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THE DISCRETE LAPLACIAN ACTING ON 2-FORMS AND
APPLICATION

HATEM BALOUDI, SAYDA BELGACEM, AND AREF JERIBI

ABSTRACT. In this paper, we study the discrete Laplacian acting on
2—forms that was introduced and investigated in [7]. We establish a
new criterion of essential self-adjointness using the Nelson lemma. More-
over, we give an upper bound on the infimum of the essential spectrum.
Furthermore, we establish a link between the adjacency matrix and the
discrete Laplacian on 2—forms.
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1. INTRODUCTION

Spectral graph theory is an active area of research. In the last few years,
the questions of the essential self-adjointness of discrete Laplacian operators
on infinite graphs have attracted a lot of interest, see [10, 17, 21, 16]. There
exist other definitions of the discrete Laplacian, e.g., [23, 15, 4, 2]. The one
we are studying here is the discrete Laplacian acting on 2-forms and denoted
by L2 skew, Where skew stands for skew-symmetric. This operator was stud-
ied by Chebbi in [7]. The author gives a relation between y—completeness
geometric hypothesis for the graph and essential self-adjointness for the dis-
crete Laplacian Lo gkew. More specifically, the author has proved that L5 grew
is essential self-adjoint, when the triangulation (we refer to Section 2 for a
precise definition) is xy—complete. The aim of this article is to continue to
discuss the question of essential self-adjointness for Lo grew. Note that this
operator depends on the weight R on oriented triangular face and the weight
& on oriented edges, see Section 4 for more details. In the setting of electri-
cal networks, the weight £ correspond to the conductance. We establish a
hypothesis on the weights R and £ involving essential self-adjointness. Our
technique is based on the Nelson commutator theorem, see [25, Theorem
X.37]. Moreover, we give a upper bound on the infimum of the essential
spectrum cress(ﬁi skew ), Where E; ckew 18 the Friedreich extension of Lo gkew-
Finally, we find a link between the adjacency matrix and the discrete Lapla-
cian L gkew- In the case of 3—partite graph, we prove that Lo skew is unitarily
equivalent to the adjacency matrix of the triangular graph, see Section 7 for
more details.

Acknowledgment. We would like to thank Sylvain Golénia and Nassim
Athmouni for useful discussions and comments on the tex.

2. GENERALITIES ABOUT GRAPHS

We star with some definitions to fix notations for graphs and refer to
[8, 9, 23] for surveys on the matter. Let V be a countable set. We equip V
with the discrete topology. Let £ : V x V — [0, +00) and assume that & is
symmetric (i.e, E(z,y) = E(y, ), for all z,y € V). Let m : V — (0, +00).
We say that G = (V,m, ) is a weighted graph with vertices V, weight of
vertices m and weight of edges £. In the setting of electrical networks, the
weights correspond of the conductances. We say that x,y are neighbors if
E(z,y) # 0 and we denote it by x ~ y. A graph G is simple if it has no loops
and £ has values in {0, 1}. The set of neighbors of x € V is denoted by

Ng(z):=={yeV: E(x,y) #0}.

A graph is locally finite if fNg(z) is finite for all z € V. The weighted degree
of vertices is given by

dy(x) := m:(lx) ZS(:c,y).
y~x
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When G is simple, dy(z) = tNg(z). A graph G is connected, if for all z, y €
V, there exists an 2 —y—path, i.e., there is a sequence (z1,...,zy41) € VNV
such that z; =z, xy41 =y and E(xp,xpy1) >0 foralln € {1,....,N}. In
this case, we endow V with the metric dy defined by

dy(z,y) :=inf{N € N: there exists an x — y — path of length N}.

In the sequel, we shall always consider graphs G, which are locally finite,
connected and have no loop. The path x — y is called a cycle or closed
when the origin and the end are identical, i.e zg = =, with n > 3. If no
cycle appear more than once in a path, the path is called a simple path. The
weighted triangulations is a quartet 7 = (V, m, £, R) where R : VxVxV —
(0, +00) is symmetric (i.e R(z,y, z) = R(z,y, 2) for all (z,y,z) € VxV xV)
and

(x,y,2) € F <= R(z,y,2) > 0.

