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Abstract

Given two couplings between “primal” and “dual” sets, we prove a general implica-
tion that relates an inequality involving “primal” sets to a reverse inequality involving
the “dual” sets. More precisely, let be given two “primal” sets X, Y and two “dual”
sets X!, Y# together with two coupling functions X <& X! and Y & Yt We define
a new coupling ¢ + d between the “primal” product set X x Y and the “dual” prod-
uct set X! x Y. Then, we consider any bivariate function K : X x Y — [—o0, +-o0]
and univariate functions f : X — [—o0,4+00] and g : Y — [—o00,+00], all defined

on the “primal” sets. We prove that f(z) > infyey (IC(x,y) + g(y)> = fozf) <
infscy (ICCJFd(xﬁ, yh) + g*d(yﬁ)), where we stress that the Fenchel-Moreau conjugates

f¢ and g~¢ are not necessarily taken with the same coupling. We study the equality
case. We display several applications. We provide a new formula for the Fenchel-
Moreau conjugate of a generalized inf-convolution. We obtain formulas with partial
Fenchel-Moreau conjugates. Finally, we consider the Bellman equation in stochastic
dynamic programming and we provide a “Bellman-like” equation for the Fenchel con-
jugates of the value functions.

1 Introduction

In convex analysis, the Fenchel conjugacy plays a central role. It is involved in many equal-
ities and inequalities, like the well known Fenchel (in)equalities or the Fenchel conjugate
of an inf-convolution. The classical Fenchel conjugate was extended by J. J. Moreau [10],
by replacing the bilinear pairing, between a vector space and its dual, with a more gen-
eral coupling. This gives the so-called Fenchel-Moreau conjugate (see Chapter 11L and the
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Commentary in [16] with a brief historical perspective and references). In abstract convex-
ity [18, 21, 11, 9], affine functions are replaced by another class of functions (related to the
coupling), and so are convex functions (replaced by so-called abstract convex functions), by
taking the supremum. In this way, generalized Fenchel conjugation formulas are obtained,
as well as duality for abstract convex functions. Generalized Fenchel conjugation also ap-
pears in the dual formulation of optimal transport problems [7, 19]. Calculus with different
couplings can be found in [4].

In this paper, we provide a main Fenchel-Moreau conjugation inequality with three cou-
plings, and applications. In Sect. 2, we establish our main inequality. Then, we provide suf-
ficient conditions for the equality case. In Sect. 3, we display several applications. First, we
provide a definition of a generalized inf-convolution, and new formulas for its Fenchel-Moreau
conjugate (inequality and equality). Second, we obtain formulas with partial Fenchel-Moreau
conjugates. Finally, we consider the Bellman equation in stochastic dynamic programming
and we provide a “Bellman-like” equation for the Fenchel conjugates of the value functions.

2 Duality inequality with three Fenchel-Moreau con-
jugates

Given two couplings between “primal” and “dual” sets, we prove a general implication that
relates an inequality involving “primal” sets to a reverse inequality involving the “dual” sets.

In what follows, we rely upon background on J. J. Moreau lower and upper additions and
on Fenchel-Moreau conjugacy with respect to a coupling, that can be found in Appendix A.

2.1 Main duality inequality

Let be given two “primal” sets X, Y and two “dual” sets X, Y, together with two coupling
functions
c: X x X = [~o0,400], d:Y x Y — [~o0, +00] . (1)

We will call X and Y “primal” sets, whereas X* and Y* are “dual” sets.
We define the sum coupling ¢ + d — coupling the “primal” product set X x Y with the
“dual” product set X! x Y# — by
c+d: (XXY) X (XﬁxYﬁ) — [—00, +o0] , (2a)
((z,y), &% 9") = clz,2h) + d(y, o) - (2b)

With any bivariate function £ : X X Y — [—00,400|, defined on the “primal” product
set X x Y, we associate the conjugate, with respect to the coupling ¢ + d, defined on the
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Figure 1: A kernel K, two couplings ¢ and d, and a new kernel feetd

“dual” product set X* x Y*, by:

ety = sw (e d) (), 0 9) + (- Kww) (32)
= swp <C(rﬂ, ) +d(y,v") + (= Kz, y))) (3b)

V(2f yf) € XF x Y*

In what follows, we will call the function K a kernel (or a potential). Indeed, consider
the expression in the left hand side assumption in (4). If we translate it from the (min, +)
algebra to the usual (4, x) algebra, it stands as an integration with respect to a kernel.

Theorem 1 For any bivariate function K : X x Y — [—o00, +00] and univariate functions
f:X = [—00,400] and g : Y — [—00,4+00], all defined on the “primal” sets, we have that

f(@) = inf (K(z.9) + () , Vo€ X =

yeY

Fe(af) < inf (KT, ) g7h)) L Vet e XL (1)
yteYt

Notice that the left hand side assumption in (4) is a rather weak inequality (upper bound
for an infimum), whereas the right hand side assumption in (4) is a rather strong inequality
(lower bound for an infimum).

