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TORIC PLURIPOTENTIAL THEORY

DAN COMAN, VINCENT GUEDJ, SIBEL SAHIN, AHMED ZERIAHI

A tribute to Professor Jozef SICIAK

ABSTRACT. We study finite energy classes of quasiplurisubharmonic
(qpsh) functions in the setting of toric compact Kéahler manifolds. We
characterize toric qpsh functions and give necessary and sufficient con-
ditions for them to have finite (weighted) energy, both in terms of the
associated convex function in R™, and through the integrability prop-
erties of its Legendre transform. We characterize Log-Lipschitz con-
vex functions on the Delzant polytope, showing that they correspond
to toric gqpsh functions which satisfy a certain exponential integrability
condition. In the particular case of dimension one, those Log-Lipschitz
convex functions of the polytope correspond to Hélder continuous toric
quasisubharmonic functions.
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INTRODUCTION

A toric compact Kéhler manifold (X, w,T) is an equivariant compactifica-
tion of the torus 7' = (C*)" equipped with a (S!)"-invariant Kihler metric
w. Then w can be written as

w=dd°Fyo L in (C*)",
where Fj : R™ — R is a smooth strictly convex function and
(1) L:(CH" - R", L(z1,...,2n) = (log|z1],...,log|zn]) .

The celebrated Atiyah-Guillemin-Sternberg theorem asserts that the mo-
ment map VIEy : R — R™ sends R" onto the interior of a compact convex
polytope

P={l(s) >0, 1<i<d} CR",

where d > n + 1 is the number of (n — 1)-dimensional faces of P and
li(s) = (s,ui) — i,

with A; € R and u; a primitive element of Z".

Delzant observed in [Del88] that in this case P is “Delzant”, i.e. there
are exactly n faces of dimension (n — 1) meeting at each vertex, and the
corresponding u;’s form a Z-basis of Z". He conversely showed that there
is exactly one (up to symplectomorphism) toric compact Kéhler manifold
(Xp,{wp},T) associated to a Delzant polytope P C R™. Here {wp} denotes
the cohomology class of the T-invariant Kéhler form wp.

Let

Go(s) i= sup (2, 5) — Fo(x))
PSIING
denote the Legendre transform of Fy. One has that Gy = +oo in R™\ P
and, for s € int P = VFy(R"),

Go(s) = (z,s) — Fy(x) <= s € VFy(x) <= x € VGy(s).

Guillemin observed in [Gui94] that a “natural” representative of the co-
homology class {wp} is given by
1 d
G(s) = 3 Zfz‘(s) log ¢;(s).
i=1
We refer the reader to [CDGO02] for a neat proof of this beautiful formula of
Guillemin. Observe that G is only Log-Lipschitz regular on P, although the
original Kéhler potential is smooth.
The purpose of this note is to undertake a systematic study of toric
pluripotential analysis. There are three ways to understand a toric quasi-
plurisubharmonic (gqpsh) function and its Monge-Ampere measure:

e by working directly on X and imposing toric symmetries,

e by looking at the corresponding object (convex function, real Monge-
Ampere measure) in R™ after a logarithmic transformation, and un-
derstanding the asymptotic properties at infinity,

e by understanding the behavior near the boundary of the polytope of
the Legendre transform of the corresponding convex function.
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We refer to Section 3 for the definition of toric w-plurisubharmonic (w-
psh) functions on X and the corresponding energy classes. If ¢ is w-psh,
we denote by F, the corresponding convex function on R™ and by G, its
Legendre transform (see Sections 2 and 3).

Our main results are as follows. We first describe the class of toric w-psh
functions (see Proposition 3.2):

Proposition A. Let Fp(x) = maxsep(x,s) denote the support function of
the polytope P. The following are equivalent:

(i) ¢ € PSHior(X,w);

(i) F, < Fp+ C for some constant C;

(iii) G, = +00 on R™\ P;

(iv) VF,(R™) C P.

We then characterize finite energy toric w-psh functions and their weighted
versions, showing in particular the following (see Theorem 3.6):

Theorem B. Let ¢ € PSHyy(X,w). The following are equivalent:
(i) ¢ € Etor (X, w);
(it) Gy, is finite on int P;
(iit) F, has full Monge-Ampére mass;
(iv) the Lelong numbers v(p,p) =0 for allp € X.

In Theorem 4.4 we study more regular toric w-psh functions, characteriz-
ing the maximal Log-Lipschitz regularity of Legendrian potentials:

Theorem C. Let ¢ € & (X,w). The following properties are equivalent:
(i) There exists € > 0 such that exp(—ePSHyr (X, w)) C LY M A(p));

(it) The function G, is Log-Lipschitz on P.

It is tempting to think that these conditions are all equivalent to the fact
that ¢ is Holder continuous. This is easily seen to be the case when n = 1.
We refer the interested reader to [DDGHKZ14] for more information, geo-
metric motivations, and related questions connecting the Holder continuity
of Monge-Ampere potentials to the integrability properties of the associated
complex Monge-Ampeére measure.

The paper is organized as follows. In Section 1 we recall some basic facts
about w-psh functions on any compact Ké&hler manifold (X,w), together
with the definition and main properties of various energy classes following
[GZ07]. Section 2 deals with the relevant properties of convex functions and
their Legendre transforms. In Section 3 we study energy classes of toric
w-psh functions on a toric compact Kéhler manifold (X,w), and in Section
4 we conclude by looking at questions about the higher regularity of such
functions.

Acknowledgement. This article has been written during the postdoctoral
research period of the third named author at I'Institut de Mathématiques
de Toulouse. She is grateful to her co-authors for their endless support and
hospitality during the stay.
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1. FINITE ENERGY CLASSES

In this section we let (X, w) be a compact Kéahler manifold of dimension n,
and we recall the definition of finite energy classes of quasiplurisubharmonic
(gpsh) functions following [GZO0T].

1.1. Bedford-Taylor theory. A function on X is qpsh if it is locally the
sum of a psh function and a smooth one. In particular gqpsh functions are
upper semicontinuous and integrable.

Definition 1.1. A function ¢ : X — R U {—o0} is w-plurisubharmonic
(w-psh) if it is qpsh and if the current w + dd“p is positive on X.

Let PSH(X,w) denote the set of all w-psh functions on X. This is a
closed subset of L1(X,w™).

Bedford and Taylor showed in [BT82] that one can define the complex
Monge-Ampere operator

MA(p) = (w+dd@)" = (w+dd°¢) A ...\ (w+dd°p)

for all bounded w-psh functions. They showed that whenever (y;) is a se-
quence of bounded w-psh functions decreasing locally to ¢, the sequence of
measures M A(y;) converges weakly towards the measure M A(p). Note also

that
/ MA(yp) :/ w' =:V,.
X X

At the heart of Bedford-Taylor’s theory lies the following mazimum prin-
ciple: if u,v are bounded w-psh functions, then

(MP) 1{v<u}MA(maX(uav)) = 1{v<u}MA(u)'

The maximum principle (M P) implies the so called comparison principle:
if u, v are bounded w-psh functions then

/{ . MA(u) < /{ . MA(@).

