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INTEGRAL INEQUALITIES OF HERMITE–HADAMARD TYPE

FOR (α, s)-CONVEX AND (α, s,m)-CONVEX FUNCTIONS

BO-YAN XI, DAN-DAN GAO, AND FENG QI

Abstract. In the paper, the authors introduce the concepts “(α, s)-convex
function” and “(α, s,m)-convex function” and establish some new integral

inequalities of the Hermite–Hadamard type for (α, s)-convex and (α, s,m)-

convex functions in terms of the classical Euler beta, gamma, and polygamma
functions.

1. Introduction

We first recite some definitions of various convex functions.

Definition 1.1. A function f : I ⊆ R = (−∞,∞)→ R is said to be convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

for all x, y ∈ I and λ ∈ [0, 1].

Definition 1.2 ([22]). For f : [0, b]→ R0 = [0,∞) with b > 0 and some m ∈ (0, 1],
if

f(tx+m(1− t)y) ≤ tf(x) +m(1− t)f(y)

for x, y ∈ [0, b] and t ∈ [0, 1], then we say that f is an m-convex function on [0, b].

Definition 1.3 ([11]). For f : [0, b]→ R0 with b > 0 and (α,m) ∈ (0, 1]2, if

f(tx+m(1− t)y) ≤ tαf(x) +m(1− tα)f(y)

for all x, y ∈ [0, b] and t ∈ [0, 1], then we say that f(x) is an (α,m)-convex function
on [0, b].

Definition 1.4 ([3, 8]). Let s ∈ (0, 1] be a real number. A function f : R→ R0 is
said to be s-convex (in the second sense) if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)

for all x, y ∈ I and t ∈ [0, 1].

Definition 1.5 ([25]). For some s ∈ [−1, 1], a function f : I ⊆ R → R is said to
be extended s-convex if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)

for all x, y ∈ I and t ∈ (0, 1).

Definition 1.6 ([30]). For some (s,m) ∈ [−1, 1]× (0, 1], a function f : [0, b]→ R0

is said to be extended (s,m)-convex if

f(tx+m(1− t)y) ≤ tsf(x) +m(1− t)sf(y)

for all x, y ∈ I and t ∈ (0, 1).
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The famous Hermite–Hadamard integral inequality for convex functions and
some of its diverse generalizations can be reformulated as follows.

Theorem 1.1. If f : I ⊆ R→ R is a convex function on the interval I and a, b ∈ I
with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x) dx ≤ f(a) + f(b)

2
.

Theorem 1.2 ([4]). Let f : I◦ ⊆ R → R be a differentiable mapping on I◦ and
a, b ∈ I◦ with a < b. If |f ′(x)| is convex on [a, b], then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣ ≤ (b− a)
(
|f ′(a)|+ |f ′(b)|

)
8

.

Theorem 1.3 ([9, Theorems 2.3 and 2.4]). Let f : I ⊆ R0 → R be differentiable
on I◦ and a, b ∈ I with a < b. If |f ′(x)|p is s-convex on [a, b] for some s ∈ (0, 1]
and p > 1, then∣∣∣∣f(a+ b

2

)
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣ ≤ b− a
16

(
4

p+ 1

)1/p(
|f ′(a)|+ |f ′(b)|

)
and∣∣∣∣f(a+ b

2

)
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣ ≤ b− a
4

(
4

p+ 1

)1/p{[
|f ′(a)|p/(p−1)

+ 3|f ′(b)|p/(p−1)
]1−1/p

+
[
3|f ′(a)|p/(p−1) + |f ′(b)|p/(p−1)

]1−1/p}
.

For more information on integral inequalities of the Hermite–Hadamard type
for various kinds of convex functions, please refer to the monograph [5, 7, 12], to
recently published papers [1, 2, 4, 6, 10, 13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24,
25, 26, 27, 28, 29], and to the closely related references therein.

In this paper, we introduce two new concepts “(α, s)-convex function” and
“(α, s,m)-convex function” and establish some integral inequalities of the Hermite–
Hadamard type for functions whose twice differentiation are of (α, s,m)-convexity.

2. Two definitions and two lemmas

We introduce the notions “(α, s)-convex function” and “(α, s,m)-convex func-
tion”.

