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Abstract. In the paper, the authors introduce the concepts “(«, s)-convex function”
and “(a, s, m)-convex function” and establish some new integral inequalities of the
Hermite-Hadamard type for (o, s)-convex and (a, s, m)-convex functions in terms of
the classical Euler beta, gamma, and polygamma functions.

Keywords: integral inequality; (a,s)-convex function; («, s, m)-convex function;
Hermite-Hadamard type; beta function; gamma function; polygamma function

1. Introduction

We first recite some definitions of various convex functions.

Definition 1.1. A function f: I C R = (—o00,00) — R is said to be convex if

fOz+(1=Ny) <Af(@) + (1 =N f(y)
for all x,y € I and A € [0,1].

Definition 1.2 ([24]). For f : [0,b] — Ro = [0,00) with b > 0 and some
€ (0,1], if
fltz+m(l—t)y) <tf(z) +m(l—1t)f(y)

for x,y € [0,b] and t € [0,1], then we say that f is an m-convex function on
[0, ].

*. Corresponding author
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Definition 1.3 ([12]). For f :[0,b] — Ry with b > 0 and (o, m) € (0,1]?, if

[tz +m(1—t)y) < t*f(x) +m(1 —1%)f(y)

for all z,y € [0,b] and ¢t € [0,1], then we say that f(x) is an (a, m)-convex
function on [0, b].

Definition 1.4 ([4, 9]). Let s € (0, 1] be a real number. A function f: R — Ry
is said to be s-convex (in the second sense) if

flte+ (1 =t)y) <t°f(x) + (1 -1)°f(y)
for all z,y € I and ¢ € [0, 1].

Definition 1.5 (]28]). For some s € [—1,1], a function f: I C R — R is said
to be extended s-convex if

fltz+ (1 —t)y) <t°f(x) + (1 - )" f(y)
for all z,y € I and ¢t € (0,1).

Definition 1.6 ([33]). For some (s, m) € [—1,1] x (0, 1], a function f : [0,b] —
Ry is said to be extended (s, m)-convex if

f(te +m(1 —t)y) <t°f(x) +m(l —1)*f(y)
for all z,y € I and t € (0,1).

The famous Hermite-Hadamard integral inequality for convex functions and
some of its diverse generalizations can be reformulated as follows.

Theorem 1.1. If f : I C R — R is a convex function on the interval I and
a,b € I with a < b, then

(252)e it [ o< 20510

Theorem 1.2 ([5]). Let f:I° CR — R be a differentiable mapping on I° and
a,b e I° with a < b. If |f'(x)| is convez on [a,b], then

‘f )+ f(0) _a/f ’ b—a)(\f’(S)\Hf’(b)!).

Theorem 1.3 ([10, Theorems 2.3 and 2.4]). Let f : I C Ry — R be differentiable
on I° and a,b € I with a <b. If |f'(x)|P is s-convex on [a,b] for some s € (0,1]
and p > 1, then

UCORETREE

1/p
<t ( A ) (17 (@) + 1£®))

p+1
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and

(55)-a [ <232 () {urare

+ 31 )P/ ”*’ (31 (@)D | f B/ o]

For more information on integral inequalities of the Hermite-Hadamard type
for various kinds of convex functions, please refer to the monograph [6, 8, 13, 14],
to recently published papers [2, 3, 5, 7, 11, 15, 16, 17, 18, 19, 20, 21, 22, 23, 25,
26, 28, 29, 30, 31, 32|, and to the closely related references therein.

In this paper, we introduce two new concepts “(a, s)-convex function” and
“(ar, s, m)-convex function” and present inequalities of Hermite-Hadamard type
for functions whose twice differentiation are of («, s, m)-convexity.

2. Two definitions and two lemmas

We introduce the notions of “(«, s)-convex function” and “(«, s, m)-convex func-
tion”.

Definition 2.1. For some s € [—1,1] and « € (0,1], a function f: I CR — R
is said to be (a, s)-convex if

fltz+ (1 —t)y) <t f(z) + (1 —t*)°f(y)
for all z,y € [ and t € (0,1).