R is said the weight of faces. We say that 7 is simple if G := (V,m, &) is
simple and the weights of the faces equal 1. The set of vertices belonging to
the edge (x,y) is given by

zy) = Ng(@) N Ng(y)-
The weighted degree of edges is given by:

> Rx,y,2)

ZG.F(GL v)

de(z,y) :

S(x Y)
When 7T is simple, dg(%y) = ﬁ]'-(x,y)-

3. THE SYMMETRIC AND ANTISYMMETRIC SPACES

3.1. Hilbert structures on the set of edges. Let 7 = (V,m,E,R) be a
weighted triangulation. Let £ := {(z,y) € V xV: &(z,y) > 0}. The set of
1—cochains (or 1-forms) is given by:

Cokew (E) 1= {f €= C, f(x,y) =—f(y,x) for all z,y € V},

where skew stands for skew-symmetric. This corresponds to fermionic sta-
tistics. The set of functions with finite support is denoted by C§, ().
Concerning bosonic statistics, we define:

Coym(E) = {f L€ = C, fz,y) = fly,z) for all 2,y € v}.

The sets of functions with finite support is denoted by Cg,,(£).
We turn to the Hilbert structures.

(€)== § f € Coen(€) such that 1] =5 3 &)l (x,0)P

z,yeVy
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and

1
Cam(€) = { f € Coym(€) such that [[f|*:= 5 > E@@,y)|f(wy)* < o0
z,yey

The associated scalar product is given by

Foy=5 3 &)ty

(z,y)EE

when f and g are both in ¢4 () or in 2, (£).

sym

3.2. Hilbert structures on the set of faces. Let 7 = (V,m,E,R) be a
weighted triangulation. The set of 2—cochains or 2—forms is given by

Cskew(R) = {f :F—C: f(z,y,2) = —f(z,y,x)}.

The sets of functions with finite support is denoted by C
the case symmetric, we define

Csym(R) = {f : F—C: f(z,y,2) :f(z,y,x)}.

The sets of functions with finite support is denoted by Cg,(R). Let us

define the Hilbert spaces (4 (R) and égym(R) as the sets of cochains with
finite norm, we have

c
skew

(R). Concerning

1
ggkew(’r) = f € CskeW(R) : HfH = 6 Z R(%y, Z) ‘ f(xa:% Z) ‘2
(z,y,2)EF

and
1

Gom(R) =1 F€Com(R): Ifll=¢ > R@y.2) | f(wy2) P
(z,y,2)EF

The associated scalar product is given by
1 -
<fyg> = 5 Z R(x7y7z)f(x7y7 z)g(m,y,z)
(z,y,2)eF

when f and g are both in ¢4 __(R) or in /2 (R).

skew sym

4. OPERATORS

In this section, we recall the concept of exterior derivative operator as-
sociated to a faces space, we refer to [7] for more detail. This permits to
define the discrete Laplacian acting on 2—forms.
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4.1. Skew-symmetric case. We start by defining the operators in the
Skew—symmetric case. The skew-symmetric exterior operator is the oper-
ator db _ :CS. (E) — CS...(R), given by

skew skew

dslkew(f)(xayaz) = f(x7y) + f(y7 Z) + f(Z,.CU).

The skew-symmetric co-exterior derivative operator is the formal adjoint of
d% ., i.e. it is the operator 8%  : CgkeW(R) — Clew (€), given by

skew?
VI € Chow(R); Sl () (@, y) Z R(z,y,2)f(x,y, 2).
ZE}—(I )

skew

skew

( z,y

both operators are closable (see [7, Lemme 3.1]). We denote their closure by
the same symbol. The skew-symmetric discrete Laplacian operator acting
on 2—forms is given by

‘CQ,SkGW(f)(x?yv ) = dikewégkew(f)(x Y,z )
S Renfe

tG]‘-(x y)
( 3 > Rzt f(y, zt)
Y, te]:(y 2)
Z R(z,z,t)f(z,z,1),
%L tE]'—(Z z)

with f € C5..,(R).

