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Asymptotic limit of linear parabolic equations with

spatio-temporal degenerated potentials

Pablo Alvarez-Caudevilla, Matthieu Bonnivard, Antoine Lemenant

April 4, 2018

Abstract

In this paper, we observe how the heat equation in a non-cylindrical domain can
arise as the asymptotic limit of a parabolic problem in a cylindrical domain, by adding
a potential that vanishes outside the limit domain. This can be seen as a parabolic ver-
sion of a previous work by the first and last authors, concerning the stationary case [3].
We provide a strong convergence result for the solution by use of energetic methods
and I'-convergence technics. Then, we establish an exponential decay estimate coming
from an adaptation of an argument by B. Simon.

Contents

1 Introduction

2 The stationary problem

3 Existence and regularity of solutions for (P))
4 TUniqueness of solution for (P.)

5 Convergence of u)
5.1 First energy bound . . . . .. .. L L oL
5.2 Second energy bound . . . .. ..o
5.3 Weak convergence of solutions . . . . . . .. ... ... ... ...
5.4 Strong convergence in L2(0, T; HY(Q)) . . . . . . ...

6 Simon’s exponential estimate
6.1 The stationary case . . . . . . . . .. L Lo
6.2 The paraboliccase . . . . . . . . . . L

10

11
11
12
13
15



1 Introduction

For Q ¢ RN open and T > 0, we define the cylinder Q7 = Q x (0,T). Let A > 0 be
a positive real parameter. For f\ € L?(Qr), g € H} () and a : Qr — R™ a bounded
measurable function, we consider the solution u) of the parabolic problem

Ou — Au+ da(z,t)u = fr in Qp,
(P\) u=0 on 00 x (0,T),
u(z,0) = ga(x) in Q.

Since (Py) is a classical parabolic problem, existence and regularity of solutions follow from
a standard theory well developed in the literature (see Section 3). In particular, under
our assumptions, u € L?(0,T; H}(2)) is continuous in time (thus the initial condition
u(r,0) = gx(x) is well defined in L?(£2)) and the equation is satisfied in a weak sense (see
Section 3 for an exact formulation).

In this paper we are interested in the limit of w), when A — +o0o. In particular, we
assume spatial and temporal degeneracies for the potential a, which means that

Oq :==Int({(z,t) € Qr : a(z,t) =0}) #0. (1.1)

We also assume that 00, has zero Lebesgue measure.

In order to describe the results of this paper, let us start with elementary observations.
Assume that, when A\ goes to +o00, f) converges to f and gy converges to g, for instance
in L2, Assume also that u) converges weakly in L?(Qr) to some u € L*(Qr).

Under those assumptions it is not very difficult to get the following a priori bound using
the equation in (P)) (see Lemma 3)

)\/ au3 dzdt < C. (1.2)
T

This shows that uy converges strongly to 0 in any set of the form {a(x,t) > €}, for any
e > 0.

Then, multiplying the equation in (Py) by any ¢ € C5°(O,) we get, after some integra-
tion by parts (in this paper we shall denote V for V,, i.e. the gradient in space),

/ uﬁw—/ urAp = I
T T Qr

Passing to the limit, we obtain that dyu — Au = f in D'(O,). Under some suitable extra
assumptions on the potential a, we will actually be able to prove that the limit u satisfies
the following more precise problem:

u € L*(0,T; H} (), u' € L*(0,T; L*(Q))
u=0a.e. in Qp\ O,
(Poo) § Jo,(Wv+VuVo) = [, fiv,
for all v € L2(0,T; HE(Q)) s.t. v=0a.e. in Qr \ O,
u(z,0) =g(r) in Q.



Problem (Ps), which arises here naturally as the limit problem associated with the
family of problems (P)), is a non standard heat equation since O, may, in general, not
be cylindrical. This type of heat equation in a noncylindrical domain appears in many
applications, and different approaches have been developed recently to solve problems
related to (Ps) (see for e.g. [6, 8,9, 10, 14, 18] and the references therein). As a byproduct
of our work, we have obtained an existence and uniqueness result for the problem (Px)
(see Corollary 1).

In this paper, we study in more detail the convergence of uy, when A goes to infinity. Our
first result gives a sufficient condition on the potential a, for which the convergence of u)
to u is stronger than a weak L? convergence. Indeed, assuming a monotonicity condition
on the potential a, and using purely energetic and variational methods, we obtain that the
convergence holds strongly in L2(0,T; H(€2)); see Section 5. Our approach can be seen
as the continuation of a previous work [3], where the stationary problem has been studied
using the theory of I'-convergence.

Here is our first main result.

