N
N

N

HAL

open science

Sharp Beckner-type inequalities for Cauchy and
spherical distributions

Dominique Bakry, Ivan Gentil, Grégory Scheffer

» To cite this version:

Dominique Bakry, Ivan Gentil, Grégory Scheffer. Sharp Beckner-type inequalities for Cauchy and
spherical distributions. Studia Mathematica, 2019, 251 (3), pp.219-245.

hal-01761215v3

HAL Id: hal-01761215
https://hal.science/hal-01761215v3
Submitted on 15 Jan 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

10.4064/sm180503-17-1 .


https://hal.science/hal-01761215v3
https://hal.archives-ouvertes.fr

Sharp Beckner-type inequalities for Cauchy and spherical
distributions
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Abstract

Using some harmonic extensions on the upper-half plane, and probabilistic representations,
and curvature-dimension inequalities with some negative dimensions, we obtain some new op-
timal functional inequalities of the Beckner type for the Cauchy type distributions on the Eu-
clidean space. These optimal inequalities appear to be equivalent to some non tight optimal
Beckner inequalities on the sphere, and the family appears to be a new form of the Sobolev
inequality.

Key words: Cauchy distribution, Beckner inequality, curvature-dimension condition, Poincaré
inequality, Spherical analysis, Bessel processes, Stochastic calculus.
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1 Introduction

The so-called I'y criterium is a way to prove functional inequalities such as Poincaré or loga-
rithmic Sobolev inequalities. For instance, let ¥ : R? - R be a smooth function such that
V21 > pI with p > 0, then the probability measure

¥

dpy = e7d9v,

where Z is the normalization constant which turns j, into a probability, satisfies both the

Poincaré inequality,
2
1
[ P - ( / fdw) <= [ 197Pds,

and the logarithmic Sobolev inequality

2
[ 10 Py = [ Pawrog [ Pps <2 [195Pdus,
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for any smooth function f. More generally, the same hypothesis leads to a family of interpolation
inequalities between Poincaré and logarithmic Sobolev, namely, for any p € (1, 2],

p 2
2 e () <2 e

where the case p = 2 corresponds to the Poincaré inequality and the limit p — 1 to the
logarithmic Sobolev inequality. One of the technics used to prove such inequalities is based
on the I'y calculus (the C'D(p, +00) condition) introduced by the first author with M. Emery
in [BES5] (see also [BGL14]). This family is the so-called Beckner inequalities, proved for the

usual Gaussian measure, that is when ¢ = @, by W. Beckner in [Bec89] (in that case p = 1).
Some improvements of such inequalities can be found in [AD05, DNS08, BG10]. Let us note also
that recent developments for the Beckner inequalities applied to the Gaussian distribution in an
optimal way have been proved in [IV17], also for uniformly strictly log-concave measures. Let
us finish to quote the recent article of Nguyen [Ngul8] where the author generalizes some results
of this paper with a completely different method, the method is extended later in [DGZ19].

On the other hand, on the sphere S¢ C R%, with similar arguments, the following Beckner
inequalities can be stated, p € (1, 2],

p
A(/Pdug— </‘f‘2/pdug> > < 3/|Vf’2d,us, (1)

see [BGL14], where in this situation, p = d — 1.

It is important to notice that all Beckner inequalities (for the spherical and the Gaussian
models) are optimal in the sense that constants in front of the right hand side are optimal.
However, only the constant functions saturate these inequalities when p # 2.

The aim of this article is two-fold. First, we explain and improve in a general context the
method introduced by the last author [Sch03] to obtain some new optimal inequalities. This
method is mainly probabilistic, and makes strong use of various processes associated with the
underlying structure behind the inequalities. He used this method to obtain an optimal Poincaré
inequality under a C'D(p,n) condition, which is a stronger form of the condition V2¢ > pId, and
without integration by parts. More precisely, the method is enough robust to be applied to a non-
symmetric operator even if our example is the usual Laplacian which is symmetric. This method
is rather technical and is based on the C'D(p, n) condition with a negative dimension n, together
with a construction of some sub-harmonic functional. Let us note that negative dimension in the
curvature-dimension C'D(p, n) condition has been introduced and used in [Sch03, Oht16, Mil17].
Stochastic calculus is also a main tool of our approach.

Secondly, improving unpublished results of the last author, we apply this method to ob-
tain Beckner inequalities for the generalized Cauchy type distributions, that is the probability
measure on R¢ with density .

dvy(z) = Z0 1 PP ’x‘2)bd:p
where b > d/2 and Z is the normalization constant. This measure does not satisfy any
CD(p,+00) condition with p > 0 but some C'D(0,n) condition with n < 0, as will be explained
in detail in the paper. We prove the following new optimal family of inequalities,

1 [ [ - ( / |fr2/pdub)p} < oy [ T+,



where b >d+1landpe [1+1/(b—d),2].

Of course, when p = 2 we recover a weighted Poincaré inequality for the Cauchy type
distributions proved in many papers, see [Sch01, BBDT07, BDGV10, Ngul4].

But more surprisingly, this family is equivalent to the following one on the sphere S,

p
/h%mg <A (/ ]h]Q/pduS>

16
Tmr2—a)Bdi—2+m)

/ Ts(h)dps, (2)

where
m>=2d+2, p=1+

1,2

and A > 1 is some explicit constant to be described below, converging to 1 as p converges to
1, or equivalently when m converges to infinity. Inequality (1) is a tight inequality, that is
constant functions are optimal, on the other hand inequality (2) is a non-tight inequality. And
this inequality (2) is optimal with explicit extremal functions. Moreover this new family of
inequalities, or more precisely its behavior when p converges to 1, appears as a new form of a
Sobolev inequality on the sphere, as many other ones described for example in [BCLS95].