Definition 2.1. For some s ∈ [−1, 1] and α ∈ (0, 1], a function f : I ⊆ R → R is
said to be (α, s)-convex if

f(tx+ (1− t)y) ≤ tαsf(x) + (1− tα)sf(y)

for all x, y ∈ I and t ∈ (0, 1).

Definition 2.2. For some s ∈ [−1, 1] and (α,m) ∈ (0, 1]2, a function f : [0, b]→ R
is said to be (α, s,m)-convex if

f(tx+m(1− t)y) ≤ tαsf(x) +m(1− tα)sf(y)

for all x, y ∈ [0, b] and t ∈ (0, 1).

Remark 2.1. By Definition 2.2, we see that

(1) if s = 1, then f(x) is an (α,m)-convex function on (0, b];
(2) if α = 1, then f(x) is an extended (s,m)-convex function on (0, b];
(3) if α = m = 1, then f(x) is an extended s-convex function on (0, b];
(4) if α = s = m = 1, then f(x) is a convex function on (0, b].

This means that Definitions (2.1) and (2.2) are significant.
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For establishing new integral inequalities of the Hermite–Hadamard type for
(α, s)-convex and (α, s,m)-convex functions, we need the following lemmas.

Lemma 2.1. Let f : I ⊆ R → R be a twice differentiable function on I◦ and
a, b ∈ I with a < b. If f ′′ ∈ L1([a, b]), then

1

4

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

=
(b− a)2

16

∫ 1

0

t(1− t)
[
f ′′
(
at+ (1− t)a+ b

2

)
+ f ′′

(
t
a+ b

2
+ (1− t)b

)]
d t.

Proof. Integrating by part and changing variable of integral give∫ 1

0

t(1− t)f ′′
(
at+ (1− t)a+ b

2

)
d t

=
2

b− a

∫ 1

0

(1− 2t)f ′
(
at+ (1− t)a+ b

2

)
d t

=
4

(b− a)2

[
f(a) + f

(
a+ b

2

)]
− 8

(b− a)2

∫ 1

0

f

(
at+ (1− t)a+ b

2

)
d t

=
4

(b− a)2

[
f(a) + f

(
a+ b

2

)]
− 16

(b− a)3

∫ a+b
2

a

f(x) dx

and∫ 1

0

t(1− t)f ′′
(
t
a+ b

2
+ (1− t)b

)
d t

=
4

(b− a)2

[
f

(
a+ b

2
+ f(b)

)]
− 16

(b− a)3

∫ b

(a+b)/2

f(x) dx.

The proof of Lemma 2.1 is complete. �

Lemma 2.2. Let α ∈ (0, 1] and s ∈ [−1, 1]. Then

(1) when s ∈ (−1, 1], we have

M(α, s) ,
∫ 1

0

t(1− t)(1− tα)s d t

=
1

6

[
3B

(
s+ 1,

2

α
+ 1

)
− 2B

(
s+ 1,

3

α
+ 1

)]
;

(2.1)

(2) when s = −1, we have∫ 1

0

t(1− t)(1− tα)−1 d t =
1

α

[
Ψ0

(
3

α

)
−Ψ0

(
2

α

)]
,

where Γ(x), B(x, y), and Ψn(x) are the classical Euler gamma, beta, and polygamma
functions defined respectively by

Γ(x) =

∫ 1

0

zx−1e−z d z, B(x, y) =

∫ 1

0

zx−1(1− z)y−1 d z, (2.2)

and

Ψn(x) =
dn+1 ln Γ(x)

dxn+1
= (−1)n+1

∫ ∞
0

zn

1− e−z
e−xz d z (2.3)

for <(x),<(y) > 0 and n ∈ N0.
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3. Integral inequalities of Hermite–Hadamard type

Now we start out to establish some new integral inequalities of the Hermite–
Hadamard type for (α, s,m)-convex functions.

Theorem 3.1. For (α,m) ∈ (0, 1]2 and s ∈ (−1, 1], let f :
(
0, b

∗

m

]
→ R be a twice

differentiable function and f ′′ ∈ L1([a, b]) for a, b ∈ (0, b∗] with a < b. If |f ′′|q is

an (α, s,m)-convex function on
(
0, b

∗

m

]
for q ≥ 1, then∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16× 61−1/q

{[
1

(αs+ 2)(αs+ 3)
|f ′′(a)|q +mM(α, s)

∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q]1/q
+

[
1

(αs+ 2)(αs+ 3)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +mM(α, s)

∣∣∣∣f ′′( b

m

)∣∣∣∣q]1/q}, (3.1)

where M(α, s) is defined by (2.1).

