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Multiple front standing waves in the
FitzHugh-Nagumo equations

Chao-Nien Chen * Fric Séréf

Abstract: There have been several existence results for the stand-
ing waves of FitzHugh-Nagumo equations. Such waves are the con-
necting orbits of an autonomous second-order Lagrangian system
and the corresponding kinetic energy is an indefinite quadratic form
in the velocity terms. When the system has two stable hyper-
bolic equilibria, there exist two stable standing fronts, which will
be used in this paper as building blocks, to construct stable stand-
ing waves with multiple fronts in case the equilibria are of saddle-
focus type. The idea to prove existence is somewhat close in spirit
to [6]. However several differences are required in the argument:
facing a strongly indefinite functional, we need to perform a nonlo-
cal Lyapunov-Schmidt reduction; in order to justify the stability of
multiple front standing waves, we rely on a more precise variational
characterization of such critical points. Based on this approach,
both stable and unstable standing waves are established.

Key words: reaction-diffusion system, FitzHugh-Nagumo equa-
tions, standing wave, stability, Hamiltonian system, connecting or-

bit.
AMS subject classification: 34C37, 35J50, 35K57.

1 Introduction

Following a fascinating idea of Turing [36], reaction-diffusion systems [1, 7, 10,
21, 29] serve as models for studying pattern formation and wave propagation.
Significant progress [7, 13, 12, 14, 15, 18, 30, 32, 33, 37] on the self-organized
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patterns has been made for the system of FitzHugh-Nagumo equations

up — dug, = f(u) — v, (1.1)

TV — Ugy = U — YV. (1.2)

Here f(§) =&(E—B)(1 =€), B € (0,1/2) and d, 7,7y € (0,00). Historically the
original model [21, 29] was derived as a simplification of the Hodgkin-Huxley
equations [22] for nerve impulse propagation. In recent years (1.1)-(1.2) has
been extensively studied as a paradigmatic activator-inhibitor system. Such
systems are of great interest to the scientific community as breeding grounds
for studying the generation of localized structures.

The standing wave solutions of (1.1)-(1.2) are the connecting orbits of a
second order Hamiltonian system

—du" = f(u) — v,

—v" = u —yv.

—~
— =
=~ w

Associated with (1.3)-(1.4), the Lagrangian is

d , 1

L(ug, vy, u,v) = ol 5%2 + uv — %1)2 — /0“ f(&)d¢. (1.5)

As (1.4) is a linear equation, v can be solved from wu, for instance, by making
use of Green function. This leads to a variational formulation J(u), as to be
defined in (2.2) with a nonlocal term involved. In fact the action functional .J
has been employed [13], through a minimization argument, to obtain a basic
type standing front solution of (1.1)-(1.2) as follows.

Theorem 1.1 Let (u_,v_) = (0,0) and (uy,vy) = (2(8+1)/3,2(6+1)/37).
If v =9(26% - 58+ 2)7! and d > 72, there exists a heteroclinic orbit (u*,v*)
of (1.3)-(1.4) with asymptotic behavior (u*,v*) — (u_,v_) as * — —oo and
(u*,v%) = (uy,vy) as z — 0.

Clearly (us,v,) is also a heteroclinic orbit of (1.3)-(1.4) if we define (u.(x),
ve(x)) = (u*(—x),v*(—x)). Note that two constant solutions (u_,v_) and
(uy,vy) are in the same energy level only if v = 9(23% —53+2)~!. Like what is
known in the Allen-Cahn equation, standing fronts appear in reaction-diffusion
system with a balanced double-well potential. As a remark, such existence re-
sults can be extended to more general nonlinearities; that is, f is not necessary
to be a cubic polynomial.

The goal of this paper is to construct multiple front solutions using (u*, v*)
together with the reverse orbit (u.,v.). We only deal with the case when the
equilibria are of saddle-focus type; that is, the linearization of the Hamiltonian



system associated with (1.3)-(1.4) at (u_,v_), as well as (u4,vy), has eigenval-
ues £\ tiw. As to be seen in the Appendix, the values of the parameters have
to satisty

7 — /45

g e (0 5

1 2
), v =9/(28% =58+ 2) and 5 < Vd < > (1.6)
Without loss of generality, we may assume that u*(0) # 0. With prime
denoting differentiation with respect to x, we occasionally use subscript for
differentiation in notation. We now state a main existence result of the paper.