4.2. Symmetric case. We turn to the symmetric case. The symmetric

exterior derivative in the symmetric case, we define d;y t Coym(E) —
Coym(R) by

Vf € Com(€), daew(f)(@,y,2) = f(a,y) + f(y, 2) + f(2,2).

The symmetric co-exterior derivative operator is the formal adjoint of d*
i.e. it is the operator &%, : CL . (R) — C% ., (R), given by

sym * “sym Sym

Vf S Csym(R)v 5slym(f)(x7 y) =

sym>

Z R(z,y,2)f(z,y, 2).

ZG]‘—(Z y)

’

The symmetric discrete Laplacian operator acting on 2—forms is the oper-
ator Lo gym = d;yméslym, given by the same expression of Lo grew-

4.3. Relationship between L, v and L sym. The two operators Lo grew
and L2 sym have the same expression. However they do not act on the same
spaces. Namely, when T is tri-partite, we shall prove that the two operators
are unitarily equivalent.



6 HATEM BALOUDI, SAYDA BELGACEM, AND AREF JERIBI

Definition 4.1. A triangulation T = (V,m,E, R) is tri-partite if there there
are V1, Vo and V3 such that Vi NVaNV3 = 0 and such this implication hold
E(r,y) =0= (2,y) € V2UVIUVI.

Theorem 4.2. Let T = (V,m,E,R) be a tri-partite weighted triangulation.
Then Lo skew and L sym are unitarily equivalent.

Proof. We consider the tri-partite decomposition {V1, Vs, Va}. LetU : (3 (R) —
22, (R) be the unitary map given by

Z/{(f)(l', y’ Z) = S(:B7 y’ z)f(x7 y? Z)?

where

S = 1V1><V2><V3 + 1VQ><V3><V1 + 1V3><V1><Vz - 1Vg><V2><V1 - 1V1><V3><V2'
Note that

u—l(f) =u*(f)
(R). Therefore,

Z/{EQ skewu_l(f)(xv Y, Z) = £2,sym(f)($, Y, Z)
R). O

for all f € ¢?

sym

for all f € C¢,

sym (

5. A NELSON CRITERIUM

For the general theory of unbounded Hermitian operators and their ex-
tensions, we refer the reader to [24, 19, 26]. Let L3 max skew b€ the following
mapping from Cggew(R) into itself:

£2,max,skew(f)(m Y,z R :E Y, t :Z: y7t)
(
te]'-(a, v)
( Z R y? Z t y7 Z? t)
Yz tE}-(y z)
Z R(z,x,t)f(z,z,1).
Z tEf(Z )

Let L2 min skew b€ the restrictions of Lo max skew tO

D(£2,min,skew) = {f € eskew(R) such that Lo ,max SkEWf € gskew<R)}’
Lemma 5.1. £ 4. = L2 min skew-

Proof. Let f € C§
set

Fo={@yaeF: eV {@yu). @zuw), (=ow}nFod}

(R) and let g € Cyrew(R). Let Foo the support of f and

skew
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which is a finite set. Then supp(Laskew) C Fo and the following relation
holds:

1 -
<£2,skewfa g> = 6 Z R(l‘)gﬁ z)£2,skew(f)(£7yvZ)g(xvyvz)
( 7y1z)€]:0
1
=z Z RJ;y? (( Zsz% va)
(z,y,2)EF0 tG]'-(x )
( Z R(y, 2, 1) f(y, 2, 1)
Y,z tEJ—'(y 2)
Z R(z,x,t)f(z x,t))g(:c,y,z)
% T tE]'—(z z)

1

- 3 R(x,y,zmx,y,z)(*E:R<x,y,u>g<x,y,u>
6 E(x,y)
(z,y,2)€F00 u€y

I
+ 77— Ryaz7ugyaz’u
e PG

1
) %R(z’x’u)g(z’x’“))

(1) :é Z R({If,y,Z)f((L’,y,Z)LQg(IL’,y,Z).

z,y,2€EV

Let g € D(L2minskew). It flows from (1) that

<£2,skewfa g> = <f7 EQ,min,skewg>

for all f € C§.(R), which implies that g € D(L} Skew) Now let g €
D(L3 gew)- Let (z,y,2) € F and let