The paper is organized as follows. In the next section, we describe the curvature-dimension
condition C'D(p,n), even for negative n, and derive a general form of associated sub-harmonic
functionals. In Section 3, we define an operator related to the generalized Cauchy type distri-
butions, and show that it satisfies the generalized curvature-dimension condition. In Section 4,
we prove the new Beckner inequalities for these generalized Cauchy distributions. Finally, in
Section 5, we prove the non-tight Becker inequalities on the d-dimensional sphere and show how
they relate to the Sobolev inequality.

Notations: In all this paper, d will be the dimension of the main space, and satisfies d > 1,
and d > 2 in sections 4.2 and 5. For every X,Y € RY, X .Y = Z‘ij:l X;Y; is the usual scalar
product and | X|? is the Euclidean norm in R?.

2 General properties on curvature-dimension condi-
tion

Let (M9, g) be a smooth connected d-dimensional Riemannian manifold and A, its Laplace-
Beltrami operator. The associated Ricci tensor is denoted Ricg. For any diffusion operator
L on M (that is a second order semi-elliptic differential operator with no zero-order term,
see [BGL14]) we define the so-called carré du champ operator

L (f.9) = %[L(fg) ~fLg —gLf]
with T'2(f, f) = T'X(f) and its iterated operator
CE(f, £) = T5() = SLOCL() ~ TH(F. L)

for any smooth functions f and g. We write I' (resp. T's) instead T'* (resp. T'}) when there is
no possible confusion.



2.1 Definitions

Definition 1 (CD(p,n) condition) An operator L = Ay + X with X a smooth vector field
satisfies a CD(p,n) condition with p € R and n € R\ [0,d) if

Daf) > o0(7) + - (L) g
for any smooth function f.

As we shall see in the proof in Lemma 2, this condition will never hold when n € [0,d) but we
will extend it for n = 0.

Lemma 2 ([Bak94]) For any p € R and n ¢ [0,d] the operator L = Ay + X satisfies a
CD(p,n) if and only if
n—d X®X

(Ric(L) - pg) > =, )

and when n = d it reduces only to X = 0 and the condition becomes Ricg > pg. In the definition,
Ric(L) = Ricg — Vg X where VgX is the symmetrized tensor of V.X.

Proof. — For completeness, we give a sketch of proof of this result which can be helpful for the
rest of the paper. For any smooth function f, the Bochner-Lichnerowicz-Weitzenbock formula
states that (cf. [BGL14, Sec C.5]),

Lo(f)=||V?fl|7.s. + Ricg(Vf, Vf) = VXs(Vf,Vf) =
IV2 fll3s. + Ric(L)(V £, V), (5)

where ||[V2f||g.s. is the Hilbert-Schmidt norm of f. On a fixed point z € M, we choose a
local chart such that the metric g = (g; ;) is the identity matrix at the point x. In that case,
V2f = (Vi;f) is a d-dimensional symmetric matrix denoted Y, I'(f) = Zle(ai f)? and let
denote Z = V f. Since Z” 1 Y2 = tr(Y?2), the CD(p,n) condition (3) becomes
1
tr(Y>)+Z-RZ>pZ -7 + — ~(t tr(Y) + X - 2)%

where R is a matrix representing the coordinates of the tensor Ric(L) at x. One can choose a
new base in R? such that Y is diagonal. If we denote again Z in the new base in R?, we have
to prove the following inequality, for every vectors (Yj;)i1<i<q and (Z;)1<i<d,

ZY2+Z RZ > pZ -7+~ ZYMJFX 7).

By taking Y;; all equals, from Z é(zZ 1 Yii)?, the previous inequality is equivalent to

zlu

d
O Yi)’+Z RZ>pZ-Z+— ZYWJFX Z)?.

1
d 4
=1 =1

Let y = Zgzl Yj;, then the inequality becomes



In other words, the C.D(p,n) condition is satisfied if and only if, for every y € R and, Z € R?

11 2 1
y2<—>—yX-Z+Z-(R—pId)Z—(X-Z)2>0.
d n n n

Then, either n = d, then we need to assume that X = 0 and Z - (R — pId)Z > 0, either
1 — 1> 0 (with translates to n ¢ [0,d]) and for any vector Z,

(X-7)? . n—d

Z (R - pld)Z,

n
that is condition (4). ]

Next we define the tensor curvature-dimension condition, TC'D(p,n).

Definition 3 (T'CD(p,n) condition and quasi-models QM (p,n)) Let p € R, n € R\ {d}
and an operator L = Ay + X with X a smooth vector field.

e L satisfies a TC'D(p,n) condition if
. X®X
(Ric(L) — pg) > , (6)

n n

n—d

when n # 0, and
—d(Ric(L) - pg) < X X,

when n = 0.

e The operator L is a quasi model QM (p,n) if
(n —d)(Ric(L) — pg) = X ® X. (7)

Indeed, this new definition allows us to extend (3) when n € [0, d), and we shall see later crucial
examples of such operators, which are even quasi-models.

2.2 Sub-harmonic functionals

In this section, we construct sub-harmonic functionals from harmonic functions under TC'D(p, n).
We systematically explore the most general ones, in view of further use.

The next result is rather technical, and we shall see in the next sections how it leads to
Poincaré inequalities or Beckner inequalities.

Theorem 2.1 (Sub-harmonic functionals under TCD(p,n) or QM (p,n))
Let @ : I x [0,00) — R be a smooth function (I open interval of R), and denote ®; and ®;;
its first and second derivatives, 1,5 € {1,2}. Let L = Ag+ X, where X is a smooth vector field.