Theorem 1. For all A > 0, let uy be the solution of (Py) with fy € L*(Q x (0,T)) and
gr € HY(Q). Assume that a: Q x [0,T] — RT is a Lipschitz function which satisfies

oa(z,t) <0 a.e. in Qr. (1.3)

Assume also that the initial condition gy satisfies

sup ()\/ a(:L',O)gA(ac)de> < +o0,
A>0 Q
converges weakly to g in L*(), and that fy converges weakly to f in L*(Qr).

Then uy converges strongly to u in L*(0,T; H'(Q)), where u is the unique solution of

(Poo)-

Remark 1. In particular, condition (1.3) implies that the family of sets Q4(t) C 2, defined
fort >0 by Qu(t) :={x € Q,(x,t) € On}, is increasing in time for the inclusion. In that
case, by a slight abuse of terminology, we will often write simply that O, is increasing in
time (for the inclusion).

Our second result is a quantitative convergence of uy to 0, outside O, (in other words,
away from the vanishing region), with very general assumptions on a (only continuous
and O, # 0), but in the special case when fy = 0 in Q7 \ O,. This is obtained using an
adaptation of an argument due to Simon [19], and proves that uy decays exponentially fast
to 0 in the region Q7 \ O,. Compared to the standard bound (1.2), this results expresses
that uy goes to 0 much faster than one could expect. We also take the opportunity of this
paper to write a similar estimate for the stationary problem (see Lemma 5 in Section 6).

Theorem 2. For all A > 0, let uy be the solution of (Py) with fx € L*(Qr) and
gr € HY O, N {t = 0}). Assume that fx = 0 in Qr \ Ou. Let a : Q x [0,T] — RT



be a continuous function for which O, is non empty. For every ¢ > 0, define A; =
{(z,t); dist((x,t),0q) > €}. Then, for every e > 0, there exists a constant C' > 0 such

that
sup </\ecfﬁ/ ui da:) <,
A>0 Ae

where ¢ == eming pea, , a(,t).

The convergence of weak solutions of (Py) was already observed in [11] as a starting
point for a more detailed analysis about the associated semigroup. This was then used
in [11] to analyse the asymptotic behaviour of a non linear periodic-parabolic problem of
logistic type, where the equation is the following, also considered before in [14],

0w — Au = pu — a(x, t)u?, (1.4)

used in some models of population dynamics. A possible link between our Problem (P))
and the non-linear equation (1.4) is coming from the fact that asymptotic limit of the
principal eigenvalue for the linear parabolic operator 0y — A + Aa(x,t) plays a role in the
dynamical behaviour of non-linear logistic equation (cf. [5, 11, 14]). We thus believe that
the results and technics developed in the present paper could be possibly used in the study
of more general equations such as (1.4).

Furthermore, another possible application of our results could be for numerical purposes.
Indeed, for the ones who would be interested by computing a numerical solution of the
non-cylindrical limiting problem (Px), one could use the cylindrical problem (Py) for a
large A, much easier to compute via standard methods. The strong convergence stated in
Theorem 1 together with the exponential rate of convergence stated in Theorem 2 give
some good estimates about the difference between those two different solutions.

2 The stationary problem

This section concerns only the stationary problem. In particular, throughout the section,
all functions u, a, f, etc., will be functions of z € Q (and independent of t).

We assume © C RY to be an open and bounded domain and a : © — R be a measurable
and bounded non-negative function. We suppose that

K, :={z € Q;a(x) =0} C Qis a closed set in RY. (2.1)
Moreover, we assume that
Qy :=Int(K,) # 0. (2.2)
Under hypothesis (2.1) we know that
HY(K,) = HHRM)N{u=0qe in R\ K.} = HRY)Nn{u=0a.e. in RV \ K,},
and hypothesis (2.2) implies that

Hj(K,) # {0}



Notice that we are working with a functional space of the form H}(A), where A is a
closed subspace of RY. Therefore, we do not claim that Hi(A) = H}(Int(A)), which is
true only under more regularity assumptions on the set A.

Furthermore, we define the functionals E\ and E on L?(2) as follows.

3 Jo |Vul? + Xau?® dz if u € HY(Q)
+00 otherwise.

Ex(u) = {

1 2 ; 1
s ={ 10T

The following result was already stated and used in [3]. For the sake of completeness, we
reproduce the proof here and refer the reader to [3] for the connection of this result with
I'-convergence and several examples.

Proposition 1. Let f\ € L*(Q) be a family of functions indexed by some real parameter
A > 0 and uniformly bounded in L?(Y). Moreover, assume that fy converges to a function
f € L?(Q) in the weak topology of L?(2), when X tends to +oco. Then the unique solution
of the problem

s —Au+ dau = fy
(F3) { u e HY(Q),

converges strongly in H'(Q), when A — +oo, to the unique solution of the problem

s —Au = f
(F=) { u € HY (K,).