Theorem 1.2 Assume that (1.6) is satisfied. Then there are two real numbers
Ky, k_, and, for each sufficiently small o > 0, a large constant D, > 0, such that
for any positive integer N and any sequence of positive integers n = (n;)1<;<n
with n; > D, for every i, there exist positive numbers Xq,--- ,Xn_1 and a
solution (ly, Un) of (1.3)-(1.4) satisfying the following properties:

(@) (i, 0n) = (u*, 0%)|[ 1 (—00.41) < 0
(b) Fori odd in [1, N],

[ (tns 0n) (- + C3) = (s V)| 1 (=, 80,0) S 0, | X = 2T /w0 — Ky | < 0.
(¢) For i even in [2, N],
[ (tns 0n) (- + C3) — (W ") | a1 (—ay,400) S 0, | X =210 /w — k| < 0.

H(BT’@, C1 :Xl, CZ = Ci_1 +XZ', AZ IXZ/2 fO’I"l S 7 S N, and AN+1 = +00.

Let us remark that if V is odd, (ty, 9y ) is homoclinic to (u_, v_) while for N
even, it is a heteroclinic connection between (u_,v_) and (u,vy). Such orbits
are the standing waves of (1.1)-(1.2) with multiple fronts; for the Hamiltonian
system they are often called multi-bump solutions .

As already mentioned, the range of parameters under consideration is such
that the basic heteroclinics (u,, v,) and (u*, v*) connect two equilibria of saddle-
focus type. In this situation, multi-bump solutions are known to exist provided
the stable and unstable manifolds intersect transversally, as was proved by De-
vaney [19] by constructing a Smale horseshoe. Transversality condition in gen-
eral is difficult to check for a given Hamiltonian although it is generically true.
Instead to verify transversality, we follow a strategy, as introduced in [6], to
prove that the basic heteroclinic is isolated up to translation invariance in the
spatial variable, by solving an auxiliary boundary value problem. Then invoking
this fact to show the existence of multi-bump solutions by variational argument.



The variational construction for multi-bump and chaotic solutions has a long
history and the comments below are not exhaustive. To our knowledge, the ear-
liest results were established by Bolotin [2, 3, 4] in the context of nonautonomous
second order Lagrangian systems, the connecting orbits being minimizers of the
action. In the case of twist maps on the annulus (also corresponding to nonau-
tonomous Lagrangian systems), Mather [28] constructed chaotic connecting or-
bits by a minimization method in the region between two invariant circles. For
non-autonomous first order Hamiltonian systems, multi-bump solutions were
found by min-max methods [34, 35] under the assumption that critical points
are isolated. This kind of approaches have been extended to second order sys-
tems and elliptic PDEs in [16, 17]. We refer to [31] and references therein for
more recent development and related results in this direction. For autonomous
problems of saddle-focus type a class of multi-bump solutions were obtained,
for the special case of a fourth order equation related to water wave theory, by
Buffoni [5] using a shooting argument. Subsequently a larger set of multi-bump
solutions was constructed [6] by variational and degree arguments. This method
was then adapted for studying the extended Fisher-Kolmogorov equations (of
fourth order) [24]. In subsequent works [25, 26], the authors introduced a refined
but more specific argument to obtain more precise results on the F-K model.
As already mentioned, the present work is close in spirit to [6]. Note, however,
that our system of autonomous second order Lagrangian equations is associ-
ated with a strongly indefinite variational problem and it cannot be reduced to
a fourth order equation. Instead, we use a nonlocal Lyapunov-Schmidt reduc-
tion. Moreover our approach is purely variational, contrary to [6] where degree
theory was employed; indeed such a variational construction is needed for the
sake of stability analysis, as always an important issue in considering pattern
formation as well as wave propagation.