1
R(x,y,z) R(z,y,:c)
Then f € C§.,,(R) and we obtain from (1):
(ﬁz,skewg) (%, Y Z) = <f7 ﬁ;,skewg>
= <£2 skevva g>

Z R(u, v, w)L skew f (u, v,w)g(u, v, w)
(w,v,w)eF

Z R(’LL, v, w)f(“’v v, w)EQ,min,skewg(ua v, w)

f = (6aj7y7z + 5y727$ + 6Z7x7y> - (5z7y7$ + 5'1‘72’7y + 5 7x7'z) *

CDM—!

= (L2,minskew9) (T, Y, 2).
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which implies that £3 skew§g = L2 min skewd € Eskew (F) by the definition of the
adjoint, it follows that g € D(£2,mm,skew) Hence £3 ., = Lominskew- U

Remark 5.2. Let L3 maxsym be the mapping from C.(R) into itself given by
the same expression of L2 max,sym- Then E;Sym = L2 min,sym where L2 min sym
is the restrictions of L2 max,sym t0

D(Laminsym) = { f € Bya(R) such that Lapaxsymf € En(R)}.

Using the Nelson commutator theorem, we prove the criterium of essential
self-adjointness for £1 gkew and L1 sym-

Theorem 5.3. Let T = (V,m,E,R) be a weighted triangulation. Set
N(-ﬁ,y, Z) =1+ dg(l’,y) + dg(ya Z) + dg(Z,iL’).

Suppose that

R(ﬂc,y,r) |N(m,y,7“) 7'/\/'(1"7:%2) |2< o0.

sup

(z,y,2)EF 6(33) y)

7€ (2,y)

Then L gkew s essentially self-adjoint on C§ ., (R) and Lo sym is essentially
self- adjomt on CS,(R).

sym (

Proof. Let N be the operator of multiplication by N(.,.,.) ant take f €

Clow (F). We have:
HLQ,skveHQ Z R .CE 'Y, 2 ( Z R :E y7 'T yvt) |2
(w,y Z)E]: tej:(x y)
Y R,z t)f(y,2t) P
Y,z tEJ:(x )
| Y Ry 20 f(y, 2 1) !2>
tEJ:(w )
2
<2 ) Rlzy2) 52 Y Rz, ) f (1) |
(z,y,2)€F tE€F (2,)
<2 Z R(z,y,z) 52 (Zny, >
(z,y,2)€F T€F (2,y)
> R,y t)| fzyt) )
tEfu v)
=2 Y R(xy>2 ( Z R(z,y,1) ) | fz,y,2)
(:Jc,y,z)e]-' tej:(z y)

< 2NN
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Moreover, noticing that A (.,.,.) is symmetric and f(z,y,2) = —f(2,y,z)
and let J =| (f, [L2skew, Nf) |. We get:

T< Y R@y) (] fye) P
(z,y,2)EF
| Lot M)y, 2) )

SWHOE+] X Reaw)| 3

(z,y,2)eF teF (a,y)

(M, y.t) = N, y,z>)f<x y.t) [

IN

£.1) R(z,y,t)x

1
<SWEOIP+ 3 X Rewa( X gn R e )
(z,y)
(J} Y,z )EF tef(ﬁf Y)
( Z g JJy,T‘)|N(I,y,T)—N(l’,y,Z) ’2|f($7yv’r) ‘2>
TE]'—(xy
=SV Y Rewa( Y gm )
(w y,2)€F tE€F (2,)

Vg(l],-vy)}.(m’gﬁr) |N(ﬂf,y,7’) —N(I,y,z) ’2 ’ f(g;’y’z) ‘2

<C

§(1+3C

IINEIH] R

Applying [25, Theorem X.37], the result follows. The proof of L gym may
be checked in the same way as the proof of Lo grew- O

Corollary 5.4. Let T = (V,m,E,R) be a simple triangulation. Assume
that

sup Z ‘ﬁf(y,z) + ﬁf(z,a:) - tt]:(y,r) - lj]:(r,az)|2 < 0.
(z,y,2)€F rEF (a4

Then La gkew s essentially self-adjoint on C§ . (R) and Lo sym is essentially
self- adjomt on Ciym(R).