Definition 2.2. For some s € [—1,1] and (a, m) € (0, 1]?, a function f : [0,b] —
R is said to be («, s, m)-convex if

ftz+m(l—t)y) <t*f(z) +m(l —t%)°f(y)
for all z,y € [0,b] and ¢ € (0,1).
Remark 2.1. By Definition 2.2, we see that
1. if s =1, then f(z) is an (a, m)-convex function on (0, b];
2. if @ =1, then f(x) is an extended (s, m)-convex function on (0, b];
3. if a =m =1, then f(z) is an extended s-convex function on (0, b];
4. if o = s =m =1, then f(z) is a convex function on (0, b].

This means that Definitions (2.1) and (2.2) are significant.

For establishing new integral inequalities of the Hermite-Hadamard type for
(a, s)-convex and («, s, m)-convex functions, we need the following lemmas.
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Lemma 2.1. Let f : I CR — R be a twice differentiable function on I° and
a,be I witha <b. If f’ € L1([a,b]), then

Hf(a)wf(“;b) +f(b)} - bia/abf(:c)dx: (b16a)2

X /Olt(l—t) {f”<at+(1—t)a;b> +f”<ta;b+(1—t)b)]dt.

Proof. Integrating by parts and changing variable of integral give

/Olt(l—t)f”(at—i—(l—t)a;b)dt

1
_ bfa/o (1—2t)f’(at+(1—t)a_2'—b>dt

o1 [ e 0o

- m [f(a) + f<a ; b)] G 16@)3 /a(““’)/? f(z)dx
and

/01 t(1—1t)f" <ta_2H) + (1 - t)b) dt

NG —4a)2 [f (a ; S+ f(b)>] - (biGG)?’ /(:+b)/2 Jlw)de:

The proof of Lemma 2.1 is complete. O

Lemma 2.2. Let a € (0,1] and s € [-1,1]. Then

1. when s € (—1,1], we have

M(a,s) 2 /01 K1 — £)(1 — )%t

1
_ [B<s+1,2> —B<s+1,3>];
Q Q@ «@
2. when s = —1, we have

L1 - 1 2
i) ()
0o 1—1to o o o]
where I'(x), B(x,y), and ¢(x) are the classical Euler gamma, beta, and psi
functions defined respectively by

(2.1)

1 1
(2.2) I'(z) = / tmfleftdt, B(z,y) = / tx*1(1 _ t)yfldty
0 0
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and

(2.3) o(z) = L@ /Ooo [e_t - e_xt] dt

for R(z), R(y) > 0.

Proof. Let u =t for ¢t € [0,1]. If s € (—1, 1], we have

M(a,s) = /Olt(l —t)(1 — t*)*dt
= ; /01 (u¥ ot — o) (1 — u)*du = ;[B(.s +1, i) — B(s +1, zﬂ

When s = —1, from the formulas

Ly — ¢t Sl A dt
= dt d = —et) =
vty = [ e and o= [T e)S

in [1, p. 259, 6.3.22], it is easily to deduce

Ltr—t) 1 [ruety¥et 1l /3 2
] ORI 6)

The proof of Lemma 2.2 is complete. O

3. Integral inequalities of Hermite—Hadamard type

Now we start out to establish some new integral inequalities of the Hermite—
Hadamard type for («, s, m)-convex functions.