Proof.
fe(a®) = sup (e(a,a*) + (= f())

zeX

by definition (52) of the conjugate f¢(z*)

< sup (C(x, o) + ( — Inf (K(z,y) + g(y))>>

zeX ye



by the left hand side assumption in (4) and by the property (48b) that the operator + is monotone
[this inequality is an equality when the left hand side assumption in (4) is an equality]

— sup (c(x,:nﬁ) + sup < — (IC(x,y) + 9(9))))

reX yeY

by —inf = sup —

= sup (c(m,xﬂ) + (— (IC(x,y) +g(y))>>

rzeX,yeY

by the property (48e) that the operator sup is “distributive” with respect to +

< (60 (W 4400

because gD 9" < ¢ by (54) and by the property (48b) that the operator + is monotone
[this inequality is an equality when gEDE=d) = ¢ ]

=, (foe (= (ke (o, (-t = o)) )

by definition (53) of the biconjugate gD

< sup (c(a:,xﬂ) + (— sup (lC(CC,Z/) + (— d(y,yﬁ) + (— gd@/ﬁ))))))

zeX,yeY yheyt
by the property (49f) that the operator sup is ”subdistributive” with respect to +, and by the

property (49b) that the operator + is monotone
[this inequality is an equality when —oco < K(z,y) by (49g)]

= sup (c(w,xﬂ) + inf —<IC(ac,y) + (( — d(yayﬁ)) + (_ g_d(yﬁ)))>>

zeX,yeY yleyt

by —sup = inf —

< sup inf (c(w,xﬁ) + (- <IC(x,y) + <( — d(%yﬁ)) + (_ g_d(yﬁ))>>>>

zeX,yeY yheYt

by the property (48f) that the operator inf is "subdistributive” with respect to +
[this inequality is an equality when c(z, z%) < 400 by (48g)]

zeX,yeY yteYt

— sup inf <c(x,$ﬁ>+(—16(x,y>)+(—((—d(y,y%)ﬂ—gd@ﬁ)))))



by the correspondence (50b) between + and + by means of a — —a

zeX,yeY yheYt

= sup inf (C(m»wﬁ)%r (—K(z,y) + (d(y,yﬁ)Jrg‘d(y”)))

by the correspondence (50b) between + and + by means of a — —a

zeX,yeY yheYt

= sup inf ((c(x,:):ﬁ) + (— K(%?J))) + <d(y,yﬁ) ‘i’g_d(yﬂ))>

by associativity of +
< sup inf ((c(wvxﬁ) (= K(@,y)) + dly, y”)) g7y
zeX,yeY yteYt
by the inequality (50c)
[this inequality is an equality when —oo < c(z, z*) + (—K(z,y)) < +00 and —oco < d(y, y*) < +0o0]

= s it ((cloa®) 4 (= Klop) +da) 9700 (50)

zeX,yeY yheYt

by associativity of +

< nf, sw ((ctea?) + (= Kw) + dlwa) 9700 (5b)

by supinf < inf sup

yleYt \ zeX,yey

= inf ( sup (e, %) + (= K@) + dly, 7)) + g—d@ﬁ))
by the property (48e) that the operator sup is "subdistributive” with respect to +

= ygg{ ﬁ (’Ccﬂ(:vﬁ, yh) + g‘d(yﬁ)) :

by the definition (3) of KT
This ends the proof. O

2.2 The duality equality case
The equality case in (4) is the property that
fla) = inf (K(w,y) +9(»)) . Vo€ X =

Fe(a) = inf (/cc+d(xﬁ,yﬁ)+g—d(yﬁ)>, Vit e XE. (6)

yﬁ cyt



We will now provide sufficient conditions under which the equality case (6) holds true in
different cases: with real-valued couplings and real-valued kernel; with extended couplings
and extended kernel; with one bilinear coupling and extended kernel.

2.2.1 With real-valued couplings and real-valued kernel

We consider the case where both the couplings and the kernel take real values, whereas all
the other functions can take extended values.

Corollary 2 Consider any bivariate function K : X x Y — [—00, 400| and univariate func-
tions f : X — [—o00,+00] and g : Y — [—o0, +00], all defined on the “primal” sets. Suppose
that

1‘ g(fd)(fd)/ — g;

2. we have strong duality

sup int ((eona) + (= Klw) + dlns)) +9700)

zeX,yeY yFeYr

= int s (o) + (< Klww) +dd) Fo70h) @

ylevt zeX,yeY
for all 2* € X¥;

3. the two coupling functions ¢ : X x Xt = R and d : Y x Y* — R, and the kernel
K :XxY — R all take finite values.

Then, the equality case (6) holds true.

Proof. Following the proof of Theorem 1, all but one inequality — namely sup inf < inf sup
between (5a) and (5b) — become equalities when the functions ¢ : X x X* — R, d: Y x Y* — R and
K : X xY — R take real values and when g(*d)(*d)l = g. Once we have the equality between (5a)
and (5b), we obtain that the equality case (6) holds true. O

2.2.2 With extended couplings and extended kernel

We consider the case where the couplings, the kernel and all the other functions can take
extended values.

