1

Using (3.8), (3.11), (3.13) and (3.12) we obtain that
Lu (t,n) =0.

Condition u(T,n) = H(n) is trivially verified by definition. This concludes the proof of point 1.

Point 2. is immediate. O

Remark 3.5. In this section we have often used the concept of deterministic forward integral on a closed

interval [—t, 0], given at Definition 2.2
[ s, (3.14)
[—t,O]
instead of

/ pi(s + d(s).
]—t,0]
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Since Wy = 0, when we inject n = Wy(-), the two integrals are the same:
[ el 0d nlewi = [ eils+ 0 06w
[—t,0] ]-t,0]

The choice of (3.14), which is compatible to the fact of considering f]_t 0 D¢u(t,n)d n(x) in (1.1) is

justified since

t— wi(s+t)d n(s)
]—t,O]

is not differentiable.

4 The existence result for smooth Fréchet terminal condition

4.1 Preliminary considerations

In this section, we will show existence theorem for classical solutions of (1.1) under smooth Fréchet
terminal condition. In order to define explicitly the solution of the PDE, we need to introduce two central
objects for this section: the functional Brownian stochastic flow which is a C'([—T), 0])-valued stochastic flow
denoted by (Yts’n)ogsgthmeC([fT,o}) and the Markovian stochastic flow which is a real valued stochastic

flow denoted by (X:’E)OSSStST,IER'

Definition 4.1. Let A := {(s,¢)| 0< s <t < T} and n € C([-T,0]). We define the flow that will appear

in this section.

1. We call Brownian stochastic flow the real valued flow and denoted by (X:,x)OSSStST,meR is a
real random field defined over A x R — R by

X" =z + oW, — W) . (4.1)

2. We call functional Brownian stochastic flow the C([-T, 0])-valued random field defined over

nx+t—-s) z€[-T,s—1

(4.2)
n(0) + o (Wy(z) — Ws) z€[s—t,0].

(s,8,m) = Y™ () = {

Let H : C([-T,0]) — R be the functional appearing in (1.1) and a path-dependent random variable
h:= H(cWp(-)). We define the functional  : [0,T] x C([-T,0]) — R by

u(t,n) =E[H(Yz")]. (4.3)
Since oW () = V7" we have

E (hF) = B [H(oWr ()R] = E [H(FO) F] = u(t,oWi()).

12



For this reason, u defined in (4.3) is a natural candidate to be a solution of (1.1). In Theorem 4.10 we will
show, under smooth regularity of H, that such a u is sufficiently smooth to be a classical solution of the
path-dependent heat equation (1.1).

We dedicate next Subsection 4.2. to investigate some properties of YTt’" that we will use in the proof of

the main theorem.

4.2 About a Markovian stochastic flow

We recall that, given X and Y two random elements taking values in the same space, we say that

X ~Y if they have the same law.

Remark 4.2. 1. (X;"") introduced in Definition 4.1 is a particular case of the Markovian flow coming

from the solutions to an SDE of the type
t t
Xi=z —|—/ o(s, Xs)dWsy —|—/ b(s, Xs)ds,t € [0,T],
0 0

and 0,b:[0,T] x R — R being Lipschitz functions with linear growth. We could have formulated in
this more general framework the present paper but for simplicity we have restricted us to the pure
Brownian case, i.e. o(t,x) = 0, o a constant.

2. The Markovian stochastic flow admits a continuous modification in (s, ¢, z). It can be considered as an

R-valued continuous random field and it verifies the well-known flow property for 0 < s <t <r < T,

xo® = xpXT (4.4)
We set
Y () = nez+t—s) ze[-T,s—1 (4.5)
! thfz(o) x € [s—1,0].

The functional flow (Y;*") coincides of course with (4.2) when (X;'*) is given by (4.1).
The following lemma shows a “flow property” for the functional Brownian stochastic flow.
Lemma 4.3. Let n € C([-T,0]), for 0 < s <t <r < T, the following flow property holds
—— (4.6

Proof. Tt follows from the flow property (4.4) for the Markovian stochastic flow.

For fixed w € Q, we inject 7j = Y into V> obtaining

nx+r—s) x€[-T,s—r]
Y, n(x) = Xffggo) zels—rt—r] »=Y>"(x),
~ s,m(0)
X = x0T = XY et
which concludes the proof of the Lemma. O
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In the sequel, as already mentioned, for simplicity of illustration we will concentrate on the functional

Brownian stochastic flow. First of all we observe that it is time-homogeneous in law.

Proposition 4.4. Y;>" and Y have the same law as C([-T, 0])-valued r.v.

In particular, for every z € [=T,0], Y,2" () ~ Y;"" ().

Proof. Tt follows from the two following arguments. For z € [=T, s — t], ¥;*"(x) and Y, (2) deterministic
and are equal to n(z+t—s). For x € [s—t, 0], the real-valued processes Y;*" (z) = n(0)+o (W;(x) — W) and
Yto_z () =n(0) + o (Wi_s(x) — Wy), have the same law by well-known properties of Brownian motion. [J

From now on a realization w € ) will be often fixed. The next proposition concerns the continuity of
the field ¥;*" with respect to its three variables.

Proposition 4.5. (Y;"")o<s<i<7, nec(-1,0)) is a continuous random field.

Proof. As usual in this section w € Q is fixed and w, (resp. @y (.)) is respectively the modulus of
continuity of n (resp. the Brownian path W(w)).

Let (s,t,n) such that 0 < s <t <T,n € C([-T,0]) and a sequence (s, t,,n,) also such that 0 < s, <
tn < T,npn € C(|=T,0]) with

nlggc (Is = sn| + [t = tu + [[n = 7nlloc) = 0.
We have to show that Y>"" — Y;>" in C([0,T], when n — oo i.e. uniformly. For z € [0, T], we evaluate
e =Y (2) < (I(n) + La(n) + Is(n))(2),

where

Lin)(z) = [ypm™ =Y"(x)
Ln)(z) = [V =Y"|(2)
I3(n)(z) = [V~ =Y |(x).

