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DARBOUX SYSTEMS WITH A CUSP POINT
AND PSEUDO-ABELIAN INTEGRALS

AYMEN BRAGHTHA

ABSTRACT. We study pseudo-abelian integrals associated with polynomial deformations of Dar-
boux systems having a cuspidal singularity. Under some hypothesis we prove local boundedness of
the number of their zeros.

1. INTRODUCTION AND MAIN RESULTS

The second part of Hilbert’s 16th problem, asking for the maximum of the numbers of limit
cycles and their relative positions for all planar polynomial differential systems of degree n. A
weak version of this problem, proposed by Arnold, asking for the maximum of the numbers of
isolated zeros of abelian integrals of all polynomial one-forms w of degree n over algebraic ovals
v(t) € Hi(P~(t)), where P € Clx,y] of degree m. In [11, 8], Varchenko and Khovanskii prove
the following result

Theorem 1.1. There exist a uniform bound, depending only n and m, for the number of real zeros
of abelian integrals.

Varchenko and Khovanskii showed the existence of a uniform local bound on the number of
zeros of abelian integrals when deforming the polynomial P and the polynomial form w in their
respective spaces. Next, the result is obtained using the fact that the space of parameters can be
considered as being compact.

General explicit double exponential upper bound was achieved only in [2] by completely differ-
ent methods. Exact upper bounds are still absent.

Arnold posed with insistence the analogous problem form more general polynomial deforma-
tions of integrable systems. In particular for deformations of system having a Darboux first inte-
gral. Then, instead of abelian integrals, one encouters pseudo-abelian integrals.

Pseudo-abelian integrals are integrals /(t) = fv( 9 +; of rational one-forms along cycles (t) C

{H =t}, where
k k
H=][pr". M=]]P. aeR, P eRy,
=1 1=1

where M is an integrating factor. These integrals appear as principal part of the Poincaré displace-
ment function of the deformation 6 + 7 along 7(t), where
dH

QZMF, n = Rdx + Sdy, R,S € Rlz,y].

In [3, 10], Bobieniski, Mardesi¢ and Novikov prove the following result
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Theorem 1.2. Let H, M, n be as above. Under some genericity hypothesis, there exists a uniform
bound for number of zeros of pseudo-abelian integrals associated to Darboux integrable systems
close to .

Here we prove an analogous result in one of non-generic cases. Another non-generic cases was
studied in [1], [4] and [5].
Consider Darboux integrable system wy = M %, M is an integrating factor, where

k k
H=ry [P, M=R][P, P eRzyl, aa>0. (1)

i=1 1=1

Let w, = M., dg‘f be an unfolding of the form w,, where w. are one-forms with the Darboux first
integral

k k
H. =P [P, M.=P.J[P, PAa,y)=y*—2*—ca®, P(0,0)#0,i=1,... k.

i=1 =1

2)

Assume that the system w, = M, dlis has a family 7.(h) € H_'(h) of cycles. Consider the
polynomial deformation of the system w..

Oy =we+e1m, >0, n=Rdr+Sdy, R,SeR[z,yl. 3)

The linear part in deformation parameter €; of Poincaré first return map is given by the pseudo-
abelian integrals

Ui
L= L )
ve(n) Me
Assume that the levels curves P. = 0 and P; = 0 intersect transversally and all level curves P; =
0,2 =1,..., k are smooth and together with the line at infinity intersect two by two transversally

and no three of them intersect in the same point.

The Darboux first integral . has two critical points p, = (—Tza’ 0), which is a center and a
saddle point p = (0,0) for € # 0, coincide with the cusp point py = (0,0) for ¢ = 0. Then, for
€ # 0, two singular points p. and p bifurcate from py.

For £ # 0, we choose a compact region D which is bounded by P. = 0 and some separatrices
P, = 0,i = 1---,k such that the center p. is outside of D. Assume that the cycles ~.(h) C
HZ-'(h) filling D, see Figure 1.

The main result of this paper is the following theorem

Theorem 1.3. Let I.(h) be the family of pseudo-abelian integrals as defined above. Then there
exists a bound for the number of isolated zeros of the pseudo-abelian integrals 1.(h). The bound
is locally uniform with respect to all parameters, i.e. the parameters of 1, the coefficients of the
polynomials P;, the exponents a, a; and the parameter c.

The Darboux systems w. = M, d]ie have a family of cycles in the basin of the center p. bifurcat-

ing from py, = (0,0). To give a e-uniform estimate for the number of zeros of the pseudo-abelian
integrals we make the blowing-up of the cusp point of the family in the product space (z,y, ) of
phase and parameter spaces. The family blowing-ups were introduced by Denkowska and Rous-
sarie in [6].
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FIGURE 1. The real phase portrait of H. for ¢ # 0.