Corollary 3 Consider any bivariate function K : X x Y — [—00, +00| and univariate func-
tions f : X — [—00,+00| and g : Y — [—o0,+0o0], all defined on the “primal” sets. We
define

Kt (y) = —<lC(-,y)C(:rﬁ)> = inf (( —c(z,2%) + IC(:L",y)) V@) eXExY. (8)

zeX

6



Suppose that

sup (( —Kaus(y)) + (— g(y))) = inf (’Ciu(y'i) Jrg‘d(y'i)) : (9)

yeY yheyt
Then, the equality case (6) holds true.

Proof. First, to prove the equality result (6), we start by stating the so-called Fenchel inequal-
ity, but with a general coupling: for any two functions h : Y — [—o0,+o0] and g : Y — [—00, +00],
we have that

e <( —h(y) + (— g(y))) < il (hd(yﬁ) - g‘d(y“)) : (10)

The proof easily follows from the definition of the Fenchel-Moreau conjugate in (52). It is also a
corollary of Theorem 1 when we take singleton sets X = {z} and X! = {2*}, with the null coupling
c(x,z%) = 0.

Second, we give a new proof of (4) in Theorem 1.

F(af) = sup (elw,ah) + (= f(@))

zeX

by definition (52) of the conjugate f¢(z¥)

< sup | c(z, 2% + (—inf
x€§ < ( ) ) yey

(K +0) ) (112)

by the left hand side assumption in (4) and by the property (48b) that the operator + is monotone

= sup (c(a:, ¥ + sup ( — (K(z,y) + g(y))))

zeX yeY

by —inf = sup —

— sup <c(g;,;cﬂ)+(—(K(x,y)+g(y)))>

zeX,yeY

by the property (48e) that the operator sup is “distributive” with respect to +

= sup ((c(x,xﬁ) + (—/C(m,y))) + (—g(y))>

zeX,yeY

by (50b) and by associativity of +

= sup <Sup (c(:n,ﬁ) + ( — /C(L?J))) + ( — g(y)))

yeY \ zeX



by the property (48e) that the operator sup is “distributive” with respect to +

= sup <( — Kot (y) + (— g(y))>

yeY

as K:xﬁ (y) = — SUPgex (C(l’,a}ﬁ) + ( - K:(.%',y))) by (8)
< i (Kb +970) (11h)
yﬁeYﬁ
by Fenchel inequality (10) where h(y) = K, :(y)
= inf, (sup (a0 + (~ ) ) + 70 )
yPEYE \ yev
by definition (52) of the Fenchel-Moreau d-conjugate of K

= int, (s (d0008) + s0p (et ¢ (~ KG)) ) 0700

yreYs \ yey reX

as Kt (4) = supyex (e, 2%) + (= K(w,9)) ) by (8)

— inf ( sup (d(y, ) + cla,2f) + (- ’C(%y))> +9d(yﬁ)>

yPEYE \ zeX yeY

by the property (48e) that the operator sup is “distributive” with respect to +, and by associativity
of +

= int (K ) o0
by the definition (3) of K¢T%. This ends the new proof of Theorem 1.

Third, to end the proof of Corollary 3, we just check two points. That inequality (11a) is an
equality, by the left hand side assumption in (6). That inequality (11b) is also an equality by
assumption (9). O

2.2.3 With one bilinear coupling and extended kernel

We consider the case where one of the two couplings is bilinear, whereas the other coupling,
the kernel and all the other functions can take extended values.

Let Y be a locally convex Hausdorff topological vector space over the real numbers R,
with its topological dual Y* made of continuous linear forms on Y. The coupling is the
duality bilinear form (), and the conjugacy operator on functions is denoted by *. Let be
given X and X*, two sets.



Corollary 4 Consider any bivariate function K : X x Y — [—00, 400| and univariate func-
tions f : X — [—o00,400] and g : Y —] — 00,+00|, all defined on the “primal” sets. Let
c: X x Xt — [—00,400] be a coupling function. Suppose that

1. the coupling d : Y xY* — R is the duality bilinear form () betweenY and its topological
dual Y*,

2. the function g is a proper' convex function,
3. for any x* € X*, the function K,: in (8) is a proper convex function,
4. for any x* € X!, the function g is continuous at some point where K is finite.

Then, the equality case (6) holds true.

Proof. The equality case (6) follows by checking that the inequalities (11a) and (11b) turn out
to be equalities, under the assumptions of Corollary 4. Indeed, the left hand equality in (6) gives
an equality in (11a). The equality in (11b) is a consequence of the equality

in

inf (’Cxu () Jrg(y)) = — inf (ic;l,j () + gfd(yti)) ,

y’jeYﬁ
which holds true by [14, Theorem 1], under the assumptions made on the functions g and K.,
where the coupling d : Y x Y# — R is the duality bilinear form (,) between Y and its dual Y#. [

Remark 5 We can weaken the assumptions in Corollary 4 in two ways.

o Some of the assumptions in item 3 in Corollary 4 — that bear on the marginal func-
tion Kt in (8) — can be obtained from assumptions on the basic elements K (kernel)
and ¢ (coupling). Indeed, if both the functions K : X x Y — [~00, +00] and c(-, z%) :
X — [—o00, +00] are convex, for any x* € XF, then the function K, in (8) is conver.

e The assumptions in item 4 in Corollary 4 can be replaced by the following assumptions
(using [2, Proposition 15.13]): g is a proper l.s.c. (lower semi continuous) convex
function, the marginal function Ky in (8) is a proper ls.c. convez function, and
0 € sri(dom(K,:) — dom(g)), for any z* € X*. Moreover, for any given z* € X*, the
marginal function ICps in (8) is a l.s.c. convex function under the following assumptions
(see [1]): the function K is l.s.c. convex: the function c(-,2*) is proper u.s.c. (upper
semi continuous), and the minimization in the definition (8) of K is performed on a
compact set.