By Definition 4.1, it is easy to see that

1)l

IN

17 = M lloe + [1.(0) = 1(0)]
2[[n = Nnlloo-

IA

Since Is(n) behaves similarly to Iz(n), we only show that

lim Ir(n)=0.

n—oo
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Without restriction to generality, we will suppose that ¢, <t for any n, since the case when the sequence

(t) is greater or equal than ¢, could be treated analogously. We observe that following equality holds:

(Y2 =Y () = (@ + bty — 8) g ey, ) () =z +t — s) L7 sy (x)+
+ (0(0) + oW, (x) — o W) L5y, 0)(x) — (0(0) + oW (x) — o W) Ly g (2) =
=M@ +tn—s)—nl@+t—s)Lrsq(@)+
+ (@ +t, — ) = n(0) — oWy () + o W) Ljs_y 54, ()
+ (oW, (z) — oWi(2)) Lis—t,, 0 (2) -

(4.7)
Using (4.7) to evaluate ||I2(n)|lc we obtain
swp [V(2) = V()| € sup [z +ta— ) — (o +t—s)|+
ze[-T,0] z€[—T,0]
+  sup [z +tn—s)—n(0)+ sup  o|Wi(z) - Wi|+
TE[s—t,s—1p] TE[s—t,5—1ty]
+ sup oW () — Wi(z)| <
z€[—T,0]

< 2wy (|tn — t]) + 2 cww () (|tn — t]) ——— 0.

n—-+oo

Since n and W (w) are uniformly continuous on the compact set [0,7] both modulus of continuity converge

to zero when t,, — tg. O

At this point we make some simple observations that will be often used in the sequel.

Remark 4.6.

1. There are universal constants Cy, Cy, C5 and Cy such that for every ¢ € [0,T],e with t + € € [0, T]

such that

Y77l < (1+ [nllec + sup UIWt> s YT < G <1+ [nllec + o sup th)

t€[0,T) t€[0,T]
(4.8)

and

HYOT_mH < (4 (1 + [1lloo + o sup Wt|> : (4.9)

00 te[0,T]
(4.8) implies that, for any a € [0,1],¢ € [0,T], € with ¢ + € € [0, 7], it holds
€, f"i
HaYTt“v" (1— )y <q (1 + 1nlloc + o S[up ] |Wt> : (4.10)
oo te[0,T
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2. For any «a € [0,1],t € [0, 7] it holds

Yhn o co(-T,0
ayiten (1 — qyy o ST,y (4.11)
e—0
. t+e, Y, . tm .
In fact developing term Y7 , which equals Y7, we obtain
Y
Hay;i“’" +(1—a)y Tyl —a |yzrem —vpn||
oo

The right-hand side converges to zero because of Proposition 4.5.

3. In the sequel we will make an explicit use of the expression below:

nax+T—t+e) —nlx+T—1t) xe[-Tt—T)
(YTH_W —YTt’n) ()=q nlxa+T—t+e)—n0)—oWr(x)+oW; xc[t—T,t—T+¢
O'Wt*O'Wt_A,_e x € [t*T+€,0]

We concentrate now to the derivatives of the functional stochastic flow. We fix p € [-T,0]. By (4.5) we

remind that

T—t el-T,t-T
Y () = { Mo+ T=0) pel |
X7, peft—T,0]
It is possible to calculate formally the first and second derivatives of Yfi” (p).
Remark 4.7. Let p € [T, 0], then it holds Y, (p) : C([~T,0])xQ — R and DY} (p) : C([~T,0]) xQ —
(C([-T,0)))" = M([-T,0]). In particular if f € C([-T,0)),

M([fT,O])<DY7t“7n(p) » Deq-ro :/[ - f(x)Dd$Y%’”(p,w).

In particular for a fixed p € [T, 0] we have

Sp+r—t(dx) p€[-T,t-1T][
DszIt”n(p) = ? t,n(0) _ . and

bo(dz)0e X7, p€et—T,0]

0 pe[-T,t—T]

0o (d) 8o (dy) 02 X7 p e [t—T,0],
Remark 4.8. For the functional Brownian stochastic flow, i.e. when o(t,2) = o, o a constant, it is trivial
to verify using (4.1), that the following holds.

0:X)¢ =1, and OZX=0.

Avoiding some technicalities it is possible to evaluate the first and second derivatives of the functional
flow itself. In the sequel n will always be a generic element in C([—T,0]). Let X;"" be again the standard
(real valued) stochastic flow as in (4.1) and the associated functional (Banach valued) stochastic flow Y;”"

as in Definition 4.1.
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Lemma 4.9. 1. The map Y} : C([~T,0]) x Q — C([-T,0]) acting as n — Y32" is of class
C2(C([=T,0]) s C([-T.0])) a.s.

2. The derivatives DY : C([~T,0])xQ — L (C([~T,0]); C([~T,0])) and D?Y,>" : C([~T,0])xQ —>
B (C([-T,0]) x C([-T,0]); C(]-T,0])) are characterized as follows. For f,g € C([-T,0]) we have

tn ) flp+T =) pe[-T,t—-T]|
P /[_T,o} DacXr™(p) (@) = { F0) X0 = f0) pep-mo M
0 p e [7T>t - T[

2 t,n _
O . ST {fw)g(ow&X%TS):o pelt—T.0]

4.3 The existence result for smooth Fréchet terminal condition: existence

Theorem

In this section, Theorem 4.10 states the existence result and Fréchet regularity of the solution of
the infinite dimensional PDE (1.1) when o is constant and H is C?*(C([-T,0])). In particular will give
conditions on the function H such that u defined in (4.3) solves the PDE stated on (1.1). Those conditions

are reasonable but they are however not optimal.

Theorem 4.10. Let H € C3 (C([-T,0])) such that D*H has polynomial growth (for instance bounded).
Let u be defined by u(t,n) = E [H(Y}")] ,t € [0,T],n € C([-T,0]).

1) Then u € C%2([0,T] x C([~T,0])).

2) Suppose moreover the following for every n € C([-T,0]).
i) The measure Dy, H(n) is Lebesgue absolutely continuous. We will denote = — D, H(n) its
density and we suppose that DH (n) € H*([-T,0]), i.e. function x — D, H (n) is in H'([-T,0]).
ii) DH has polynomial growth in H*([-T,0]), i.e. there is p > 1 such that

n = [DHn)|[ g < const ([Inl5 +1) (4.13)
In particular

sup | Do H ()| < const ([l + 1) < const ([[nl& +1) -
te[—T,0

iii) The map

n+— DH(n) considered as C([-T,0]) — H*([-T,0]) is continuous. (4.14)
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Then u € CY2([0,T] x C([-T,0])) and u is a classical strict solution of (1.1) in C([-T,0]), i.e. u
solves
1
it + [ Dhattmd n(e) + 50 (DPu(t. ), 1os?) =0
]7t,0]
u(T',n) = H(n).