Let p € R and n € R\ {d}. We assume that L satisfies the TCD(p,n) condition with
n € R\ (0,d] (or the QM (p,n) condition). Then, if F : M +— I is smooth and satisfies
L(F) =0, then L[®(F,I'(F))] = 0 as soon as ® satisfies at any point (y, z) € I x [0,00), one of
the three conditions below,

Po(y, z) > 0;

s (y, z)Li;d + 22P9s(y, 2) > 0; ®)
(n — d)(n®a(y, 2) + 2(n — 1)2Pa0(y, 2)) > 0;

20®2(y, 2) + P11(y, 2) — 2(n — 1)n%(y,z)ﬁ%ﬁﬁ”ﬁ)@m(%z) >0,




or

or
Po(y, z) = 0;

2®92(y, z) > 0; (10)
D11(y, 2)P22(y, 2) — PTy(y, 2) = 0.
Remark 4
e For simplicity, we omit the variables y and z inside the function ®. When n ¢ [0,d], the

condition @2% 4+ 2®99z > 0 is contained into ®o + 2%2@22 > 0. Hence, provided
that n ¢ [0,d], then (8) boils down to
Py > 0;
-1
By + 27

Z(I)QQ > 0, (11)
@%22 >0
n®g +2(n — 1)Pagz ~

2009 + 1 — 2(n - 1)

It is interesting to notice that when n ¢ [0,d] the dimension d does not appear in the
previous conditions (11).

o As pointed out by a referee, condition (8) has a nice formulation by using a new variable
coming from [IV18]. The authors set M (y,u) = ®(x, /u), then condition (8) is equivalent
to, for any (u,y) € R x (0, 00),

(n — d) ( My (y,u) + §M12(y,u) Mia(y, u) ) >0,

MIZ(yvu) Mgg(y,U) + ﬁMQ(y,U)
together with the conditions Mz (y,u) > 0 and
b
(n—1)u

where we use again the notation M;; = 8Z2JM At the moment, we are not aware of any
implications of this new formulation of our condition (8).

M22(ya U) + MQ(]J,’LL) >0

Proof. — The proof is an improvement of the proof of Lemma 2.
If LF = 0, then from the diffusion property of L (cf. [BGL14, Sec 1.14]),

L(®(F,T(F))) =
Qo LI(F) + @11 [(F) + 2121 (F, I'(F)) + @ooI'(I'(F), ['(F))
= 2(I)QF2(F) + q)llF(F) + 2(I)1QF(F, F(F)) =+ CDQQF(F(F), F(F)), (12)

since LI'(F) = 2I'y(F') when LF = 0 and for simplicity we note ®;; = ®;;(F,T'(F)). At

some point € M, we write all the expressions appearing in L(®(F,I'(F))) in terms of local



charts. In view of (5), the resulting expressions involve only VVF and VF. We chose a
system of coordinates such that at this point the metric g is identity and VV F is diagonal, with
eigenvalues (\;)i<ij<q. The components of VF' are denoted Z;, and the components of X are
denoted —X;.

Since L(F') = 0, the constraint can be written,

d d
=) Xz
=1 =1
and
d d d
T(F,T(F)=2> XZ}, T@(F),T(F)=4Y N7}, T(F)=> 7.
=1 =1 =1

From the T'C'D(p,n) conditions and (5), the I'y operator has a lower bound,

d d d d
To(F)=> AN +Ric(L)(Z2,2) 2> N +p> Zi+ ﬁ(ZXiZZ-)Q.
i=1 i=1 i=1 i=1

Under the TCD(p,n) this is an inequality and we need to assume at this stage that n ¢ (0, d].
When the operator is a quasi-model QM (p,n) we only need to assume that n # d.
Since ®9 > 0, from (12), we just have to minimize the following expression,

L@ETED) e (N e S 20 L (S xz)
; (N2t (o xa))

d d d
1Y 2P AP Y NZ +APn Y NZE
i=1 i=1 i=1
for all (\;) and Z;, under the constraint fo:l A= Zle X;Z;.
Let z = Z?:l Z? =T(F) and Z? = z;, then the expression becomes by using the constraint
(after dividing by 2)

d d d d
1 2 P
=1 =1 =1 =1

We first minimize on the simplex {z; > 0, Zle zi = z} where z > 0 is fixed. We forget
the constraint {E‘ii:l +Xi\/7z = 2?21 Ai} since it is enough to minimize along a bigger set.
We first observe that the expression is affine in z;. The vector (z;)1<i<q belongs to the simplex
{zi =0, Zgzl zj = z}, so that the extremals of this expression ((\;)i<i<q and z > 0 are fixed)
is obtained at the one of the extreme points of the simplex. That is one of the z; is z and all
the others are 0. Assuming that z; = z # 0, one is now led to minimize

d d
o 2 o
2 2, 2 | oun
N(@2 +2822) + 2012017 + B ) 2in +n_d(§ 1>\1> +2(ap + 5 )
1= 1=

d
_ Af(%”n;i;d +28522) + A1 (28102 + znq)_?d Z; z)
® d T d ) Dop + 21
+ 2(22 i+n—d<; i)) (@t )



Then, we minimize in A\;. This imposes the second condition of (8), that is

1—d
@2L+2¢222>0,
n—d

recall that z = I'(F'). And the minimizer is given by

d d
S (e ()

d
<<I>2p + @) (Proz + 25 2ia M)
2 Dy tLod | 9652
Let assume that ®3 > 0. Decompose the vector A = (\;)2<i<q into a vector parallel to (1,--- ,1)

and a vector u = (u;)2<;<q orthogonal to it, that is A = A(1,--- ,1) +u with Z?:Q u; = 0. From
this decomposition, we have ch‘l:Q Ai = (d— 1)\ and

d d

SN =DM w)? = (d— 1)

1=2 =2

We see that we need to find the minimum in A\ of

((I>12z + ( )4132 )\)

<I>2((d — 1A%+ (d_ld)QAQ) + Z(CDQp + %) -

n— 2 (I)Q%Lidd + 2(1)222
v (I)Q(d — 1) <n<I>2 + 2(n — 1)2@22) y (d _ 1)@2@122
(n — d) (P2 2= 4 20952) (n — d) (D=4 4 200,2)
@%Qz Py
+ z((I) + —)
(I) n+1 d + 2P9s2z 2p 2

Then, once again, to get a minimizer in A, we also need
(n —d)(n®y + 2(n — 1)Pggz) > 0,

which is the third assumption in (8). Then, the minimizer is

L(®(E,T(F)) _ (d — 1) Py ®Fy2
2 ~ (n—d)(n®y+2(n — 1)2®90) (P4 4 2055 2)
®2,22 Py
~ +2( @20+ =)
(1)2”;71;(1 + 2(13222 20 2
—22(n — 1)@, Dy
— ® —) >0,
n®y + 22(n — 1)Pas ( 2P+

which is the fourth assumption in (8) since z > 0.
When &, = 0 at some point (y, z), we follow the inequality to check the assumptions needed.