1.2. The class £(X,w). If p € PSH(X,w), we let
¢; =max(p,—j) € PSH(X,w) N L>®(X).

It follows from the Bedford-Taylor theory that the measures MA(yp;) are
well defined measures of total mass V,,. The following monotonicity property

holds:
pj = Loy M A(p;) is an increasing sequence of Borel measures.

The proof is an elementary consequence of (M P) (see [GZ07, p.445]). Since
p; have total mass bounded above by V,,, we can define

po = lim  py,

J—+oo
which is a positive Borel measure on X of total mass < V,,.
Definition 1.2. We let
EX,w) ={p e PSH(X,w) : py(X)="V,}.
For ¢ € £(X,w), we set MA(p) := fip.
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The definition is justified by the following important fact proved in [GZ07]:
the complex Monge-Ampére operator ¢ — M A(p) is well defined on the class
E(X,w), in the sense that if p € E(X,w) then for every decreasing sequence
of bounded w-psh functions ¢; \, @, the measures M A(p;) converge weakly
on X towards fi,.

Every bounded w-psh function clearly belongs to £(X,w). The class
E(X,w) also contains many w-psh functions which are unbounded. When
X is a compact Riemann surface, £(X,w) is the set of w-sh functions whose
Laplacian does not charge polar sets.

Remark 1.3. If ¢ € PSH(X,w) is normalized so that ¢ < —1, then
—(—p)¢ belongs to £(X,w) whenever 0 < & < 1 (see e.g. [CGZ08]). The
functions which belong to the class £(X,w), although usually unbounded,
have relatively mild singularities. In particular they have zero Lelong num-
ber at every point.

It is shown in [GZ07] that the maximum principle (M P) and the com-
parison principle continue to hold in the class £(X,w). The latter can be
characterized as the largest class for which the complex Monge-Ampére op-
erator is well defined and the maximum principle holds.

1.3. Weighted energy classes. Let WV denote the set of all functions Yy :
R~ — R~ such that y is increasing and x(—o00) = —o0.

Definition 1.4. We let &, (X,w) be the set of w-psh functions with finite
X-energy,

Ex(X,w) = {p € E(X,w) : x(~|¢l) € L'(X, MA(p))} .
When x(t) = —(=t)?, p > 0, we set EP(X,w) = & (X, w).

We list here a few important properties of these classes and refer the
reader to [GZ07, BEGZ10] for the proofs:

5()(,MQ ::LJxEVV 5X()(,w);

PSH(X,w) N L¥(X) = Ny Ex(X,w);

the classes EP(X,w) are convex;

¢ € EP(X,w) if and only if for any (resp. for one) sequence of
bounded w-psh functions ¢; N\, ¢, sup; [y ;[P M A(gp;) < +oc.

if ¢; is a sequence of w-psh functions decreasing to ¢ € EP(X,w),
then the measures |¢;|PM A(p;) converge weakly to [p[P M A(yp).

2. FACTS ON CONVEX FUNCTIONS

We collect here a few properties of convex functions which will be used
later. Some of these are well known and proofs are included for the conve-
nience of the reader (see also [BeBel3, Section 2]).

2.1. Subgradients and Monge-Ampeére measures. Let F : R" — R be
a convex function. The subgradient of I’ at x is the set
VF(z)={seR": F(y) > F(x)+ (y —z,s), Vy € R"}.
We let
VFR"):= | VF(z).

reR”™
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The Legendre transform G of F' is the lower semicontinuous convex func-
tion defined by

G R" = (=00, +0c], Gs) = sup ({@,5) = F(2)).

Then F' is the Legendre transform of G,

F(x) = sup (2,5) = G(s)).

and one has
G(s) = (z,s) — F(z) <= s € VF(x) <=z € VG(s).

Lemma 2.1. Let F': R™ — R be a convex function.

(i) If F is smooth and strictly convex then VF : R™ — R™ is injective,
and hence an open map.

(i) If so € VF(R™) then G(so) < +o0. Conversely, if G(s) < +oo for all
s in an open ball B(sg,r) then sy € VEF(R™).

(iit) Let Fj : R™ = R, j > 1, be convex functions. Then F; \, F pointwise
on R™ if and only if the Legendre transforms G /* G pointwise on R".

Proof. (i) If p # q and f(t) :== F((1 —t)p + tq) then f”(t) > 0, so f'(0) =
(VE(p),q —p) < f'(1) = (VF(q),q — p). Hence VF(p) # VF(q).

(74) By the definition of the subgradient, if sy € VF(z) then (y,so) —
F(y) < (z,s0) — F(x) for all y € R"™, so G(sp) = (z,s0) — F(z) < 4o0.
Conversely, by shrinking  we may assume that G < M on B(sg,r) for some
constant M, hence (z,s) — F(z) < M for all x € R and s € B(sg,r).
Let F(z) = F(z) — (z,s0) + M. Tt follows that F(z) > (z,s — so) for all
s € B(so,r), hence F(z) > r||z||. Therefore F assumes a global minimum,
i.e. there exists 2o € R” such that F(z) > F(zg). Thus 0 € VF(zg) =
VF(z)— so. (Note that if F((x) = e*, x € R, then G(0) =0 but 0 ¢ F'(R),
so the hypothesis that G(s) < 400 in a neighborhood of s¢ is needed. )

(#43) Assume that F; N\, F. Then G; G, where G is lower semicontin-
uous, convex and G<G IfFi is the Legendre transform of G we have that
F; > F > F. We conclude that F = F and so G = G. The converse follows
by a similar argument. O

Lemma 2.2. Let F : R" — R be a convex function. If x is a continuous
function with compact support on R™ then

/ (XoL)(dchoL)":/ X MAg(F),
( *)TL n

where L is defined in (1), d = 0+ 0, d° = 5= (0 — ), and M Ag(F) is the
real Monge-Ampere measure of F.

Proof. Approximating F' by a decreasing sequence of smooth convex func-
tions it suffices to assume that F' is smooth. Recall that in this case M Ag(F)
is the measure defined by

0*F
8£C¢8£Cj

MAR(F) = n! det[ ]dV,



TORIC PLURIPOTENTIAL THEORY 7

where V' denotes the Lebesgue measure on the corresponding Euclidean
space. Note that the function F o L is psh on (C*)" and

2 2
P(Fol) 1 <8F OL>,

0z; 65 - 42@'2]' 8$Za£€]

hence

2 2

det 9 (FO_L) = 1 det 871:1 oL ].
({922‘3%‘ 4n Hj ‘Zj‘Q 8.%'18.%']

It follows that

(dd°F o L)" = <1> (9dF o L)"

™

=n! <i>ndet PzLO_L)} doy AdZy A ... A dz, A dZ,
m 02;0%;
=n! <%>ndet [628(57807?} dV (z)
—u(2) ﬁ (e {%} oL)av(s)
= # det [% (logn,...,log?“n)] %d@l...den,

where we used polar coordinates z; = r; % . Changing variables xj = logr;
we obtain

/( e @rFe Ly =

2 dry...drp
=n! f(O,Jroo)" (x det [—8281;]} )(log 71, ..., logry,) e

=n! [pn x(x) det [8fj£j (x)} dV(z) = [gn X MAR(F).