Remark 4.11. Contrarily to the (non-degenerate) situation of Section 3, Theorem 4.10 holds even when
o = 0. In that case one gets a first-order equation; the regularity on H could be relaxed but we are not

specifically interested in this refinement.

Remark 4.12. 1. Assumption (4.13) implies in particular that D H has polynomial growth in C'([-T, 0]),
i.e. there is p > 1 such that

n— e |D.H(n)| = [|DH(n)|lec < const (||n]l5 +1). (4.15)
xe|—1,

Indeed it is well-known that H'([-T,0]) < C([-T,0]) and for a function f € H"' it holds || f|loc <
const|| f ||z

2. By a Taylor’s expansion, given for instance by Theorem 5.6.1 in [1], the fact that D®H has polynomial
growth implies that H, DH and D?H have also polynomial growth in C([-T,0]).

3. Du(t,n), D*u(t,n) and d;u(t,n) will be explicitly expressed in term of H at (4.19), (4.21) and
(4.49).

Proof. By expression (4.3) it is obvious that «(T,n) = H(n).
Proof of 1).
e Continuity of function u with respect to time ft.
We consider a sequence (t,) in [0,7] such that ¢, — to. By Assumption, H € C°(C([-T,0])).
Consequently, by Proposition 4.5
H(Yp?", ) == H(Y",) - (4.16)

n—

By Remark 4.12.1. H has also polynomial growth, therefore there is p > 1 such that

|H(C)| <const [1+ sup |((z)P V¢ e C(-T,0)) .
z€[—-T,0]
By (4.9), we observe that
p
|H(Y2")| < const (1 + HYTOft ) <
<const {1+ sup |n(x)|P + oPsup |[WiP | .
z€[—T,0] t<T
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By Lebesgue dominated convergence theorem, the fact that sup,., [W;|? is integrable and (4.16), it follows
that

wltnn) = E [H(YPY )| —— BB )| = ulto,n) .

n— oo

e First order Fréchet derivative.
We express now the derivatives of v with respect to the derivatives of H. We start with Du : [0,T] x
C([-T,0]) — M([-T,0]). Omitting some details, by integration theory for every ¢ € [0, T}, u(t,-) is of

class C! (C([-T,0])). By usual composition rules derivation for operator we have

Dast (V") = /[—T 0] DgpH (Y1) Dar Y7 (p)-

Dgyu(t,n) =E [Dg H (Y;")] =E

/[ ] Dy, H (Y7™) DdeTt’"(p)] . (4.17)
—T,0

We compute explicitly (4.17) using the expression (4.12). Integrating with respect to p (for a fixed ), we

obtain the following.

Dagu(t,n) = E l/ DapH (Y7") Daa Y7 " (p) | +E / DapH (Y1) Dar Y1 (p)
[—T,t—T] [t—T,0]
—F l / DapH (Yy") dpir—i(dx) | +E / D H (Y7") | do(dz). (4.18)
[—T,t—T] [t—T,0]
Consequently
Dagult,n) = Dgyu (t, 1) + Du(t,7)é0(dx), (4.19)
where
Dagyu(t,n) = E [Day -1yt H(YE™)] 1t o (). (4.20)
and

Dou(t,n) = E / Dy H (VL")
[t—T,0]

Indeed the first addend Di u (t,n) of (4.19), i.e. expression (4.20) comes from (4.18), using the fact
that 0,7—¢(dx) = dgz—7++(dp) and integrating with respect to p. The continuity of (¢,1) — Dgzu(t,n)
in (4.19) can be justified since the function [0,7] x C([~T,0]) — R, (t,n) + D%wu (t,1) and function
[0,T) x C([-T,0]) = M([-T,0]) defined by (t,n) — D>u(t,n) are both continuous. The latter fact follows
from the fact that H € C*(C([-T,0])), DH with polynomial growth, (4.9), (4.8), the fact that for any
given Brownian motion W, SUp, <1 |W,| has all moments and finally the Lebesgue dominated convergence

theorem.
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e Second order Fréchet derivative.

We discuss the second derivative
u [0,T] x C([-T,0]) — (C([-T,0)@C([-T,0))* = B(C([-T,0)), C([-T,0])).
For every fixed (t,n) we get
D, ayultsm) = E[D:ﬁy_w do—r e H (V) Lpoi(2) © 1 oi(y)] +
Dao—r4¢(DH(Y7"), Lys—1,0))] L [—,0() So(dy)+

E|
E [Day—1+¢(DH(Y3"), Ljp—r01)] Li—s,0((y) do(dz)+
E [(D*H (Y7"), Ljt—1,0) © Ls—1,0))] do(dex) do(dy) -

It is possible to show that all the terms in the first and the second derivative are well defined and continuous

using similar techniques used in the first part of the proof. We omit these technicalities for simplicity.

Remark 4.13. For illustration, if D2H is an absolutely continuous measure on [—T,0]? with density
D?E’yH = D,DyH, we obtain the following

Dgac,dyu(tv T)) =E |:Dy—T+tDm—T+tH(th)] ﬂ[_t70[(1’) ﬂ[_t70[(y)d:17 dy+

+E / Dy—T+tDsH(Y;177])d5:| Tt 01(y)dy do(d)+
LJt—1

+ E / DleszH(Y )d$1 d82‘| 50(d$) 50(dy) (421)
[t—T,0]2

Proof of 2)

Remark 4.14. Under hypotheses 2) we remark the following.

1. The right-hand side of (4.20) is absolutely continuous in . In other words D1 u(t,n) = D%u (t,n)dx

and

0 x € [T, —t]

E[D, o H(YE)] ze [—,0[. (4.22)

Difu(t,n) =E [DxfTHH(YTt’n)] Ly op(z) = {

2. Since z — D, H(n) belongs to H!, it has bounded variation, the deterministic forward integral in

(1.1) exists because of Proposition 2.3 and it can be expressed through (2.4). We will denote by
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D’H (n) the derivative in z of function x — D, H(n), where D, H(n) is the density of the measure
Dy, H(n) for every fixed n. Since x — D, H (n) is absolutely continuous then, by (2.2) we have
/ Dyt H (Y7 d n(2) = / Dy_riH (Y") d™ (). (4.23)
1—t,0] ]—t,0]
Previous deterministic integral exists because  — D, H (1) has bounded variation and by Proposition
2.3 it equals

0
—D_7H (Yp")n(—t) + De_qrH (Y7") n(0) — | Di_p i H (Y7 n(z)da.