Corollary 5 (Sub-harmonic functionals under TCD(0,n)) Let assume that L = Ay + X
satisfies a TCD(0,n) with n < 0. Let 6 be a positive and smooth function on an interval I C R
such that

-1
2T 202 < 09 (13)
Then for any function F : M — I such that LF =0,
LO(F)T(F)) > 0. (14)

In particular, for any g € [n/(2 —n),0] and nonnegative harmonic function F,
L(FPT(F)) > 0.

When n goes to —co, the condition (13) on 6 degenerates into 20" < #6”. This means that
the function ® such that ®” = 6 is admissible : ® is convex and 1/®” is concave.

Moreover, when n € (—o0,0), the extremal case is given by 0(z) = z/2=™) where (13) is
an equality.

Although we shall mainly use Corollary 5 instead of general Theorem 2.1, the proof in this
last case is not really simpler than the general one.

3 The operators ng)

Definition 6 (The operators ng)) For anyt >0, m > 0, z € R, and any bounded func-
tion f:R*— R, let

m 1 flyt + )
Q™ (f)(w) = oy (15)
t clm.d) J (14 |y[2)"3*
where ) r(m)
c(m,d) :/ —dy = 27 pd/2 (16)
(L+y)= " T
1 the normalization constant, such that ng)(l) = 1. In other words, for any t > 0,
Q" () = [ fas.dy),
where the kernel q; is given by
1 tm
qt(x, dy) = i g Y- (17)

M) (12 4 o — y2) "
The probability measure

_m+d
(L+1]yl%) ™2 dy

c(m,d)

in R%, with m > 0, is known in statistics as the multivariate t-distribution with m degrees of
freedom. There is a huge literature on the subject, see for instance [KNO4].
Through an integration by parts (or from the computation of normalization constants) we
may notice the useful formula,
c(m,d) m—2

= 1
clm—2,d) m-—-2+d’ (18)

for any m > 2.



Proposition 7 (Harmonicity of ng)f) Let m > 0. For any smooth and compactly sup-
ported function f, the map (0,+00) x RY 3 (t,z) th)(f)(x) is solution of the elliptic
equation A(m)ng)(f) = 0 where

1 _
A = Apy + 92 + Tmat. (19)

Proof. — This can be proved directly using the expression of the kernel (17). ]

From Proposition 7 (or from a direct computation) the operators (ng) )t>0 admit another
formulation. Let (Z5)ss0 = (Xs,Ys)s50 € R? x R be a diffusion process with generator Alm)
starting from (z,t) € R? x (0,00). That is (X;)s>0 is a Brownian motion up to a factor v/2 and
(Ys)s>0 is independent of (X;)s>0 with generator 07 4+ 15724

The process (Y;)s>0 is a Bessel process with parameter m starting from ¢ > 0. When m > 0,
the stopping time S = inf{s > 0, Y; = 0} is finite a.s., and since ng)(f) is a solution of the
elliptic equation (15), from It6’s Lemma, or Dynkin’s formula [0k03, Sec 7.3]

" (f)(x) = Ea(f(Xs)), (20)

for every smooth and bounded function f. In other words, since S and (X;)s>0 are independent,
if o, (s,t)ds denotes the law of the hitting time S starting from ¢ > 0,

Q" (f)(a) = /O T Pof(@)om(s. )ds, (21)

where (P;)s>0 is the heat semi-group in R? associated to the Euclidean Laplacian A. From the
definition of the operators ng) and the definition of the equation (Ps)s>0,

Pyf(x) = /f(y) exp ( _k ;Sy‘z) (47iy)d/2a

and this gives a way to compute the law o,, of the hitting time. One obtains, for any ¢t > 0, the
probability measure
1 t™ exp(—t2/4s)

O-m(sa t)ds - QmF(m/2) Sm/2+1

ds. (22)

This formula can also be found for instance in [BS96].
The map (t,s) — on(t, s) satisfies
9y = 92 + 1_Tmat,
with Dirichlet boundary conditions, o, (t,0) = 0 for every ¢ > 0, and 0,,(0,s)ds = Jo(s).
Moreover the RHS of the previous formula is the generator of the Bessel process.

Let us note that the links between the law of the stopping time and the generator explained
above is quite general and has nothing to do in particular with Bessel processes, see for in-
stance [Pavl4, Sec 7.2].

From this observation and an integration by parts, one recovers that the map (¢,z) —
ng)f(x) satisfies the elliptic equation A(m)ng)(f) =0.

10



Lemma 8 Let m > 0 and p € (0,m/2), then for any smooth and bounded function g,

By (S79(Xs)) = 2?22 —P) glm=2) gy 1

()
In particular, when p=1 and m > 2,
Faa(89(X5)) = 50" (g)(w). (23)
’ 2(m —2)
Proof. — The formula can be obtained from a direct computation since we have
Eq24(SPg(Xs)) =
1 [e’e} megd |ZL‘ _ y|2 t2
P ! - =2 _)dsd
27T (m /2) (4m) "2 / 9@)/0 o e (= - sy
I'(3 —p)

= %P 2 / P; m—2p(8)ds.
9mT (m/2) (4)4/2 9(y)om—2p(s)ds

Lemma 9 (QM condition for A™)) For any m # 1, the operator A on R? x (0,00) is a
quasi-model QM (0,d — m + 2).

