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THIN TIMES AND RANDOM TIMES’ DECOMPOSITION

ANNA AKSAMIT, TAHIR CHOULLI AND MONIQUE JEANBLANC

ABSTRACT. The paper studies thin times which are random times whose graph
is contained in a countable union of the graphs of stopping times with respect to a
reference filtration F. We show that a generic random time can be decomposed
into thin and thick parts, where the second is a random time avoiding all F-
stopping times. Then, for a given random time 7, we introduce F”, the smallest
right-continuous filtration containing F and making 7 a stopping time, and we
show that, for a thin time 7, each F-martingale is an F"-semimartingale, i.e.,
the hypothesis (H') for (F,F7) holds. We present applications to honest times,
which can be seen as last passage times, showing classes of filtrations which can

only support thin honest times, or can accommodate thick honest times as well.

1. INTRODUCTION

The paper studies the class of thin times in an enlargement of filtration frame-
work. The concept naturally fits, and complements, the studies of random times
and progressive enlargement of filtrations. A random time defined on a filtered
probability space (2,G,F,P) with F = (F;):>0, is a random variable with values
in [0, 00]. In the literature of enlargement on filtration, e.g. Mansuy and Yor [20]
and Nikeghbali [22], it is common to assume that the random time 7 avoids all F-
stopping times, i.e., P(T = T' < 00) = 0 for any F-stopping time 7". The motivation
behind our work is to explore what happens if this condition fails. In Definition
2.1 we introduce thin times which satisfy the opposite property, i.e., their graph is
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contained in a countable union of graphs of F-stopping times. The given name is
motivated by the fact that the graph of a thin random time is contained in a thin
set (see [13, Chapter I, Definition 1.30] for definition and main properties of thin
sets). The notion of thin time was mentioned, but not developed, for the first time
in Dellacherie and Meyer [7] under the name arlequine random variable referring to
the costume of the Harlequin which is made of patches of different colors. On the
other hand we also work with thick times which are introduced in Definition 5.1,
and satisfy the above avoidance condition, i.e., and the graph of a thick random
time does not intersect any thin set (i.e., the intersection is an evanescent set). In
Section 2, we show the first results on thin times. Our study strongly relies on the
notion of dual optional projection and other processes linked to the general theory
of stochastic processes, in particular, to the enlargement of filtration theory.

Since their introduction in the 1980’s, enlargements of filtrations have remained
an important tool and field of study in the theory of stochastic processes. In fact
the theory has seen its second youth recently with revised interest sparked by
applications in mathematical finance. These include, in particular, credit risk and
modelling of asymmetry of information, where one considers a financial market
where different agents have different levels of information.

Enlargement of filtration theory, to which we contribute here, focuses on the
properties of stochastic processes under a change of filtration. The behaviour of
(semi)martingales under a suitable change of filtration may be seen as parallel to
absolutely continuous change of measure and Girsanov’s theorem (see [12, 26, 28]).
It is of a fundamental interest to provide new classes of enlargements under which
the semimartingale property is stable.

Thin times form a new class of random times which possesses this property
under progressive enlargement. Recall that for a random time 7, F7 := (F] )0

denotes the filtration [F progressively enlarged with 7, and is given by

(1) F = ﬂ (FsVo(rAs)) foranyt>0.
s>t

The fundamental question in the enlargement of filtration theory is if all F-martingales
remain [F7-semimartingales. If the latter property is satisfied we say that the
hypothesis (#') holds for (F,F7), in which case we are interested in the F7-
semimartingale decomposition of F-martingales. The main result in Section 3

is Theorem 3.2 where we establish the hypothesis (H') for thin random times and
give a corresponding semimartingale decomposition. It extends a previous result



THIN TIMES AND RANDOM TIMES’ DECOMPOSITION 3

by Jeulin [17, Lemma (4,11)] which deals with countably valued random times.
Instead we choose countably many F-stopping times which are already captured
in the reference filtration F. Jeanblanc and Le Cam [15] have established that
the hypothesis (H') holds for a progressive enlargement by an initial time, i.e., a
random time which satisfies absolute continuity hypothesis introduced by Jacod
[12] (see also [17, Theorem 3,2] and [21]). Conceptually, we may see Theorem 3.2
as a different way of adopting results of Jacod to progressive setting and obtaining
qualitatively different results.

In Section 5 we define the decomposition of a random time into thick and thin
parts which we call the thin-thick decomposition. The thin-thick decomposition
is congruent with the decomposition of a stopping time into accessible and totally
inaccessible parts. One of the main results in this section, Theorem 5.5, says that
any random time 7 admits a unique thin-thick decomposition and characterizes its
thin and thick components in terms of the dual optional projection of the indicator
process I, [ In Section 5 we also show the significance of thin-thick decompo-
sition for the hypothesis (H’) and immersion in the context of the progressive
enlargement of filtration.

In Section 6 we turn to honest times which constitute an important and well
studied class of random times (see Barlow [3] and Jeulin [17]) and can be suitably
represented as last passage times. Adopting the notion of jumping filtration from
Jacod and Skorokhod [14] we show in Theorem 6.8, which is the main result
of this section, that such a filtration can only support honest times which are
thin. That includes the compound Poisson process filtration. In [14] the link
between jumping filtration and finite variation martingales is established; further
developments related to purely discontinuous martingale filtrations are presented
in Hannig [10]. In Theorem 6.8 we also show that there exists a thick time in
the filtration which can accommodate a non-constant continuous martingale. In
Section 6 we also discuss two examples of thin honest times: the last passage
time at a barrier a of a compound Poisson process and an example based on an

approximation of a Brownian local time.

2. A DEFINITION AND SOME PROPERTIES OF THIN TIMES

Let (©2,G,F,P) be a filtered probability space, where F := (F;):>o denotes a
filtration satisfying the usual conditions, and such that F. := J,.,F+ C G. For
any cadlag process X we denote by X_ the left-continuous version of X, by AX
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the jump of X and by X, the limit lim,_, ., X; if it exists. The process X is said
to be increasing if, for almost all w, it satisfies X;(w) > X (w) for all t > s. A
random variable is said to be positive if it has values in [0, 00). We denote by G+ X
the stochastic integral of a predictable process G w.r.t. a semimartingale X, when
this integral is well defined.

Consider a random time 7, i.e., a [0, co]-valued G-measurable random variable.
Note that a random time 7 is not necessarily F..-measurable. For a random
time 7, we denote by [7] = {(w,t) C Q@ x R* : 7(w) = t} its graph. Let us
recall, following [17], some useful processes associated with the pair (F, 7). For the
process A := 1, o[, we denote by AP its F-dual predictable projection and by A°
its F-dual optional projection (see Appendix A). By an abuse of language, A° is
also called the dual optional projection of the random time 7. We also define two
F-supermartingales Z and 7 as the optional projections of processes 1 — A and
1 — A_ respectively, i.e.,

7, = O[HHO’TH} P(r > t|F;) and 7, = D[Il[[oﬁﬂ] P(r > t|.F).