—t

e Derivability with respect to time t.

Let t € [0,T),n € C([-T,0)]. We will show that

Ou(t,n) = —E

2
_ o
/] ]szTthH (Y2") d n(z) + ?<D2H (Y£") s Lorg®®)
~t,0

We need to consider e such that ¢ + € € [0,7] and evaluate the limit, if it exists, of

u(t +¢,n) = u(t,n)

, (4.24)

when ¢ — 0. Without restriction of generality we will suppose here € > 0; the case ¢ < 0 would bring
similar calculations.

yhn
The flow property (4.6) gives Y%’" = Y;_e’ “+<. which allows to write

u(t,n) = E {H(Yfe’ym)} . (4.25)

We go on with the evaluation of the limit of (4.24). By (4.25) and by differentiability of H in C'([-T,0])
we have

HYE) — H(YL ) = (DH (Vi) viren —yiroXatyy

1 eyt ey
+ / (DH (aYT”“” +(1— )Yy ’YHE) — DH (VA7) Ve — v o g =
0

= / Dz H (Y1) (Y%*%) oy e <x>) +S(et,n)
[~T.0] (4.26)
where
S(e,t,n) = /0 1<DH (aYTt“”’ +(1- a)YTt“’mz) _DH (YE), YA i g
Setting v = Yf_ﬂ, we need to evaluate
YN x) = VT (@) 2 € [-T,0]. (4.27)
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(4.27) gives

T—t—¢€)— T—-t- -Tt-T
thfe,n(x) _ Y%+e,7(x) _ n(x + €) —y(x+ €) zel[-T, + €] (4.28)
1(0) =7(0) = o (Wi () + Wi)  we[t=T+¢0],
because 7(0) = ¥;57(0) = 1(0) + o(Wi4.(0) — W;). Moreover, by (4.5), we have
Tt E[-T,t—T
Ya+T—t—€) =Y a+T—t—¢)= nle + ) el [
n0)+o(Wr(z) —Wy) xzet—T,t—T+¢ .
Finally we obtain an explicit expression for (4.27); indeed (4.28) gives
nax+T—t—e€)—nlz+T—1) xe[-T,t—T]
Virol(@) =Y (@) =4 na+T —t—€) —n0)—o(Wr(z)+W,) ze[t—T,t—T+¢ (4.29)
O'(Wt—Wt+5) J?E[t—T-i—E,O}.

Consequently, using (4.25), (4.26) and (4.29), the quotient (4.24) appears to be the sum of four terms.

tte, te, Y1
u(t+e,mn) —u(t,n) & [H(YT N —H(Y, '
€ €

)] = Il(e,t,77)+Iz(6,t777)+13(6,t,n)+%E [S(e, t,m)],

(4.30)
where
B t—T ey M@ +T —t—¢€)—nlx+T 1) B
Liet,n) =E /_T D, H (Vi) ! . do| —
_E [ 0 Doyt H (YE") de]
Iry(e,t,n) =E /ti_TTJre D, H (YTt 77) ne+T—-t—¢) - 77(60) —o(Wr(x) + Wt)d%}

t—T+e o
e l [ b WWd]
t—T €

T €

I3(e,t,n) = U D, H (Y3 oW, — WHE)d}

/tTJre Do (VA7) nex+T—t—e)—n0) —oc(Wr(z)+ Wt+5)dz]

and L1E [S(e, t,m)] is equal to

1 0
1 / E [ / (DxH (wfﬁf’” +(1- a)Y;rS’Yt*e) — D, H (Y;")) <Y%+E’"(x) yirevdl )) dx] da
€Jo

=T
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(4.31)
e We will prove that
Ii(e,t,m) 0 Ii(t,m) == T (t,m) + L2 (t,m) + Dis(t,m), (4.32)
where
In(t,n) =E [D_rH (Y7") n(~1)]
Iip(t,n) =E [/_Ot Dy_rH (Yy") n(x)dm}
Lis(t,n) = —E [Dy—rH (Y%,n) n(0)] -

Admitting (4.32), the additivity and Remark 4.14 imply (4.22)

Il(t777) =-E

/ Dy_ryeH (Y") d_n(x)] .
]—t,O]
It remains to show (4.32). In fact I1(e,¢,n) can be rewritten as sum of the three terms

—t+e _
111(6,75’77) =E |:/ Dw—T-‘rtH (th“m) n(xe)dw:|
€

—t

Lia(e,t,n) =E

/0 DyyeriiH (Y7") = Doy H (Y1)
—t €

n(w)dfﬂl

113(6>ta77) =-E |:/ DaszthH (th“m) n(x_e)dx:| .
0

€

We can apply dominated convergence theorem. Since W, SUp, <7 |W,| has all moments and taking into

account (4.15) in Remark 4.12, we get I1;(e, t,n) — Li;(t,n) for i = 1,2,3 holds.
e—

e [5(e,t,m) converges to zero when ¢ — 0. Indeed, Cauchy-Schwarz inequality yields

1

|I2(€7t7 77)|2 < E]E

t—T+e¢
| e T == = 0(0) = oW la) + Wiy do

t—T+e . 9 1
/ D.H (Vi) dr| 1E
t—T €

Again, by usual arguments and again because sup, <7 [W,| has all moments and taking into account (4.15)
in Remark 4.12, it follows that the first integral converges to E [Dt_TH (Y%’")Q} and the second integral
to zero.

e As third step we prove that

I3(e,t,m) — —0’E [(D*H(Y}{"), 11,0 @%)] = I3(t,7) - (4.33)
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For this, we rewrite I3(e,t,n) using (A.1), i.e. Wy — W, = W, and the Skorohod integral to obtain

Wite =W, da

€

0 €
=7E [ / D, H (Y} dz - / 5Wr]
€ t—T 0
o R
=-—FE [Z/ JWS} : (4.34)
€ 0

where Z := (DH(Y;"), 1y;_7.0))-
Denoting by the deterministic function ) := 1j;_7 (), using Proposition A.4 with n = 1, it follows that
Z = (DH(Y;"),Y) belongs to D"? and