Theorem 3.1. For (a,m) € (0,1)? and s € (—=1,1], let f : (0,2] > R be a
twice differentiable function and f" € Li([a,b]) for a,b € (0,b*] with a < b. If
|f"|% is an (o, s, m)-convex function on (0, %] for q > 1, then

)10 - s [ seoraa] < LS

g a+0\ | 1/q
d (2m) ]

b q l/q
"Gl )

Proof. By Lemma 2.1 and Holder’s integral inequality, we obtain

'i[f(a)wf(“;b

1 7 q
60 gy @ ms)

s(a+b
(%)

where M (a, s) is defined by (2.1).

q

1
+mM (a, s)

+[(o¢s +2)(as + 3)
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) [3[r+2r(“5) +s0)] - 1 [ s
a+b

< I:F [/Olt(l 1) f”(at+ (1 —t)2> ‘dt
+/01t(1 —t) f”<ta2+b+(1 —t)b>‘dt] < (b= a)”

16
X {[/01t(1 - t)dt} o [/Olt(l — 1) f”<at+ (1-— t)a;b>
4 </01t(1—t)dt>1_l/q [/Oltu )

Vi (ta;b +(1— t)b)

From the (a, s, m)-convexity of |f”|? and Lemma 2.2, we arrive at

/Olt(l _ f”(at—i—(l —t)a'z”’>

1
< [y (t‘“lf (@) + m(1 — 1)’

1 1"
= las t D)as 1 3) 1 @I FmM(es)

qg 71/q
dt}

qg 11/q
dt] }

q
dt

nfa+b
()
nfa+b
()

q
Jar

q

and

q
dt

1
(3.3) /0 H1— 1)

f”(ta;b—i-(l—t)b)
nfa+b nl
(5) ()

By the inequalities between (3.2) and (3.3), we conclude the inequality (3.1).
The proof of Theorem 3.1 is complete. O

q
+mM(a, s)

1 q

= (s +2)(as + 3)

Corollary 3.1. For a € (0,1] and s € (—1,1], let f : I CR — R be a twice
differentiable function and f" € Li([a,b]) for a,b € I with a < b. If |f"|? is an
(a, s)-convex function on I for ¢ > 1, then

]}l[ﬂa) +2f(“‘2”) +f<b>} - ' f)da
(b~ a)? s+ )| (45

~ 16 x 61-1/4 )(as + 3)
Hearomrs (0] +me@siron ”q},

where M («, s) is defined by (2.1).

q] 1/q

Proof. This is a special case of Theorem 3.1 for m = 1. O



INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE 505

Theorem 3.2. For (a,m) € (0,1]2, let f : (0, %] — R be a twice differentiable
function and " € Li([a,b]) for a,b € (0,b*] with a <b. If |f"]|? is (o, —1,m)-
convex function on (0, %] for g > 1, then

o (52 ]t s
16 x 61-1a | [(2—a)(3—a) a 2m
Jamaamal (30 e G
where Y (x) is defined by (2.3).
Proof. This follows from similar argument to Theorem 3.1. O

Corollary 3.2. Let f : I C R — R be a twice differentiable function and
1" € Li([a, b)) for a,b e I witha <b. If |f"|? is an («, —1)-convez function on
I for a € (0,1] and ¢ > 1, then

o (552) 0] o [ o

= 16(1_6;12?@{[( a)l(g_a>‘f”( Al + w(a)aw(a) I <a;b>
1 v(2)

Joaaal () + 0 ] ),

«
where Y (x) is defined by (2.3).

q} 1/q

_l’_

Proof. This is a special case of Theorem 3.2 for m = 1. O

Theorem 3.3. For (a,m) € (0,12, s € (—1,1], and £ > 0, let f: (0,2] = R
be a twice differentiable function and " € Li([a,b]) for a,b € (0,b*] with a < b.
If |19 is an («, s, m)-convex function on (O, %] forq>1and q> ¥, then

’jl[f(a)JF?f(a;b) +f(b)} - b_la/abf(m)dx
< (b—a)? [B<2q—£_1 Qq_1>]1_1/q

16 g—1 " q¢—1

+1 a+b

- 1 q mB 17 np = -

X{[as—i—ﬁ—i—lu()‘ +04 <+ a ) <2m>
q

,,<a—|—b> +mB(s+1£+1> <b)

2 « « m

where B(x,y) is the classical beta function defined in (2.2).

q} 1/q
q] 1/q}

1
+[as+€+1
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Proof. By Lemma 2.1, Hélder’s integral inequality, and the («, s, m)-convexity
of |f”|%, one has