For a non-smooth convex function F' the positive measure M Ar(F') is the
real Monge-Ampere measure of F' (in the sense of Alexandrov [Gut01]). O

The following lemma is proved using an idea of Al Taylor [T82].

Lemma 2.3. If Fi,F, : R — R are convex functions such that F(x) —
+o0 as ||z|| = 400 and Fi(x) < Fy(x) for all x € R™, then

MAR(F1) < MAR(F3).
Rn Rn
Proof. Fix a compact K C (C*)", a number ¢ > 0, and consider the psh
function on (C*)™,
w:=max{FoL,(14+¢e)FaoLl —-C},
where the constant C' > 0 is chosen such that v = FjoL in a neighborhood of
K. Since Fy(z) — +o0 as ||z]| — +oo it follows that F} < Fy < (1+¢)F,—C

on R\ K for some compact L C R". Then L~!(K) C (C*)" is compact and
u=(l+¢e)Fy0L—C on (C*)"\ L~Y(K). We infer that

(1+¢)" / (dd°Fy 0 L) = / (ddu)" > / (dd°Fy o L)™.
() () K
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The lemma follows by using Lemma 2.2 and by letting K * (C*)" and
e \(0. O

2.2. Growth properties. Let P be a (compact) convex body in R™. Its
support function, which is also known as the indicator function, is the convex
function
Fp(x) := max(x, s).
p(e) = max(z, )

Its Legendre transform is the convex function

0, ifx e P,
GP(x)_{ +oo, if z &€ P.

If Py = 0+ P is the image of P under the translation by 9, and Py = AP
is the image of P under the dilation by A > 0, then

Fp,(z) = Fp(x)+ < v,z >, Gp,(s) =Gp(s —1),

Fam):Fﬂxw:AFﬁ@,Gﬂw):Gﬂiy

Lemma 2.4. Let F': R” — R be a convex function with Legendre transform
G. The following are equivalent:

(i) F < Fp+ C for some constant C;

(ii)) G = 400 on R™\ P;

(ii) VF(R™) C P.

Proof. To show that (i) = (ii), if F < Fp + C then G > Gp — C, so
G = Gp = oo on R"\ P. For (ii) = (iii), if s € VF(R") then G(s) < 400,
hence s € P by (ii).

To prove that (iii) = (i), let z € R"™ and note that if s € VF(R")
then s € P, so (s,z) < Fp(x). Since F' is locally Lipschitz along the line
t € R — tz we have

1 1 1
F(x)—F(O):/O %F(tﬂ:)dt:/o <VF(tx),x>dt§/0 Fp(z)dt = Fp(z).
(]

Lemma 2.5. Let Iy : R" — R be a smooth strictly convex function such
that Fp — C < Fy < Fp + C for some constant C. Then VFy : R™ — int P
is bijective and VGy : int P — R™ is its inverse, where Gg is the Legendre
transform of Fy. Moreover, if x is a continuous function with compact
support on R™ then

/ XMAR(FQ) = n'/ X © VGO dV, and MA]R(FQ) = n'vol(P) .
n int P R”

Proof. By Lemma 2.4 and Lemma 2.1 (), VFy : R® — P is injective.
As Fp — C < Fy we have that Gy < Gp + C, so Gy < C on P. Thus
int P C VFy(R™) by Lemma 2.1 (i7), and hence VFy(R™) = int P since VFy
is open. If z,2’ € VGy(s) then s = VFy(z) = VFy(2'), so z = z’. Hence
Gy is differentiable on int P and VG = (VFp)~!. The remaining assertions
of the lemma follow by the change of variables x = VGy(s), s = VFy(x), so

W@:@%y%]wm:%M@mmw

s xj
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Lemma 2.6. If 0 € int P then there exist constants a,b > 0 such that
bllz|| < Fp(x) < allz||, Vo € R"™.
Proof. 1f a,b > 0 are such that the closed balls B(0,b) C P C B(0,a), then
bllall = Fzp < Fr(e) < Fz.m = alal.
]

Lemma 2.7. Assume that 0 € int P and let F : R® — R be a convex
function with Legendre transform G, such that F' < Fp+C' for some constant
C. The following are equivalent:

(i) G(s) < +oo for all s € int P;

(i) for every e € (0,1) there is Mc >0 s.t. F'> (1 —¢)Fp — M. on R".
Moreover, these conditions imply that [z, MAr(F) = n!vol(P).

Proof. Note that

Fa-op(@) = sup(e, (1 - £)s) = (1 <) Fp(x).

Assume that G(s) < 4oo for all s € int P. Since 0 € int P, (1 —¢)P C
int P for ¢ € (0,1), so there exists M, > 0 such that G < M, on (1 —¢)P.
It follows that

Fe)> swp ((es) — G(s) > Fuoyp(a) — M. = (1 — )Fp(z) - M,
s€(l—e)P

Conversely, if F' > (1 —¢)Fp — M. = Fi_o)p — M, then G < G(1_o)p + M-,

so G(s) < M, for s € (1 —¢e)P. As € N\, 0 this implies that G(s) < +oo for

all s € int P.

By Lemma 2.6 we have that Fp(x) — 400 as [|z|| = +oo. Since F <
Fp + C, Lemmas 2.3 and 2.5 imply that

MA]R(F) S MAR(FP) = MA]R(F()) = n!vol(P),

where Fj is a function as in Lemma 2.5. Note that by (i), F(x) — +o0o as
||z|| — 400, hence Lemma 2.3 again shows that

MAR(F)E(l—s)" MAR(FP), V&E(O,l).
R?’L RTL

Letting € — 0 finishes the proof. O
We conclude this section with the following lemma:

Lemma 2.8. Let P be a compact convex body in R™ with nonempty interior
and G : P — RU {400} be a lower semicontinuous convex function. Then

/ Gldv .

Proof. If G > 0 on P then fPGdV > infp G - vol(P) and we are done.
Otherwise, consider the convex set S = {G < 0} C P. It suffices to show
that if p € int S then

1
—-G(p) < GldVv .
(n) < (21/(+1) — 1) vol(P) /P| |

| iII},f G| < (21/(n+1)
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We assume without loss of generality that p = 0 and use spherical coor-

dinates. For § € S" ! let 0 < a(f) < b(f) be defined by a(§)f € 95,
b(0)0 € OP. If o is the area measure on S"~! we have that

vol(P) = /S @da(e).