. .
Since the dual optional projection A° will play a crucial role in the paper, we recall
two equalities where it appears (see [17, Chapitre IV, section 1]):

(2) A°=m—Z7 and AA°=Z-2Z7,

where m is a BMO F-martingale. Furthermore, Z =7_+ Am.
The following definition contains the leading idea of the paper. It introduces a

class of random times using a criterion based on F-stopping times w.r.t. a reference
filtration.

Definition 2.1. A random time T is called an F-thin time if its graph [7] is
contained in an F-thin set, i.e., if there exists a sequence of F-stopping times
(T,)22., with disjoint graphs such that [7] C U~ [Tn]-

Let Ty := 0o. We say that the sequence (T),)n>0 exhausts the F-thin time T or
that (T,,)n>0 is an F-exhausting sequence of the F-thin time 7.

We say that the family of sets (Cy)n>0, given by Cy := {7 = oo} and C, :=
{r =T, < o0} forn>1, is an F-partition of the F-thin time .

We say that the family of bounded cadlag F-martingales (2"),>0 given by its
terminal values P(C,|Fx), namely z := P(C,|F), is a martingale family of the
thin time .
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If this is clear from the context we shall simply say that 7 is a thin time instead
of saying that 7 is an F-thin time etc. Note that a thin time 7 is built from [F-
stopping times, ie., 7 = > . T ,1¢, where (T,),>0 is one exhausting sequence
and (C,)n>0 1s its partition. On the other hand, given a sequence (7},),>0 of F-
stopping times with disjoint graphs such that Ty = co and a partition (C,,)n>0 of
2, the random time 7 defined as 7 := ocolle, + >, +; Tnlc, is thin.

Let us also remark that an exhausting sequen(:(; (T},)n>0 of a thin time is not
unique, however the properties of a thin time do not depend on the specific choice
of an exhausting sequence. The following proposition combines two exhausting

sequence a given thin time.

Proposition 2.2. Let 7 be a thin time with an exhausting sequence (T,,)n>0 and
a partition (Cy)n>0. Suppose that (S,)n>0 and (By)n>o are as well an exhausting
sequence and a partition of T. Then, (Uy, (Upm)n>1,m>1), defined as Uy := oo and
Unm = Tollyr,—s,,y +0olly, 45,1 forn >1 and m > 1, is an exhausting sequence
of T and (Dy, (Dpm)n>1,m>1) defined as Dy := {1 = 00} and D,,,,, :== C,, N By, for
n >1 and m > 1, is the corresponding partition of T.

Proof. Firstly note that U, ,, is a stopping time for any pair n > 1 and m > 1
since {T},, = S} € Fr,rs,,- Secondly note that the following identity holds:
T = OO]I{T:oo} + Z Z Tn]l{T:Tn:Sm<oo} = OO]lDo + Z Z Un,m]l{T:Un,m<oo}-

n>1 m>1 n>1 m>1

Hence it remains to show that (U, ;,)n>1,m>1 have disjoint graphs which follows by
observing that the sets

Unm] 0 [U] C [TR] N [Tk] and  [Unm] N0 [Urki] C [Sw] 0[S
are evanescent if n # k or m # [. OJ

Thin times, unlike other classes of random times, possess many stability prop-

erties as described in the following remark.

Remark 2.3. (a) Let Q be absolutely continuous w.r.t. P and F be the filtration
F completed with Q-null sets. Then an F-thin time is an F-thin time since F C F.
In other words thin times are invariant w.r.t. an absolutely continuous change of
measure.

(b) Let G be such that B C G. Then any F-thin time is a G-thin time since any
F-stopping time is a G-stopping time. In other words, thin times are stable under
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filtration enlargement.
(c) Let T and o be two F-thin times with exhausting sequences (T,,)n>0 and (Sy)n>0

respectively. Then T Ao and 7V o are also F-thin times since

[rAne] C U[[Tn]] U U[[Sn]] and [rVo]C U[[Tn]] U U[[Snﬂ

n>1 n>1 n>1 n>1

The following theorem provides a useful characterization of thin time based on
its F-dual optional projection.

Theorem 2.4. A random time is a thin time if and only if its dual optional
projection 1S a pure jump process.

Proof. For any sequence (.S,,),>1 of F-stopping times with disjoint graphs, we have

> P(r=8,<00) =Y E[AAZ lis,co] -

= n=1
Since by definition of the dual optional projection E[A% ]| = P(r < o0), and
using the fact that A° is an increasing process, we conclude that the sequence
(T)n>0 with Ty = oo is an exhausting sequence of 7, i.e., satisfies the condi-
tion Y ° P(r =T, < o0) = P(7 < 0), if and only if it satisfies the condition
E[AS] = >"°  E[AAS 11, <o0})- In other words, 7 is a thin time if and only if A°
is a pure jump process. U

The next result gives the supermartingales Z and Z of a thin time and their
decompositions into an F-martingale m and the increasing process A° in terms of
an exhausting sequence and martingale family of 7. This will be useful to check
certain properties of thin (honest) times (we refer the reader to Sections 4 and 6).

Proposition 2.5. Let 7 be a thin time with exhausting sequence (T,,),>0, partition
(Cp)n>0 and martingale family (2™)n>o0. Then:

(a) 2" >0 and 2" >0 a.s. on C, for each n > 0,

(b) 1-7:>0as on {1 < 0o},

(©) Zi = > oio Myt Ze = Donio Dpernar's A7 = 20l Lpsmay 2y, and
My = 3 0o 2N,

Proof. (a) Define, for any n > 0, the F-stopping time

(3) R":=inf{t > 0: z = 0}.
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As 2" is a positive cadlag martingale, by [25, Proposition (3.4) p.70], it vanishes
on [R", oo]. Since 2" is bounded, z7, exists and:

{R" < 0} = {ggzt = 0} = {1 =0}.

Moreover, the equality 0 = E[22 L. —0y] = E[lLc, 1n —¢y] implies that C,N{z2 =
0} is a null set, so as well C,, N {inf; 2> = 0} is a null set. We obtain that z" > 0
and 2" > 0 a.s. on C,.

(b) We have Z 1 {;co0y = > ooy ¢, Zr, and, on {7, < oo}, we have

1— ZTn = ]P)(T S Tn|an) Z ]P(T = Tn’an) = Z%L.
From part (a), this implies that 1 — Z; > 0 a.s. on {7 < oco}.
(c) Deriving the form of Z and Z is straightforward. To compute A°, note that
for any F-optional process X, one has, setting H" = Iz, o,
E { XSdAg} = E { XSdAS} =E[X Uraoy] = Y E [ X127, Uiz, <oc}]
[0700) [0700) n=1
- 5|
n=1

The form of m follows by (2). O

st?dH;‘] .