IThe function g never takes the value —oo and is not identicaly equal to +oo.



3 Applications

We now display three applications of our main result in Theorem 1. We provide a new formula
for the Fenchel-Moreau conjugate of a generalized inf-convolution. We obtain formulas with
partial Fenchel-Moreau conjugates. Finally, we consider the Bellman equation in stochastic
dynamic programming and we provide a “Bellman-like” equation for the Fenchel conjugates
of the value functions.

3.1 Fenchel-Moreau conjugate of generalized inf-convolution

We generalize the inf-convolution, and provide an inequality and an equality with Fenchel-
Moreau conjugates involving three coupling functions.

Definition 6 Let be given three sets X, Y1 and Yo. For any trivariate convoluting function
Z:Y; xXxYy— [—00,+00], (12)
we define the Z-inf-convolution of two functions g1 : Y7 — [—oo,+0o0] and gy : Yo —

(91592)(@ = inf <91(y1) +Z(y1, 7, y2) + 92(?/2)> , Ve e X (13)

y1€Y71,y2€Y2
To any convoluting function Z in (12), we can easily attach

1. a coupling function Z : X x (Y; x Yy) — [—00, +00] between X and Y; x Y, defined by

I(:Ev (ylay2)> = I(ylaxay2) ) v(xvyhyZ) € XX Yl X YZ ) (14)
2. a kernel function Z : X x Y; x Yy — [—00, +0o0] defined by

Z(x;ylny) = I<ylax7y2) ) v(ajayl?y?) € X x Y1 X Y2 . (15)

We provide an inequality with Fenchel-Moreau conjugates involving three coupling func-
tions.

Proposition 7 Let be given three “primal” sets X, Y1, Yo and three “dual” sets X, Yﬁ, Yg,
together with three coupling functions

¢ X x X = [—00,400] , dy: Yy x Y = [—00,+00], dy: Yy x Y — [—00,4+00] . (16)

For any univariate functions f : X — [—00,4+0], g1 : Y1 — [—00,+00] and g3 : Yy —
[—o0, +00], all defined on the “primal” sets, we have that

f(@) > (0:00) (x) . Vo€ X = fo(af) < (gﬁ—d”%gé‘d”)(x%, vate X, (17)

10



where the convoluting function I on the “dual” sets is given by
7t = getditd (18a)

(where the kernel Z is defined in (15)), that is, by

TH(yh, o, o) =

sup (c(:v,xﬁ) + d1(y1,y§) + dg(yz,yg) + (—I(yl,x,yQ))> . (18Db)
(y1,2,y2) €Y1 xXx Yo

Proof. The left hand side assumption in (17) can be rewritten as

f(z) > y1EYi1I,152€Y2 <I($,y1,y2) + (gl(yl) +gz(y2))> , VzeX. (19)

Now, we apply Theorem 1 with
Y=Y xYy, Y=Y x Y}

d((y1,92), (yﬁayg)) = di(y1,9}) + d2(2!2,yg)
9(y1,y2) = g1(y1) + g2(y2) and K =Z by (15).

We first prove that

_ —d . (—d
g™ TRl o) < (o7 ) + ol P ) - (20)
For this, we let the reader check that the following preliminary inequality always holds true
(= (w1 +u2)) + (= (o1 +02) < ((—un) + (=0) + ((—uz) + (—02)) - (21)
Then, we have that
g BT ) = sup (( — (il vd) + dav2,88) ) + (= (1) +g2<y2>)))
Yy1€Y1,y2€Y2

< sup (( —di(y1,9}) + (—91(211))) er?elg? (( — da(yo, h) + (—92(3/2))))

by the preliminary inequality (21)

_d . (=d
=g () + g5 P Wh) .

We now obtain, by (4) applied with (19),

Félah) < , inf ij(I“-L(“hfrd?)(a:ﬁ,yﬁ,yg)Jrg("14-”12)@?,?5))
yleYﬁl,ygeYQ

< (zcﬂdl*dz)(:cﬁ,y?,y@ + (oMb + gé‘d”(yg))) (by (20))

yleY! yhevh

Tt
= (o "0gy ™) (%)

11



by definition (13) of the generalized inf-convolution, and where the kernel Z is defined in (15).
This ends the proof. O

We check our result in Theorem 1 on the classical inf-convolution. Suppose that X =
Y = R" and X¥ = Y* = R" equipped with the scalar product {,). The conjugacy operator
on functions is denoted by *. For the characteristic function of a subset W C W of a set W,
we adopt the notation

0 ifweW,

: (23)
+oo ifwegW.