1 a+b
’4[f(a)+2f< 5 >+ } /f )dx
(b—a)2< b a-0/-1) /(g—1) )1 l/q{[ ¢ //<
< /th =1 (1 — )/ Dqy /Otfat
a 1/ 1 a 1/
+(1—1t) ;b> th] q+[/0 t f”(t;—l)—k(l—t)b) th] q}
(b—a)” ( " -0/ (] _ palla-Dyg >1_4/q
< At (1-1) "
1/
X{[ t6<tas’f// a)|? +m(1 — t*)° //(Cb;‘mb) q)dt] !
1/
L)) ()]}
_(b—aP (20— t—1 2 —1\]'T
16 [ < q—1 ’q—ly
q11/q
x{[&yjz+1u%>W+» B(s+141f> ”<z;f>}
1/
() a2 G )

The proof of Theorem 3.3 is thus complete. O

+m(l—t*)°

1
+[as+€—|—1

Corollary 3.3. Under assumptions of Theorem 3.3, if £ =0, then

1 a+b I b—
fla 21 (“50) 10| - s [ pone <
4 b—a
2¢—1 2qg—-1 1=1/q " m 1
B 1+ —B 1, —
X[ (q—l’q—l)} ozs+1‘f()’+a SThy
1 a+b 1
sfa+b 1 /q+ ‘fll(%)‘q_F@B S—|—1,l f// ﬁ 1/ 7
2m as+1 o o m
where B(x,y) is the classical beta function defined in (2.2).
Corollary 3.4. For a € (0,1], s € (=1,1], and £ > 0, let f : I CR — R be a
twice differentiable function and " € L1([a,b]) for a,b € I with a <b. If |f"|?
is an (o, s)-convex function on I for ¢ > 1 and q > ¢, then

Moo () 0] [ o< U5 ot

a)?
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2g — 1\ 114 1 P | C+1\|,,[a+0b\ |11
S “B(s+1,- 2 aro
q—l)} as—i—ﬁ—i—l’f (@) +a ot o 2
1 Sfa+b\|? 1 (+1\,,, La
“B(s+1,- =
+[a5—|—€+1 < 2 > +oz st o) ’

where B(x,y) is the classical beta function defined in (2.2).
Proof. This is a special case of Theorem 3.3 for m = 1. 0

Theorem 3.4. For (a,m) € (0,1)? and s € (=1,1], let f: (0,2] — R be an
(v, s, m)-convez function on (0, b—] forb* > 0. If f € Li([a,b]) for a,b e (0,b*]
and a < b, then

f<a+b>< 1 /abf<x)+m(2a—1>sf(,fz)dx

2()[5

s < maxf g+ 25 (s 1.2 ) (1),

e )o(2) k).

where B(x,y) is the classical beta function defined in (2.2).

3

Proof. By the (a, s, m)-convexity of f, we obtain

f(“;b> < Qis /01 [f(ta—i—(l—t)b) +m (2 — 1>Sf((1_t)a+tb>}dt-

m

Letting = ta+ (1 — t)b or x = (1 — t)a + tb for all ¢t € [0, 1] leads to

/f fta + (1 — £)b])dt = /f (1~ t)a+ i)t = /fca:

for c € R.
On the other hand, when putting x = ta + (1 — )b for all ¢ € [0, 1], by the
(v, s, m)-convexity of f, we can gain

bia /abf(x)dx < /01 [tasf(a) +m(1 —ta)5f<:l>}dt
_ alerlf(a)+ZB<s+1’;>f<sL>‘

The proof of Theorem 3.4 is complete. O
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Corollary 3.5. Under conditions of Theorem 3.4, if m = 1, then

gas atb 1
(2&-1)5+1f< 2 ><b—a/af(x)dx

< max{a‘i(j_)l + ;B(s+ 1,;>f(b),;B<s+ 1, ;)f(a) + 0{9(?1}

Remark 3.1. This paper is a corrected and revised version of the preprint [27].
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