2. BLOWING-UP THE CUSP POINT

Let C? be equipped with system of coordinates (z, 9, €). Denote JF the one-dimensional foliation
on C? which is given by the 2-form w. A de,w. € Q!(C?). This foliation has a cuspidal singularity
at the origin. We want our blow-up to simplify this singularity. This requirements leads to the
quasi-homogeneous blow-up with weights (2, 3, 2).

Recall the construction of the quasi-homogeneous blow-up. We define the weighted projective
space CP3 ..., as factor space of C* by the C* action (z,%,¢) + (r2X,r3Y,r?E). The quasi-
homogeneous blow-up of C? at the origin is defined as the incidence three dimensional manifold
W.Letq = (z,y,¢) € C3, [(X,Y, E)] € CP3.,. Then W = {(p,q) € CP3.;, x C3: 3r € C :
(z,y,¢) = (r*X,r3Y,r*E)} what means that the point ¢ belongs to the closure of the equivalence
class defined by p € CP;,.,.
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The blow-down o : W — C? is just the restriction to W of the projection CP3.,., x C* — C®,
For future applications we will need explicit formula for the blow-up in the standard affine charts of
W. The projective space CIP;.., is covred by three affine charts: W, = {z # 0} with coordinates
(Y1, Ey), Wy = {y # 0} with coordinates (X», F») and W3 = {e # 0} with coordinates (X3, Y3).
The transition formula follow from the requirement that the points (1, Y, Ey), (Xs, 1, Fy) and
(X3, Y3, 1) lie on the same orbit of the action:

1 E;
U : (V7. BE)— (X E
12(1’1>(2H\/7121ﬁ\/?1)

1 Y;
U (Yo B o (X = — Vs = ‘
13 (17 1) ( 3 E17 3 El /—El)

These affine charts define affine charts on W, with coordinates (Y7, £y, 1),
(Xo, Fy,19) and (X3, Y3, 73). The projection o is written as

o1 T= Tf, Yy = Tle, €= T%El 5)
o9 T = r%Xg, Yy = 7’;’, €= r2E2 (6)
o3 T = rng, Yy = Tng, €= r§. @)

We apply this blow-up ¢ to the one-dimensional foliation F on C? given by the intersection of
de = 0 and w. = 0. This foliation has a cuspidal singularity at the origin. Denote by o' F the
lifting of the foliation F to the complement of the exceptional divisor ¢~1(0). This foliation is
regular outside of the preimage of { P. = 0,e = 0}.

Proposition 2.1. The foliation 0~ F can be extended analytically to the exceptional divisor c=1(0).
The resulting foliation o* F is regular outside of the strict transform of { P. = 0, = 0}.

Proposition 2.2. The singularities of the resulting foliation o*F on o=1(0) are located at the
pOintS p1 = (Oa 17 0)7172 = (Oa _17 O)7p3 = (07 Oa O) and Pe = (%27 07 0) The pOiI’ltS P1,P2 and Pp3
are linearisable saddles and the point p.. is a center.

Proof. The quasi-homogeneous blow-up o : W — C? is a biholomorphism outside the exceptional
divisor o=1(0), all singularties of the foliation o*F outside o' (0) correspond to singularities of
F.Leto!F,i=1,2,3 be the restriction of o*F to the chart IV;.

(1) In the chart W7, on the exceptional divisor {r; = 0} and in a suitable local coordinates
(r,Y, E), the foliation o}.F is given by the first integral F; = F~3(Y? — 1) = t. We have

@’ 8F1‘ (9F1| 0
(0£1,0) = Fy 10£1,0) = ZE1(0£1,0) =

then the singularities of the foliation o} F on the exceptional divisor are located at p; =
(07 17 0) and b2 = (07 _17 0)

By a local change of coordinates (f,?,l:f), the point p; = (0,1,0) becomes (0,0,0)
and the foliation o}F is given by two first integrals ¢ = YE 3 and ¢ = #2E. Let
X = ﬁlf% + BQT/@% + Bgﬁ% be the vector field generating the foliation o F. To compute
81, B> and B3 we use that X (Y E~3) = 0 and X (7F2E) = 0. Then S, 3, and f3s satisfy the

following equations ((f1, B2, 53), (0,1, —3)) = 0 and ((S1, B2, 53), (2,0,1)) = 0, where
4



(,) is the usual scalar product on C3. By short calculus we obtain

~ ~ 1.0 ~ ~ 0
2 OF oy  OF
The same calculus holds for the point p, = (0, —1,0).
(2) In the chart W3, on the exceptional divisor {r3 = 0} and in a suitable local coordinates
(X,Y,r), the foliation 3.F is given by the first integral F3 = Y? — X3 — X2 = t. We have

OFy O ORy g
X (0,0,0) — oY (0,0,0) — or (0,0,00 — Y

ax 5200 = Gy o0 = 5, 200 =0

then the singularities of the foliation o35/ on the exceptional divisor are located at the
saddle point p; = (0, 0,0) and the center p. = (%2, 0,0).