0 0
I3(e,t,n) = —oFE U D, H (Y} } -k U D, H (Y dw - W,| =
=T € t—T

D'Z =o(D*H (thﬂ’n) Lje—r0)(2) © Ljy_rt,0)(y))- (4.35)

By integration by parts on Wiener space, expression (4.35), Fubini’s theorem with respect to r and y,
(4.34) gives

2 -

o € o €
I3(e,t,m) = —;E [/0 D"Z dr] = —?E /0 <D2H (ng,n) 711]7'—T+t,0] (z) ® ]l]t—T,O] () dT}

o2 T

= —ZE [(D*H (v}"), / Ly rpr,0)(2)dr ® Ljp—1yq) (y)ﬁ
0

o [

t+e
= —*E <D2H (Y:,tfn) ,/ ]l]sz,O] (x)dz ® ]l]th,O] (y)>:| 5 (436)
L t

€

where the latter equality comes replacing z := r 4 ¢ in the integral.
We observe that

e e 0dz=0 e<t-T & v+T<t
/ 1y, 7 (2)dz = / L10,041((2)dz = tt+6 Toair((2)dz=2—t ze)t-T,t—T+¢ & x+T €]t t+ ¢
' ' tt+61dz:e x€t—T+¢€0] & z+T€]t+¢T],
(4.37)

SO

1

t+e
E_/ 1.—r0)(7)dz = 1)y_1qe () +
¢

(z 1)

Ly—ri-riq() -

Previous expression is bounded by 1. Moreover it converges pointwise to 1j;_7 (7). By Remark 4.12 item
1., the fact that D?H has polynomial growth and that for any given Brownian motion W, Sup, < |W,| has
all moments and finally the Lebesgue dominated convergence theorem we conclude that (4.36) converges to
I5(t,m), i.e.

Ii(t,n) = —0’E [(D*H (YTMI) A0 (2) @ Ly—r01(y)] -
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So the convergence (4.33) is established.

o We study now the term 1E[S(e,t,n)] in (4.31).

t+e, Y5

By Lemma 4.3, we get the a.s. equality V" = Y, . Using (4.29) and the fact that H € C? (C([-T,0])),

(4.31) can be rewritten as the sum of the terms

1 t—T
Ai(e t,n) = /0 E / (DH (Y77 4 (L= a)¥p") = Do (1)

na+T—t—¢ —nlz+T-t)
€

dm] do

1 t—T+e
Ay(e t,n) = / E / (D H (aY7 "+ (1 - a)Y") — D, H (Y")) -
0 t—T

(z+T —t—e) —n(0) —oWr(z) + Wiy dm} o
€

Ag((—i, t, 77) = A31(€7 t, 77) + A32(€a t, 7]) + A33 (6’ t, 77) + A34(6a i, 77) ’

where

2 (Wt B Wt+e)2

g
Azi(e t,n) = 7E [<D2H (th*n) 7]1]t—T+e,0] Y ]l]t—T+e,0]> [

A32(€,t,77) =0 E <(D H (aYT + (1 Oé)YT ) D°“H (YT )) ,]l]t_T+€70]z> . da,
0

€
1
Ass(etn) =0 / E [((D*H (oY + (1 - )Y;") — D*H (Y}"))
0

ny+T—t+e)—nly+T—1)
€

1o rseo (@) ® Lo ny W) - (Wi — Wm)} do,

1
Asa(e t,m) = 0/ E [<(D2H (antfe’” +(1- a)yj{ﬂi) _D2H (YTt,n)) ’
0

ny+T—t—e€) —n0) —o(Wr(y) + Wite)

€

Lyt—74e,0] (z) ® L7744 (y)) - (W — Wt+e>} dov.
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e Similarly to I (e, t,n), the term Aj(e, t,n) can be decomposed into the sum of terms given below.

e t t ty (@ — €)
Ay (e,t,n) =E / / Dy H (@Y + (1= a)VE") — Dy H (Y37) dx da} :
€

A12 (67 ta 77) =K

€

/1 /0 DyteriiH (QY;JFE’" +(1- a)thw’n) —Dy_ryiH (OzYQEJrE’n +(1— O‘)YTt"n) n(z)dz da]
—t

—E [/1 /0 Peretudl (YTM) e (YTM) n(x)dx dal| ,
0 J—t €

1 0 —
Ayz(e,t,n) = - U Dy_rie H (aV7H" + (1= a)Y") = Dy_rye H (Y)") Mdm da] )
0 —€ €

e We show now that Ay (e, ,7) converges to zero.
By Cauchy-Schwarz inequality we have

—t+e

[All(evtvn)}z < /_75 Md

xX -

—t+e
g {/ / % [DxfTHH (aYTt“JrE’n +(1 - O‘)th*m) —Dy_ryeH (qué’n)]z dx da .
0

The integral 1/e H_e n?(x — €)dx converges to n%(—t) by the finite increments theorem. By hypotheses
(4.14) and (4.11) we have

|DH (aY; " + (1 — a)Y;") — DH (Y") 250, (4.38)

P —

Because of (4.38), it follows that

sup |D.H (YT "+ (1—a)Y3") = DH (Y7 | “*50 Vae[-T,0]. (4.39)
z€[—T,0] e—0

(4.39) implies that

e—0

—t+e
/ / 1 Dy H (a YHEJ] +(1— a)YTt’n) —Dy_r4eH (Y;’")]Q dr do 2250 .

Using (4.15), (4.10), (4.8) and the fact that given any Brownian motion W, sup,.<z |[W;| has all moments
and Lebesgue dominated convergence theorem it follows that A1 (e, t,m) converges to zero.

e Using the same technique we also obtain that Ay3(e, t,n) converges to zero.

e We show that Ajs(e,t,n) converges to zero.