Proof. By Lemma 2.1 and Hölder’s integral inequality, we obtain∣∣∣∣14
[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

[∫ 1

0

t(1− t)
∣∣∣∣f ′′(at+ (1− t)a+ b

2

)∣∣∣∣d t
+

∫ 1

0

t(1− t)
∣∣∣∣f ′′(ta+ b

2
+ (1− t)b

)∣∣∣∣d t]
≤ (b− a)2

16

{[∫ 1

0

t(1− t) d t

]1−1/q[∫ 1

0

t(1− t)
∣∣∣∣f ′′(at+ (1− t)a+ b

2

)∣∣∣∣q d t

]1/q
+

(∫ 1

0

t(1− t) d t

)1−1/q[∫ 1

0

t(1− t)
∣∣∣∣f ′′(ta+ b

2
+ (1− t)b

)∣∣∣∣q d t

]1/q}
. (3.2)

From the (α, s,m)-convexity of |f ′|q and Lemma 2.2, we arrive at∫ 1

0

t(1− t)
∣∣∣∣f ′′(at+ (1− t)a+ b

2

)∣∣∣∣q d t

≤
∫ 1

0

t(1− t)
(
tαs|f ′′(a)|q +m(1− tα)s

∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q)d t

=
1

(αs+ 2)(αs+ 3)
|f ′′(a)|q +mM(α, s)

∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q
and∫ 1

0

t(1− t)
∣∣∣∣f ′′(ta+ b

2
+ (1− t)b

)∣∣∣∣q d t

≤ 1

(αs+ 2)(αs+ 3)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +mM(α, s)

∣∣∣∣f ′′( b

m

)∣∣∣∣q. (3.3)

By the inequalities between (3.2) and (3.3), we conclude the inequality (3.1). The
proof of Theorem 3.1 is complete. �

Corollary 3.1. For α ∈ (0, 1] and s ∈ (−1, 1], let f : I ⊆ R → R be a twice
differentiable function and f ′′ ∈ L1([a, b]) for a, b ∈ I with a < b. If |f ′′|q is an
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(α, s)-convex function on I for q ≥ 1, then∣∣∣∣14
[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16× 61−1/q

{[
1

(αs+ 2)(αs+ 3)
|f ′′(a)|q +M(α, s)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q]1/q
+

[
1

(αs+ 2)(αs+ 3)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +M(α, s)|f ′′(b)|q
]1/q}

,

where M(α, s) is defined by (2.1).

Proof. This is a special case of Theorem 3.1 for m = 1. �

Theorem 3.2. For (α,m) ∈ (0, 1]2, let f :
(
0, b

∗

m

]
→ R be a twice differentiable

function and f ′′ ∈ L1([a, b]) for a, b ∈ (0, b∗] with a < b. If |f ′′|q is (α,−1,m)-

convex function on
(
0, b

∗

m

]
for q ≥ 1, then∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16× 61−1/q

{[
|f ′′(a)|q

(2− α)(3− α)
+
m
[
Ψ0( 3

α )−Ψ0( 2
α )
]

α

∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q]1/q
+

[
1

(2− α)(3− α)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
m
[
Ψ0( 3

α )−Ψ0( 2
α )
]

α

∣∣∣∣f ′′( b

m

)∣∣∣∣q]1/q},
where Ψ(x) is defined by (2.3).

Proof. This follows from similar argument to Theorem 3.1. �

Corollary 3.2. Let f : I ⊆ R → R be a twice differentiable function and f ′′ ∈
L1([a, b]) for a, b ∈ I with a < b. If |f ′′|q is an (α,−1)-convex function on I for
α ∈ (0, 1] and q ≥ 1, then∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16× 61−1/q

{[
1

(2− α)(3− α)
|f ′′(a)|q +

Ψ0

(
3
α

)
−Ψ0

(
2
α

)
α

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q]1/q
+

[
1

(2− α)(3− α)

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
Ψ0

(
3
α

)
−Ψ0

(
2
α

)
α

|f ′′(b)|q
]1/q}

,

where Ψ(x) is defined by (2.3).