Proof. — For that model,

1—
A(m) == ARd+1 + Tmat,

that is X = 1=29,. Then Ric(L) = 1;27”(815)2 and X ® X = (1;;71)2 (0;)? and the result follows

from Definition (7). [

4 Beckner and $-entropy inequalities for Cauchy type
distributions

4.1 Beckner inequalities for Cauchy type distributions
Let f : R — [0, 00) be a smooth and compactly supported function, and let F'(¢t,z) = Q; " (f)(x)
with m > 0.
Let 5 € R. From proposition (7), F' is A _harmonic, and
A (FF+2) = (5 4 2)(8 + 1) FPTA™ (F).
As in Section 3, we can write,
By 4(F(Z5)°*?) = Ept(F(Z0)?)

BB /0 " By (FA(Z)TA" (F)(Z,) aes)ds,

11



where (Z)ss0 is the Markov process in R with generator A(™. Since F(Zg) = f(Xs),
from (20) we have the general equation,

QI (712) = Q™ ()P +2
LB+ / T Bad(FA(Z)TA (F)(Z) ses)ds. (24)
0

Again, from Dynkin’s formula applied to FT Alm) (F), we have
(m) (m)
Epi(FP(Zo)D2™ (F)(Zs)lszs) = Eop(FP(Zs)T2 ™ (F)(Zs) Us<s)

- EW( / ’ A (pApAT (F))(Zu)du]lsgs).

S

In other words,

QM) QM (1) =
(B+2)(B + 1) Ext (SFO(Z5)TA™ (F)(Z5))

—(B+2)(B+1) /0 C B, ( / 7 A (FPpA™ (F))(Zu)du]lsgg>ds. (25)

Let now assume that m > d + 2, and denote n = d —m + 2 (n < 0). Let also assume
that 8 € [32-,0] (that is 8 € [-1+ —2-,0], -2 > 0). Since n < 0, A(™ satisfies TC'D(0, n)
(Lemma 9) and from Corollary 5,

A (FATA™ (F)) > .

Equation (25) becomes

QP - QM () <
B+2(3+1) [ P (2T (F)(Zs)cs) s,
which is
QU () = QUM (N7 < (B+ 2)(B+ 1) Eay(SFP(Zs)TA™ (F) (Zs)).
Starting form Zy = (z,1),

FA(Z)T2" (F)(Zs) = f2(Xs)T2™ (F)(Xs,0) =
FAXs)[T(f)(Xs) + (0:F)*(Xs,0)],

since T2 (F) = T'(F) 4 (8,F)? where T'(f) = |Vf|?, (f : R? — R) is the carré du champ
operator associated to the Euclidean Laplacian in R¢. From Proposition 7, since m > 1,
O0¢F(x,0) = 0 then
F2(Zs)T(F)(Zs) = [*(Xs)T(f)(Xs).
We can now apply Lemma 8, to get
2

(m—2)
s (T (26)

QU (52 — QMM (1P < (B+2)(B+1)

Replacing f712 by f? and setting p = 8+ 2 in (26) we have obtained,

12



Theorem 4.1 (Beckner inequalities for ng)) For anym > d+2 andp € [1 + ﬁ,Q],
and for any smooth function f >0,

22

Q")) (27)

L (@) - QM () <

When p =2 (m > d+ 2), we obtain the Poincaré inequality for every smooth function f,
t2

(m —2)

For t = 1 and = 0 in the previous inequality (recall that the inequality depends also on the
space variable z € R?), we have obtained the Beckner inequality for the Cauchy distribution

QU (2 — QM ()2 < Q" 2((1)). (28)

1 1
elm,d) (14 Jy2) "2
So, for any m > d + 2 and p € [1 + =, 2] one has,
p
p / f? fH dy
P ()t em (1+ Jy|2)™3* clm.d)
2 L'(f) dy
Sm—2/ =2 c(m,d)’ (29)
(1+1yl?) )

The inequality can be written as a weighted Poincaré-type inequality for a generalized Cauchy
distribution. Let us define for b > %, the probability measure

1 1
d
c(2b—d,d) (1 + [y]?)r Y

Setting b = (m + d)/2 in inequality (29), we obtain, using (18),

dvp(y) =

Theorem 4.2 (Beckner inequalities for Cauchy type distributions) For any b > d+ 1
andp € [1+ ﬁ,Q],

% [/f%lub— (/f2/pdub)p] - (bil) /F(f)(1+!y|2)d1/b, (30)

for any smooth and nonnegative function f.
Moreover, the inequality is optimal, that is, fixzing p € [1 + ﬁ, 2], the constant ﬁ is the
best possible in the inequality (30).

The case p = 2 can be extended to any smooth function f (that may not be nonnegative). Then
we obtain the following inequality, proved in [Sch01, BBDT07, BDGV10, Ngul4].

Corollary 10 (Poincaré inequality for Cauchy type distributions) For any b > d + 1,
the measure vy satisfies a Poincaré type inequality,

[ - ( / fdub)Q < s J T+ ), (31)

for any smooth function f. Moreover, functions y +— y; with 1 < i < d are extremal functions.

13



Proof. — We only have to prove optimality. Apply the Poincaré inequality (31) to the function
y — y; for some 1 < i <d,

Hh< —— Hh=—"_(1 2
Vb(l/z) = Q(b—l)yb( +’y| ) 2([)—1)( +Vb(|y| ))7
or equivalently
1 2 2
— < —7 (1 .
(%) < g1+ o)
But the last inequality is an equality since, from (18), 1(|y|?) = 5-%—3- ]

Remark 11

o Inequality (30) is equivalent to (27); indeed we only have to replace the map y — f(y) by
y = [ty + ).

e We cannot reach the logarithmic Sobolev inequality, since in our computation p > 1+ 1/b
and the logarithmic Sobolev inequality requires that p goes to 1.

o Setting f = 1+¢eg in inequality (30) and using a Taylor expansion for small € we get back

the optimal Poincaré inequality (31), since
2
[ g - ( / gdub>

;%1 { / F2duy — ( / f2/pdub>p] — 9¢?

We do not know if there are extremal functions apart of constant functions.