By convexity it follows that

G(th) < —G0) (t—a(0)) <0, if 0 <t<a(b),

G(th) > —

(t—a(f)) >0, ifa(d) <t <b(d).

Thus

/|G|dV > /S l/a(g a%;’ (0) — )"t do(0) +

i G(O n—1
/Sm/ Syt alo)rdrdo(o)

nb(9 n+1
n+1 SM( ay DO + a(e)>da(a)
Note that
nbntl 1 1
fla):= — (n+ 1" +2a" > f(b277HT) = (n + 1)(2747 — 1)b",
a

for 0 < a < b. Therefore

/ GV > i(o) e 1) [ bo)" do(6)
P sn-1

— _G( (21/(”le 1) vol(P

and we are done. O

3. TORIC ENERGY CLASSES

Let (X,w) be a toric compact Kéhler manifold of dimension n. Then X
is a compactification of the complex torus (C*)" such that the canonical
action by multiplication of (C*)™ on itself extends to a holomorphic action
of (C*)" on X. Moreover, there exists a smooth strictly convex function
Fp : R" — R such that w |(g«yn= dd°Fp o L, where L is defined in (1). If P
is the compact convex polytope determined by X then VFj : R™ — int P is
bijective and we may assume that 0 € int P. Let Gy denote the Legendre
transform of Fj.

3.1. Toric gpsh functions. A toric w-psh function on X is an w-psh func-
tion ¢ that is invariant under the (S1)" action induced by the (C*)™ action
on X. We denote by PSHy,(X,w) the class of such functions. It follows
that there exists a convex function F, : R" — R such that

FooL=FyoL+¢ on (C"" CX.

We denote by G, the Legendre transform on F,. Note that F, is continuous
on R™, hence ¢ is continuous on (C*)".
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We define the energy classes of toric w-psh functions by
Eior(X,w) = PSHypr(X,w) NE(X,w),
EL (X, w) = PSHypr(X,w) N EP(X,w),
Extor(X,w) = PSHyor (X, w) N E(X,w),
)-

where p > 0 and x € W (see sections 1.2, 1.3
We begin with the following simple lemma:

Lemma 3.1. There exists a constant C' > 0 such that
—C < Fy(z) — Fp(z) <C, Yz € R™.

Proof. Since VFy(R™) C P we have by Lemma 2.4 that Fy < Fp + C}
for some constant C;. Let ' € {w} be a Kihler form with associated
convex function F' such that its Legendre transform G is given by Guillemin’s
formula. Then F o L = Fyo L + 6 for some smooth w-psh function #. Hence
F < Fy+ Cy and G > Gy — Cy, for some constant Cy. Since G is bounded
above on P it follows that Gy < Gp + (3, and so Fy > Fp — (3, for some
constant Cs. 0

Our next result gives a characterization of toric w-psh functions:

Proposition 3.2. The following are equivalent:
(i) ¢ € PSHiopr (X, w);
(i) F, < Fp 4 C for some constant C;
(iii) G, = +00 on R™ \ P;
(iv) VF,(R™) C P.

Proof. If ¢ € PSH;or(X,w) then ¢ is bounded above on X, hence F, <
Fy + C’ for some constant C’, and (ii) follows by Lemma 3.1.

Conversely, if (i7) holds then by Lemma 3.1, F, < Fy + C’ for some
constant C’, hence ¢ < C" on (C*)™ C X. Since X \ (C*)™ is an analytic set
invariant under the (S')" action, we conclude that ¢ extends to an w-psh
function on X which is (S1)" invariant.

The remaining equivalences (ii) < (i) < (iv) follow from Lemma 2.4.

(]

Proposition 3.3. If p € PSHy (X, w) then

1
<c GyldV
supw = Cp + (21/(+1) — 1) vol(P) /p| AV

where Cp = supp Gy = supp~ (Fp — Fp).

Proof. Note that, for a constant C, one has F, — Fp < C on R" if and only
if Gg — Gy, < C on P. It follows that

sup ¢ = sup(F, — Fy) = sup(Go — G,) < Cp —inf G,
X R P P
and the proposition follows from Lemma 2.8. U

Example 3.4. Let X = F; be the blow up of P? at a toric point p. It is
a geometrically ruled surface. We let F' denote a generic fiber, E be the
exceptional divisor, and H = E + F the total transform of a line through
p. The cohomology classes of F' and H are both semi-positive and generate
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HY'(X,R). Any Kéhler class {w} is cohomologous to aH +bF, with a,b > 0.
In coordinates z € (C*)? it can be represented by

1
w = awy + bwy, where wy = 3 dd®log(1 + ||z||?), we = dd°log ||z|.
The convex function associated to w is
b
Fy(z) = g log (1 + X 4 62$2) + 2 log (62931 + 62$2) ,

and P = VFy(R?) is the polytope
P={51>0,5>0,b<s1+s2<a+b}.

Thus d = 4, {1(s) = s1, la(s) = s9, l3(s) = a+b— 51 — s2, and ly(s) =
s1+ so — b. For s € P, the Legendre transform of Fj is given by

1
Go(s) = 3 [81 log s1 + salogsa + (a+b—s1 — s2)log(a+b—s; —s2)+

(514 s2 — b)log(s1 + s2 — b) — (s1 + s2)log(s1 + s2) — alogal.
3.2. The class &y (X, w).

Definition 3.5. Let F' : R™ — R be a convex function such that ' < Fp+C.
We say that F' has full Monge-Ampére mass if

Rn R

Recall that a toric point of X is a point fixed by the action of the complex
torus (C*)™ on X.

Theorem 3.6. Let ¢ € PSHy, (X,w). The following are equivalent:
(i) ¢ € Eror (X, w);
(it) Gy, is finite on int P;
(iit) F, has full Monge-Ampére mass;
(iv) for every € > 0 there exists a compact set K. C (C*)™ such that

s [log|zal|} on (C)™\ K.

(v) the Lelong numbers v(p,p) =0 for allp € X.
(vi) the Lelong numbers v(p,p) = 0 at all toric points p € X.

Proof. To prove that (i) = (i7), if ¢ € Eor (X,w) then ¢ € &, 4o (X, w) for
some function x € W. By Proposition 3.9 following this proof, G, € L, (P),
so G, < 400 a.e. on P. Since G, is convex, this implies that G (s) < 400
for all s € int P. The implication (i7) = (iii) follows from Lemma 2.7.