Proof. This is a standard consequence of the I'-convergence of energies ), which relies
on the fact that uy is the unique minimizer in H}(Q) for

v E\(v) — 2/ fav,
Q
whereas u is the unique minimizer in Hg (K,) for
Ur—>E(v)—2/fv.
Q

Let us write the full details of the proof. For any X > 0, let uy be the solution of (F¥).
We first prove that {uy}>o is compact in L?(Q2). This comes from the energy equality

/(|VU)\|2 + Xau3) dx = / fauy dz,
Q Q
which implies

/ |Vuy|? < I £xll2 o lluallz2@) < Clluallzz)  with C a positive constant.
Q
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Thanks to Poincaré’s inequality we also have that
lealsie) < C) [ [Vunf? da,

which finally proves that w, is uniformly bounded in H}(€2).

Now let w be any point in the L2-adherence of the family {ux}x>o. In other words,
there exists a subsequence, still denoted by wy, converging strongly in L? to w. Since uy
is bounded in H'(f)), we can assume, up to extracting a further subsequence, that wuy
converges weakly in H'(2) to a function that must necessarily be w. Now let u be the
solution of the limit problem (P3). Since wy is a minimizer of

ur— Ey\(u) — 2/ fru dz, (2.4)
Q
and since au = 0 we have
Ex(uy) — 2/ Fruy dx < Ex(u) — 2/ frudr = E(u) — 2/ Hu dx.
Q Q Q

Hence, passing to the limsup in the previous inequality, it follows that
w) — 2/ fwdx < liminf <E>\(u>\) — 2/ Hu dx)
Q
hmsup (E,\(u,\ — 2/ un dl‘)

IN

< ) / Fu dz, (2.5)

which shows that w is a minimizer, and thus w = w. By uniqueness of the adherence
point, we infer that the whole sequence uy converges strongly in L? to u (and weakly in
HY.

It remains to prove the strong convergence in H'. To do so, it is enough to prove

[Vuxllzz) = [IVull r2(q)
Due to the weak convergence in H'(2) (up to subsequences) we already have

IVull L2(e) < lminf [[Vur L2 o),

and going back to (2.5) we get the reverse inequality, with a limsup.
The proof of convergence of the whole sequence follows by uniqueness of the adherent
point in H(Q). ]

Remark 2. Notice that when u is a solution of (P5), then —Au = f only in Int(K,) and
—Au =0 in K¢. However, in general —Au has a singular part on 0K,. Typically, if K,
is for instance a set of finite perimeter, then in the distributional sense in €,

ou
ov

where v is the outer normal on 0K, and HN~' is the N—1 dimensional Hausdorff measure.

—Au= flg, + —H ok,



As a consequence of Proposition 1, we easily obtain the following result.

Proposition 2. Assume that fy converges weakly to a function f in L*(Q). For any
A >0, let uy be the solution of Problem (Py). Then, when X — oo,

)\/ au3 dz — 0, (2.6)
Q

Aaux = flok, + (Au)lox, in D'(Q), (2.7)

where u is the solution of (P5,). Moreover, the convergence in (2.7) holds in the weak-*
topology of H™1.

Proof. Due to Proposition 1 we know that u) converges strongly in H'(Q) to u, the
solution of Problem (P%,). In particular, from the fact that

/|VU)\2 d$—>/ |Vul|? dx:/uf dx,
Q Q Q
/u,\f,\da:%/ufdx,
Q Q

passing to the limit in the following energy equality

and

/|Vu>\|2 da:+)\/au§ dx:/uAfA dx, (2.8)
Q Q Q

we obtain (2.6). Next, let us now prove (2.7). Thus, since uy is a solution of (F¥) then,
for every test function ¢ € C2°(2), after integrating by parts in Q we arrive at

/QuA(—Aw) dac—l—)\/ﬂau,wp da::/Qwa dz.

Passing to the limit we obtain that Aauy — f + Awu in D/(Q2). Now returning to (2.8), we
can write, for every v satisfying ||¢[|g1(q) < 1,

‘)\/ auyy dr
Q

Taking the supremum in ¥ we get

< |[fall2 + |[Vux|l2 < C.

|Aauy||g-1 < C.

Therefore, Aau, is weakly-* sequentially compact in H~! and we obtain the convergence
by uniqueness of the limit in the distributional sense. O



3 Existence and regularity of solutions for (P))

In order to define properly a solution for (Py), we first recall the definition of the spaces
LP(0,T; X), with X a Banach space, which consist of all (strongly) measurable functions
(see [13, Appendix E.5]) u : [0,7] — X such that

T 1/p
lull e 0,7,x) = (/o Hu(t)H’;(dt) < 400,

for 1 < p < 400, and

[[ul| oo 0,7,x) = ess supl|u(t)||x < +oo.
te(0,7)

For simplicity we will sometimes use the following notation for p = 2 and X = L?(Q) :

[-lle= 1" HL2(0,T;L2(Q))-

We will also use the notation u(z,t) = u(t)(z) for (z,t) € Q x (0,T).
Next, we will denote by ' the derivative of u in the ¢ variable, intended in the following
weak sense: we say that ' = v if

T T
/ o (Hu(t)dt = —/ o(t)v(t)dt
0 0

for all scalar test functions ¢ € C§°(0,T). The space H(0,T; X) consists of all functions
u € L*(0,T; X) such that v’ € L*(0,T; X).
We will often use the following remark.