+ o(e?).

e Corollary 10 has also been proved by Nguyen [Ngulj, Cor. 14], using the Brunn-Minkowski
theory (see also the approach in [BL09, ABJ18]).
In the one dimensional case, the exact value has been computed by Bonnefont, Joulin and
Ma in [BJM16, Thm 3.1]. Their result is more general, since they compute the optimal
constant for every b > 1/2. The constant of (31) with d =1 is
1

20 1)

(26— 1)2

It is interesting to notice that there are two regimes, depending on the range of the param-
eter b. Actually, we are not able with our method to reach this range, even in dimension 1.

it b>3/2;

if 1/2<b<3/2.

e By applying inequality (30) to the function x — f(v/2bx) and letting b — +oo, the in-
equality becomes the optimal Beckner inequality for the Gaussian measure vy in R?,

S| ([ )] <2 [rom

for any smooth and positive function f. This inequality is proved by W. Beckner [Bec89).
In that case the inequality holds for any p € (1,2], and the limit case (when p — 1) leads
to the optimal Logarithmic Sobolev inequality for the Gaussian measure.

o At the same time, Nguyen proves in [Ngul8] the Beckner inequality (30) for a range of
parameter p strictly contained in our interval [1 +1/(b— d),2]. Even if, with his method,
the parameter p can not reach the full interval, Nguyen is able to extend the result to a
general class of probability measures with a convexity assumption. The method is actually
improved in a more general context in [DGZ19].

14



4.2 Tightness of the inequalities

We are interested in the tightness of inequality (27), in the sense of the curvature-dimension
condition. In this whole of this section we assume that d > 2.

Lemma 12 (Taylor expansion of (ng)) For any m > 4, we have
2
(m) A A
=1d t
@ T om =2 T 8m =2 (m=1a)

The formula has to be understood as follows, for any smooth and compactly supported function f,
the remainder term o(t*) is uniformly bounded with respect to the variable x.

th 4 o(th). (32)

Proof. — The formula can be checked directly. On the other hand, one can deduce the formula

with functional analysis, at least formally. Since ng) is A(™)_harmonic from Proposition 7 then,

ng) is a function Gy, (t, A), from the functional analysis point of view. By the definition (19)

of AU the function G,, satisfies for ¢t > 0, 2 < 0, the differential equation

1—
t

with the boundary condition G,,(0,2) = 1. Solution of such differential equation is given by,
Gm(t,x) = Hy(—t2x) where H,, satisfies for any \ > 0,

ANH? (N) — 2(m — 2)H (\) — Hi(\) = 0.

2Gm(t, ) + —— 0y Grn (t, @) + O2Gm(t, ) = 0,

An asymptotic development Hy,(A) =3 o cpAP gives co = 1 (since G (0,2) = 1) and

1
C = Cp.
P T o+ D2p—m+2) "

1
2(2—m)

Considering the fourth order term in Taylor’s expansion of ng), we get (32), that is ¢; =

and cp = 78%_4%(7”_2).

This Lemma is fundamental. The Taylor expansion in (27), or equivalently in (28), gives in
return the C'D(0,d) conditions. We say then that the inequalities are T'o-tight and nothing has
been lost in terms of curvature-dimension condition (3), in other words the Taylor expansion of
the inequality implies the C'D(0,d) condition.

To see that, it is enough to compute the Taylor expansion of the inequality (27), when ¢
goes to 0. It is important to fix g = % =—-1+ ﬁ the extremal bound of the admissible
interval of 5.

It is clear that the zero order terms vanish, it is also not difficult to observe that the second
order terms also vanish. Therefore we only have to compute the fourth order terms and we

obtain the following expression,

1 (B+2) _
8(m — 4)(m — z)Az(fM) ~ 8(m—4)(m — 2)fﬁ AN
_ (684(‘"21)5/62")’_2 1)f,371A(f)2 <
B(B+1)(B+2) BB+1)(5+2)

FPEANT(S)

(B+1)(5+2)
4(m —4)(m —2)

B-1
2tm—aym—2) ST+ e T

(B-1)BB+1)(B+ Q)fg—zr(f)z n

4(m —4)(m — 2) JPAT(S).

+

15



Expanding the term A?(f%+2) (recall that 8 = 2= m+d) after a bit of algebra, we finally get,

p+1 L(f,T(f) BB-1)T(f)
d(ﬂ+1)—2ﬁ(Af)2fﬁ fo 2 e (32)

First, observe that if 8 = 0 that is m = d + 2 then the previous inequality becomes

Da(f) > S(AF),

in others words we recover the CD(0,d) condition on the Laplacian A.
It is more subtle to notice that, for any 8 € (—1,0) fixed, inequality (33) implies the same
condition C'D(0,d). It is more tricky since, setting f = 1 4 eg with & — 0, one infers that (33)

already implies I's2(g) > W(Ag) which is the C'D(0, d(ﬁ;#) condition, weaker than

the C'D(0,d) condition, since % > d. The way to recover the C'D(0,d) condition is to
replace f by ®(f) in (33), where ® is a smooth function.
By using the diffusion properties in (33) one has,

La(f) =

14
®2(Ta(f) — a(Af)*) + @ T(f)*(1 = a) — e 5T (f)?

12 /! 13
L) b T (L)) 20

+@'0"((f,T(f)) — 2aAfT(f)) — 2b

p+1 b
d(B+1)—28’
the function ®. It implies that the quadratic form with respect to the variables ®', ®2/® and

" is positive, then the determinant of its matrix is positive. We get

where a = = —2f and ¢ = —f(8 — 1) and for simplicity we omit the variable f in

—CLC—CL2

Lo(f) = E(Aﬁ <cm—1)—b?_cli)(Af)2

—0* —c—Va (L(LL()\* ¥ +ac  T(£T(f)
+4(c(a—1)—62)< T'(f) ) Tela-n-2 () 8

After an unpleasant computation, the inequality is independent of 3, and may be written as

follows
2
na(f) > g+ g (F - jar)

f.

which is a reinforced C'D(0, d) condition.