We next prove that (i77) = (i). Consider the measure (wj;) defined as
the non-pluripolar product of the positive closed currents w, := w + ddp
[BEGZ10, Definition 1.1]. As ¢ is locally bounded on (C*)"™, the Bedford-
Taylor product wj; = wy A ... Aw, is well defined on (C*)" [BT76, BT82].
Since (C*)™ = X \ A, where A is an analytic subset of X, it follows from
[BEGZ10, p. 204, Proposition 1.6] that (wg) is the trivial extension of w}} to
X. Then

(w")z/ wl = / (dd°F, o L)"
/X 2 S ? e

= | MAR(F,) = | MAg(F)= / W
R» R™ X

¢(z) > —emax {|log |21]
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Therefore (wj) has full mass, so ¢ € Eor(X,w) and MA(p) = (W)
[BEGZ10, Sect. 2].
To show that (i) = (iv), let € > 0. Using Lemmas 2.7 and 3.1 we get

o= (F,—Fy)oL>—-cFpoL—-C—DM,,

with some constants C, M, > 0. By Lemma 2.6 there exists a constant a > 0
such that Fp(z) < amax{|z1|,...,|zs|}. These imply that

yeeey

log ]an}

for z € (C*)"\ K., where K. = {eFpo L < C + M._}.

Conversely, to prove that (iv) = (ii), we let € € (0,1) and by applying
Lemma 2.7 we need to show that there exists M, > 0 such that F, >
(1 —¢e)Fp — M.. By Lemma 2.6 we have Fp(z) > bmax{|z1|,...,|z,|} for
some constant b > 0. Using (iv) and Lemma 3.1 we obtain that

Fp(L(2)) = Fo(L(2)) + #(2)
> Fp(L(z)) — C — be max {| log |21
> (1-)Fp(L(2) - C,

for z € (C*)" \ K., where K. C (C*)" is a compact set. Since F,, Fp are
continuous this implies that Fi,(L(z)) > (1 —¢)Fp(L(z)) — M. on (C*)", for
some constant M, > C.

Recall that functions in the class £(X,w) have zero Lelong number at
each point. To complete the proof we assume that ¢ € PSHy, (X, w) has
zero Lelong number at all the toric points of X and show that (iv) holds.

Let € > 0 and let py, ..., pn be the toric points of X. We denote as before
by z = (z1,...,2,) the coordinates on the complex torus (C*)" C X. For
1 < j < N, there exists an open set p; € V; C X and a biholomorphic
map ®; : V; = C" such that ®;(p;) = 0, (C*)" C Vj, ;((C*)") = (C)™,
and X = V3 U...UVy (see e.g. [ALZ16, Proposition 4.4] and its proof).
Moreover, if ®;(z) = ¢ = ((1,..., () then

(log [Ci]s---,1og |Cnl) = Aj(log |21, ... ,log|2y|), where A; € GL,(Z).

¢(z) > —2as max {|log |z

log \an}

gy

We denote by [|A;||« the operator norm of A; with respect to the sup norm
(ie. [|[4Ajz]loc < ||Ajlloollz]|oc) and let v := max{||A1]|cc;- -, [|AN]||oc }. Since
X is compact we can find R > 0 such that X = Ujvzl @;%A"(O, R)), where
A™(0, R) € C™ is the open polydisc of radius R centered at 0.

We have that (@;1)*(w l(c*yn ) = dchg o L, where L(C1,...,(n) =
(log |1, - - - ,1og |¢n]) and Fg : R™ — R is a smooth strictly convex function
such that Fg o L extends to a smooth psh function on C™. It follows that
VFg (R™) C (0, +00)™. Moreover, there exists a convex function Fg R —
R such that VF%(]R") C [0,400)™ and Fé oL = Fg oL+¢po @;1 on (C*)™.
The function Fq],' o L extends to a psh function on C" and has Lelong number
V(Fg o L,0) = 0, since Lelong numbers are invariant under biholomorphic
maps. Hence there exists r; = r;(¢) > 0 such that Fg(log ry...,logr) >
5 logr for 0 < r < ;. Since Fé is increasing in each variables this implies

. £ .
Fc,jo(log ’61‘7 P ‘Cn’) > 5 mln{log ’61’7 ..., log ’Cn’} )
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if min{|C1],...,|¢u|} < 7. So there exists a constant M, > 0 such that
o @1 (C) = FLo L(C) = Ff o L(¢) = - min{log|Ci], ., log|Gal} = M.
for ¢ € A™(0, R) with min{|(1],...,|¢s|} < 7;. By shrinking r; we obtain
po®;1(¢) > emin{log[¢i],. .. ,1og[Gal} = —emax {[log [¢1]],. ., [log |¢al| },
for ¢ € A™(0, R) with min{|(1[,...,|¢u|} < rj. It follows that
p(2) = e max {[1ogla ]| ... 1o =]}
if z € Uj := (C*)"N®; ' (A™(0, R)N{¢ € C" - min{|G1l,..., [¢al} < 7}). We

note that U, := Ujvzl U; C (C*)™ is open and K, := (C*)" \ U; is compact.
Moreover the above lower estimate on ¢ holds on (C*)™\ K. This concludes
the proof. O

Corollary 3.7. If ¢ € &0 (X, w) and x is a nonnegative continuous func-
tion on R™ then

/ (x o L) (dd°F,, o L)" = / Y MAR(F,) = n! / X(VGo(s)) dV (s).
(C*)» n int P

Proof. The first equality follows from Lemma 2.2. The second one follows
from [BeBel3, Lemma 2.7], since Fi, has full Monge-Ampére mass by The-
orem 3.6. O

Examples 3.8. If X = P" is the complex projective space and w is the
Fubini-Study Kihler form, then Fy(z) = 3 log (1437 ;€*) and P =
VEy(R") is the simplex

n
P:{sizo,lgign,Zsigl}.

i=1
Thus d =n+1, ¢;i(s) =s; for 1 <i <n, and lp11(s) =1 - ", s. The
Legendre transform of Fj is

1 n n n
Go(s) = 3 Zsilogsi + 11— Zsj log [ 1— Zsj
i=1 j=1 j=1
This coincides with the function given by Guillemin’s formula.
1) Let [z] = [20 : 21 : ... : z,] denote the homogeneous coordinates on P™.
The function
p1[z] = log|z1| —log |||
is w-psh and toric. It does not belong to the class &, (X,w) since it has
positive Lelong numbers along the toric hyperplane (z; = 0). The associated
convex function F; : R™ — R is given by Fj(x) = x; and its Legendre
transform is
Gi(s) =0if s = (1,0,...,0),
and G1(s) = +oo otherwise.
2) The function

palz] = mas log|ai| — log 2|
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is w-psh and toric. It does not belong to the class &, (X,w) since it has
one positive Lelong number at the point [1:0: ---: 0]. The corresponding
convex function is F5(z) = max;<i<p ; and its Legendre transform is

n
GQ(S):OifSE{SiZO,lgiSTL,Zsizl}’

i=1
and Ga(s) = +oo otherwise.