S+ W — {0,400} , S (w) = {

Now, when we take

I(yhxayQ) - yH—yz(l‘) ) C(CL’,LEﬁ) = <l’ 7xﬁ> ) dl(yzay5> - = <yl 7yf> 3 1= ]-72 ’ (24&)

we find that, by (18b)

- Iﬁ - * H *
Tyt af, 0h) = 0,0(a) + 0,2 (2%) . (98 Dl ™) (2%) = gi(a) + g3 (a%) . (24b)

We conclude with (17) that we indeed obtain the well known property of the inf-convolution:
f =z g0g = f* < (10g2)" = g7 + g5.

To end up, we provide an expression of the inf-convolution as a Fenchel-Moreau conju-
gate, and we obtain an equality with Fenchel-Moreau conjugates involving three coupling
functions.

Proposition 8 The Z-inf-convolution in (13) is given by

z _
9109, = —(g1 +92)7" . (25)
Proof. For any x € X, we have that
I . .
(@8 = it (on(m) 4 00 o))
Yy1€Y1,y2€Y2

by definition (13) of the generalized inf-convolution

= e (T ) + (0200 + a(00))

by definition (14) of the coupling function Z

—— s ((—I(% (yl,yz))) + (_ (92(v1) JrgQ(yQ))))

y1€Y1,y2€Y2
= (g1 +92)77) (=) -
This ends the proof. ([l

12



Proposition 9 If there exist two coupling functions
I X x Y, — [—o0,+00], Ty: X x Yy — [—00,+0q] , (27)
such that the c-Fenchel-Moreau conjugate of the convoluting function I splits as

Z(yr, - y2)(2%) = Dy(2%, y1) + a2, v2) , V(2% y1,92) € XF X Y; x Yy, (28)

z
then the c-Fenchel-Moreau conjugate of the inf-convolution g1U0gs is given by a sum as

(91692)6 = 91F1 + gzrz . (29)
Proof. We have that
(91062) (@) = (— (a1 + 92)7T) () (by (25))
= (g1 +g2) D Te(a?) (b 58))
T <( I(y1, =, 92)) + c(z,2%) + < (91(y1) + g2(32))

(y1,92)€Y1x Yo zeX

_ Sup (sup (( Z(y,, y2)) + c(x,acﬁ)> + (- (91(3/1) ‘1‘92(92))))

sup (I Y1, y2)C(2f) + (— (91 (1) Jrgg(yz))))

(y1,y2) €Y1 x Y2

sup
(Y1,y2) €Y1 x Y2

z* ) + Iy(x ,y2)> + (- (91(3/1) 4‘92(92))))

(by assumption (28))

(y1,92)€Y1 ><Y2

= 91 Hx )
This ends the proof. ([l

xﬁ

sup <F1 2 y1) + Ta(ah ) + (—a1(wn)) + (—92(?/2))>
52(

3.2 Exchanging partial Fenchel-Moreau conjugates

Let be given two “primal” sets X, Y and two “dual” sets X*, Y*, together with two coupling

functions
c: X x X = [~o00,4+00], d:Y x Y — [~o0, +0c0] . (31)

In (4), all Fenchel-Moreau conjugates stand on the right side of the implication. We show
formulas where they appear on both sides. For this purpose, for any exchange function

£:Xx Y = [—o0,+0q] , (32a)

13



we introduce the partial Fenchel-Moreau conjugates

(= €6)"() = swp (dlyv) + E.09)) » Viwy) €X XY, (320)
E(, (2% = ilelg (c(x,x’j) + (— S(:L’,yﬂ))) , V(2fyf) e XFx Y (32¢)

We prove the following implication.

Proposition 10 For any function £ : X x Y* — [—o00, +-00], we have that

f() > inf (£, ) () +9(y)) . Vo eX =

fo(af) < inf ((—5(-,%))0(%”)Jrg‘d(y”))7 vaf € XF.(33)

Proof. We use the following Lemma 11. We apply Theorem 1 with the function K(z,y) =
(= &(z, -))d(y) defined by equality in the left hand side inequality in (34). Then, we insert the
right hand side inequality in (34) into implication (4). O

Lemma 11 For any function € : X x Y* — [—00, +00|, we have that

K(z,y) > (= €@,)) (), Y@y eXxY =
KT d(af by < E(,yD)e(at) , V(ah,yf) e XEx Y. (34)

Proof. Supposing that
K(w.y) = (=€) W), Yoy eXx Y, (35)

we calculate, for all (zf, yf) € XF x Y,

/Cﬂ-—d(xﬁ,yﬁ) = sup (c(x,xﬁ) + d(y,yﬁ) + (— IC(x,y)))
zeX,yeY

by the definition (3) of ¢T¢
< swp(elw @) +dly o) + ) ()

zeX,yeY

by inequality (35) for K

= sup (C(I‘,.Tu) + sup <d(yvyﬁ) + ( - ( - E(x, )d(y)))>>

rzeX yeY
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by the property (48e) that the operator sup is “distributive” with respect to +

= sup (C(%xﬁ) + (=&, '))dd(yu)>

zeX

by definition (53) of the biconjugate

< sup (cfo.5%) + (= £2.49))

zeX

by the inequality (54) between a function and its biconjugate, and by the property (48b) that the
operator + is monotone

= E(,yh) ()

by the definition (32c¢) of partial Fenchel-Moreau conjugate. (I

3.3 Fenchel conjugates of Bellman functions

We consider the Bellman equation in stochastic dynamic programming and we provide a
“Bellman-like” equation for the Fenchel conjugates of the value functions. Related works
are [17] and [12].