Proof. This is a special case of Theorem 3.2 for m = 1. �

Theorem 3.3. For (α,m) ∈ (0, 1]2, s ∈ (−1, 1], and ` ≥ 0, let f :
(
0, b

∗

m

]
→ R be

a twice differentiable function and f ′′ ∈ L1([a, b]) for a, b ∈ (0, b∗] with a < b. If

|f ′′|q is an (α, s,m)-convex function on
(
0, b

∗

m

]
for q > 1 and q ≥ `, then∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

[
B

(
2q − `− 1

q − 1
,

2q − 1

q − 1

)]1−1/q
×
{[

1

αs+ `+ 1
|f ′′(a)|q +

m

α
B

(
s+ 1,

`+ 1

α

)∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q]1/q
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+

[
1

αs+ `+ 1

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
m

α
B

(
s+ 1,

`+ 1

α

)∣∣∣∣f ′′( b

m

)∣∣∣∣q]1/q},
where B(x, y) is the classical beta function defined in (2.2).

Proof. By Lemma 2.1, Hölder’s integral inequality, and the (α, s,m)-convexity of
|f ′′|q, one has∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

(∫ 1

0

t(q−`)/(q−1)(1− t)q/(q−1) d t

)1−1/q

×
{[∫ 1

0

t`
∣∣∣∣f ′′(at+ (1− t)a+ b

2

)∣∣∣∣q d t

]1/q
+

[∫ 1

0

t`
∣∣∣∣f ′′(ta+ b

2
+ (1− t)b

)∣∣∣∣q d t

]1/q}
≤ (b− a)2

16

(∫ 1

0

t(q−`)/(q−1)(1− t)q/(q−1) d t

)1−1/q

×
{[∫ 1

0

t`
(
tαs|f ′′(a)|q +m(1− tα)s

∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q)d t

]1/q
+

[∫ 1

0

t`
(
tαs
∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +m(1− tα)s
∣∣∣∣f ′′( b

m

)∣∣∣∣q)d t

]1/q}
=

(b− a)2

16

[
B

(
2q − `− 1

q − 1
,

2q − 1

q − 1

)]1−1/q
×
{[

1

αs+ `+ 1
|f ′′(a)|q +

m

α
B

(
s+ 1,

`+ 1

α

)∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q]1/q
+

[
1

αs+ `+ 1

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
m

α
B

(
s+ 1,

`+ 1

α

)∣∣∣∣f ′′( b

m

)∣∣∣∣q]1/q}.
The proof of Theorem 3.3 is thus complete. �

Corollary 3.3. Under assumptions of Theorem 3.3, if ` = 0, then∣∣∣∣14
[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
≤ (b− a)2

16

[
B

(
2q − 1

q − 1
,

2q − 1

q − 1

)]1−1/q
×
{[

1

αs+ 1
|f ′′(a)|q +

m

α
B

(
s+ 1,

1

α

)∣∣∣∣f ′′(a+ b

2m

)∣∣∣∣q]1/q
+

[
1

αs+ 1

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
m

α
B

(
s+ 1,

1

α

)∣∣∣∣f ′′( b

m

)∣∣∣∣q]1/q},
where B(x, y) is the classical beta function defined in (2.2).

Corollary 3.4. For α ∈ (0, 1], s ∈ (−1, 1], and ` ≥ 0, let f : I ⊆ R → R be a
twice differentiable function and f ′′ ∈ L1([a, b]) for a, b ∈ I with a < b. If |f ′′|q is
an (α, s)-convex function on I for q ≥ 1 and q ≥ `, then∣∣∣∣14

[
f(a) + 2f

(
a+ b

2

)
+ f(b)

]
− 1

b− a

∫ b

a

f(x) dx

∣∣∣∣
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≤ (b− a)2

16

[
B

(
2q − `− 1

q − 1
,

2q − 1

q − 1

)]1−1/q
×
{[

1

αs+ `+ 1
|f ′′(a)|q +

1

α
B

(
s+ 1,

`+ 1

α

)∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q]1/q
+

[
1

αs+ `+ 1

∣∣∣∣f ′′(a+ b

2

)∣∣∣∣q +
1

α
B

(
s+ 1,

`+ 1

α

)
|f ′′(b)|q

]1/q}
,

where B(x, y) is the classical beta function defined in (2.2).