For the stationary solutions of (1.1)-(1.2), stability questions have been
studied in [11, 12, 13, 15, 30, 38] by various methods. In conjunction with
strongly indefinite variational structure, the Maslov index [10, 12| and rela-
tive Morse index [11] provide useful information to determine the stability of
such solutions, obtained as the critical points of the action functional. Let
C~ = {(|¢ € C and Re( < 0}, where Re( denotes the real part of (. Denoted
by A the linearization of (1.1)-(1.2) at a standing wave solution (u,v). A stand-
ing wave (u,v) is said to be non-degenerate if zero is a simple eigenvalue of A.

Definition A non-degenerate standing wave (u, v) of (1.1)-(1.2) is spectrally
stable if all the non-zero eigenvalues of A are in C~.

First, we state a stability result obtained from an index method developed
in [9].



Theorem 1.3 Let (u, v) be a non-degenerate standing wave of (1.1)-(1.2). Sup-
pose u is a local minimizer of J then (u,v) is spectrally stable, provided that
T <72

In addition, the Lyapunov functional [15] reveals more dynamical aspects
in the process of generating stable patterns. We give an extension of such a
Lyapunov functional, which can be applied to the standing waves of (1.1)-(1.2).

Theorem 1.4 Let 7 < ~*. Under the flow generated by (1.1)-(1.2) in the
HY(R) x L3(R) topology, the standing wave (i, 0y) s asymptotically stable up
to a phase shift in spatial variable. More precisely, for each € > 0 there is py > 0
such that if (u(z,t),v(x,t)) is a solution of (1.1)-(1.2) and

[u(:,0) = G|l pr@) + [[0(-,0) = ol 2@) < pn;

then for all t > 0,

nf {{lu(,t) = @a(- = Y)llmn@ + 00, 1) = 0a(- = Y)ll2m} <e

and

nf {{lu(,t) = ta(- = V)l + 00, 1) = 0a(- = Y)|l2@} ,— 0.

t——+o0

As a final remark, there are plenty of unstable standing waves; however we
do not attempt to describe all of them here but just state one result in the
two-bump case.

Theorem 1.5 As in Theorem 1.2, assume (1.6) and take sufficiently small o
and large D,. For any positive integer n > D, there exists a solution (i, 0y,)
of (1.3)-(1.4). Moreover, for some X € R with | X —7(2n+1)/w — k| < o
and Ky as in Theorem 1.2, the following properties hold.

(1) (i, 0n) — (W 0") || 1 (o0, x/2) S 0
(i) || (tn, 0n) = (us, ) (- = X)) (x/2,400) S 0
(iii) (U, 0n) is unstable in the following sense: for any py > 0, there exist
€0 >0, Ty > 0 and a solution (u(x,t),v(x,t)) of (1.1)-(1.2) such that
[u(+;0) = tnl| 2 r) + [[0(-, 0) = TallL2@) < o,
while if t > Ty then

inf {lu-,0) = i = Y)llmeey + [0(,6) = (- = V) 2} 2 co.

The solution (1, 0,) follows from mountain-pass argument, as to be shown
in Section 6.



2 Variational setting

In this section we recall the variational setting [13] used to study (u*,v*) and
discuss related properties, including a reduced functional J which is bounded
from below. Recall from (1.5) that the Lagrangian associated with (1.3)-(1.4)
is L(ug, Vg, u,v), which will be simply written as L(u,v) frequently. Note that
the main difference with [6] is that the present system is not reducible to a
simple, almost linear, fourth-order system. So one has to deal with an indefinite
Lagrangian (1.5). Fortunately, this Lagrangian is concave in v. We exploit this
property as follows:

For a given ¢ € H'(R), let L¢ be the unique solution, in H*(R), of the
equation

—9"+79=¢.
In the sequel, we work with affine functional spaces of the form H,, = w+ H'(R),
with w = 0,uy, vy, uy, u* v, or v*. For a, = 0,u,,u, u* respectively, and

u € a, + H'(R), we also denote Lu := a, + L(u — a,), with a, = 0,v,,v,,v*
respectively.
Note that Lu is the unique solution, in a, + H'(R), of the equation

" + v =u.