3.3.1 Basic sets and couplings

Let (2, F,P) be a probability space. Let 1 < p < 400 and ¢ be defined by 1/p+1/q = 1.
Adopting the notation of Sect. 2, we put X = R™ and Y = ]Lp((Q,]-", ]P’),R"X) the space
of p-integrable random variables with values in R™. FElements of Y, that is, p-integrable
random variables with values in X, will be denoted by bold letters like X and elements of
Y = ]Lq((Q, F, IP’),R”X) by X*.

The coupling ¢ between X = R™ and X* = R"™ is the usual scalar product (,). The
coupling d between Y = ]Lp((Q, F,P), R”X) and Y = ]Lq((Q, F,P), ]R”X) is naturally derived
in such a way that

c(z,2%) = (x,2") , V(z,2") € X x X*, (37a)
dX,XH=E[(X,X")], ¥(X,X") eYxY. (37b)

In that case, the conjugates f¢, g, g~% and K79 are denoted by f*, ¢*, ") and C*T(*).
One can find such a difference coupling in [22].
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3.3.2 Bellman functions and Bellman equation

Let time ¢t = 0,1,...,T be discrete, with T" € N*. Consider a stochastic optimal control
problem with state space X = R"* control space U = R™ | noise process {W,} 11,7 taking
values in W = R™ and defined over the probability space (2, F,P).

For each time ¢t = 0,1,...,T — 1, we have a dynamics f; : X x U x W — X and an
instantaneous cost L; : XxUxW —]—o00, +00]; we also have a final cost K : X —]—o00, +00].
These two costs can take the value 400, so that we can easily handle state and control
constraints.

Assumption 1 We make the following assumptions:

1. for any (z,u) € X x U, the R™-valued random wvariable fi(x,u, Wy1) belongs to
LP((Q,}",P),R”X),

2. the instantaneous costs Ly : X x U x W — [0, +o0|, fort =0,...,T — 1, and the final
cost K : X — [0, +00] are nonnegative®* measurable functions.

By item 2 in Assumption 1, we can define Bellman functions by, for all x € X,

Vr(z) = K(z) (38a)
Vi(z) = )i{n%E[i Ly(Xs, U, W) F K(Xp)], t=T—1,...,0, (38D)

s=t

where X; =z € X, X511 = fs(Xs, Us, Weyq) and o(Uy) C 0(Xy), for s=1¢,..., T —1. In
addition, the Bellman functions are nonnegative.

Assumption 2 We suppose that the Bellman functions in (38) are measurable and satisfy
the backward Bellman equation

Vi(z) = inf E[L¢(z,u, Wis1) + Vi (fi(z,u, Wep))], t=T-1,...,0. (39)

uclU
This is the case when the noise process {Wi},_, . is a white noise and under technical
assumptions [3, 5].
3.3.3 Fenchel conjugates of the Bellman functions

Now, we provide a “Bellman-like” equation for the Fenchel conjugates of the value functions
(see [12] for related considerations).

2We could also consider functions that are uniformly bounded below. However, for the sake of simplicity,
and without loss of generality, we will deal with nonnegative functions.
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Proposition 12 The Bellman functions in (38) satisfy the backward equalities

Vi(z) = inf (inf ((—H(x,u,-))(‘*)(X)) JrE[vm(X)}) , Vt=T-1,...,0, (40

XeY \ uel

where the Hamiltonian H is defined by
H(z, u, X" = E[Li(z, u, Wepr) + (fi(w,u, Wer) , X |, V(z,u, X)) e XxUx Y*. (41)

Moreover, letting {Vt*} be the Fenchel conjugates of the Bellman functions, we have,

or all ¥ € X*,
f

t=0,1,...,T

Xt uelU

V*(2%) < inf <sup (H(u Xﬁ)*(:cﬁ)> JrJE[X/t:l(Xﬁ)}) , Vt=T—1,...,0. (42)

Proof. In what follows, we will manipulate mathematical expectations of random variables
that are either nonnegative (by item 2 in Assumption 1), or nonpositive (by taking the opposite),
or integrable (by item 1 in Assumption 1, giving random variables resulting from a scalar product
between an element of L7 ((€, F,P),R™) and one of L7((Q, F,P),R™)). We will be careful to
remain in the conditions where the usual rules of algebra apply [8].