Proof. This is a special case of Theorem 3.3 for m = 1. �

Theorem 3.4. For (α,m) ∈ (0, 1]2 and s ∈ (−1, 1], let f :
(
0, b

∗

m

]
→ R be an

(α, s,m)-convex function on
(
0, b

∗

m

]
for b∗ > 0. If f ∈ L1([a, b]) for a, b ∈ (0, b∗]

and a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x) +m(2α − 1)sf
(
x
m

)
2αs

dx

and

1

b− a

∫ b

a

f(x) dx ≤ max

{
1

αs+ 1
f(a) +mB

(
s+ 1,

1

α
+ 1

)
f

(
b

m

)
,

mB

(
s+ 1,

1

α
+ 1

)
f

(
a

m

)
+

1

αs+ 1
f(b)

}
,

where B(x, y) is the classical beta function defined in (2.2).

Proof. By the (α, s,m)-convexity of f , we obtain

f

(
a+ b

2

)
≤ 1

2αs

∫ 1

0

[
f
(
ta+ (1− t)b

)
+m(2α − 1)sf

(
(1− t)a+ tb

m

)]
d t.

Letting x = ta+ (1− t)b or x = (1− t)a+ tb for all t ∈ [0, 1] leads to∫ 1

0

f(c[ta+ (1− t)b]) d t =

∫ 1

0

f(c[(1− t)a+ tb]) d t =
1

b− a

∫ b

a

f(cx) dx

for c ∈ R.
On the other hand, when putting x = ta + (1 − t)b for all t ∈ [0, 1], by the

(α, s,m)-convexity of f , we can gain

1

b− a

∫ b

a

f(x) dx ≤
∫ 1

0

[
tαsf(a) +m(1− tα)sf

(
b

m

)]
d t

=
1

αs+ 1
f(a) +mB

(
s+ 1,

1

α
+ 1

)
f

(
b

m

)
.

The proof of Theorem 3.4 is complete. �

Corollary 3.5. Under conditions of Theorem 3.4, if m = 1, then

2αs

(2α − 1)s + 1
f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x) dx

≤ max

{
f(a)

αs+ 1
+B

(
s+ 1,

1

α
+ 1

)
f(b), B

(
s+ 1,

1

α
+ 1

)
f(a) +

f(b)

αs+ 1

}
.
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[7] G. H. Hardy, J. E. Littlewood, and G. Pólya, Inequalities, 2nd ed., Cambridge University

Press, Cambridge, 1934.
[8] H. Hudzik and L. Maligranda, Some remarks on s-convex functions, Aequationes Math. 48

(1994), no. 1, 100–111; Available online at https://doi.org/10.1007/BF01837981.

[9] U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of
real numbers to midpoint formula, Appl. Math. Comp. 147 (2004), no. 1, 137–146; Available

online at https://doi.org/10.1016/S0096-3003(02)00657-4.

[10] M. A. Latif, S. S. Dragomir, and E. Momoniat, Weighted generalization of some integral
inequalities for differentiable co-ordinated convex functions, Politehn. Univ. Bucharest Sci.

Bull. Ser. A Appl. Math. Phys. 78 (2016), no. 4, 197–210.
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[17] C. E. M. Pearce and J. Pečarić, Inequalities for differentiable mappings with application to
special means and quadrature formulae, Appl. Math. Lett. 13 (2000), no. 2, 51–55; Available

online at https://doi.org/10.1016/S0893-9659(99)00164-0.

[18] F. Qi, Z.-L. Wei, and Q. Yang, Generalizations and refinements of Hermite-Hadamard’s
inequality, Rocky Mountain J. Math. 35 (2005), no. 1, 235–251; Available online at https:

//doi.org/10.1216/rmjm/1181069779.
[19] F. Qi and B.-Y. Xi, Some integral inequalities of Simpson type for GA-ε-convex functions,

Georgian Math. J. 20 (2013), no. 4, 775–788; Available online at https://doi.org/10.1515/

gmj-2013-0043.
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