Clearly

|50 =l + 1l =~ alia = [ =)=
< lu— aullrew v — aol| 2w)-
Hence there is a Cy > 0 such that
v = avllm@) < Collu — aul[r2)- (2.1)

Given ¢ € H'(R), define, for all ) € H'(R),
_ S TRVER
1) = [ GRE+ Lot - ov)da
Lemma 2.1 Let ¢ € H'(R). Then

[e.e]

1) - 120) = [ 50 = (CorP+ Jw - (£o) s

for all v € H'(R).



Proof. Tt follows from straightforward calculation, by making use of

[ teoraeopan = [ ocos
and

/_ Z VLY +pLodr = /_ Z oz,

For w € {0, uy,u*, u,} and all u € H,,, define

[e.9]

J(u):/ L(u, Lu)dz. (2.2)

—0o0
The next lemma is an immediate consequence of Lemma 2.1.

Lemma 2.2 Taking a, = 0, uy,u*, u, respectively and a, = 0,v,,v*, v, respec-
twely, if u € H,, then:

Jw) = max /_ " Lu, v)de. (2.3)

The operator £ has a good control in terms of local estimates:

Lemma 2.3 There is a constant M such that, if B— A > 1 and ¢ € H*(R),
then

1Ll rr1a,m) < M@l 20a,) + |LO(A)| + [Lo(B)]).

Proof.  Let 6 be a smooth real-valued function defined on [0,1/2] such that
6 = 1 in a neighborhood of zero and # = 0 in a neigborhood of 1/2. A test
function 14 p is introducd as follows:

Yap = L¢away from [A, B],

Yap = Oon [A+1/2,B—1/2],
VaB O(- — A)Lpon [A A+1/2),
Yap = O(B—-)Lopon [B—1/2, Bl

By direct calculation

B
8 =0t (L0~ banP)da

A

B
:(/(_gﬁ+wmﬁ—¢mmﬁ—£@m

A
< (I = Yhp+v0asll2as + 192 |Vas — LA 2a,5)-
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Denoted by O(s) a number bounded by C's with C' being a constant not de-
pending on A, B, ¢. Then

laB — LN mras = Ol = ¥4 g +v0asllr2an) + 19ll1204,8))-

Applying the triangular inequality yields

1Ll a8y = OV asllman + 1| — Yap +vasllizas + 16llL2as)-
By the definition of 14

[asllmam + | = ¥a s +7¥a5ll2am = OULH(A)| + [L(B)| + [0l L2(a,5))-

Now the proof is complete. [

3 Isolated critical points

The aim in this section is to show that any critical point of J is an isolated
critical point, up to translations in x.

Proposition 3.1 Suppose that u. is a critical point of J in H,« and satisfies
uc(0) = u*(0). Then in the set of critical points of J having the same constraint
at x = 0, u, is an isolated point in the H' topology. The same assertion holds
if Hy» is replaced by H,, or H,_ or H,, .

In order to prove this Proposition, we use an alternative as in [6]: as
the system is real analytic, either all trajectories of the unstable manifold of
(u_,v_,0,0) converge to (us,v,,0,0) and have the same action, or every het-
eroclinic is isolated. In the next proposition we will find a trajectory in the
unstable manifold of (u_,v_,0,0) which does not converge to (uy,v,,0,0) as
x — +oo or, if it does, has an action larger than the action of (u*,v*). This
will allow us to prove Proposition 3.1.

Proposition 3.2 For any b € R, there is a solution (u,v) of (1.3)-(1.4) which

satisfies u(0) = Fv(0) = b and one of the following conditions:

(i) lim, ., (u(z),v(x)) = (u_,v_) and

/0 L(u, v)dz > /0 % (d - i) ()2 + i(u w2 — s )2dz. (3.1)

2
—0o0 —00 Y

(1) lim, oo (u(z), v(2)) = (uy,vy) and

/oOo L(u,v)dzx > /OOO % (d B i2) ()" + i(u ~ -l - de. (32)

Y

8



Proof. Suppose that (u,v) satisfies (1.3)-(1.4), u(0) = Zv(0) = b and

2
lim, oo (u(x),v(z)) = (u_,v_). Multiplying (1.4) by v and integrating over

(—00,0), we get
0 0 0
+ / (V)2 + yvide = / uvdz.