3.3. The classes &, ;or(X,w). If x € W we define L, (P) to be the set of
lower semicontinuous functions G : P — R U {+o0} such that

/ —X(mlinG —G(s)) dV(s) < +o0.
P

Proposition 3.9. Let ¢ € PSHyor(X,w). If x € W and ¢ € & 1or(X,w)
then G, € Ly(P). Conversely, if p > 1 and G, € LP(P) then ¢ €
& (X, w).

tor

Proof. For the first claim, let ¢ € PSH;,(X,w) N L>(X) be such that F,
is smooth and strictly convex, and F, < Fp < Fy. We prove the following
a priori estimate:
1
[ xGonave <o [ —xioma).

int P nJx
Note that ¢ <0 on X and G, > Gp = 0 on P. Moreover, by Proposition
4.1 and Lemma 2.5, VF, : R" — int P is bijective. Since Fy > Fp and
Fy(x) = (x,s) — Gy(s) for £ = VG, (s), we obtain
(Fo — Fp) o VGy(s) = (Fp—Fy,)oVGy(s)

= Fp(VGyu(s)) = (VGy(s),8) + Gyu(s) > Gy(s) > 0,

where s € int P and the last estimate follows from the definition of Fp.
Applying Lemmas 2.5 and 2.2 we get

/ G V() < / —X((Fp — Fy) 0 VGy(s)) dV (s)

int P
1

— = | X~ ) Max(F,)
1

= —x(p) MA(p) .

Let now ¢ € & or(X,w) be such that F, < Fp — 1. There exists a
sequence ¢; € PSH, (X, w) N L>®(X) such that ¢; \, ¢, the associated
functions F%. are smooth and strictly convex, and F%. < Fp. Then

/ —x(5) MA(p}) — / —x() MA(9)
X X

as j — +o0. Since Gy, /" Gy, it follows by the a priori estimate applied to
¢; and the monotone convergence theorem that

[ xGuaves) < o1 [ —x(e)dap) < +oc.
P oYX

so G, € Ly (P). This concludes the proof of the first claim.
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Conversely, let p > 1 and consider the space of Kahler potentials H =
{p €C®(X): w+dd°p > 0} endowed with the metric

1 1/p
dp(‘Ph‘PQ) = ll’lf/ </ ‘@f‘p MA(‘Pt)) dta Y1, P2 S Ha
0 X

where the infimum is taken over all smooth paths ¢ € [0,1] — ¢; € H joining
1 to @o. It is shown in [Darl5, Theorem 3] that if 1,2 € H then

(2) /X lo1 — @2|P MA(p1) < Cpdp(p1,92)?,

for some constant C}, > 1 depending on p. On the other hand if @1, p2 € HN
PSH;, (X, w) are determined by the convex functions Fi, F» with Legendre
transforms G, G, then, by [G14, Proposition 4.3],

3) dy (1, 02)? = /P Gy — GafP V.

If o € HNPSHyor (X, w) we apply (2) and (3) with ¢; = ¢ and @9 = 0, and
obtain that

/X ’(P’p MA(‘P) < Cp/P ‘Gso_GO‘p av < 2p710p (HGc;’Hip(P) + HGOHIzp(P)> .

Let now ¢ € PSH;or(X,w) be such that G, € LP(P), and take a sequence
¢j € H N PSHor(X,w) such that p; \, ¢. Then Gy, ' G, so by the
above estimate applied to ¢; and dominated convergence we conclude that
sup; [y lo;lP MA(pj) < 400. Hence ¢ € &, (X, w). O

tor

Example 3.10. Let X = P! and w be the Fubini-Study Kihler form. By
Examples 3.8 the corresponding convex function is Fy(z) = % log (1 + 629”)
and P = Fj(R) = [0,1]. Let ¢ be the toric w-sh function associated to
the convex function F(x) := Fp(x) = max(z,0). Note that the Legendre
transform of F' is G = 0 on [0,1], and dd°F(log|z|) is the (normalized)
Lebesgue measure on the unit circle S  P!. We consider the sequence of
toric w-sh {¢;} defined by the convex functions

Fj(x) = (1 - ¢;)F(z) + g max(z, —Cj),

where €; decreases to 0, while C; increases to +o00. A straightforward com-
putation yields that the corresponding Legendre transforms are

G,(s) = max (Cj(gj — 5),0), 0 < s < 1.

Note that
0i(z) —p(z) = —¢j log™ |z + e max(log |z|, —C})
—,;C; 2| < e i,
= { g;log|z|, e i <|z| < 1,
0, |z] > 1.

Thus we obtain the following;:
e ¢, — ¢ in L' if and only if £; — 0;
e ¢; — @ in L if and only if £;C; — 0;
e ; — ¢ in Wb (the natural topology on £'(X,w)) if and only if
e’:‘?Cj — 0.
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3.4. Finite moments. It is tempting to think that one can characterize
the condition ¢ € &L (X,w) by a finite moment condition, as follows. Let
© € Eor(X,w), ur(p) := MAR(Fy,), 0 < ¢ < n, and ¢* = ng/(n — q) denote
its Sobolev conjugate exponent. Does one have

€ £l (Xw) = [ ol dun(p) < oo ?
Rn

This question was raised by E. Di Nezza, who showed in [DiN15, Propo-
sition 2.5] that, if ¢ € & (X, w), n > 2 and 1 < ¢ < n, then

/ 2|7 dpr(e) < +00 — o € £ (X, w).
Rn

We have the following partial answer to this question in dimension n =1,
i.e. when X = P! and w = wpg:

Proposition 3.11. Let (X,w) = (PY,wrs), ¢ € Eor(X,w), and 0 < g < 1.
(i) If ¢ > 1/2 and [ |z|? dur(p) < +oo then ¢ € EL (X, w).
(i1) If ¢ € Eby (X, ) then fy lal? duz(p) < +00 for all q < 1/2.
(iii) There exists a function ¢ € EL, (X, w) with [ |2|'/? dur(p) = +oc.

tor
Proof. Recall that in this case P = [0, 1] (see Example 3.10).

(i) Replacing ¢ by ¢ + C we may assume that miny ) G, = Gy(a) =0
for some a € [0,1]. Note that G, is convex and finite, so it is differentiable
a.e. on (0,1). Let s,t € (0,1) be such that Gi,(s),G,(t) exist and ¢ is
between a and s. Since G, is convex and it assumes its minimum at a we
have |G7,(t)| < |G,(s)]. Tt follows that

/G’ dt‘
1— 1—
< |G ()] / \Gw)\th\sr(};(s)r : /O L] dr.

Using Corollary 3.7 we obtain

f cwortsan< ([lieucora) - [ 16
— </01 G (s)]? ds>fl“ _ </R mwd/@(@))ﬁ .