Exceptional
divisor

FIGURE 2. Singularities of o*F on the exceptional divisor.

3. PROOF OF THEOREM 1.3

In this section we first take benefit from the blowing-up in the family performed in the previous
section to prove Theorem 1.3.
Let F be the one-dimensional foliation on C? introduced in the previous section and saddle F =

{p4, ..., pr} be the set of its saddles.
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3.1. Hyperbolicity of polycycles. Let 7' C o~1(0) be the manifold of dimension two with ver-
tices saddles pq, po and p3. Lett = % and

(o*e)?
o*H(e,x,y)

After the making of the blowing-up we obtain a family of hyperbolic polycycles (i.e. each inter-
section of consecutive edges we have a saddle point), denote by

0= (07 (7(0)\ (0,0,0) U(T'N{G = t}))%, ©)

where (...)¥ denotes the real part of a complex analytic set. Let saddle(c*F) = {p1,...,pi} be
the set of saddles of the resulting foliation o* F.

G= = t. (8)

Let us fix a polycycle 6 of family (9) and denote (¢, t) its corresponding cycle. We define

« 7
J(e, t) = o . 10
(&9 /6(5,15) M. (10

CP22:3:2

FIGURE 3. Real phase portrait of the foliation o* F.

3.2. Variation relations. Define the variation operator Var as the difference between counter-
clockwise and clockwise continuation of F'

Varqs F(t) = F(te™) — F(te 7).

The integral J admitting analytic continuation to the universal covering of C; x C.
6



Proposition 3.1. The integral J(e,t) satisfies the following rescaled iterated variations equation
Varga,) 0o Varga,yJ(e,t) =0, o € Rla,aq, ..., a. (11)

Proof. Let us fix € and some hyperbolic polycycle § = [], é; of family (9). As in [3], using a
partition of unity multiplying the form o* ]\Z we can consider semilocal problem with a relative
cycle close to one edge of the polycycle. Premsely, let 4, be a some edge (connecting saddles p;
and p;,) of the polycycle 6 with exponent «; and two saddles points p; = 6;N9;, pr = 0; M %, where
J;, 0 two separatrices of 0 with exponents «; and ay, respectively. Let d;(e, ) be its corresponding
relative cycle. The respective iterated variations of the relative cycle d;(e, t) is a closed loop which
is either the commuatator loop 7, if a;; # ay, or the figure-eight loop v;, if o; = oy,. Finally, the
variations commute so
Var(ia,) © -+ o VarayJ (e, t) = 0.

0
Remark. The above calculus of variations holds for any hyperbolic polycycle 0 of family (9).

~L with respect to € is

Proposition 3.2. The rescaled variation of the integral J(e,t) f 5 v

an integral of the blown-up form a*ﬁ; along the figure eight cycle

Proof. Let us fix ¢t. Denote J, the edge connecting two saddles p; and py. Let (r,Y, E) be a
suitable coordinate system near the edge &y such that the foliation o*F is given by two first

integrals ¢ = r’F and t = (YQ - Let v, and v_ are two paths in Y-complex plane turning

counterclokwise, respectively around p; = (0,1,0) and p» = (0, —1,0) which are parametrized
by 7+ : [0,27] 3 ¢ — (r(¢,e,1),Y () —i1+eei¢,E(¢,€,t)). Then, we have Fi(e,t) =
[ o = 0% Tio*3pdp. Let Li(e,t) = [, o i=1,2, where {; = [l —¢,—1 + €] and
0y = [—1+¢€,1 — €]. Then, we obtain

M Y

Var(J(e.t) = Fu(e,t) + Lo(e.t) + F_(e,0) + Li(e,t) = / o
Y+lav-L1 M.

where the lifting ~, {5y_{; is a closed path homotopic to a figure eight loop. 0
Corollary 3.3. The integral J possess, near € = 0, the following expansion

J(e,t) = Ji(g,t) + Jo(e,t) loge, (12)
where J;(e,t) = ,ji'iN Vi (t)e®, N; > 0.