Remark 3. By [13, Theorem 3 page 303/, if u € L*(0,T; H3(Q)) and v’ € L*(0,T; H1()),
then u € C([0,T], L?(U)) (after possibly being redefined on a set of measure zero). More-
over the mapping t — ||u(t) H%Q(Q) is absolutely continuous and %Hu(t) ||%2(Q) = 2(u'(t), u(t)) L2(q)-

In this section we collect some useful information about the solution u) coming from
the classical theory of parabolic problems that can be directly found in the literature.

Firstly, the existence and uniqueness of a weak solution u for the problem (Py) follows
from the standard Galerkin method see [13, Theorems 3 and 4, Section 7.1]. According to
this theory, a weak solution means that:

= L2(O,T; HOI(Q))7 = L2(07T5 Hil(Q»
Jop (v +Vu- Vot dauv) = [o fiv
for all v € L2(0, T; H{(Q)),

Remember that by Remark 3 above, such weak solution u is continuous in time so that
the initial condition makes sense. In the rest of the paper, (Py) will always refer to the
above precise formulation of the problem that was first stated in the Introduction.

Next, thanks to [13, Theorem 5, Section 7.1], by considering Aau as a right hand side
term (in L2(Q x (0,7))), we have the following.

(Py)



Lemma 1. Let A > 0, g\ € H}(2), fn € L*(0,T; L*(2)), and let uy be the weak solution
to (Py\). Then,

ux € L*(0, T3 H*(Q)) N L%(0, T3 Hy (), uj € L*(0, T3 L*(Q)),
and uy satisfies the following estimate:

sup [Jux(t) gz (o) + lluallz2o.r.m2()) + [lui 2
0<t<T

(3.1)
< ¢ (Mawllz + 143l + lor g )

where the constant C' depends only on € and T.

Remark 4. Notice that the bound (3.1) is not very useful when A\ — 400 since what we
usually control is \/N|aulla (shown below in Lemma 3) but not \|au||s thus the right hand
side blows-up a priori.

Finally, we recall that assuming more regularity on gy, fn and a yields more regularity
on uy (but we shall not use it in this paper).

Lemma 2. Assume that
d and f € L*(0,T; L*(Q)) and gy € H*(Q).
Let uy, be the weak solution of problem (Py). Then
uy € L°°(0,T; H*(Q)), uh € L°°(0,T; L*(Q))NLA(0, T; HY (Q)), uf € L*(0,T; H1(Q)),
and the quantity

S (lux® 20y + lud Ol L2 () + el 20,703 @) + 19X 20,7501 ()

s bounded by
C(If Al o2y + IXaullmr o752 ) + l9all m20))
where the constant C' depends only on Q and T.

Remark 5. Notice again that this bound is not very useful when A — 400 . Howewver, if
\ is fized, we observe at least that uy is in L*(0,T; H=1()).



4 Uniqueness of solution for (Py)

In this section we focus on the following problem that will arise as the limit of (Py). Our
notion of solution for the problem dyu — Au = f in O, will precisely be the following :

we RO, THYQ), o € LX(0,T: IX()
u=0a.e. in Qr\ O,
(Poo) § Jo,(Wv+Vu-Vuv)= [, fu,
for all v € L?(0,T; H}(Q)) s.t. v=0a.e. in Qr \ O,
u(z,0) =g(zr) in Q.

As a byproduct of Section 5 we will prove the existence of a solution for the problem
(Px), as a limit of solutions for (Py). In this section, we prove the uniqueness which
follows from a simple energy bound. Notice that a solution u to (Ps) is continuous in
time (see Remark 3) thus the initial condition u(x,0) = g(x) makes sense in L%(Q).

Proposition 3. Any solution u of (Ps) satisfies the following energy bound

1 1
7. 5up Ilu(t)\\%2(g>+\|VuH§S§\\g\\%z(g>+T|!sz- (4.1)
te(0,T)

Consequently, there exists at most one solution to problem (Px).