[0,00)

The following result describes how, after a thin time, the conditional expecta-
tions with respect to elements of F” can be expressed in terms of the conditional
expectations with respect to elements of F. For an arbitrary random time, one is
able to express F™-conditional expectations in terms of F-conditional expectations
only strictly before 7 (this result is often referred to as key lemma in enlargement
of filtration literature, see Lemma 3.1 in [9] and Section 3.1.1 in [4]). A powerful
property of thin times is that one can obtain this kind of result also after 7 as
described below. It is crucial for results in Section 3.

Lemma 2.6. Let 7 be a thin time with exhausting sequence (T,,)n>0, partition
(Cr)n>0 and martingale family (2"),>0. Then:
(a) The progressive enlargement of filtration F with 7, F™ := (F] )i>0, defined
in (1) by FJ =Nyt Fu Vo({T < s} i s < uj, satisfies

-ET:ﬂfuvo-(Cnﬂ{TnSS}u SS“: nZl)

u>t
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(b) For any n > 1 and any G-measurable integrable random variable X, we

have
E[X1¢,|F]

E [X|F | y>n3n0, = ﬂ{tzTn}man—n.
t

Proof. (a) The proof is based on monotone class theorem and we focus on a gen-
erator. The inclusion (., Fu V o(C, N{T, < s}, s < u, n > 1) C F] fol-
lows since 7 and T;, are F7-stopping times, therefore {7 = T,, < oo} € F7 and
{r =T, < oo} N{T,, < s} € FI. The reverse inclusion is due to {r < s} =
Unzi G N AT, < s}

(b) By (a) and the monotone class theorem, for each G € F] there exists F' € F;
such that, for any n > 1,

(4) GNA{T, <t}nC,=Fn{T, <t} NC,.
Then, using the fact that T}, are F-stopping times, we have to show that
E [XLionane, 4 17 ] = Lusnyne, B [X Lisnane, [ F -
For any G € F/, we choose F' € F; satisfying (4), and we obtain
E [X1gsnyncane 2] = E [ XLgsnync,nr E e, | F]

= E [Ny>1,30r E[lle, | F] E X1, | F]]
=E [Lgzrync.nr E[X e, | F]]
= E []]‘{tZTn}ﬂCnﬂG E [X]lcn |JT"t]j|

which ends the proof, taking into account that z;' > 0 on C,. U

Corollary 2.7. It follows immediately that, for s < t, n > 1 and any G-measurable
integrable random variable X

E (X1 |F
E [X|F/] Ls>10n00, = ]]‘{SZTn}mcnw.

'
3. THE HYPOTHESIS (H') FOR THIN TIMES

One of the vital questions in the enlargement of filtration theory is whether all
semimartingales in the reference filtration remain semimartingales in an enlarged
filtration, i.e., whether the hypothesis (#') holds. In progressive enlargement
setting there are only few classes of random times with this property, i.e., honest
times and random times satisfying Jacod’s absolutely continuous condition. In
this section we prove the hypothesis (H’) for the new class of random times i.e.,
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thin times. This contributes to and completes the existing theory in a relevant
way. Let us first recall the equivalent characterisations of the hypothesis (H’) (see
[17, page 12]).

Definition 3.1. Let F and G be two filtrations such that F C G. Then, the
hypothesis (H') holds for (F,G) if any of the following equivalent conditions holds:
(a) any F-semimartingale is a G-semimartingale;

(b) any F-martingale is a G-semimartingale;

(¢) any bounded F-martingale is a G-semimartingale.

Before formulating the result of this section we recall a vital result by Jacod (see
[17, Theorem 3,2] and [21]) on the hypothesis (') in the case of initial enlargement
with an atomic o-field.

Let F¢ denote the initial enlargement of the filtration F with the atomic o-field
C :=o(C,,n > 0) generated by a partition (C,,n > 0) of a thin time 7, i.e.,

(5) Ff = )FVa(Cun>0).

For this case of enlargement, Jacod’s result says that the hypothesis (H') holds for
(F,F€) and the decomposition of any F-martingale X as an FC¢-semimartingale is

t
. 1 .
(6) X, =X, + Xn: lg, /0 = d(X, 2",
where X is an FC¢local martingale and (z"),>o is a martingale family of the thin
time 7, and the predictable bracket is computed in [F.

Theorem 3.2. Let 7 be a thin time. Then F C F™ C F¢ and the hypothesis (H')
is satisfied for (F,F7). Moreover, for each F™-predictable and bounded process G
and each F-local martingale Y the stochastic integral X := G +Y exists and is an

F7-semimartingale with canonical decomposition

R tAT G o t G
(7> X=X+ /0 7. d<Y> m>s + ; ﬂon /0 ]1{s>Tn} Z;L_ d<Y7 < >57
where X is an F™-local martingale, and the predictable brackets are computed in F.

Proof. The fact that the hypothesis (#') holds for (F,F”) follows from (6) and
Stricker’s Theorem [24, Theorem 4, Chapter II] since F* C F¢. To prove the
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decomposition result, let H be an F7-predictable bounded process. Then, [17,
Lemma (4,4)] implies that

Hy = lyery i + Nz Ko(7), t >0,

where J is an F-predictable bounded process and K : Ry x Q@ x R, — R is
P @ B(R,)-measurable and bounded. Since 7 is a thin time, we can rewrite the
process H as

Hy = Jllg<ry + > g, Ko(Ty) g,

n=1

Note that, since {t < 7} C {Z;— > 0}, J can be chosen to satisfy J, = Ji1{z_~o

and, since C,, C {2} > 0}, each process K" := Iz, <} K;(T,) being F-predictable
and bounded, K™ can be chosen to satisfy K" = Kj'llizn -0y

We denote by H!(FF) the space of F-local martingales N s.t. E([N]if) < 0.

Let N be an H'(F)-martingale. Then the stochastic integrals J+ N and K"+ N

are well defined and each of them is an H'(F)-martingale. For each n > 0 and for

each bounded F-martingale N, by integration by parts, we have that
(8) E 1o, Noo] = E[[2", N]oo] = E[(z", N)oc] .

Since N — E[ll¢, Ny is a linear form, the duality (H', BMO) implies that (8)
holds for any H'(FF)-martingale N. Similarly, since m, given in (2), is a BMO(F)-

martingale, for any H'(F)-martingale N, the process (IV,m) exists and we have
E[N:] = E[[N,m]s] = E[(N,m)c]

Therefore

U HdN] [/ JdN}JrZE{]lC/ KQstl

:EUO JdmN}—FZE{/ K"d(z N)].