For every fixed continuous function { we can develop

r4e—T+t

Dy 1 H (C) = Dt H (C) = / L, D@,
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It follows that Ajs(e, t,n) can be rewritten as

/ / te/; T DL @ (v - D <Y;’">}n<x>dudxda] |

T+t

Taking the absolute value and considering the fact that |n(x)| < ||n]|c we obtain

|A126t7}|<]E

x—T+t+e
/ / 6/ |DLH (oY " + (1 — a)Yy") — D, H (Y")| duda da] loo -
t

T+t

By Fubini’s theorem it follows

|A12(e,t,m)| < E

1 T+t
/ / |DLH (oY " + (1 — a)Yy") — D, H (Y7")| du da} (7] oo -
0o J-T
Now using Cauchy-Schwarz inequality we have

|Aiz(e,t,n)]> <TE

T+t
I/ (D;H(aY?@"+<1—anﬁm)—L&H(Y?Ufcwda]|m@3<

1
. 7 2
<TE [/O |D'H (Yt + (1= a)Yp™") = D'H (Yr") || o) da} 1%
Convergence (4.38) implies in particular

ID/H (oY 4 (1 = )YE") = D'H (V2" |3y~ 0

Again using (4.15), (4.10), (4.8) the fact that given any Brownian motion W, sup, <7 |[W,| has all moments
and Lebesgue dominated convergence theorem we have that Ajs(e, t,7) converges to zero.
e This concludes the proof that A; (e, t,n) converges to zero.

e Term As(e, t,m) also converges to zero. In fact Cauchy-Schwarz implies that

t—T+e
[ e @ (- ey - D ()

2 'l
[Az(e,t,n)|" < [ -E
0

€

1 t—T+e
. EE l/ ((x+T —t—€) —n(0) — cWr(z) + cWiyo)’ da| da
=T

The continuity of DH (see (4.14)), the fact that it has polynomial growth in the sense of Remark 4.12.1.,
(4.10) and Lebesgue dominated convergence theorem imply that the first expectation converges to zero.
The second expectation converges to zero by the same arguments together with the fact that sup,<p |W, |
has all moments.
e We show now that As;(e,t,m) converges to

2

TE[DH (") Lpgop)] = An(tin) (4.40)

At this level we need two technical results.
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Lemma 4.15. The random variable B(e) := Wepe=We)® weakly converges in L?(2) to 1 when € — 0.

Proof. In fact, E [B(e)?] = 3, so that (B(e)) is bounded in L?(Q) . Therefore there exists a subsequence

(en) such that (B(ey)) converges weakly to some square integrable variable By. In order to show that

By =1 and to conclude the proof of the lemma it is enough to prove that
E[B(e) - Z] — E[Z]

for any r.v. Z of a dense subset D of L?({2). We choose D and the r.v. Z such that Z = E[Z] + fOT EsdW

where (£5)sefo,] is @ bounded previsible process. We have

E[B(e) - Z] = E[B(e)] E[Z] + E Weye = We)* /T gdes] :
€ 0

Since E [B(e)] E[Z] = E[Z], we only need to show that
_wa2 [T
E M/ gsdwsl ——0. (4.41)
€ 0 e—0

Since fOT &sdWy is a Skorohod integral, integration by parts on Wiener space (2.1) implies that the left-hand
side of (4.41) equals

9 [T 1 [tte
E E/ Es(Wiye — Wt)]l[t,t+e] (s)ds| =E [/ Esds (Wipe = Wi)| 5
0 t

€

this converges to zero since £ is bounded. O

Lemma 4.16. Let H be an Hilbert space equipped with a product (-,-). Let (Z,), and (Y,), be two
sequences in H such that Z,, converges strongly to Z and Y,, converges weakly to Y. Then (Z,,Y,,)
converges to (Z,Y).

Proof. By Cauchy-Schwarz inequality we obtain
({20 Vo) = (2, V)| = (Zn = 2,Y0) + (2, Y0 = Y)| < || Z0 = Z| Yol + (2, Y0 = Y)[ —2 0,

since ||Z,, — Z||ir goes to zero by the strong convergence hypothesis of (Y,), [|Y,| # is bounded because
weakly convergent and (Z,Y,, —Y) goes to zero by definition of weak convergence of (Y;,),, and the fact
that Z € H. O

In order to show the convergence of 2431 (¢, t,n) = o°E {Z(e) . M} to 2A31(t,n) we use Lemma
4.16 setting the Hilbert space H equal to L?(Q2). We only need to show the strong convergence in H of Z(e)
to Z := (D*H (YTt’") 7.0 ® Lyy_7,0]). Taking into account Lj,_r e g®? — Lj_7,0®* pointwise and

Lebesgue dominated convergence theorem, it is not difficult to show now that E [(Z (e) — Z)Q} converges

28



to zero, i.e. the strong convergence in L?({2). Finally by an immediate application of Lemma 4.15, the
term Aszq(e,t,n) expressed in (4.40) converges to %QE[Z] which equals Az (,7).
o The term Az (e, ,7) converges to zero. In fact using 1j,_71c 02 < 17,02 and then the Cauchy-Schwarz

inequality we obtain

e ytm _ 2
E{@ﬂH(aY#an+(laﬂ?+XH)D%{O?ﬂ,mFTﬁmﬁ. “W*EWD}
€
eyt _ 2
<02 (argn s (- ) - Dt () gy e
€
t+e,Y.hn 2
S\E’UﬁH(Mﬁ“m+u—aﬂ}’t“>—D%ﬂXﬁyﬂwﬂw)1-¢3
t t+e, Y, ¢ 2 2
<\ |2 (v - ay ) - e ) ST
(c(-T.0p&3)"

. The latter term converges to zero because D*H € C° (C([-T,0])) and D?H has polynomial growth as
we have seen in Remark 4.12 item 1.
o We show that Ass(e, t,n) converges to zero. We rewrite Ass (e, t,n) as o(Assa(e, t,n) — Ass1(e, t,n)), where

y+T —t+e)—nly+T—1t)
€

Aszi(e,t,n) =E [<D2H (th“m) ) ut T—rie,0)(®) @ L _p -7 (y)) (Wige — Wt):|

1 .
Assa(e,t,n) = / E [<D2H (aYthe,ﬂ + (1 _ a)Y;wLe,YHE) ’
0

ny+T—t+e) —nly+T—1)
€

T rie,0)(®) @ Li_pp—7(y)) Wige — Wt)] do .

We will show that both Assy(e,t,7) and Assa(e, t,n) converge to zero.
Denoting

Z:=(D’H (Yy") , ¥) where ¥ :=1y_ryc0(@)@0_re-m(y) My + T —t+€) —nly+T —1t)] , (4.42)
we rewrite
1
A331(67 t7 7’) = E]E [Z : (Wt—i-e - Wt)] .