6. HESSENTIAL SPECTRUM

Let A be a closed, densely defined linear operator on a Banach space X,
and let o(A) denote the spectrum of A. We denote by I(X) the set of
compact operators on X to itself. We define the essential spectrum of the
operator A by

Uess(A) = ﬂ U(A+K).
KeK(X)
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It is well known that if A is a self-adjoint operator on a Hilbert space, the
essential spectrum of A is the set of limit points of the spectrum of A, i.e.,
all points of the spectrum except isolated eigenvalues of finite multiplicity,
see [29, 30]. Let T = (V,m,E,R) be a weighted triangulation. Note that
L3 skew s non-negative symmetric operator on CS . ,(R). We consider the
quadratic form

a(f,9) = ([, L2skewg) + ([, 9)
on Cf.,(R) x C.,(R). Let Hy be the completion of C§_ . (R) under the

skew skew
norm

171, = \/ (Losen . £) + £

We define the Friedrichs extension L'{ skew Of L2.skew bY:

i) A vector f is in domain D(ﬁ‘; skew) if and only if f € H; and C4,(R) 2
g — (f, Lo skewg)+(f, g) extends to a norm continuous function on 2 (R).
(i) For each f € D(ﬁﬁskew) there is a unique uy such that (f, L2 skewg) +
(f,9) = (uy,g) by Riesz’ Theorem. The Friedrichs extension of L gew, is
given by E; skewd = ug — f. It is self-adjoint extension of Lo grew, €.g. see
25, Theorem X.23].

Theorem 6.1. Let T = (V,m,E,R) be a weighted triangulation and let
Fo={K C F: K finite}. Then,

1 1 1
inf o (L] < inf  R(z,vy, :
il o (e < inf R0 (5054 505 500y

and

1 1 1
inf Oegs (L] dkew) < sup  inf  R(z,y,z + + .
( 2,8k ) KcFy (@,y,2)€Le ( )(5(1‘,y) (‘:(y, Z) 5(2,.%'))

f

) skew b8 Mot with compact

In particular, if T is a simple triangulation then L
resolvent.

Proof. Let (zg,y0,20) € F and let

f _ 5xo,y0720 + 5y07Z0,€E0 + 5207107?40 B 620,y0,930 B 5930,20,?;0 — 5y0,xo,20
R (0, Y0, 20)

Then || f|| =1 and

1 1 1
(f Loskewf) = R(xo’yo’z())(E(xo,yo) T o) 5(Z07370)>

Applying [20, Proposition 3], the result follows. O
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7. APPLICATION TO THE STUDY OF THE ADJACENCY MATRIX

7.1. Adjacency matrix. The adjacency matrix has some important impli-
cations for example it solves the equation of heat, see [5]. Let G = (V,m, &)
be a weighted graph. We define the set of 0—cochains on V by

CV)={f:V—C}.

We denote by C¢(V) the 0—cochains with finite support in V. We associate
a Hilbert space to V :

W) = {f € C(V) such that | /> = 3 m(x)|f(x)> < oo}.
eV
The associated scalar product is given by
(f,9) =>_m(x)f(@)g(x), for f, g € L*(V).
eV

We define the adjacency matrix:

> E@,y)fy), fecow).

yeVy

It is symmetric and thus closable. We denote its closure by the same symbol.
When m=1, we have that Ag is unbounded if and only if it is unbounded
from above and if and only if the degree is unbounded, see [14].