Then, since for any predictable finite variation process V, E[ [~ hodV,] = E[[;* Ph.dV}],

and Z_ = P(1 — A_), we deduce, taking care on the specific choice of J and K,

00 00 Zs—
E { / HSdNS] - E { / iz, oy Jsd(m, N)s]
0 0 Z

+ZEU

rtae 0]
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T 1 o0 S |
- E —_J.d{m, N), E |1 K"d(z", N),
[/ S Jdim >}+; {/ KA N)

sS—

The assertion of the theorem follows as, for any s < ¢ and F' € F], the process
H = 1 lF is clearly F7-predictable. To end the proof, we recall that any local
martingale is locally in H! (see [24, Theorem 51, Chapter IV]). O

Remark 3.3. Lemma (4,11) in [17], where the random time with countably many
values is considered, is a special case of Theorem 3.2. It corresponds to the situ-
ation of thin random time whose graph is included in countable union of constant
sections, i.e, [t] C U, [tn] with [t,] = {(w,t,) : w € Q} and t, € R.

We end this section with a second proof of Theorem 3.2 which is based on result
linking processes in F™ and F¢ stated in Lemma 3.4.

Second proof of Theorem 3.2. Let X be a bounded F-martingale. Then, it is
enough to show that o)« X and L}, [+ X are two F7-semimartingales with
appropriate decompositions. By [17, Proposition (4,16)] L+ X = XA+ is an
F7-semimartingale with the decomposition

R tAT
Xt/\T - th + /
0

where X' is an F-local martingale. By Lemma 3.4 and Jacod’s result (6) it follows

1
7 d({X,m)s,

that T, o+ X is an F7-semimartingale with decomposition

t
0

~ = 1
Xy — Xonr = X7 + Z ]10"/ ]1{8>T"}sz<X’ 2")s,
n=1 ST

where X2 is an F-local martingale. This completes the proof. U

Lemma 3.4. Let 7 be a thin time and Y be a process such that Y = N, Y.
Then:

(a) The process Y is an FC-(super, sub)martingale if and only if the process Y is
an F7-(super, sub)martingale.

(b) Let ¥ be an FC-stopping time. Then 9V 7 is an F™-stopping time.

(c) The process Y is an FC-local martingale if and only if the process Y is an
F™-local martingale.

Proof. (a) Note that the filtrations F™ and F¢ are equal after 7, i.e., for each ¢ and
for each set G € FF, there exists a set ' € F such that

9) {r<t}nG={r<t}nF
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To show (9), by monotone class theorem, it is enough to consider G = C,, and
to take F' = C,, N {7 < t} which belongs to F] as C,, € FI by [11, Corollary
3.5]. That implies that the process Iy, Y is F-adapted if and only if it is
FC-adapted. The equivalence of (super-, sub-) martingale property comes from
(9)-

(b) For each ¢t we have {0 V7 <t} ={d <t}n{r <t} € F by (9).

(c) We combine the two previous points. d

4. IMMERSION FOR THIN TIMES

Immersion, also called the hypothesis () is a more restrictive hypothesis for
enlargement of filtration then the hypothesis (H'). Given F C G, we say that F is
immersed in G if any F-martingale is a G-martingale. The equivalent condition to
immersion, established in Theorem 3 in [5], says that for each t > 0 and G € L*(G;)
it holds that E[G|F] = E|[G|Fs]. Immersion does not hold for each thin time.
However, in the next proposition, an equivalent condition to immersion is given.
In particular it implies that there exist thin times for which immersion holds and
which are not stopping times.

Proposition 4.1. Let 7 be a thin time with exhausting sequence (T,,),>0, partition
(Cp)n>0 and martingale family (2")n>0. Then, F is immersed in F™ if and only if
one of the following conditions hold:

(a) 25, = 2} for eachn > 1,

(b) 27 = 2} n for each t >0 for eachn > 1,

(c) for each n > 1, C, is independent of Fu conditionally w.r.t. Fr, .

Proof. By Theorem 3 in [5], Lemma 2.6 (a) and monotone class theorem, F is
immersed in F7 if and only if P(C,, N {T,, < t}|F) = P(C,, N {T,, < t}|F) for
each n > 1. The last condition is precisely z;'ly7, <sp = 25 Ly, <4y for each n > 1,
which is the condition (b). Since 2™ are martingales, we conclude that immersion

n
o0

n

o can be

is equivalent to 27, = 2l stated in the condition (a). Since 27 = 2
rewritten as P(C,|Fr,) = P(C,|Fx), we conclude that immersion is satisfied if

and only if, for each n > 1, (), is independent of F., conditionally w.r.t. Fr . O

Remark 4.2. Immersion property for a random time T implies in particular that
T 1s a pseudo-stopping time which where studied in [27] and [23]. A random
time 7 1s a pseudo-stopping time if for any bounded F-martingale X it holds that
E[X,] = E[Xo], or equivalently as established in [23], if m = 1.
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Let T be a thin time. Then, by Proposition 2.5, T is a pseudo-stopping time if
and only if Y o zihy = 1 for any t > 0. Clearly, immersion implies the last
condition as, by Proposition /.1 (b) and since Ty = oo,

o0 (o) o0
n _ .0 n _ n __
§ :Zt/\Tn =2z + E RNT, = § :zt =L
n=0 n=1 n=0
Reverse implication does not hold.

5. THIN-THICK DECOMPOSITION OF A RANDOM TIME

In this section we present an application of thin times to the decomposition of
a generic random time into thin and thick parts. In the first subsection we intro-
duce and present some result about thick times. Then, in the second subsection,
we establish the thin-thick decomposition. Finally, in the remaining subsections,
we apply thin-thick decomposition to obtain results on the hypothesis (H') and

immersion.

5.1. Thick times. As described in the introduction, thick times avoid stopping
times from the reference filtration, i.e., thick times are defined in the following

way.
Definition 5.1. A random time 7 is called a thick time if [7] N [T] is evanescent

for any F-stopping time T, i.e., if it avoids all F-stopping times.

Similarly as for thin times in Theorem 2.4, thick times can be characterized in

terms of their dual optional projection.

Theorem 5.2. A random time is a thick time if and only if its dual optional

projection is a continuous process. In that case A° = AP.
Proof. Let T' be an F-stopping time. Since E[AAG{7cxy] = P(T =T < 00) and
A° is an increasing process, we deduce that

P(r=T <o0) =0 ifandonly if AAZLpcoy =0 P-as.

Since {AA° > 0} is an optional set, the optional section theorem [11, Theorem
4.7] implies that {AA° > 0} is exhausted by disjoint graphs of F-stopping times.
Thus, we conclude that 7 is a thick time if and only if A° is continuous. U

The straightforward observation that the two classes of thin and thick times

have trivial intersection is stated in the following lemma.
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Lemma 5.3. A random time 7 belongs to the class of thick times and to the class
of thin times if and only if T = oo.