Using Proposition A.4, and that H € C3*(C([-T,0])), with polynomial growth we get that Z belongs to
D2 and

DIZ = o(DYH(YE") lyrie ® V) + (DPH(YEY), DY) .
=o(D*H (thﬂm) s B, 0)(2) @ Ly—ppe (@) @y + T —t+€) =y + T — )] Lj_7 -1 (y)),
(4.43)
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because DY is zero. Using (4.42), Skorohod integral formulation, integration by parts on Wiener space
(2.1), (4.43) and successively Fubini’s theorem with respect to the variables r and z and then integrating

with respect to r, we obtain

Azzi(e,t,m) = 1IE[Z' (Wige = Wy)] = %E [Z2- W] = EE [Z : /OE 6Wu:| =

€ €

1 €
-E [/ Dz dr] =
€ 0

g [/0 (D¥H (V2"

€

Ly 7p0,0)(2) @ Lyp—pie0)(2) @ Vg () n(y + T —t 4+ €) —n(y + T — t)]) dr]
g -
= —E[(D°H (Y2 |

/ 1 —rg,00(2) dr @ Ly—ppe0)(2) @ L_qpp—m(y) My + T —t +¢€) —n(y +T —t)])
0
(4.44)

Analyzing the term [ 1}, 7 0)(2) dr analogously to (4.36) and (4.37) we can establish the convergence of
Asz1(e,t,m). In fact the third order Fréchet derivative of H, denoted by D3H, is a map from C([-T,0]) to
the dual of the triple projective tensor product of C([-T,0]), i.e. (C’ ([T, O])®i) *. We recall that, given a
general Banach space F equipped with its norm || - | g and z,y, z three elements of E, then the norm of an
elementary element of the tensor product z®y®z which belongs to E®? is ||z||z-|y| g ||z|| . We remark that
the trilinear form (¢, ¢,v) — (D3H (Y}") , ¢ ® ¢ @) extends from C([—T,0]) x C([—T,0]) x C([-T,0]) to
¢, ¢, : [-T,0] — R Borel bounded. Indeed the application is a measure in each component. Consequently

(D*H (Y2") | Lo e (@) @ L)) (Y + €) = n(¥)] @ Ljr—710.0)(2))] <

@y (e) 2250,

< sup (D*H (Y;"), 0 ® ¢ @ ¢)| - w,(e) = | D*H (V") H(C([—T,O])@ﬁ)* . e—0

19l SLllelloo ST I¥llee <1
since @, (€) is the modulus of continuity of n. By the polynomial growth of D3H, (4.8), the fact that
for any given Brownian motion W, SUp, < |W,| has all moments and finally the Lebesgue dominated
convergence theorem we conclude that (4.44) converges to zero, therefore Ass;(e,t,7) converges to zero.
At this point we should establish the convergence to zero of Assa(e,t,n). This can be done using, again as
above, integration by parts on Wiener space (2.1). However there are several technicalities that we omit.
e We show finally that As4(e, t,m) converges to zero.

We rewrite term Asq4(e,t,7n) as
1
Aza(e,t,n) =0 / E [((D*H (aYz"" + (1 = a)Y") = D*H (Y7")),
0

ny+7T—t—¢€ —n0) —o(Wr(y) + Wite)

€

]l]thJré,O] (95) ® ]l]th,thJré] (y)> : (Wt - Wt+e) do
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as Ass(e,t,m) = 0(Aza1(e, t,n) — Asaz(e, t,n)) where

1
A341(€’t717) = / E [<D2H (Oéthj-em + (1 _ oz)thJ") ,
0

ny+T—t—¢€ —n0) —o(Wr(y) + Wite)

1
Agis(est,m) = / E [(D2H (Y£"),
0

+T—t—¢)=n0) —o(Wr(y) + Wi
n(y ) 77( 6) ( T(y) t+ )IL]t,T+6,0] (:1’:) ® ]l]th,th+e] (y)> . (Wt - Wt+e):| da =

ny+7T—t—¢ —n0) —a(Wr(y) + Wiye)

Li—rge,0)(®) @ Wye—pp—ri g (y)) - (W — Wt+5):| da

=E [(D2H (wa’n) , T—rie,0)(®) @ Wy i1 (Y))

(Wi = Wige)] -

Firstly we show that Asso converges to zero. It holds in fact

1 1 — 1 pp—
A342(€7t777) = E]E [Z : (Wt - Wt+€)] = E]E [Z ’ WF] = EE |:Z ’ /0 5WT:| )

where

Z:=(D’H (yf;”) Ay i@ @y +T —t—€) —n0) —oWr(y) + oWir ] L1 -1714(y)) -

Since D?H has polynomial growth and it is of class C', by Proposition A.4, Z € D2, Then the integration

by parts on Wiener space gives
1 €
A342(6,t,’l7) =-FE D;nZ dr| . (445)
€ 0
According to Proposition A.4, equation (A.4) for n = 2 and setting

Vi=lyrieq@) @My +T —t—€) —n0) —oWr(y) + o Wiy Iji—ri—r44 1Y)

we get the following expression for the Malliavin derivative of Z in the Wiener space associated with (W,.),
for r € [0,T — t]:

D2 =(D°H (Y7").Y @ 1jy_1400)(2)) + (D*H (Y7") . DI"Y). (4.46)
Replacing (4.46) in (4.45) we get that Assa(e, t,n) equals a sum of Asyo1(€,t,n) and Asyaa(e, t,n) with
Azazn(e,t,n) = - E [/ <D3H (ij,n) YV ® ]l]rT+t,0](Z)>d7":| )
0

Aszaza (e, t,m) =

A= o=

E [ /0 e<D2H (Y7 ,D:”y)dr} . (4.47)
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The term Asyo(€,t,m) converges to zero. In fact, similarly to the method developed in detail in (4.37), we

have

1 €
Azgo1(e,t,m) = - E [/ (D*H (Y;"),Y @ 1. _7ye,0(7)) dr}

0

™

1 €
-E [(D3H (Y2 ,y®/0 Ly, 7it,0)(7) dr>}

and

1

€ eN(z+T -1t
= / 1. rqe,0(r)) dr < ( )
0

€ e—0

1.

€

Then by polynomial growth of D3H, (4.10), the usual property that given any Brownian motion W,
SUp, < |W,| has all moments, the convergence of ) to zero and through the application of Lebesgue
dominated convergence theorem we conclude that first term in Asq21(€,t,7) converges to zero.