Since ¢/(1 — ¢) > 1, Proposition 3.9 yields that ¢ € 51 (X, w).

tor
(ii) Let ¢ € &L, (X,w) and ¢ < 1/2. Then G, € L'(P) by Proposition
3.9. The conclusion follows by showing that if F, < Fp on R then

JRE A=) ) 1Gol,

Note that it suffices to prove this in the case when ¢ is bounded. Indeed,
if ¢ € &L, (X,w) is such that F, < Fp on R, then there exists a sequence
of bounded toric w-psh functions ¢; “\, ¢ such that F,, < Fp on R. Hence

0 <Gyl

/ GG >\th\
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0 < Gy, /Gy Since pur(p;) — pr(p) weakly on R it follows by the
monotone convergence theorem that

- 2(1 —q)
q < q N < q
| Jaltdua() < timin [ Jolt (i) < 52 G

Assume that ¢ is a bounded toric w-psh function such that F, < Fp.
Then G, > 0 is a continuous convex function on [0, 1], and we fix a € [0, 1]
such that miny ;) Gy, = Gy(a) > 0. Applying Holder’s inequality with
p=1/(1—q) we get, since 1/(1 —pq) = (1 —q)/(1 —2q) > 1, that

; ]Gfp(s)]qu:/o s_q(—sG:O(s))qu

< ([ ([ sma)
<—aG¢(a) 4 /0 " Gu(s) d5>q ( /0 L ds> ’

1—g¢q
1-2

IN

IN

‘PHLI .

Similarly,

1 1
[ e s = [ a5 )6, ds

< ([u-scwm)'([a-gma)’
<_(1 _a)G(a) + /: Go(s) ds>q (/01(1 _ gy dsf

l—gq

IN

Using the last two estimates and Corollary 3.7 we obtain

[ lel* dus o) /|G' lods < 52,1,

(#43) Let ¢ € PSHyor(X,w) be determined by a convex function Fy, defined
as follows on the prescribed intervals and smooth on R:

{x—M if x > €3,

Inzx

m:
o) 0 if £ <0.

Note that F,(z) < 2 < Fy(z) = 3 log (1+¢*) for z > 0, and ¢ €
Eior(X,w) since F, has full Monge-Ampere mass. Moreover,

1 1—8(Inwz)~2

- - < FI/ ) = ,

1823/2Inx — e (@) 20¢3/2Inz ~ 223/2nx

Therefore

for z > €.

1
1/2F// d > d — .
/| | = 18 zlnzx T = 4o
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Since ¢ € & (X, w) the measure M A(yp) does not charge polar sets. Hence

/! +002 X /!
L{(—w)MA(w):/R(Fo—F@)F@ §C+/ W g () da

3 Inxz ¥

+o0 1
<C —d
- +/e z(Inx)? T < Foo,

3

for some constant C, which implies that ¢ € £L,.(X,w). O

4. HIGHER REGULARITY
4.1. Continuous toric functions. These can be characterized as follows:

Proposition 4.1. Let ¢ € PSHy,-(X,w). The following are equivalent:
(i) ¢ is continuous on X ;
(ii) @ € L(X);
(i) Fp — C < F, < Fp+ C for some constant C > 0;
(w) Gp —C <Gy, < Gp+ C for some constant C > 0.
Moreover, we have in this case ||[Fy — Fp||poomn) = [|GollLoo(p)-

Proof. Assume that ¢ € PSHy,(X,w) is bounded. Using the notation from
the proof of Theorem 3.6 we let pi1,...,pxy be the toric points of X and
pj € V; C X be open sets with biholomorphic maps ®; : V; — C™ such that
@5(p;) = 0, (T € Vj, B;(C)") = (C)", X = Vi U... U Vy. I L(C) =
(log |C1], - .., 1log|Cnl), ¢ € C™ = ®,(V;), there exist convex functions F, Fy :
R™ — R such that F} o L, Fjj o L extend to a psh function, respectively to a
smooth psh function, on C", and FioL = FjoL+po <I>j_1 on (C*)™. Since
 is bounded and polyradial psh functions on C™ are continuous, this shows
that ¢ is continuous on each Vj, hence on X.

Using Lemma 3.1 we see immediately that (i) < (i4i), while (ii7) < (iv)
follows from the definition of the Legendre transform. Moreover, if (ii7)
holds with a constant C' then (iv) holds with the same constant, and vice
versa. This implies the last claim. O

We note that assertion (7i¢) in Proposition 4.1 is equivalent to the condi-
tion that G = 400 on R™\ P and G is bounded above on P.

4.2. Log-Lipschitz Legendre transforms. Recall that a continuous func-
tion u : @ C R™ — R is Log-Lipschitz if its modulus of continuity w,(x,r)
is locally bounded from above by Crlogr.

In order to prove Theorem C we need the following preliminary results.

Lemma 4.2. Letn>1 and
1
I(A) = / "+ A D log(1 + A7 dt, A > 0.
0

If0<z<1/e and \; = (n+ 3)zlog L then xI(\,) < 1.
Proof. We have

1 14+ 1 1 14X n—-1 n-1
I\ < P Ax Dlog—Zdt ==+ =1 .
()_/0( + )og)\tn_1 <)\+n> 0g——+—5—+—3
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Since x < 1/e we have that 1 + A\, <1+ (n+ 3)/e and

log1+ xSlogl—i-log(L—i—l)—loglogl<logl.
" T n+3 e T T
Therefore
IQQ<<%+%%gl+an+%
o1 (-1 111
(n+3)z  (n+3)zlogd n Tz 0

1 n T 1 x 1 n 2 1
< - +—log—+—-| < - +— ) <—.
r\n+3 n x n r\n+3 ne T

Proposition 4.3. Let P C R" be a compact convex polytope and f : int P —
R be a locally Lipschitz function. If eIVl e LY(P) for some e > 0 then f
extends to a Log-Lipschitz function on P.

O

Proof. If n =1 then P = [a,b], and for a < s1 < s < b it follows by Jensen’s
inequality that

flo2) = s < 7 [ elf Ol dr < 2 tog ( - /f< dt>

€ Jsy

A

!
So — 81 log He€|f |HL1[a,b]
€ S9 —S1

<

We consider next the case n > 1. Since P is convex there exists a constant
¢ € (0,1) with the following property: for every si,se € P there exists a
compact subset A of the hyperplane perpendicular to the segment [s1, so] at
its midpoint such that A C int P and

|51 — sa]

(4) sy — sl < V1(A) < 1, 51— < for all o € A,

where V,,_1(A) is the (n — 1)-dimensional Hausdorff measure of A. Note
that we then have [|sg — o < w for all o € A.