5.2. Decomposition of a random time. The main concept of this section, the
thin-thick decomposition, is presented in the next definition. It is followed by the
result stating the existence of such a decomposition for any random time.

Definition 5.4. Consider a random time 7. A pair of random times (11, 72) is

called a thin-thick decomposition of T if 7 is a thin time, 5 is a thick time, and
T=T1 N\Ty 71V Ty = 0.

Theorem 5.5. Any random time T has a thin-thick decomposition (71, T) which

is unique on the set {T < co}.

Proof. Let us define 71 and 75 as 71 := T{aao>0y and Ty := T{a40—0}, Where 7¢ is
the restriction of the random time 7 to the set C', defined as 7o = 7o + ocollge.
Properties of dual optional projection ensure that 7 and 75 satisfy the required
conditions. More precisely, the time 7, is a thin time since
[n] =[rIn{aa° >0} =["nJ Tl c Tl
n n

where the sequence (7},), exhausts the jumps of the cadlag increasing process A°,
ie., {AA° > 0} =J,[7,] and the time 75 is a thick time since, for any F-stopping
time 7',

P(ry =T < 00) = E [1ir=rjngang=0) L(r<oo)]

=E [/ Lu=rn{ang=0ydA; | = 0.
0
O

For ¢ € {1,2}, corresponding to the thin part 7y and the thick part m of a
random time 7, we define A’ := 1y, oo;. Then A"” and A“° are respectively the
F-dual predictable projection and the F-dual optional projection of A’. Let us
denote by Z¢ and Z' the supermartingales associated with 7;. Then, the following
relations hold.

Proposition 5.6. Let T be a random time and (71, T2) its thin-thick decomposition.

(a) The supermartingales Z and Z can be decomposed in terms of the supermartin-
gales Z', Z? and Z*, Z* as:

Z=7'4+272-1 and Z=2'+272—1.
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(b) The dual optional projection A° can be decomposed as A° = Al + A?°,
(¢c) The dual predictable projection AP can be decomposed as AP = AMP 4 A?P.

Proof. The result follows from -, o[ + L[r,,00] = L[r,co Which holds since 71V 75 =
00. ]

Lemma 5.7. Let 7 be a random time and (11, 7) its thin-thick decomposition.
Let (T,)n>0 be an F-exhausting sequence, (Cy)n>0 an F-partition and (2"),>0 an

F-martingale family of the F-thin time 7. Then, for any t > 0,

P(C,|F?) = ]l{t<7-2}% forall n>0,
t

1— 7}
]P(T]_ > t‘f’;@) = 1 — ]l{t<T2}—Z2 t s
t
1—27?
]P)(TQ > t‘./—';rl) =1 — n{t<7'l}—Zl ¢ .
t

Proof. Let us compute P(C,|F;?) on the two sets before 7, and after 7 separately
as follows:
P(C, N {t < 2 }|F)

P(t < 7| F)
Then, taking into account that C,, = {ry = T,, < oo} and 71 V 75 = 00, one has on
the one hand

1<y P(Ch|F Vo(r)) =P(n =T, <oo,7 <t|FVo(r) =0,

ED(O”'-F;Q) = ]]-{ngt}P(CnLFt V 0-(7—2)) + ]]-{t<7'2}

and, on the other hand,
P(C, N{t < o} F) = P(CL|F) = 2

Therefore, the first equality holds.

By symmetry we only prove the second identity and we skip the third one.
Similarly as before we compute P(m; > ¢|F;?) on the two sets before 75 and after
To separately as follows:

P(ry > t, 7 > t|F)
P(ry > t|F)

Then, on the one hand, taking into account that 7 V 7 = oo,

P(r > t|F?) = U<y P(11 > t|F V o(72)) + Ljiany

Lir,<nyP(11 > t|FVo(12)) = P(r >t > 1| FVo(r)) = P(t > 1| FVo(r)) = Lp,<y ,
and, on the other hand, by 73 A 75 = 7 and Proposition 5.6 (a),

P(r > t, 7 >t F) =P(r >t|F) =2 =2+ Z} — 1.
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Therefore,
Zt+ 72 -1
Z}
and the result follows. O

P(Tl > t’ftﬁ) = ]l{ﬁgt} + l{t<7’2}

The following proposition we study the condition A° = AP. We have seen already
that, if either 7 avoids F stopping times or all F-martingales are continuous, then
this condition holds.

Proposition 5.8. The condition A° = AP holds if and only if the random time T
satisfies that:

(1) P(r =T < o0) =0 for any F-totally inaccessible stopping time T,

(2) P(r = S < 0| Fg) = P(r = S < 00| Fs—) for any F-predictable stopping

time S.

Proof. By Proposition 5.6 and Theorem 5.2 it is enough to assume that 7 is a
thin time. We choose the exhausting sequence (S,),>1 so that it only contains
totally inaccessible or predictable stopping times. Then, by Proposition 2.5 (c)
and by the fact that AP = (A°)? we conclude that A° = AP is equivalent to
25 1[s,.0c0] = (zgnll[[gmoo[[)p for each n > 1. If 5, is totally inaccessible then
the latter condition is equivalent to 2™ = 0 which is the condition (1). If S, is
predictable then (zgnll[[smoo[[)p = Pzg s, 0o] Which boils down to the condition
(2). OJ

Remark 5.9. The condition (2) from Proposition 5.8 is always satisfied in quasi-
left continuous filtrations since then Fg = Fs_ for F-predictable stopping time
S. Therefore, if F is a natural filtration of a Poisson process with jump times
(T)n>1, which is quasi-left continuous, the condition A° = AP holds if and only
if P(r =T, < o0) =0 for any n since any F-totally inaccessible stopping time T
satisfies [T] € U, [T.]. One can find such an example in [1, Proposition 4].

Remark 5.10. (a) Since 1 is an F"-stopping time, it can be decomposed into
F™-accessible and F7-totally inaccessible parts. Thus, we can consider the decom-

position of T into three parts as:

i a __ _
TI = T{AA2>0, AAZ=0}s Ti = T{AA2>0, AAP>0) ONd  To = T{AAe=0}

Since Ty is F™-totally inaccessible, it follows that T{ ATy is the F™-totally inaccessible
part and 11 is the F-accessible part of the F™-stopping time 7. Results of a similar
type can be found in [6] and [17, p.65]. We note that T is an F7-predictable stopping
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time if and only if T is an F-predictable stopping time.
(b) Assume that the FT-accessible stopping time 1{ is not an F-stopping time.
Then, the filtration F™ is not quasi-left continuous. This provides a systemic way

to construct examples of non quasi-left continuous filtrations.