By the Bellman equation (39), we have that

Vi(z) = xeglszeUE[Lt(x’ u, Wii1) + Vi1 (X)]

st X = fi(z,u, Wip)
- Xéig’l,ifLEU)(SuléI;ﬁ (E [Lt(xa uawt-i-l) + V;H‘l(X) + <ft(.’13,U,Wt+1) -X P Xﬁ> ])

by using item 1 in Assumption 1

= XG%?};EU (XSﬁlg;ﬁ (E [Lt(xv u7Wt+1) + <ft(x7 U7Wt+1) -X 7Xﬁ> ]) + E[W—FI(X)])

by (49g) with 0 < IE[V}H(X)] since the Bellman functions are nonnegative, and as E and +

commute because, by Assumption 1, all terms inside the expectation E are either nonnegative or
integrable

= inf ( sup (E[<—X,Xﬁ>} —i—H(x,u,X%) ‘.I’E[‘/t-i-l(x)])

XeY,ucl Xteyt

by definition (41) of the Hamiltonian

= inf ( sup (E[<—X,Xﬂ>} —f—H(m,u,X%) —FE[V%-H(X)])

XeY,uclU Xteyt
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as Moreau upper and lower additions coincide above because —oco < E[<—X ,Xﬁﬂ < 400 by
definition of the spaces Y and Y# and of the coupling (37) between them

— [ (B[ () |+ (= (=) ) v

- XGglﬂf;EU (( — H(z,u, '))(_*) (X) + E[VtH(X)D

by definition of the Fenchel conjugate of X¥ — —H(z,u,-) with respect to the opposite coupling
(=) defined by (X, X*) — E[(=X,X*)], so that we have proven (40)

= inf (inf ((—H(:c,u,))(**)(X)) JrE[Vm(X)])

XeY \ uel

by the property (49e) that the operator inf is “distributive” with respect to +

= jnf <11161[%/Cu(957x) +E[Vt+1(Xﬂ> :

where we have defined
Ku(2,X) = (= H(z,u, ) "V (X), Vuel, V(@,X)eXxY. (43)
By (34), we obtain that
KD (2 XD < H(,u, XD*(f) , VueU, V(af X e XF x Y. (44)

Therefore, as we have just established that Vi(z) = infxey (infugu Ku(z,X) 4 E[WH(X)]), we

deduce from implication (4) that

V) < inf ((inf ) O X0 4 B[V (0] (69

i (sup (005, 30)) B[V 0] 00 )

since (infueU ICU)H'—(_*) = SUP,cu ICZ—-H_*) by the formula (56b)

< inf (i‘éB (M0, X0 (@) 4 E[Via ()] (X))

as ICZ—!—(_*)(xﬁ,Xﬁ) < H (-, u, XE)*(2f) by (44)
< it (s (02769 B[ 0]

as soon as we prove that E[Vi1(-)]"(X*) < E[VA,(XH)].
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Indeed, we have that

B[V ()" (%) = sup (E[ (X, X7) | + (-~ E[Via(X)]))

= sup (B[ (X.X7) + (= Via(X))] )

because —oo < E [ <—X ,Xﬁ> } < +00 by definition of the spaces Y and Y* and of the coupling (37)
between them

< E{;%%(<X,Xﬁ> + (*WH(X)))} :E[‘/;:-I(Xﬁ)] )

by definition of V% ;(X*). This ends the proof. O

Proposition 12 may be useful to obtain upper and lower estimates in approximations of
Bellman functions. We just provide a sketch of the argument.

1. Suppose that the Bellman functions {V;},_,, , satisfy the Bellman equation (39) and
are convex ls.c.. This is the case in Stochastic Dual Dynamic Programming (SDDP),
when the dynamics f; are jointly linear in state and control, the instantaneous costs L,
are jointly convex in state and control, the final cost K is convex, together with tech-
nical assumptions (see details in [20, 6] and references therein).

2. The Fenchel conjugates {V*},_,; 5 of the Bellman functions are convex ls.c., by
construction. Suppose that they satisfy a “Bellman like” equation

X# uelU

Vi (2h) = inf (sup (H(-,u,xﬁ)*(xﬁ)) LE| ;H(Xﬂ)]) V=T —1,...,0, (45)

which is (42), where the inequality is an equality. For this, one needs assumptions
of the kind described in §2.2, as well as the equality E[V,:H(-)]*(Xﬁ) = E[V},(XY)]
(see [13, 15]).

3. With the Bellman operators deduced from the Bellman equation (39) and “Bellman
like” equation (42), one can easily produce piecewise linear lower bound functions
Vi < Vi) < Viand Etj(k) < Et,(kﬂ) < V7, for k € N, by a proper algorithm (like
the SDDP algorithm).

4. Since the Bellman functions {W}t:O,l,...,T are convex l.s.c. and proper®, we deduce that

Kt,(k) < Kt,(kﬂ) <V, =V < Kt7(k+1) < K,;(;ﬂ . (46)

Thus, we can control the evolution of the algorithm.