Let P be the following finite-dimensional functional space

P(m, M;ay, ..., ak¢): {ZZ%Z” )" log™ t, pji, € Com < ayn < M,0 <1< k}
Lemma 3.4. We have
(1) The functions J;,1 = 1, 2 satisfy the following iterated variations equation
Varga,) o ...oVarga,Ji(e, t) = 0. (13)

(2) There exists a meromorphic family of functions P;(e,.),i = 1,2 in P(- - -) such that
|Ji(g,t) — Pi(e,t)|[t|™ — 0 ast — O uniformly in e

Proof. (1) The first item is a consequence of linearity of the variation operator Var.
(2) Applying Lemma 4.8 from [3] to the function J;, 1, 2, we have the second item.

7



3.3. Proof of Theorem 1.3. The integral J(e,t¢) can be viewed as the pull-back of the pseudo-
abelian integrals I.(h) = I(e,h) by the blowing-up map o. The proof of Theorem 1.3 is now
reduced to the proof of

Theorem 3.5. The number #{t € [0, +00|, J(g,t) = 0} is uniformly bounded in e.

Proof. Let € > 0 be sufficiently small and «; € {«y,...,ar}. We choose a slit annulus I'; with
boundary OI'; = Cy' U C% U C} where Ci' = {|t| = R,|arg(t)] < arn},C% = {|t| =
e,|arg(t)| < aym} and CF = {e < |t| < R, |arg(t)| = ay7}.

We use the argument principle on OI';:

1 1
#{tel,:Jet)=0} < %A argyp, J = %(A argees J + Aargge: J + Aargees J).

(1) The estimation of the increment of argument A arg e J of J along the big circular arc C'y’
is again due to Gabrielov’s theorem [7].

(2) The estimation of the increment of argument A arg e J of J along C'?" and C' reduces
to estimating zeros of Var; o,)J (¢, t). Moreover, we have

i1, g1y ag

Var(t,ai)J(E,t):K(e%t,...,e o e % ,...7e%'t,5710g€),

where K is a meromorphic function. Hence, the function Var )/ (¢, t) is a logarithmico-
analytic function of type 1 in variable ¢ (for definition see [9]). Then, using Lion-Rolin
preparation theorem [9], the function Var, o,)J (€, t) has the following representation

Varga,)J (e, t) = e’ K(t)A(t, e0,e1),  A(0) #0,

where € = € — ko(t),e1 = logeg — k1(t) and ko, k1, K, A are a logarithmico-exponential
functions (for definition see [9]). As the number of zeros of a logarithmico-exponential
function is bounded, so the number of zeros of ¢ — Var 4,)J (¢, t) is uniformly bounded
ine.

(3) To obtain an upper bound for increment of argument A argge: J of J along the small cir-
cular arc C'* we investigate the leading term of J at ¢ = 0.

The function J, at ¢ = 0, admits the following expansion

k—1 +oo
TEt) =3 3" > cin@in(e)t" log’t, M >0,cijn € C. (14)
i=1 j=0 n=—M

Corollary 3.3 gives us that a some coefficients @;;,,(¢) of the form Elf)g]i , lijn > 0 which

are not analytic (a priori are not meromorphic) and hence, we have a situation similar to
that of remark 4.7 from [3]. We can no use an argument similar to those from [1, 3, 4, 10].
A second application of a blowing-up resolve the problem.

Blowing-up. Let C? be equipped with system of coordinates (.J;, J5,loge). Denote A
the algebraic variety J; + Jloge = 0in C3. A can be desingularized by a composite of a
locally-finite sequence of blowings-up.
(a) First step. We make a quasi-homogeneous blow-up with weights (2, 1, 1). We replace
the origin of C? by the projective space CIP3.,., which is covred by three affine charts:
Uy = {Ji # 0} with coordinates (K, K12), Uy = {Jo # 0} with coordinates
8



(K21, K9) and Us = {loge # 0} with coordinates (K3, K32). The blow-up 7 is
written as