Proof. Let u be a solution to (Px), and s € (0,7). Choosing v = u 1) (Where 1) is
the characteristic function of (0,s)) in the weak formulation of the problem, we deduce

that
S S S
/ /u’u dxdtJr/ /|vu|2 da:dt:/ /fu dadt. (4.2)
0o JQ 0 JQ 0 JQ

Now applying Remark 3 and using the fact that u € L?(0,T; H}(2)) and o’ € L?(0,T; L*(Q))
we obtain that  +— |lu(t)||3 is absolutely continuous, and for a.e. t, there holds

(1) () = 200 (1), u(0) 120

Returning to (4.2) we get
1 2 1 2 ’ 2 °
§\|U(S)HL2(Q) — §Hu(0)HL2(Q) + |Vu|® daedt = fu dxdt. (4.3)
0 JQ 0 JQ
By Young’s inequality we have
s «@ 1
|/0 /qu dzdt] < §Hf\\%2(nx(o,s)) + %HUH%P(QX(O,S))

@p2 T 2
< §HfHL2(Qx(o,s)) T 5 tes(‘tl)%) ()22 (4.4)

10



Setting o = 2T, estimating (5.2) by (4.4) and passing to the supremum in s € (0,7)
finally gives
1 2 V2 T
1,5 [[u®)lzz ) + [Vullz < HQHL2 + T fII3,
te(0,T)

as desired.

Now assume that u; and uy are two solutions of (P,), and set w := u; — ug. Then w
is a solution of (Py) with f =0 and g = 0. Therefore, applying (4.1) to w automatically
gives w = 0, which proves the uniqueness of the solution of (Px). O

5 Convergence of u)

We now analyse the convergence of uy, which will follow from energy bounds for u) and
uy. As already mentioned before, the standard energy bound for the solutions of (Pj)
that is stated in Lemma 1, blows up a priori when A goes to +00. Our goal in the sequel
is to get better estimates, uniform in A\. The price to pay is the condition 0;a < 0 which
implies that O, is nondecreasing in time (for the set inclusion).

5.1 First energy bound

Lemma 3. Assume that g, € HL(Q) and f\ € L*(0,T; L*(Q)), and let uy be the weak
solution of problem (Py). Then,

1 T
7 sup_ [lua(®)llZ20) + [ Vuxll3 +A / / o dudt < ||gAl[F20) + TR (5.1)
te(0,T) 0 JQ

Proof. Let uy be a solution of (Py) and s € (0,7). Testing with v = ulpy, in the weak
formulation of (Py), we obtain

1 1
Sl = 5l O+ [ [ V0P dodesa [ [ ad doas
:/ /f,\u,\ dxdt. (5.2)
0 Q

Arguing as in the proof of Proposition 3, we obtain for any a > 0,

1 S
§HUA(S)H%2(Q) + HVquJr)\/O /Qauidxdt < gallZzay + {0 ua) L2x 0,
1
< Hg/\H%%Q Hf/\HQ + HUAHLZ (Q2x(0,s))
< ng\”%q Hf)\||2 + sup *HU/\( )HL2(Q)'
te(0,T) 200
Inequality (5.1) follows by taking the supremum in s € (0,7") and fixing o := 27 O

11



5.2 Second energy bound

We now derive a uniform bound on ||} ||2. To this end, we will assume a time-monotonicity
condition on a.

Definition 1 (Assumptions (A)). We say that Assumptions (A) hold if a : Qpr — R is
Lipschitz and

owa(x,t) <0 for a.e. (xz,t) € Qp. (5.3)

Lemma 4. We suppose that Assumptions (A) hold. Then, the solution uy of (Py) satisfies

T
/ /(u ) dxdt + sup (/ [Vuy(s |2dw>
0o Jo s€(0,T)
T
g/ /fidde/ |Vu,\(0)\2dx+)\/a(0)g/2\dx. (5.4)
0o Jo Q Q

Proof. Thanks to Lemma 1, we know that v} € L%(0,T; HL(2)). Consequently, for every
s € (0,T), the function v := u) 1 4) is an admissible test function in the weak formulation

the estimate:

of (Py). Hence, we obtain the identity

/ / dxdt+/ /VuA-Vu')\dxdt—i-)\/ /au)\u&dxdt:/ /fAu’)\dxdt,
0 JQ 0 JQ 0 JQ

or written differently (applying Remark 3),

s s /1 / s 1 ! 1
/ /|u’)\2da:dt—|—/ (/ |Vu>\\2da:> dt+)\/ [(/auidaz) —/a’u?\da:] dt
0 Jao 0o \2Jo o L\2Ja 2 Jo

:/ /fAu’Ada:dt.
0 JQ
This yields

/ / )2 dxdt + - /\VuA( )|2dx+)\/a(s)u>\(s)2da;—)\/ /a’uidazdt
2 Jo 2Jo Jo

/ /f/\U,\dxdt—i— /\Vm( )!2dx+;/ga(0)w(0)2dx.

By Young’s inequality,

S 1 S 1 S
/ / fauh dedt < = / / fRddt + = / / (uh)? dzdt,
0o Ja 2Jo Ja 2Jo Ja

so that we obtain

/OS/Q(U d:cdt+/|Vu,\ )’2da;+)\/ a(s)ux(s)? dz — A //au?\da;dt
S/O /Q‘fA’le‘dt—i-/Q\VUA(O)\2d$+/\/Qa(o)u/\(oﬁdx.