3They are nonnegative and we exclude the degenerate case where they would have an empty domain.
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4 Conclusion

Working on Fenchel conjugates of Bellman functions, we obtained Inequality (42). This was
our impetus to investigate inequalities with more than one coupling. The sum coupling ¢ + d
in (2) leads to other nice formulas like the following one (with obvious notations)

h(xz,y) = inf (E(x,u) + M(u,y)) = hcfd(xﬁ,yﬁ) = sup <£c(:cﬁ,u) + ./\/ld(u,yﬁ)> . (47)

uelU u€elU
where the conjugates £¢ and M? are partial.
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A Appendix

A.1 Background on J. J. Moreau lower and upper additions

When we manipulate functions with values in R = [—o0, +00], we adopt the following Moreau
lower addition or upper addition, depending on whether we deal with sup or inf operations.
We follow [10]. In the sequel, u, v and w are any elements of R.

Moreau lower addition
The Moreau lower addition extends the usual addition with
(+00) 4 (—00) = (—00) + (+00) = —0c0 . (48a)

With the lower addition, (R, +) is a convex cone, with + commutative and associative. The
lower addition displays the following properties:

w<u, v<v s u+ov<u +0, (48b)
(—u) + (=v) < =(u+v), (48c)
(—u) +u <0, (48d)
sup f(a) +supg(®) = sup (£(a) +g(8)) (45¢)

ach beB achbeB
)+ 0 < (1) 0 0
t<+oo:>;r€1£f(a)+t:érelg(f( )—}—t). (48¢g)
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Moreau upper addition

The Moreau upper addition extends the usual addition with

(+00) + (=00) = (=00) + (+00) = +o0

(49a)

With the upper addition, (R +) is a convex cone, with + commutative and associative. The

upper addition displays the following properties:

u<u, v<v=suto<u F0,
(—u)+ (=v) = =(utv),
(—u)+u>0,
inf f(a) +infg(b) = inf (f(a)+9(0)),

acA,beB

sup f(a) +supg(b) > sup (f(a)+g(b))
ach beB ach,beB

—oo < t = sup f(a) +t =sup (f(a) +1) .
acA a€A

Joint properties of the Moreau lower and upper addition

We obviously have that
u+v<u+ov.

The Moreau lower and upper additions are related by
—(u4v)=(—u) + (—v), —(u+v)=(—u)+ (-v).
They satisfy the inequality
(utv)+w<u+(v+w).
with
u=—+o0 and w=—o0,

(utv) + w < ut(v +w) <= < or

u=—00 and w =400 and —oo < v < +0 .
Finally, we have that

u+ (—v) <0 <= u<v <= 0<v+(—u)

u+(—v)<w <= u<vtw <= u+(—w) <
(

< v
w<vt(—u) <= u+w<v <= u<lvt(-w).
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A.2 Background on Fenchel-Moreau conjugacy with respect to a
coupling

Let be given two sets X and X*. Consider a coupling function ¢ : X x X* — [—o00, +-00]. We
also use the notation X <> X* for a coupling, so that

XEX <= ¢ X x XF = [—o0, +00] . (51)

Definition 13 The Fenchel-Moreau conjugate of a function f : X — [—o0,400], with
respect to the coupling c in (51), is the function f¢: X — [—o0, +00] defined by

fé(z*) = sup <c(x,xﬁ) + (- f(:z:))) , Vot € XL (52)

zeX

We associate with the coupling c the coupling ¢’ : X* x X — [—o00, +-00| defined by (2, z) =
c(x,2%). The Fenchel-Moreau biconjugate is the function f< : X — [—o0, +00] defined by

@) = () (@) = sup (elw,a) + (= faH)) , Ve EX. (53)

rhext
The following property is well known.

Proposition 14 For any function f : X — [—o00, +o0], we have that

(@) < fa). (54)
Proof. We prove (54) as follows.

P + (= @) = s (elos) + (= F6H)) + (- 1) (by (58) and (48c))
= sup (e + (= 1) + (- ) (by (450))
= sup (c(:v,xﬁ) + (- fc(xﬁ)) + (- f(:z;))) (by associativity of +)

zhexXH
= Isuggu <c(x, z*) + (= f@)+ (- fc(xﬁ))) (by commutativity of +)
< sup (sup (cte.a?) £ (= 1) + (= £9)) (by (18b))
= su °(zH — fe(a*
= swp (£6H) + (= 1°6H)) (by (52))
<0. (by (48d))

We have obtained that f¢(x) + (— f(z)) < 0. Now, using (50e), we obtain (54). This ends the
proof. ]

The following properties are easy to establish.
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Proposition 15 For any family {f.} of functions f, : X — [—o00, 00|, we have that

(inf fu)"(x) = sup fi(x) (56a)
= (inf £.)"(x) = inf (= fi(2) - (56b)

Proposition 16 Let be given two “primal” sets X, Y and two “dual” sets X*, Y*, together
with two coupling functions

c: X x X! = [—o0,400], d:Y x Y = [—o00,4+00] . (57)

For any bivariate function K : X x Y — [—o0, +00], we have that

d

(— (x»—>lC(x,-)d)>C:lCc—!_d= (- (yH/C(wy)C)) : (58)
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