5.3. The hypothesis (H’) for a random time. We study here the hypothesis
(H') in the progressive enlargement of filtration in connection to the thin-thick
decomposition of the random time. Let (71,72) be the thin-thick decomposition
of a random time 7. We define three enlarged filtrations F™ := (F/!);>0, F™ :=

(]‘72%20 and Fv™2 .= ( Z—I’Tz)tzo as

Hi::ﬂfs\/a(n/\s) for i=1,2

s>t

Fhm = ﬂ}"s Vao(r As)Vao(rAs).

s>t

Clearly, F C F7 Cc Fv™ = (F™)™ = (F™)™ for i = 1, 2.

Theorem 5.11. Let 7 be a random time and (11, 72) its thin-thick decomposition.
Then, F™ = F™™_ Furthermore, the hypothesis (H') is satisfied for (F,F7) if and
only if the hypothesis (H') is satisfied for (F,F™).

Proof. In a first step, we show that, for 1 =1, 2:
FCF:CcF*™ =F".
Let A° be the F-dual optional projection of 7. Note that

7y oo = Nproofll{anes0y and I, oof = L oopll{ase—oy,

thus, since AA? € F], the processes I o and 1y, o[ are FT-adapted which
implies that F™ ™ C F7. On the other hand, we have

L7 o0f + Lfraso0] = Lir,o0f

which implies that F™™ D F7.

In a second step, note that if an F-martingale is an F"-semimartingale, by
Stricker’s Theorem [24, Theorem 4, Chapter II, p. 53|, it is as well an F™-
semimartingale. Thus the necessary condition follows. Since 7y is an F-thin time,
it is an F"2-thin time and the equality ™™ = F” and Theorem 3.2 imply that the
hypothesis (#H') is satisfied for (F™,F7). Thus the sufficient condition follows. [
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In the following corollary we examine the hypothesis (H’) a minimum of a thin
time and random times satisfying the hypothesis (#'), namely honest times and
times satisfying Jacod’s absolute continuity condition (see [17, Chapter 5| and

[15, 12] respectively).

Corollary 5.12. Let 7 be a thin time and o be an honest time or satisfies Jacod’s
absolute continuity condition. Then, the hypothesis (H') is satisfied for (F,F™)

Proof. First we recall that, if ¢ is honest then the hypothesis (H') is satisfied
for (F,F?) by [17, Theorem (5,10)], and if o satisfies Jacod’s absolute continuity
condition then (H') is satisfied for (F,F?) by [15, Theorem 3.1].

Let (01,05) be a thin-thick decomposition of o. Then, by Remark 2.3, 7 A oy
is a thin time and (7 A 0y, 02) is a thin-thick decomposition of 7 A . Then the
statement of the corollary follows by applying twice Theorem 5.11. O

Proposition 5.13. Let 7 be a random time and (11, 73) its thin-thick decomposi-
tion. Let (T,,)n>0 be an F-exhausting sequence, (Cy,)n>0 an F-partition and (2™),>0
an F-martingale family of F-thin time 7. Assume that for an F-martingale X,
there exists an F-predictable finite variation process T'(X) such that X = X +T(X)

where X is an F™ -martingale. Then,

~ ~ Fm2

tAT 1 t 1 .
X, = Xt+F(X)t+/O 7 d(X, 7). +chn/0 ]1{5>Tn}g87_d(X,z ).

where X is an F™-martingale, 3 := P(C,| F?) = Dircrsy ;‘2 and My = Y Zhr

Proof. The decomposition of X as an F™-semimartingale follows by F” = F™ ™ and
Theorem 3.2 since 71 is an F™-thin time. Lemma 5.7 and Proposition 2.5 imply

the forms of z" and m. O

5.4. Immersion for a random time. Thin-thick decomposition finds applica-

tion in studying immersion for a generic random time.

Proposition 5.14. F is immersed in F™ if and only if F is immersed in F™ and

m F™2. In that case, F™ and F™ are immersed in F™.

Proof. Since F C F" C F7, it is clear that, if F is immersed in F7, then F is
immersed in F™ and in F™.

Let F be immersed in F™ and in F™, i.e., Z; = P(1; > t|F.) for each ¢ > 0, for
i =1,2. Then, by Proposition 5.6 (a),

Zy=71 + 72 —1=P(r > t|Fao) + P(1y > t| Fso) — 1 = P(7 > t| Foo)
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and we conclude that F is immersed F7.
It remains to prove the last assertion. Let F be immersed in F”. Then, using

similar arguments as in the proof of Lemma 5.7, we obtain:

X P(r > t|Fx)
]P(TQ > t|JT'ZO) = ]1{T1§t} + ]l{t<ﬁ}]P(7'1>—t“F)

and the assumed immersion yield to
. P(r > t|F)
P(ry > t|F3) = Nir<py + Loy pin =47

Therefore, F™ is immersed in [F". The same proof is valid for 7. O

= P(ry > t|F]).

Comments 5.15. In [18], the authors introduce a random time 7 =9 A & where
¢ avoids F-stopping times, and is constructed as & = inf{t : A, := fg Asds > O}
where X\ is a positive F-adapted process and © is an exponential random variable
independent from F, and 9 is an F-accessible stopping time. Therefore, £ is thick
and 9 is thin. The thin-thick decomposition T = 11 ATy can be obtained as follows:
Ty = 19]1{19<5} + OO]l{gSg} and 11 = fﬂ{§<q9} + oo]l{ggg}.

The authors establish immersion property by checking P(1 > t|F;) = P(7 > t|Fw),
a characterisation of immersion that we have recalled above. From our result,
immersion holds since F is immersed in F¢, hence in F', due to the property that

¥ is an F-stopping time.

6. LINK BETWEEN THIN TIMES AND HONEST TIMES

In this section we restrict our attention to a special class of random times,
namely to honest times. We recall the definition below (see [17, p. 73]) and some
alternative characterizations in Appendix B. Honest times are well- studied class
of time fo which, in particular, the hypothesis (H’) holds.

Definition 6.1. A random time T is an F-honest time if for every t > 0 there
exists an Fy-measurable random variable 7, such that T =1, on {T < t}. Then, it
1s always possible to choose 1, such that 7, < t.

6.1. Fundamental properties. Let us start with some characterisation and prop-
erties of (thin) honest times.

Theorem 6.2. (a) Let (11, 72) be the thin-thick decomposition of 7. Then, T is
honest if and only if 7 and 15 are honest.
(b) A random time T is a thick honest time if and only if Z. =1 a.s. on {1 < o0}.
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(c) Let T be an honest time with thin-thick decomposition (11,73). Then, Z, < 1
on{T =71 <oo} and Z, =1 on {1 =175 < 00}.