7.2. Triangular graph.

Definition 7.1. Let T = (V,m,E,R) be a weighted triangulation. The
triangular graph of T is the graph T = (V,m,E) where V = F, m =1 and

~ vV R(x,y,z
5((3307%,2'0)7(%%2)) = R(x()?yO?zO) ( J )1x:5507 Y=Yyo
E(x,y)
R(z,y,2) R(z,y,2)
71 = 2=z 71z:z xr=x
Rz e gy e ven)

if (xo,v0,20) # (x,y,2) and O otherwise.

v r

A triangulation 7 Tiangular graph G
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A Triangulation T Complete triangular graph G

Remark 7.2. Let T = (V,m,E,R) be a triangulation. The adjacency ma-
trix on G is given by

\/R($07 Yo, ZU)R(:UO) Yo, Z)
./4" 5 , = ) )
a(f)(zo, yo, z0) ZEVE#ZO £ (0. 90) f(xo,vo0, 2)

n Z VR(20, Y0, 20) R (2, Yo, 20)

f(xvyOaZO)
eV, T#x0 S(yo,zo)
v R(z0, Y0, 20)R(x0,y, %0)
+ 0, Y, 2
Z g(ZO’xo) f( 0,Y 0)

yeV, y#yo
for all f € C°(V).

Proposition 7.3. Let T = (V,m,E,R) be a weighted triangulation. Then
Lo sym 15 unitarily equivalent to
Az + (V)
where
E(70,Y0,20) | R(wo,Y0,20) , R(zo,v0,%20)
R(z0,yo0) (Yo, 20) & (20, 70)
and Q(V') be the operator of multiplication by V.

V(zo0, Y0, 20) =

Proof. Set U : £2,(R) — 72(V) as the operator given by

U(f)(x7 y7 Z) = \% R(l‘7 y’ Z)f(l" y’ Z)'
Notice that
1

-1 z,y,2) =U"(f)z,y,2) = —m———f(x,9, 2
U (N,y,2) =U(f)(z,y,2) R(%y’z)f( Y, 2)
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for all f € (2(V). Notice now that on C.(V)
VR (20, Y0, 20) R (20, Yo, 1)

ULy symU ™! 0, Yo, 2 0, Yo, t
2,5y (f)(z0, Y0, 20) teZV £(70.30) f(z0,90,1)
R(xo0, Yo, 20) R(yo, 20, t
Z VR yo( OZ )(yo : )f(yo7zo7t)
ey Yo, 20
R(z0, Yo, 20) R (20, o, t
o 3 VRO RGO 00 4 )
tcy 0,40
Using Remark 7.2, we obtain the result. O

Corollary 7.4. Let T = (V,m,E,R) be a weighted 3—partite triangulation.
If V is bounded on F, then

A@\Z sup V(I’,y,Z)
(z,y,2)F

In particular, -A_é > —3 when T is simple.
Proof. Since Lo ¢ym is non-negative operator, then
(Agf. f) > =3 fI”
for all f € C¢(V) O

Corollary 7.5. Let T = (V,m,E,R) be a 3—partite weighted triangulation.
Set

N(z,y,2) =1+ Z (dg(x,y) +de(y,2) + dg(z,x)).

reV
Suppose that

.%' y,?“) ‘N(l‘,yﬂ“) —N(x,y,z) ’2< 0.

sup

('ray7z)€]:7~e]:( g

and V' is bounded. Then, Ag is essentially self-adjoint on Cc(lj).
Proof. Combine Proposition 7.3, Theorem 5.3 and Theorem 4.2. O
7.3. Geometric Hypothesis. We recall the two following definitions:

Definition 7.6. [1, Definition 8] The graph G := (V,m,E) is x—complete
if there exists a increasing sequence of finite set (Vy)n such thatV = U,V,
and there exist related functions xn. satisfying the following three conditions:
1) xn €C(V), 0< xn <1,

2) Xn(x) =1ifz €Vy,

3) 3AC > 0, VneN r €V,

—xn(y))* < C.
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Definition 7.7. [7, Definition 4.2] A weighted triangulation T = (V,m,E, R)
is x—complete, if

1) G =(V,m,€&) is x—complete.

2)dM >0,Vn e N, (z,y) €&

1
£@.y) te;x,y) Rl 9, )12x0(t) = xa (@) = xa(y)|* < M.

We recall the criterion obtained in [7].

Theorem 7.8. Let T = (V,m,E,R) be a x—complete weighted triangula-

tion then Lo gkew 15 essentially self-adjoint on C§_ ., (R).

Corollary 7.9. Let T = (V,m,E,R) be a x—complete weighted triangula-

~

tion. If T is tri-partite then AgA is essentially self-adjoint on C(V).
Proof. Combine Proposition 7.3, Theorem 4.2 and Theorem 7.8.