Indeed, in all these computations, we could have replaced the Laplace operator A in R? by
any operator satisfying the C'D(0,d) condition. Then we could have constructed the associated
ng) operator through (21), and could have obtained also a similar family of Beckner inequalities
for this ng), still equivalent to the starting C'D(0,d) condition. The main difference in the
Euclidean case is that then the family of inequalities for ng) (z) reduces to the same family for

™ (0)

0), through dilations and translations.

4.3 P-entropy inequalities for Cauchy type distributions

We can extend Beckner’s inequalities to a general ®-entropy inequality. For any convex function
® on an interval I C R, let us define the ®-entropy Ent?j for a measure p (or a kernel) and a
function f on I,

Eut?(f) = [ (P~ o( [ i),
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Results of Section 4.1 can be put in the setting of the ®-entropy easily.

Definition 13 (n-Admissible functions) Let ® : I — R be a smooth function on an interval
I CR and let n < 0. We say that ® is n-admissible if ' >0 on I and (<I>”)2_Tn is concave.
In other words, ® is n-admissible if and only if ®” > 0 and moreover
2" =L @2 < grpW
n - )

that is @ = ®" satisfies condition (13).

When n goes to —oo, an (—oo)-admissible function is just a function ® such that, ®” > 0 on
I and (1/®") is concave. Many ®-entropy inequalities have been proved for such a function ®
under the curvature-dimension condition C'D(p, 00) (see [Cha04, BG10]). In our computations,
the case n = —oo is then similar to the case n = +o0.

We can state the following result.

Theorem 4.3 (P-entropy inequality for ng)) Let m > d+ 2 and ® an (d — m + 2)-
admissible function on an interval I Then,

2
Entl() < o5 @4 2@ (00, (34)

for any smooth function f on I.

The inequality is optimal in the sense that if inequality (34) holds for a some function ®,
the constant 2(7272_2) is the optimal one.

Corollary 14 (®-entropy inequality for Cauchy type distributions) Let b > d+ 1 and
® an (2d — 2b 4+ 2)-admissible function on an interval I, then,

Butl, (1) < 15y [ @O0+ [P,

4(b—1)
for any smooth function f on I. The inequality is optimal.
The proof is the same as the one of Theorem 4.1, using the sub-harmonicity inequality (14),
so we skip it, the optimality being proved in the same way.

5 A Beckner-type inequality on the sphere

In this section we are looking for the link between the family of Beckner inequalities (4.2) for

vp (or ng)) and a family of Beckner inequalities on the sphere. In the whole of this section we
assume that d > 2.

The unit sphere S¢ € R can be seen in R? through the stereographic projection, with the
carré du champ operator on the sphere

Is(f) = ij(f),

4
where p(z) = y/1 + |z|? and the spherical measure
1 1
dz) = —d
/J'S( 33') C(d,d) de €L,

17



where the normalization constant ¢(d, d) has been defined in (16) (see [BGL14, Sec 2.2]). The
Laplace-Beltrami operator takes the following representation after the stereographic projection

d
(14 |zH)? d—2 2 P
As = i A 5 (1+ || );xzf)@,

where A is the classical Laplacian in R?. The operator is symmetric in L?(us).
It is interesting to recall that the map S? 3 = + 44, is an eigenvector associated to the
eigenvalue —d. This function, from the stereographic projection, takes the form

1— |95|2 d
= c R°. 35
@) = T @ (3)
Then, u satisfies Agu = —du and I'sa(u) = 1 — u? since
(1+ [z?)? (1 |a]? 1 9 4 |? 9
Tga(u)= T = T(|z})= — =12
)= e ) = e e D = g e =

Indeed this computation is much easier (and indeed completely elementary) using the standard
representation on the sphere, see [BGL14, Sec 2.2].

We can now transform the Beckner inequality for ng) into a new Beckner inequality on the
sphere. With these new notations, inequality (26) for ¢t = 1 and x = 0 becomes for a smooth
and nonnegative function f,

c(d, d) . c(d, d) . p+2
c(m,d>/fﬂ+2pd d“8_<c(m,d>/fpd d“s>

S2B+1)(B+2)  c(dd)
- m—2 c(m —2,d)

/ TS ()™ 2dps. (36)

d+2—m

=7, where 8 is on the limit of the admissible interval. Let

Let us focus on the case g =

f = p™ g and let us compute the various terms in (36). First, by using again the diffusion
properties of the carré du champ operator I'g,

FPTs(f)p? 2 = gP p2d=mITg(pmdg) =
¢°T's(g) + 2(m — d)g” ™ Ts(log p, g) + (m — d)?¢”Ts(log p),
and then
/ FPTs(f)p ™ 2dus = / 9°Ts(g)dus
9
+ (m —d) / i 5 s(log p, ") dps + (m — d)? /gﬁ“Fs(log p)dps.

With an integration by parts, we get

/Fs(log p.g"?)dps = — /96+2AS log pdys,

and then
/fBFS(f)Pdm2d/~LS = /gﬁFs(g)duSJr/gﬁ”KduS,

18



where
Aslogp

d—m—2
since B+ 2 = (d —m —2)/(d — m). Secondly we have

/ fPr2pt g = / 972 pPdps

/ Fo M dus = / gdps.
Then, inequality (36) can be written as
M@/mm c@@/ o
— dus — d
c(m, d) g paps c(m, d) gaps

< AP AL ( [ reine + [ 4 Kdo).

K = (m—d)2(2 +Fs(10gp)),

and

or

26+ 1)(B+2) c(d,d)
m—2 c(m—2,d)

/gﬁfs(g)dﬂs,

with
t po ddd) 5 2B+1)(B+2) cd.d)
" e(md)” m—2  c(m—2,d)

From (18), the definition of 3 and the fact that p? = 2/(1+u) where u has been defined in (35),

we can write
R_c(d,d) 2 om-—d+2 K
~e(m,d)\1+u (m—d)?2m-2+d)’

K.

and the inequality

e(d,d p+2
/ 9" ?Rdps — (d,d) / gdus <
c(m,d)

Am—d+2)  c(d,d)
(m — d)2(m — 2 + d) ¢(m, d) /gﬁFS(Q)dNS-

We need now to compute Aglogp and I's(log p). We have

1 1
Ag(log p) = 5 Aslog p* = — Aglog(l +u) =

d 1 d 1
ST e i T L et u’).