-0 —00 —00

!
— Vv

By direct calculation

/_OOO {g(u')Z + %uv + F(u)} dz

— /i{g(u/)2+ (v/)2+%7(v—%)2+<uv—u;)}dx
+/_(; (F(u)—l—%uz) dm—%m/ooo (3.3)

Next, multiplying (1.4) by —u/~ and integrating over [—n, 7], we have

0 2 0
1 1
/ (uv - u_) dr = / ~“w"dr = —ud’
—00 8 —o0 8

Since

R L W
- —u'v'dz. (3.4)

—o0

u? 1

F(u) + 2= LG u-)?(u—uy)?,

substituting (3.4) into (3.3) yields

ne Lone 1 u\? 1 py, L 2 2
(u)* 4+ =(v") tovlv—o) —ouv + —(u—u_)*(u—uy)de

2 S . .
- %m}/ Ooo+ lm}’ (ioo
: /;% (d_ %) W)+ (”,_ %)2+%v (v— %)zdx
’ /—io %(u —u)*(u—uy)’dr — %Uv/‘(iocf %Uv/ 0_oo

Then (3.1) easily follows in view of the boundary conditions on u and v.



Next we prove the existence of such a solution. Let © be a C*-function
such that 0(0) = %b, —0z2(0) +70(0) = b and 0(z) = 0 if x < —1. Define
H, = w+ H}(—00,0) and set & = y0 — 0,,. For w € Hy, we define

J(w) = / %[d(w’)2+wﬁw]+F(w)dx, (3.5)

where Lw denotes the unique solution of
" +yw=w, wveH, (3.6)

As in the proof of Theorem 1.1 of [13], we pick a minimizing sequence u,, € H;
which converges to u in H . Moreover u € H; and

A

J(u) = inf J(w).

weHyg

Letting v = Lu, we see that (u,v) satisfies (1.3)-(1.4), u(0) = 2v(0) = b and
lim, o (u(x),v(z)) = (u_,v_). This proves (i).

The above argument also shows that either lim, , . (u(x),v(x)) = (u_,v_)
or lim, , o (u(z),v(z)) = (uy,vy). In the latter case, we replace (u(x),v(x))
by (u(—z),v(—x)) to establish (ii), since the proof of (3.2) is not different from
that of (3.1).

1
Proof of Proposition 3.1. We only treat the case of H,«, the others are
analogue.

Note that z_= (u_,v_,0,0) is a hyperbolic equilibrium of a first order Hamil-
tonian system (HS) with Hamiltonian function H (u, v, p, q), which is associated
to the second order Lagrangian system (1.3)-(1.4). With the Hamiltonian H
being real analytic, the local unstable manifold W} (z_) of z_ is a real analytic
submanifold of R*. Moreover the unstable space of the linearization of (HS) at
z_ is the graph of a linear map from R? to itself, hence W (z_) is the graph
of a real analytic map ¢ from a ball of center (u_,v_) with radius 2p into R?,
and p(u_,v_) = (0,0). Similarly, z,= (u4,vs,0,0) is hyperbolic and its local
stable manifold W} (z.) is the graph of a real analytic map ¢ = (¢, v,) from
a ball of center (uy,v,) with radius 2p into R?, and 9 (u,v,) = (0,0).

Let u. be a critical point of J in H,+ such that u.(0) = u*(0) and v. = Lu,.
Take z; to be the smallest value of z such that (u_ —u.(z))?+ (v_ —v.(2))* = p?
and x5 the largest value of x such that (uy — u.(x))* + (vy — v.(x))* = p?. Let
n = (U,V, P,Q) be the flow of (HS) at time T" = 25 — x;. For any 6 € R,
zg = (pcos, psind, p(pcosl, psind)) is in W (z_). If u is a critical point of
J satisfying the constraint u(0) = u*(0) and sufficiently close to u. in the H'
topology, then the heteroclinic trajectory parametrized by (u, Lu, du,, —Lu,)
in the phase space must contain a point zy with 6 arbitrarily close, but not

10



equal, to the angle 0, satisfying (pcosf., psinf.) = (u.,v.)(z1). This implies
that 6 is a zero of each of the functions x1(0) = P(zy) — ¢,(U(z¢), V (2¢)) and
Y2(0) = Q29) — (U (29), V (25)).