Finally, using Assumption (A), the initial condition on u)(0) and passing to the supremum
in s, we conclude that estimate (5.4) holds. O

12



5.3 Weak convergence of solutions

Using the previous energy estimates, we first establish the weak convergence of u) to the
solution u of Problem (Ps,), under assumption (A), and supposing certain bounds on the
right hand side f) and on the initial data gy.

Proposition 4. Assume that a satisfies assumption (A). Let (fy) be a bounded sequence
in L2(Qr) and (gy) be a bounded sequence in H(SY), satisfying

A

sup <)\ /Q a(0)g2 dx> < . (5.5)

Up to extracting subsequences, we can assume that fy converges weakly to a function f in
L*(Q7), and gx converges weakly to a function g € H}(Q).

Let uy be the solution of (Py). Then uy converges weakly in L*(Qr) to the unique
solution u of problem (Px).

Proof. We know by Lemma 3 that wuy is uniformly bounded in L2(0,T; H}(Q)), thus
converges weakly (up to extracting a subsequence) in L?(0,T; H}(Q)) to some function
u € L2(0,T; H}(2)). Under assumption (A), we also know, thanks to Lemma 4, that

lurllz2@r) < C,

so that, u), converges also weakly in L?(Qr) (up to extract a further subsequence) to some
limit w € L?(Qr), which must be equal to «/ by uniqueness of the limit in D’(Q7). This
shows that v’ € L?(Qr).

Next, from (5.1) we know that

T
sup ()\/ / aul dxdt) <C,
A 0 JQ

which implies that u must be equal to zero a.e. on any set of the form {a > ¢}, with £ > 0.
By considering the union for n € N* of those sets with e = 1/n, we obtain that u = 0 a.e.

on Qr \ O,.

Now let us check that u satisfies the equation in the weak sense. Let v be any test
function in L?(0,T; HE()) such that v = 0 a.e. in Q7 \ O4. Then auyv = 0 a.e. in Qr,
and using the fact that u) is a solution of (P)), we can write

(uh, v) 2007y + (Vun, V) 12000 = (2 0) 1200
Thus passing to the (weak) limit in uy, v} and f\ we get

<U/uU>L2(QT) (Vu, Vo) 2 (@r) = (f,v)2 (Qr)-

To conclude that u is a solution of (Px) it remains to prove that u(x,0) = g(z) for a.e.
z € Q. For this purpose, we let v € C*([0, 7], Hi(Q)) be any function satisfying v(T') = 0.
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Testing the equation with this v, using that uy(0) = g, and integrating by parts with
respect to t we obtain

T T
; <VU/\7VU>L2(Q):/O (fr,0).

Passing to the limit in A and using the weak convergence of gy to g, we get

T
— (92, v(0)) £2(0) _/o <UAaU/>L2(Q)+/

T

T T
—(9,v(0)) 2(02) — /0 (u, v') p2(q) +/O (Vu, V) 2(q) = /0 (fyv)r2(0)-
Integrating back again by parts on u yields

(9,0(0)) 2() = (u(0),v(0)) L2,

and since v(0) is arbitrary, we deduce that u(0) = g in L?(12).

Finally, the convergence of u) to u holds a priori up to a subsequence, but by uniqueness
of the solution for the problem (Ps) (see Proposition 3), the convergence holds for the
whole sequence. O

Corollary 1. Let O, C Qr be open and increasing in time (in the sense of Remark 1),
and let f € L*>(Q2x (0,7)) and g € HL (). Then there exists a (unique) solution for (Ps).

Proof. Tt suffices to apply Theorem 3 with, for instance a(z,t) := dist((z,t),04), fr = f
and gy = g. ]

Remark 6. (Convergence in D'(2 x (0,7))). Under assumptions (A), letting u being the
weak limit of uy in L?(Qr), we already know that

u=0 ae in Qp\ O,

Then
I+ Auy — vl — f+Au—u' in D'(Q x (0,T)),

which implies that

Xauy — h in D'(Q x (0,T)), (5.6)
for some distribution h = f + Au—u' € D'(2 x (0,T)), supported in OF. Actually, since
u =0 i Of

¢, we have

Au=0 and o' =0 inD(04).

This means that
h=0 inD(0,) and h=finD(O,).

Notice that, a priori, h could have a singular part supported on 00,. We finally deduce
that

Aauy )\—+> fLloe + (Au—u')|s0, in D'(Q x (0,7)). (5.7)
—+00

14



5.4 Strong convergence in L?(0,T; H'())

We now go further using the same argument as for the stationary problem, and prove a
stronger convergence which is one of our main results.