Proof. (a) On the set {7 < oo}, 7 is equal to 7, the end of the optional set I'
(Theorem B.2). Then, as {7 < oo} C {7 < oo}, on the set {71 < oo}, one has
T1 = 7, so 71 is an honest time. Same argument for 7.
(b) Assume that 7 is a thick honest time. Then, the honest time property presented
in Theorem B.2 (c) implies that ZT = 1 and the thick time property implies, by
Theorem 2.4 (b), the continuity of A°. Therefore, the equality Z = Z + AA° leads
to equality Z, = 1 a.s. on {7 < oo}.

Assume now that Z, = 1 on the set {7 < oo}. Then, on {7 < oo} we have
1=2.<Z, <1, s0Z =1and 7 is an honest time. Furthermore, as AA? =
Z.— 7, = 0, for each F-stopping time T" we have

P(r=T<o00) = E|[Lemliase—olirco))
= K |:/ ﬂ{u:T}]l{AAg:O}dAz =0.
0

So 7 is a thick time.
(c) From the honest time property of 7 and Proposition 5.6 (a), on the set {7 < 0o}

R P
On the set {7 =7 < o0},
Z, =25 +272 -1< 72 <1,

where the last inequality is due to Proposition 2.5 (b). On the set {7 = 7 < oo},
we have

1=Z, + 2% —1=1Z7]

T2
where the second equality comes from (c¢) in Theorem B.2. Now let us compute
Zl

Zl, =7 — ANAL =7} =1,
where we have used the thick time property of 7, i.e., {AA* > 0} = (U2 [T]
(with (7,,)n>0 being an exhausting sequence of 71) and P(mp = T,, < o0) = 0.
Finally, on {7 = 7» < o0}

Z, =2 +272-1=1



THIN TIMES AND RANDOM TIMES’ DECOMPOSITION 21

Remark 6.3. We would like to remark that the condition that Z, < 1 for an
honest time T — which, by Theorem 6.2 (c), is equivalent to the condition that T is
a thin honest time — is an essential assumption in [2] for the study of arbitrages

after honest times.

Lemma 6.4. Let 7 be a thin honest time, T, be associated with T as in Definition
6.1 and (T,)n>0 be an exhausting sequence of T. Then:

(a) on {T,, = 7} = {T, =7 <t} we have 2} =1 —Z;, A} = 23 and 1 —m; =
2y — 2y, for eachn > 1;

(b) on {T,, < t} we have 2} = N1, (1 — 7)) and 2 = Vrery (1 = Zi2) for
each n > 1; in particular

1— Zt = Z ]]‘{Tt:Tn<t}<1 — Zt) and 1 — th = Z H{Tt:Tn<t}(1 — Zt,).
n=1 n=1
Proof. (a) Using properties of 7, we deduce that
Vg —ryzy =P, =7 <t, 7 =T, < 00| F)
=P(r <t,T, =7 =7|F)
=P(r <t,T, = 1| F)
= lr,=r}(1 — Z)

where the first equality is due to 7, < t, the third one follows by 7, = 7 on {7 <t}
and the last one is true since T, At and 7; are two F;-measurable random variables
and

{Tn:Tt}:{Tn:Tt <t}U{Tn:Tt:t}
={Tint=n}n{n<t}}U{{T. =t} n{n =t}}.
The dual optional projection of a thin time satisfies

Wig, =y AY = Y Wi, —r, 1<y 25, = Wym=r) 27,
k=1

where the second equality is due to the fact that for n # k we have
Lir=r, i<ty 21, = Lim =} E(Lr=n, <5y i)
= Ly, —r =1 E(Lfr=1, <[ Ti;) = 0

since T;, and T} have disjoint graphs and 7 is an honest time. Combining the two
previous points, we conclude that 1 —m; = 1 — Z; — A7 = 2z{' — 2 on the set
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{T, =1}
(b) Again using properties of the random variable 7, we derive
]1{Tn<1t}zftI =P(r=T,=71 <t|F) = ﬂ{Tn:Tt<t}(1 - Zt)»
Lpenz =P(r =T, =7 <t|F-) = Lip—rcy (1 = Z—).
Then, Proposition 2.5 (¢) completes the proof. U
For progressive enlargement with an honest time, the hypothesis (H’) is satisfied,

and the following decomposition is given in [17, Theorem (5,10)]. Let M be an
F-local martingale. Then, there exists an F"-local martingale M such that:

- tAT 1 t 1
(10) Mt = Mt —|—/ 7 d<M, m)s — / H{S>T}ﬁd<M7 m>5.
0 S— 0 S—

Remark 6.5. For a thin honest time T, the two decomposition formulas, first
given in Theorem 3.2 and second given in (10), coincide. It is enough to show that

t 1 oo t 1
Tgory———d(X,1 —m), = llcn/ Lo,y ——d(X, 2")s.

This is a simple consequence of the set inclusion {T < s} N{r = T,} C {T,, =
Ts < s} and Lemma 6./ (a):

t 1 0 t 1
o — (X1 —m), = /nﬂ o (X1 — m),
/O T ; | Uonn(r=rd 77

o0 t 1
- Z/ H{S>T}Q{T:Tn} n d<X7 Zn>s
n=1+0 R

00 t 1
= Z ﬂcn / ]1{8>Tn}Td<X7 Zn>8.
n=1 0 'ZS—

6.2. Jumping filtration. In this subsection we develop the relationship between
jumping filtration and thin honest times. Let us first recall the definition of a
jumping filtration and the main result obtained in Jacod and Skorokhod [14].

Definition 6.6. A filtration F is called a jumping filtration if there exists a lo-
calizing sequence (0)n>0, i.€., a sequence of stopping times increasing a.s. to oo,
with 0y = 0 and such that, for alln and t > 0, the o-fields F; and Fy, coincide up
to null sets on {0, <t < 0,41}.

The sequence (0,,), is then called a jumping sequence.
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There exists an important alternative characterization of jumping filtration in
terms of martingale’s variation ([14, Theorem 1]).

Theorem 6.7. The two following conditions are equivalent:
(a) a filtration F is a jumping filtration;
(b) all martingales in the filtration F are a.s. of locally finite variation.

We investigate relationship between jumping filtration and honest times. We
show that there does not exist thick honest time in a jumping filtration and that
there exists a thick honest time in a filtration which admits a non-constant con-

tinuous martingale (in particular such a filtration is not a jumping filtration).

Theorem 6.8. The following assertions hold.
(a) If F is a jumping filtration, then all F-honest times are thin.
(b) If all F-honest times are thin, then all non-constant F-local martingales are

purely discontinuous.