We will show that if sq,s9 € int P are such that ||s; — sg| < % then
5 — <2C|s1 — log ————
) (50) = Flsa)] < 20 = sl log 2

where

_nts3 vl
C= o max(l,”e€ HLl(P)>’

This clearly implies that f extends to a Log-Lipschitz function on P.
Fix 1,89 € int P with |[s1 — sa|| < 2 and let A be a set as in (4). Note
that (5) follows if we prove that

(6) f(s1) — m/AJCanI

since the same holds with s in place of s7.
We may assume that s; = (0,a) € R* ! x R, with @ > 0, and that
A= B x {0} c R""! x {0}. Then [[s; — s2| = 2a. We set o = (¢/,0) € A

< C|ls1 — s2l| log

clls1 — saf™’
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for ¢/ € B. Since f is locally Lipschitz on int P and, by (4), ||s1 — o] < a/c
for o € A, we obtain

Vs B (s1) = [ 7(0)Via(0))] =
|/B/01<Vf((1 —t)s1 +to), 51— o) dt dVy_1(0”)|
™) <[ VA = )51 + 1) s — ol de Vi1 (o)
<@ [ [ 195 =t + ) dravia (o)
:
== [ [ Vs s vt

where p is the measure on B x [0,1] given by du = at"~'dt dV,,_;.

Consider the weight x(z) = (z 4+ 1)log(z + 1) — x, x > 0, with conjugate
weight (Legendre transform) x*(y) = ¢ —y — 1, y > 0, and the Orlicz
spaces LX(B x [0,1], ) and LX (B x [0,1], ). Recall that the norm on
LX(B x [0,1], p) is given by

gl = int {A cos [l < 1} |
Bx[0,1]

and one has that ||g||, < max <1, fo[o,l] x(lg]) d,u).
Estimating the last integral in (7) by the multiplicative Holder-Young
inequality (see [BBEGZ, Proposition 2.15] or [RR91]) we get

Vo (B)f(50)= [ f(0) Vs (o)
(8) b

2
I _ —n+1
< = Jelvs(a -1 T

If T is the cone in R™ with vertex s; and base A then

/ VI gy — / V=051 40 g,
T Bx[0,1]

Since x*(y) < €Y it follows that

. < max 1,/ VA=D1t g
o Bx[0,1]
<max< / vl dV)
P

It remains to estimate the second Orlicz norm in (8). We have

/ (N dpp =
Bx0,1]

1 t7n+1 t*n+1 t*n+1
:/B/O [( T D log ((—+1) - —; ]at"‘ldthn_l,

< aVp_1(B)I(N),

el V(1 =1)
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where () is the function from Lemma 4.2. Note that
aVp-1(B) < [[s1 — s2l|/2 < 1/e,

since ¢||s1 — 52" < V,,_1(B) = V,,_1(A) < 1 by (4). Lemma 4.2 implies
that

1

_1(B)I <1, if = _1(B)log ——
aVp—1(B)I(Xg) <1, if \g = (n+ 3)aV,_1( )OgaVn_l(B)’

hence

|7, = inf {)\ >0: / XN dp < 1}
Bx[0,1]

1

< o < (n+3)aV,-1(B)log s — sl la”

By (8) we conclude that

He0 57 [ F@Via()] <

2(n + 3)
ec

This yields (6), since a = ||s; — s2|/2, and the proof is finished. O

1

max <17 Heeﬂvf” HLl(P)) alog m .

We now prove Theorem C stated in the Introduction.

Theorem 4.4. Let ¢ € & (X,w). The following properties are equivalent:
(i) There exists € > 0 such that exp(—ePSHyor (X, w)) C LY M A(p));
(ii) There exists € > 0 such that efIVGel € L1(P);

(1it) The function G is Log-Lipschitz on P.
(iv) There exists a constant C' > 0 such that |[VG,(s)|| < C'log W

holds for almost all s € int P.

Recall that Guillemin’s potentials are only Log-Lipschitz continuous on
the Delzant polytope P, although they correspond to smooth toric w-psh
functions on X. The observation we make here is that this regularity actually
corresponds to a class of toric w-psh functions which seem to be merely
Holder continuous on X (see Remark 4.5).

Proof. We set pur(yp) := MARr(F,). Since ¢ € &or(X,w) the measure
M A(y) does not charge pluripolar sets, so by Lemma 2.2,

[ = [ e e g eny = [ e e dug ),
X (C*)m

n

for every ¢ € PSHy, (X,w). Using Lemma 3.1 and Proposition 3.2, it
follows that (7) is equivalent to condition
(") / e *F=FP) qup(¢) < 400, VF : R™ — R convex function with
Rn
F < Fp+0O(1) on R".

To show (i') < (i), we may assume that 0 € int P and we fix constants
a,b > 0 such that the closed balls B(0,b) C P C B(0,a). Then by Lemma
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2.6, b||z|| < Fp(x) < a|lz|. If (/) holds, we apply it with F' = 0 to conclude
by Corollary 3.7 that

/ TGO gy (5) = / el g () < / eFP@) i () < +o0,
int P n n

which gives (ii). Conversely, assume (i) holds and let F' be a function as
in (¢'). Then by Proposition 3.2, VF(R™) C P C B(0,a), so

1
F(z) = F(0) —i—/o (VF(tx),z)dt > —allz| + F(0).
Therefore Fp(z) — F(z) < 2a|z|| — F(0) and

/ e~ 35 (F=FP) dup (o) < ezEaF(O)/ eIl dpg ()

n

€

_ = F0) / eIV gy (5) < to0,
int P

so (i') holds.

Proposition 4.3 shows that (i) implies (iii). We prove next that (ii7)
implies (7v). Since G, is Log-Lipschitz on the compact polytope P it follows
that there exists a constant C' > 0 such that ||s — s'|| < C/2 and

C

|Gy(s) — Gyu(s')] < Clls — 5’| log Ts=o

for all s,s’ € P. Let s € int P be such that G, is differentiable at s,
VG, (s) # 0, and let v be the unit vector in the direction of VG, (s). We

consider the convex function
g(t) = Gp(s+tv), 0 <t <t

where t* > 0 is defined such that s* := s+ t*v € 9P. Then t* = ||s* — s|| >
dist(s,0P) and
g(t*) —g(0) _ Gy(s*) — Gy(s)

!
V — < —
| ch(s)H g'(0) < e [s* — s||

< Clog

C
< —_—.
< Clog dist(s,9P)

ls* = s
Finally, we note that (iv) clearly implies that (iz) holds with & > 0 small
enough, and the proof is complete. O

Remark 4.5. It is tempting to think that these conditions are all equivalent
to the fact that ¢ is Holder continuous. This is easily seen to be the case
when n = 1. We refer the interested reader to [DDGHKZ14] for more
information, geometric motivations, and related questions connecting the
Holder continuity of Monge-Ampére potentials to the integrability properties
of the associated complex Monge-Ampere measure.

Example 4.6. Fix 0 < o < 1 and consider the convex function F': R — R
defined by F(z) = e** when v < 0 and F(z) = z + 1 when z > 0. It
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determines a Hélder continuous toric wpg-psh function ¢ on P!, which is

defined in C by

) |z|* —log /1 + |z|? if |2] <1,
Z) =
4 log|z| +1—log /I + 22 if |2] > 1.

We let the reader check that the Legendre transform of F' is given by

S S S 3
Zlog2 -2 if0<s<aq,

G(s) = .
-1 fa<s<l.
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