Theorem 3. Under the same hypotheses as in Proposition 4, denote by uy the solution of
(Py). Then, uy converges strongly in L*(0,T; Hi(Q)) to the solution u of problem (Px).

Proof. We have the bound
luxllp2(0,m;m1 () < Cs

and we already know (by Proposition 4) that u, converges weakly in L?(0,T; H*(9)) to
u, the unique solution of problem (Px).

Moreover, by the lower semicontinuity of the norm with respect to the weak convergence,
there holds

1wl L20,7:m51 () < lirnAinf luxll 20,11 (02))-

Hence, to prove the strong convergence we only need to prove the reverse inequality, with
a limsup. For this purpose we use the fact that u(t) is a competitor for uy(¢) in the
minimization problem solved by u) at t fixed. Indeed, for a.e. ¢ fixed, u) solves

—Auy + Aauy = f\ — u},

thus, u, is a minimizer in HJ () for the energy

v Ey(v) — 2/ v(fa —uh),

Q

where E) is defined by (2.3). Furthermore, due to the bound (5.4) obtained in Lemma 4,
since fy is bounded in L2(Q7) and g, is bounded in L2(€2) and satisfies (5.5), we know
that v} is bounded in L?*(Qr) , and

uh — v in weak L*(Qr).

We also know that, up to a subsequence, uy — u strongly in L?(Qr) (because it is bounded

in HY(Qr)).
Now, using that u is a competitor for uy (for a.e. ¢ fixed), we obtain

[ vufde =2 [ uhi—u) < Baw) =2 [ n(hi—u) < B =2 [ alh—uh)

< /Q]Vu\zd:c—2/gu(f>\—u’)\).

Integrating in ¢ € [0,7] and passing to the limsup in A\, we get the desired inequality,
which achieves the proof. ]
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6 Simon’s exponential estimate

6.1 The stationary case

Following a similar argument to [19, Theorem 4.1] we ascertain some strong convergence
far from the set €, := Int(K,), where K, is defined by K, := {z € Q;a(z) = 0}).

Lemma 5. Let a: Q — Rt be a continuous non-negative potential and uy be the unique
weak solution in HE(Q) of —Auy + Aauy = fy in Q. Introduce K, := {z € Q;a(x) = 0}
and assume that Q4 := Int{a(x) = 0} is non empty (hypothesis (2.2)). Let € > 0 be fized,

and define

Q= {z € Q; dist(z,Q,) >} and 0:= mina(x) > 0.
€,

Then, there exists a constant C > 0 such that for all A > 0 and for all Lipschitz function
7 :Q — R that is equal to 1 in Qoc and to 0 outside Qe, we have

/ 62\/glngEdist(ac,Qgg)nZu/\(x) (/\;U)\ _ f/\> dz < C. (6.1)

Proof. To lighten the notation, in this proof we will denote by (-, -) the scalar product in
L2(9).

Let € > 0 be fixed. For any function ¢ supported in €2. and for any Lipschitz function
p: Q — R satisfying |[Vp|? < §/2, a direct calculation shows the following identities

A(e™V2) = —Vxe VM Ap + A[VpPe V7,

Ale™V ) = A V) 4 e VVAY 42V (V) - Ty,

from which we obtain that

(V2 (= A + Aa)e V) = (1, (VAAp — A[Vp|2 + 2VAVp - V — A + Aa)v)).
Then, expanding A(py) and rearranging terms as follows:
Apy) = App + 2V Vi + App = Apip + VpVip + V(pVih),
it is not difficult to see that

(1, (Ap+2Vp-V)) =

since ¢ is compactly supported in 2. Therefore, by positivity of —A and using the
assumption |Vp|? < §/2 we get

(¥, (—A + Aa)e V)

Y

(¥, M@= [Vo*)]¥)
> D=2l (62
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Next, we apply (6.2) with the choice ¢ = eﬁpnuA(x), where 7 is a function equal to 1 in
Q9. and 0 outside €2.. Since by construction ||uy|2 + [|[Vuxll2 < C| fall2, (6.2) implies

5[ e = T < [ A A+ xa)mu)ds
e Q
< / e2ﬁpu>\(—u,\An—2V17-Vu/\)dx
Q\ Qe
+/ 2fpn ux(—Auy + Aauy)dx
Q
< / eQﬁpuA(—u,\An—2V77‘Vu,\)dx+/ Q‘fpn uy fadx
Q\Qae Q

< O fall)e™ + / 2020 frda, (6.3)
Q

where

M= sup pla),
CCEQ\QQE

and the constant C in (6.3) depends on the derivatives of n and . Now we take the

particular choice
0 :
px) = \/;1925d18t($a955)’

which satisfies all our needed assumptions (i.e. p is Lipschitz with |Vp|? < §/2 and
supported in €.). In this case M = 0 thus (6.3) simply implies