If u. were not isolated as critical point of J satisfying u(0) = «*(0), then 6,
would not be an isolated zero of the real-analytic functions y; and x,. Then
these functions would be identically zero near 6., which would mean that the
flow 1 sends all the points zy near zg, to points of W} (z;), and using again
analyticity, this property would hold to all real values of #. As a consequence,
W"(z_) would coincide with W*(z,) and all the trajectories in W*(z_) would
be heteroclinic connections, and the corresponding functions ug would form a
real-analytic curve in H'. Being critical points of J, they would all be in the
same critical level of the functional. This leads to a contradiction, since Propo-
sition 3.2 gives a trajectory in W"(z_) with action larger than this critical level.
Thus at least one of x; is non-constant and being real analytic it has isolated
zeroes. Hence u* is an isolated critical point, as expected; the proof is complete.
1

Corollary 3.3 There exist hg,o0 > 0 and, for any 0 < h < hgy, a radius
a(h) > 0 with }llirré a(h) =0, such that the local sublevel set
_>

Vi ={u€ Hy : u(0) =u"(0), [|[u—u"||mm < oo and J(u) < J(u*) + h}
satisfies the following property:
u eV, = HU — U*HHl(R) < 5’(h) .

Proof.  For oy small enough, the functional J satisfies the Palais-Smale condi-
tion on the closed ball of center u, with radius oy (in H'-norm). By Proposition
3.1, there exists oy < o7 such that u, is the unique minimizer of J on the closed
ball of center u, with radius oy. Thus the proof is complete. 1

Consider a sufficiently large number z and define
Vi ={u€ H'(~22) : u=aon [~z 2z for somet € V,} . (3.7)

Now, for u € V. with h small and z large, the functional J is C* and strictly
convex on

Co={u€ Hpy : u=uon[—22z2 and ||t —u*|mw < 7(h)},

which is a closed, bounded and convex subset of H,-. Indeed, if u € C,, any
other element of C, near @ is of the form @ + w with ||w|| g1y small and w =
0 on [—z, z|, and thus direction calculation gives

D*J(@) - w-w = /]R{d(w')2 — f(W)w* + (Lw)? + y(Lw)?} > l%]|w||H1(R)

11



for some k > 0.

Moreover, if a function @ € C, satisfying || — u*|| g1y = (h), then J(u) >
J(u*) + h > ming, J. So J has a minimizer, denoted by b(u), which does
not saturate the constraint || — u*|| g ) < &(h); that is, (b(u), Lb(u)) solves
the system (1.3)-(1.4) outside the interval [—z, z], and by the implicit function
theorem, b is well-defined as a smooth function of u in H' topology. This
provides a Lyapunov-Schmidt reduction J, = Job of J defined on V), ., and the
following corollary holds.

Corollary 3.4 For hg small enough, there is zy > 0 such that if h € (0, ho)
and z > zy, then

p(h) == nf{||J.(w) || (=zpyr = w € Vep and J.(u) = J(u*) +h} > 0.

This corollary is easily proved by a indirect argument. If p(h) = 0, a Palais-
Smale sequence converges to a critical point of J in a small ball of center u* at
the critical level J(u*)+ h. Suppose the assertion of the corollary is false, there
would exist critical points of J in any small neighborhood of u*, which would
violate Proposition 3.1.

4 Construction of multi-front waves

In the construction of multi-front solutions, the trajectories between two fronts
need to be in good control. Such trajectories are very close to one of the two
stable equilibria with asymptotical behavior being dominated by the linearized

equations. Note that for any solution of the autonomous Lagrangian system
(1.3)-(1.4), its energy

Bluinu) = ju = ot —wo+ 2o+ [Ce(e- 5)(1- e ()

is conserved; that is, being constant along the trajectory. We now state a lemma
in the same spirit of Lemma 3.1 of [6].