T Si=8, J=tKy, loge=1tK,
o & J1 = t§K217 JQ = tg, 10g€ = thgg,
T3 . Jl :thgl, JQ :thgg, IOgE :tg.
The total transform 7*(.J; 4+ J2 log e) is given, respectively in charts Uy, Us and Us by
WI(Jl -+ J2 lOg 6) = t%(l —+ K11K12)7
W;(Jl + J2 lOg 6) = t;(Kgl + KQQ),
7T§(J1 + JQ 10g€) = tg(Kgl + K32),
where {t; = 0}, {to = 0} and {¢3 = 0} are local equations of the exceptional divisor
and {1 + K11 K12 = 0}, { Ko + Koy = 0} and { K3, + K35 = 0} are local equations
of strict transform of .A. But we have not yet achieved a embedded resolution of sin-
gularities because the strict transform and the exceptional divisor do not have normal
crossings at the origin except the chart U;. Further blowing-up is needed for resolution
of singularities.
(b) Second step. We make a directional blow-up o with center C such that C'|y, = { K2 =
KQQ = 0} and C‘Ug = {K31 = K32 = 0} Then
(i) the exceptional divisor o~ *(C|r;,) is covred by two coordinates charts Uy,, and

Uk,, With coordinates (Ko, Koo, fg) such that the explicit formula of the blow-
up o is given, respectively in Ug,, and Uk, by

ty =1y, Ko = f?m, Koy = f?mf?m,
ty =1y, Ko = f?mfﬁz, Koy = f?227

(i1) in the chart U; the blow-up o is a biholomorphism,
(iii) the exceptional divisor o~ (C|rs,) is covred by two coordinates charts Uy, and

Uk, with coordinates (K31, K3, t3) such that the explicit formula of ¢ is given,
respectively in Ug,, and Uk, by

ty =13, Kz = [?317 Ksy = [?31I?327
ty =13, Kz = [?3156327 Ksy = f?32-

The total transform o*(7*(J; + Jyloge)) of 7*(Jy + Jaloge) is given, respec-
tively in UK21, UK22, UK31 and [][(32 by

o (m*(J1 + Jologe)) = t2K21(1 + Ka),
o (m*(J1 + Jologe)) = 2(K21 + 1),
o (m*(J1 + Jologe)) = Lanl(l + Ks3),
o (m" (J + Jloge)) = B Kap(Kay + 1).

The strict transform and the exceptional divisor have a normal crossings at the
origin. The algebraic variety A is desingularized.
9



Estimation. Now we take benefit from the desingularization of A to estimate the increment
of argument A arge: J of the function J along the small circular arc C¢".

(a) In the chart Uk,, i.e. for |1°ng€| << 1, we have

0" (7" (J1 + Jologe)) = B3Ea (1 + Ky) ~ Ky = J.

By Lemma 3.4, there exist a meromorphic function P (g, .) € P(...) such that |[t| =M |.J; (e, t)—
Pi(e,t)] — 0 ast — 0 uniformly in €. For each ¢, we choose the leading term of
P (g,.). By Gabrielov’s theorem, the increment of argument of this leading term is
uniformly bounded in €.

(b) In the chart Ug,, i.e. for ‘15?’ << 1, we have

o (m*(J1 + Jologe)) = fgl?gg(fle +1) 2 %IN(QQ = Jyloge.

As loge € R, we have arg(Jyloge) = argJ,. By Lemma 3.4, there exist a mero-

morphic function P (e,.) € P(...) such that [t||Jy(e,t) — Py(e,t)| — Oast — 0

uniformly in . For each e, we choose the leading term of P (e,.). By Gabrielov’s

theorem, the increment of argument of this leading term is uniformly bounded in €.
(c) In the chart Uy, i.e. for [ << 1, we have

0" (7 (J1 + Jloge)) = BKy (1 + Kap) ~ 2K31 = Ji.

By Lemma 3.4, there exist a meromorphic function Py (g, .) € P(...) such that |[t| ]| J; (¢, t)—
Pi(e,t)| — 0ast — uniformly in €. For each e, we choose the leading term of P (e, .).
By Gabrielov’s theorem, the increment of argument of this leading term is uniformly
bounded in €.

(d) In the chart Uk, i.e. for |§—;] << 1, we have

Q*(W*<J1 -+ JQ 10g€>) = ng(igz(}?gl + 1) '9/ ig[?gz = JQ 10g€.

As loge € R, we have arg(Jyloge) = arg J,. By Lemma 3.4, there exist a mero-
morphic function Py(e,.) € P(...) such that [¢t|"|Jy(e,t) — Py(e,t)] — Oast — 0
uniformly in . For each ¢, we choose the leading term of P (e,.). By Gabrielov’s
theorem, the increment of argument of this leading term is uniformly bounded in €.
(e) In the chart U, the function J is meromorphic, by Gabrielov’s theorem the increment
of argument of J along small arc C? is uniformly bounded in €.
All the above constructions depend analytically on parameters like coefficients of the poly-
nomials P;, exponents a, a; and coefficients of the form 7.

O
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