A8

2V nusde < C—i—/ 2‘fp17 uy frdex,
2 Ja. Q

or differently,

which ends the proof. O

Remark 7. The previous lemma can be used for instance in the following two particular
cases: first in the particular case when f =0 in Q\ Q4. Thus, we get the useful rate of
convergence of uy — 0 as A — 0 far from Qg

24/ A8 dist (2,9
/ Ae?VAgdist( Zs)ug\dx <C.
QQE

This is much better compared to the usual and simple energy bound:

)\/auigC.
Q
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Another application is when uy is an eigenfunction (this is actually the original frame-
work of Simon [19]), i.e. when fx = o(X)uy and with o(\) standing for the first eigenvalue
associated with uy. In this case, since we are assuming that the potential a might vanish
in a subdomain, we have that o(X\) is bounded (cf. [2] for further details). Consequently,
thanks to this bound for X\ large enough )‘7‘5 —o(X) > 1 which implies

S5 . [
/ eQ&dlSt(xvﬂZE)uidx <C.
Qac

6.2 The parabolic case
We now extend the previous decay estimate to the parabolic problem.

Lemma 6. Let a: Qp — RT be a continuous non-negative potential such that Og is non
empty, fr € L*(Q1), gx € HE (O, N {t =0}) and let uy be the solution of (Py).
For every e > 0, we define

Ac = {(z,t) € Qp;dist((x,t),0,) >} and &§:= min_a(z,t) > 0. (6.4)
(z,t)EA

Then, for any A > 4, and for any Lipschitz function n: Q7 — R equal to 1 in Az and 0
outside A., there exists a constant C > 0 such that

g ist(xz,AS Ad
/ 62\/511425(1 t( ’AQE)T]Q’LL)\(LL’) (211,)\ — f)\> dx S C
Ae

Proof. Let € > 0 be fixed. We consider any function 1 supported in A, and any Lipschitz
function p : Qr — R satisfying |0;p| + |Vp| < 6/2. Then we notice that for any fixed ¢,
the functions = — p(x,t), x — ¥(z,t) and = — a(x,t) satisfy all the conditions required
to prove the key estimate (6.2) in the stationary case. Thus, for any fixed ¢, there holds

- Ad
(2P0, (= A + Xa)e™ ) 120 = T[]0
Integrating this inequality over ¢t € (0,7) yields

(0, (-0 4+ M) ) 12y = o [l
Next we also compute
eV ) = —VXeTVIp0,p + eV ory,

so that,

(€9, 8 (™)) 2y =~V 00 1205y + (8 0) 12(0p)
1 1
= VAW, Y r2(0p) + i\W(T)Hi%Q) - §H”¢(0)”%2(Q)

) 2 1 2
> _\/XinHLZ(QT) - iuw(O)HLQ(Q)
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Gathering the previous estimates, we obtain

A —
(€4, (8 — A + Aa)e V) 12000 z( f) )13 — me)rriz(m. (6.5)

Next, we apply (6.5) with the choice ¢ = eﬁpnuA(x), where 7 is a function equal to
1 in Ay, and 0 outside A.. We assume that A\ > 4 so that A\ — VA > A/2. Due to the
assumptions, g € Hj(Oq N {t = 0}) and, then, [|¢(0)|/12(q) = 0. Thus, (6.5) implies

/\5/ V0 nuide = MII¢|I%</ Z‘Fpnux(@t A + Xa)(nuy)dx
4 Ja, 4 Qx(0,T)

< / eQﬁpu,\(uA&gn — uyAn — 2Vn - Vuy)dx
AE\AQE
+/ 2‘fp17 ux(Opuy — Auy + Aauy)dx
Qx(0,T)
= / eQ\F’\”u,\(uA&gn — uyAn — 2Vn - Vuy)dx
AE\AQE

+/ 2fp17 uy frdx
Qx(0,T)

< C(llurlB)eY™ + / 23020, frda, (6.6)
A
where
Mi= swp pla),
xEQT\QQE

and the constant C' in (6.6) depends on the derivatives of 77 and on €. Now we take the
particular choice

5.
p(z,t) == \/;IAZSCIIS'E(:L‘, A5,

which satisfies all our needed assumptions (i.e. p is Lipschitz with |9;p| + |Vp| < 6/2 and
supported in A.). In this case, M = 0 so that that (6.6) reduces to

)f/ eQ\F)‘anuidax < C’—l—/ Q\F”n uy frdz,

and hence

/ 2020, (z) <)\6UA - f/\> dr < C.

We end this section by noticing that Theorem 2 follows directly from Lemma 6.

Corollary 2. In the particular case when f = 0 in Qr \ O, we get the useful rate of
convergence of uy — 0 as A — 0 far from Og:

>\64€\5‘3/ u§d$ < C.
A25
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