Then, finally
_1+u(d-1)
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and
1—u

4(1+u)

If we plug those values in the definition of K, then a miracle occurs. The function R is constant,

Is(log p) =

_c(d,d) 3d+m —2
Cce(myd) d+m—2°

d—m—2
Setting now f2 = ¢gft2 = g @m , we obtain

Theorem 5.1 (Beckner-type inequalities on the sphere) For any smooth nonnegative func-
tion f on the sphere S%, and m > d + 2, we have

p 16
2dus < A / 2/p /F
/f dus < < [ Pdps ) + T2 DG 2 s(f)dus, (37)
where
p=1+ — S (1, 2]
and )
_ (cld,d) N\ m+d—2
~ \c(m,d) m+3d—2
Remark 15

e Function R is constant only for the parameter p =1+ ﬁ.

o When m >d+2, A> 1. In that case inequality (37) is not tight, in the sense that when

g =1, we do not have the equality. But the inequality is still optimal since it is saturated
d—m-—2
for f=p 2
o When m =d+ 2, then A =1, p=2 and inequality (37) is nothing else than the optimal
Poincaré inequality on the sphere,

[ s - ( / f2dus>2 < & [ Ts()dus

e The classical Beckner inequalities hold for the spherical model (see e.g. [BGL14, Re-
mark 6.8.4]): for any p € (1, 2]

p _
/ Pdus < ( / |fr2/pdus> + ppdl / Ps(f)dpis. (38)

Inequality (38) is optimal in the sense that pp;dl is the best constant. Only constant functions
saturate inequality (38) for p € (1,2). And when p goes to 1, inequality (38) provides the
Logarithmic Sobolev inequality on the sphere

2
[ 12108 s < % [ Tty

proved in [MW82] (see also [BGL1j, Thm. 5.7.4]). On the other hand, this last logarithmic
Sobolev inequality implies back the full family (38), p € (1,2].
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Let us mention that inequality (38) has been generalized in [DEKL14] in the following way,

Y
1\ (M) < /Fs(f)dﬂs,

p_

for every nonnegative function f such that [ f?dus =1 and for some explicit function .

e So (37) appears as a new and optimal inequality on the sphere. It is probably worth to
compare it to the del Pino-Dolbeault family of optimal Gagliardo-Nirenberg inequalities,

1flpezy < CIVAIR IS, a>d,

where 6 is fixed by scaling properties, see [DD02].

e The Taylor expansion (when m — oo) of the constant A is given by

A=1+d

o) | €1

where C is a constant depending on the dimension d. This will be used in the rest of the
section.

Even if we are not able from Theorem 5.1 to reach directly the Logarithmic Sobolev inequal-
ity, inequality (37) contains enough information to obtain a Sobolev inequality for the spherical
model, however with a non optimal constant.

For this, we are going to obtain from (37) a Nash inequality on the sphere.

First, it is not difficult to see that there exits two constants «, 5 > 0 depending only on d,
such that, for any m > d + 2,

2 _d_
A S Odmfdmmfd,

which is just a precise form of the previous Taylor expansion, and

16 _ B
(m+2—-d)(3d—2+m) — m?

From Holder’s inequality, if p € [1,2],

(i) (fre) (] )

with p =1+ 2/(m — d) € [1,2]. Inequality (37) becomes, for any nonnegative function f such
that [ fdus =1, and any m > m + 2,

[ P < a7 amt ( / fzdus>1de + 25 [ rath)aus.

Let us define for « > 0, the map

2 d_ q__2 I}

) = am—-dmm—dg  m—d —F
om () +m2 ’

where E = [Ts(f)dus. The function ¢, has a unique fixed point z,, > 0, and the previous
inequality implies that [ f 2dus < .

21



Let us prove that for any m > d + 2,

d/2 PE _
Tm < am <1+2am1+d/2>_am'

To prove such an inequality, it is enough to prove that, for any m > d + 2, pm(am) < am. We
have

1—
- BE mi B
pm(am) = am (1 + 2am1+d/2> + sz
2
FE = B8
Y B
am [(1 2cem1+d/2 * m2+s E
/2 BE _
som <1 + 2am1+d/2> = Gm,

where we used the inequality (1 4+ z)* < 1 4 ux, for x > 0 and u € (0,1). Modifying the
numerical constants (depending only on d), we see that for any m > d + 2,

C
/ fPdps < Cm?? 4 — 7 / Ts(f)dus.

Optimizing with respect to the parameter m > d + 2 and using Jensen inequality, we obtain,
for some other constant C' > 0,

frome ([ frane )
<C </fd,ug+/FS dug) </f\dus>

This last inequality is a so-called Nash inequality, and is known to be equivalent to the
Sobolev inequality (up to the optimal constant) for the spherical model, see [BGL14, Prop. 6.2.3],

(/!f\f—d?dus>%2 < C/fzduS+C/Fg(f)dp,g.

By means of Poincaré inequality (m = d + 2) and [BGL14, Prop. 6.2.2], this inequality implies
a tight Sobolev inequality. We have obtained

Theorem 5.2 (From Beckner inequalities to Sobolev inequality on the sphere) The fam-
ily of Beckner inequalities (37) implies that there exists a constant C' > 0 depending only on d
such that, for any smooth functions f on the sphere S%,

</|f!d2d2dus>dd2 < /fzdﬂs+C/TS(f)dMS- (39)

Conclusion: The family of optimal inequalities (37) appears as a new form of optimal inequal-
ities on the sphere, implying a Sobolev inequality.
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