Concerning the term Asyoz(¢,t,n) we firstly need to compute the Malliavin derivative of Y:

DY =1y rico(z)® DZ«n My+T—t—e€) —n0) —oWr(y) + oWir] Lj—ri—74q ()

(
= 0l—7ye0)(®) @ D [Wite = Wrpy | 11144 ()
= 01j—1se,0)(®) @ DI [We = Wiyt Iyp—ri—71q(y)

= 0ljt_14e0] (z) ® Lyt e]( r)- P (), (4.48)

since by usual property of Malliavin derivative D™ [W, — Wiy —| = Liryy—s,q(r). Now replacing (4.48)
in (4.47) we have, similarly to the method developed in detail in (4.37),

1 €
A3422(6?t’77) =-E |:<D2H (Y'lt"m) 7/ D:ny dT>:|
€ 0
and

0.

g/ D;nydrggé/\(T-i-y—t)

€ Jo € e—0

We remark that T4y —t € [0, €] since y € [t —T,t—T +¢]. Again by polynomial growth of D2H, (4.10), by
the usual property that for the Brownian motion W, S |W,| has all moments and applying Lebesgue
dominated convergence theorem we conclude that first term in Asgoq(€,t,7) converges to zero. Finally
Asga(e, t,m) converges to zero.

By similar arguments, even though technically a little bit more involved, also As41(€,t,n) converges to
zero. This finally proves that As4(e, t,n) — 0.
e We are now able to express dyu : [0,T] x C([-T,0]) — R. For ¢ € [0,T], dzu(t,n) is given by the

convergence of term (4.30) to a sum of three terms d1ﬁ"erent form zero:

atu(t7 77) = Il (t7 77) + 13 (ta 77) + A31(ta 77) ’
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ie.

2
g
Opult,n) = —E /] . DyriH (Y7") d”n(w) + 5 (D*H (Yz") 1,007 | (4.49)

e The Path-dependent heat equation.

Finally taking into account (4.23), the second order Fréchet derivative (4.21) and the time derivative
(4.49) it finally follows that u solves (1.1). O

A Appendix: Malliavin and Fréchet derivatives

We need some technical results concerning link between Fréchet and Malliavin derivatives in a separable
Banach space that for the moment we set to be equal to R. We need to apply Malliavin calculus related to
the Brownian motion. Let 7" > 0 and ¢ € [0, T] be fixed. We recall that

WI = Wt—l—r - Wt, x € [O,T — t] . (Al)

So the Wiener space will be C([0, T — t]) with variable parameter in [0, 7 —¢] and based on W. We consider
the window Brownian element Wr_,(-) with values in C([—(T — t),0]), defined as

WTft(fE) = WtJrTft(l') — Wt = WT+1 — Wt xT € [—(T — t), O}

Lemma A.l. Let G : C([—(T —t),0]) — R of class C! such that DG has polynomial growth. Let
Y € D°°. Then

G (Wr_i("))

belongs to D2 and

DI (G(oTr_o() V) = 0 /]Mm)o] (DayG) (o Wr_e() Y + G(oWros()) DY e (0,71 ac.

(A.2)

Proof. The proof of this result needs some boring technicalities involving the approximation of a continuous
function and its polygonal approximation. Formula (A.2) is stated in a particular case for instance in [§],
Example 1.2.1. O

A consequence of previous lemma is the possibility of the differentiating

h=F(Yy"), F:0(-T,0) —R
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of class C! Fréchet. We remark that
Vi =Gy (cWr—i('))
where

nx+T —1t) xe[-Tt—T]

G, : C[—(T —1),0] — C([-T,0]) given by G,(v) = { n(O) (T —t+2) zeli—T.0.

By Lemma A.1, if Y € D*°,

D™ (hY) = 0/ Day (FoGy) (cWr_4(-))Y + FoGy(cWr_()) DI'Y x €10, T—t].
Jo—T+,0]
Remark A.2. We remark that Vv € C([-T +,0])

D (F o G,) € M([-T +1t,0]).

We have, for ¢ € C([-T +t,0]),
[P Fec)0) ) = [ DuF (G o).
[t—T,0]

So (A.3) gives, for z € [0,T —t],

Dy (hY) = o /] oy PP G Wr) Y+ (FoGy) (oTWri(3) DI

=0 / (DayF) (Y7") Y+ F(Y3")DrYy.
Je—T+t,0]
At this point we have proved the following.

Proposition A.3. Let H : C([-T,0]) — R of class C'-Fréchet with polynomial growth. Let ) € D,
Then H(Y}")Y belongs to D2 and
P (EE) V) =0 [ (DuM )Y+ P DY
Je—T+t,0]
Previous proposition admits a generalization to the case when H : C([-T,0]) — R is replaced by a

functional

C([=T,0]) — (C([-T,0)@x -+ @ C([-T,0]))  n>1.

n times

Typically an example will be D™ H. We recall that

(C([_T, )& - - & C([-T, o]))*

n times

can be isomorphically identified with the space of n-multilinear continuous functionals on C([—T,0]).

Proposition A.3 can be generalized as follows.
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Proposition A.4. Let H : C([-T,0]) — R of class C"*1-Fréchet such that D" "1 F has polynomial growth.
Let Y e DOO(C([(),T )00, T — t])). Then (D" H(Y."), ) belongs to D'2. Moreover, for

n times
a.e. r € [0,T — t] we have
DI ((D"H(Yy"), V) = o(D" ™ H(Y;") , Ljypppq ©@Y)  + (D"H(Y"), DY) . (A4)
Remark A.5. The function 1),_7 o can be considered as a test function (p. Indeed for fixed ¢1,---,(, €

C([-T.,0]),
Gomr D"HH(YT) (G0 ® G @ Ga)
is a measure.

Proof. Avoiding to state too abstract results, the proof of Proposition A.4 is based on a generaliza-
tion of Lemma A.l replacing the value space R with the separable Banach space B, setting B =
C([~T,0)@x - - - & C([=T,0]). O

Lemma A.6. Let B be a separable Banach space. Let
G:C([-T+t,0])) — B*

of class C! Fréchet with polynomial growth. Let ) € D*(B).
Then

G (Wr_(-)) Y € D"*(B)

and

D, (B(G(Wr—(-) , Y)B) =T, B) (DG (Wr—e() s Yp—r4,0) V) e(-10)é. B
+ (G (Wr—()) » DY)

Remark A.7. 1. DG : C([~T +1t,0]) — (C([-T,0])®,B)*.
2. Proposition A.4 will be used for n =1,2, 3.
3. D*Y € B for almost all r.
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