Proof. (a) Let 7 be an honest time. Then, take the same process a as in the
proof of Proposition B.1, i.e., « is an increasing, cadlag, adapted process such that
a; =7 on {r <t} and 7 = sup{t : oy = t}. Let us define the partition (C,,)5%,
such that

Con={01<717<86,}
for n > 1 and Cy = {7 = oo} with (6,,),>0 being a jumping sequence for the
jumping filtration F. On each C,, with n > 1 we have

T=T,=inf{t >0,_1:t=ay,_}.

From the jumping filtration property, we know that ay,_ is Fp, _,-measurable so
each T}, is a stopping time and [7] C |J 2, [7,] which shows that the honest time
7 is a thin time.

(b) The proof by contradiction is based on [25, Exercise (1.26) p.235]. Assume
that M is a non-constant continuous F-local martingale with My = 0. Define the
F-stopping time Sy = inf{¢t > 0: (M), = 1}. Then, define the F-honest time

T:=sup{t < Sy : M, =0}.
Since M is continuous, 7 is not equal to infinity with strictly positive probability.
We now show that 7 is an F-thick honest time. Let us denote Z(w) = {t :

M;(w) = 0}. The set Z(w) is closed and Z¢(w) is the union of countably many
open intervals. We call G(w) the set of left ends of these open intervals. In what
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follows we show that for any F-stopping time 7' we have P(T" € G) = 0. Define
the F-stopping time

Dy :=inf{t > T : M; = 0}
and note that
{T'e Gy ={Mr=0}n{T < Dr} € Fr.
Assume P(T € G) = p > 0. Then the process

Yy = Lireqy| M| Wjo<i<pr—1}

is an (Fryt)eso-martingale. Indeed, for s <t we have

E(Y:| Frys) = H{TEG}Sgn(MTth)E(MTHﬂ{tSDT—T}|-FT+s)
=1 recysgn(Mrie)
(M is<pr—1y — E(Lgs<pp—1y Lits pp 1y E(Mrpt | Fpy ) | Fros)]
=Y; — Lyrecysgn(Mr) E(Lis<pr—1y L Dr -1y Mpy | Frss)
=Y

where we have used the martingale property of M and Mp, = 0. Moreover Y, = 0
and there exists € > 0 such that

P(My =0,Dp —T > ¢) > g > 0.
Since Y, = :“-{MTZO}:“-{DT—TZ&‘}|MT+E| > 0 and ]PJ()/S > O) > 0, we have ]E(X/E) >0=
Yy. So, P(T' € G) = 0. Finally, as 7 € G a.s. we conclude that 7 is a thick honest
time. N

Finally we give two examples of thick honest times originating from purely
discontinuous semimartingales of infinite variation. In the first Example 6.9, we
study the case of Azéma’s martingale (see [24, IV.8 p.232-237]). In the second
Example 6.10, we recall Example 2.1 from [19] on Mazimum of downwards drifting

spectrally negative Lévy processes with paths of infinite variation.

Example 6.9. Let B be a Brownian motion and F its natural filtration. Define

the process
gt :==sup{s <t:Bs, =0}

The process

pe == sqn(Be) vVt — gt
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is a martingale with respect to the filtration G := (Fy,4)i>0 and is called the Azéma
martingale. Then, the random time

T:=sup{t <1:u =0}

is clearly a G-honest time. Note that T = 78 :=sup{t <1: B; = 0} and 77 is an
F-thick honest time (see in [20, Table 1o 1), p.32] that 78 has continuous F-dual
optional projection). Thus, since G CF, 7 is a G-thick honest time .

Example 6.10. Let X be a Lévy process with characteristic triplet (o, 0% = 0, )
satisfying v((0,00)) = 0, a + f:olo zv(dx) < 0 and f£]1 |z|v(dz) = oo. Then,
p =sup{t: X;_ = X; } with X; = sup,.; X, is a thick honest time as shown in
[19, Section 2.1].

APPENDIX A. DEFINITIONS OF PROJECTIONS

We collect here the definitions of the key tools we have used along the paper.
Projections and dual projections onto the reference filtration F play an important
role in the theory of enlargement of filtrations. First we recall the definition of
optional and predictable projections, see [11, Theorems 5.1 and 5.2] and [16, p.264-
265].

Definition A.1. Let X be a measurable bounded (or positive) process. The op-
tional projection of X is the unique optional process °X such that for every stopping
time T we have

E [Xrlir<o}| Fr] = “Xrlirco} a.s..
The predictable projection of X 1is the unique predictable process PX such that for
every predictable stopping time T" we have

E [XTIL{T<00}|-FT7:| = pXTIl{T<OO} a.s..

For definition of dual optional projection and dual predictable projection see [16,
p.265], [24, Chapter 3 Section 5|, [8, Chapter 6 Paragraph 73 p.148], [11, Sections
5.18, 5.19]. We point out that the convention we use here allows a jump at 0,

where for a finite variation process V' we assume that V,_ = 0.

Definition A.2. (a) Let V' be a cadlag pre-locally integrable variation process
(not necessary adapted). The dual optional projection of V' is the unique optional
process V' such that for every optional process H we have

E { HstS} —F { HstS"] .
0,00)

[0,00)
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In particular, Vi = E[Vy|Fol.
(b) Let V be a cadlag locally integrable variation process (not necessary adapted).
The dual predictable projection of V' is the unique predictable process VP such that

for every predictable process H we have

B[ mav|-s|[ mav|
[0,00)

[0,00)

In particular, V§’ = E[Vy|Fol.

APPENDIX B. AUXILIARY RESULTS ON HONEST TIMES

For reader’s convenience we gather complementary results on honest times.
They can be found in [17] (see Lemma 5,1 and its proof there).
Proposition B.1. (a) A random time 7 is an F-honest time if and only if for
every t > 0 there exists an F;_-measurable random variable 7, such that T = 7, on
{r <t}
(b) A random time T is an F-honest time if and only if for every t > 0 there exists
an Fy-measurable random variable 7y such that T =1, on {1 < t}.

Proof. Sufficiency of both conditions is straightforward.

Using the notation from Definition 6.1 we introduce the process a~ as a; =
SUP,eq <t Tr- This definition implies that o™ is an increasing, left-continuous,
adapted process such that o, = 7 on {7 < t} thus the necessary condition in (a)
is proven.

Let us denote by « the right-continuous version of a7, i.e., oy = oy ,. Then,
« is an increasing, cadlag, adapted process such that oy = 7 on {7 < t} and
T = sup{t : oy = t} thus the necessary condition in (b) is proved. O

Theorem B.2. Let 7 be a random time. Then, the following conditions are equiv-
alent:

(a) T is an honest time;

(b) there exists an optional set I' such that T(w) = sup{t : (w,t) € I'} on {17 < o0};
(¢c) Zy =1 a.s. on {1 < o0};

(d) = sup{t: Z, = 1} a.s. on {1 < co}.
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