8. EXAMPLES

8.1. Book-like triangulation. We recall the definition of 1—dimensional
decomposition given in [6] for the case of graphs.

Definition 8.1. A 1—dimensional decomposition of the graph G = (V,m, &)
is a family of finite sets (Sp)neny which forms a partitions of V, that is
VY = UpenSn, and such that for all x € Sy, y € Sp,
E(x,y) >0=|n—m| <1
The following definition is introduced in [7].

Definition 8.2. Let T := (V,m,E,R) be a weighted triangulation and
(Sn)nen a 1—dimensional decomposition of the graph G = (V,m,E). We
say that T is a book-like triangulation if

1) #So =1, #S2p41 =2 and §(S3,,,NE) =1, for alln € N.

2) x, y € Sopta — E(x,y) =0,

3) Vo € Sont1, Ng(l‘) = Son U Sonta.

Sy
So
Sl S5
S3
So

A book-like triangulation

We recall [7, Proposition 6.5]:
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Proposition 8.3. Let T be a simple book-like triangulation. Assume that

ﬁSQn

R Y(N).
852(n+1) ®)

(2) n+—

Then, L3 skew is not essentially self-adjoint on C§_, (R).

skew

Corollary 8.4. Let T = (V,m,E,R) be a simple book-like triangulation

~

satisfying (2). Then, Aé is not essentially self-adjoint on C¢(V).

Proof. Set Sy = {x0}, Sont1 = {20, 2L}, Vo = UpnSan, V1 = U {22 : n € N}
and Vo = Up{xl : n € N}. Then,

V=VoUViUVyand EN(VZUVIUV3) = 0.

So, T is tri-partite. Using Theorem 4.2, Proposition 7.3 and Proposition
8.3, the result holds. O

8.2. Triangular anti-tree. Let T = (V,m, &, R) be a weighted triangula-
tion. The sphere of radius n € N around a vertex v € V is the set

Sp(v) : {w eV: dy(v,w) = n}

We recall that C,, denotes the m—cycle graph, i.e. V = Z/nZ, where
E(x,y) > 0 if and only if |z — y| = 1. Let G(Sn(0)) = (Sp(v),E’) where
E'=E |5, (v)xSn(w)-

Definition 8.5. Let T = (V,m,E,R) be a weighted triangulation. We say
that T is anti-tree if there exists a vertex o € V such that

1) For alln € N* and v € §,(0), we have
Ng(0)\Sn(0) = Sn-1(0) U Sp41(0).

2) For alln € N*,G(8,(0)) ~ Cys,.(o)-
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So(0) + Si(o)

An triangular anti-tree with spheres Sp(0), Si(0), S2(0), S3(0).

Theorem 8.6. Let T = (V,m,E,R) be a simple triangular anti-tree whose
root in o. Set s, = $S,(0) and assume that

2
(3) ni— 1 ¢ (4N).
Sn+4-2

Then Lasym does not essentially self-adjoint on CS,,, (R).

sym

Proof. Set f € Egym(]:)\{O} such that f € ker(L3 ., +1) and such that f is
constant on S,, X S,QL U S2 x Spi1, n € N*. We denote the constant value

by C,,. It takes the value 0 on S2. We have the following equation:
(sn +4+1)Cp + sp42Cpp1 = 0.

Therefore,
Hf|sn+1xsg+2||2 = Hf\sgﬂstHZ
1
= 68n+28n+1’Cn+1\2
|5n + 4+ if? 5
< .
< BT |
2
Since lim —2- =0, we get by induction:

— 2
M = :éllg 1fls,xs2,,[I7 < oo
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Then, we have

9 li + 4+ sy
1fls,41xs2 017 < Mm-
From Eq. (3), we conclude that f € 2, (F). Using [25, Theorem X.36], we
conclude that Lo gy is not essentially self-adjoint. O

Corollary 8.7. Let T = (V,m,E,R) be a simple triangular anti-tree satis-
fying (3). Then, Ag is not essentially self-adjoint on C°(V).
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