Lemma 4.1 Take any 0 < v < 5. There exists a small radius 7 > 0 such that
for any given points (n1,m2) and (1, () € R? within a distance less than T from
(uy,vy), the boundary value problem

—du" = f(u) — v,
—v" =u — v,

(u(0),0(0)) = (1, m2),  (w(T),v(T)) = (G, Ga),

has a solution, denoted by (U, V)1, m.ci.c(-), staying in a small neighbor-
hood of (uy,vy) and it is the only one having this property. Moreover, if

12



+\ + iw are the eigenvalues of the linearization of (HS) at (uy,vy,0,0) and
Epm.cio(T) denotes the associated energy for the solution (U, V)T m.c1icos
then the sign of the function Ey, n,c . (-) has the following property: there is
a real number k., and, for each r < 7/2, a smaller radius €(r) proportional to
r, such that, if |(u*(2),v"(2)) = (ug,vi))| = 7, |(n,m2) — (u*(2),v*(2))] <€,
1(¢1, G2) — (u™(2),v%(2))] < € and i > 1/e with i an integer, then

En177727C17<2(K'+ —2z+ 271—73/"u - V) > 0,

By mcico(by — 22 4210 /w +v) < 0.
A similar assertion holds when replacing (uy,vy) by (u_,v_) and (u*,v*) by
(U, vy), but here ki should be replaced by a possibly different phase _.

We refer to [6] for a proof; there the existence and local uniqueness of (U, V)
follow from Lemma A.3, the sign property of the energy is a consequence of
Lemma A.2, and see Lemma 3.1 for the detail.

We now get into details about how to construct the multi-front solutions.
Let h > 0 be small and D > 0 large (to be determined later as depending on
h). Pick an arbitrary finite interval of integers [1, N| and an arbitrary finite
sequence of positive integers n = (n;)1<;<n such that n; > D for all 7. Take
z > 0 large enough so that (u*(—z) —u_)*+ (v*(—2z) —v_)? < 7% and (u*(2) —
uy)? + (v*(2) —vy)? < 72, where T is the small radius considered in Lemma 4.1.

Recall V,, from (3.7) and introduce a smooth map b, from (V,.)V*! x
[—v, ]V into H} (R, R), defined as follows:

For (u,x) = ((ui)o<i<n, (Ti)1<i<n) € W)V x [, ], we associate a
unique function u = by, (u, x), which satisfies the following conditions:

(S1) Viel[0,N|N2Z, u=u(-—C;)on (C; — z,C; + z),

(S2) Viel[o,N]N(2Z+1), u=u;(C; — ) on (C; — 2,C; + 2),

(S3)  lw—u—|[m(oo,—z) < KT,

(Sa) Vi€[0,N—=1N2Z, |lu—ulmcitz0ii-2 < KT,

(S5) Wi [0,N—1NCZ+1), Ju—ullmcacn s < KT,

(S6) v = us|lmr(cyt200) < KT, where uy = uy for N even, uy = u_ for
N odd,

(S7) Co=0,Cu=Ci+X;(0<i<N-1),

(S5) Xy = oy iy 02,

(So)  Xojp1 = Taj41 + K-+ % :

(S10) (u, Lu) satisfies (1.3)-(1.4) on each of the intervals (—oo, —2],
[CZ + zZ, Ci+1 — Z] s [CN + Z, —I—OO) .

13



Choosing 7 small enough and a large K not depending on 7, we claim that
conditions (S7)-(S10) determine u in a unique way, and explain why the cor-
responding function b,(u,x) is smooth. Observe that one can define the set
Uux) consisting of all functions u satisfying conditions (S;)-(Ss). This set is
convex, bounded, closed in the H' topology. Moreover, the controls (S3)-(Ss)
on u imply the strict convexity on J restricted to U, x). Indeed, if u € U x),
any other element of Uy x) near u is of the form v +w with ||w|| g1(r) small and
w=0on U,.;«x[Ci — z,C; + 2], and then direction calculation gives

D2J(u) - w - w = / {d(w)? — fu)w? + (L'} +4(Lw)?} > Fllwllme

for some k > 0, exactly as in the proof of Corollary 3.3.

So J has a unique minimizer in U x). Moreover for K large enough, if a
function u belongs to U x), and saturates at least one of the constraints (5s)-
(S6) then J(u) > mingy, , J. In conclusion, the minimizer does not saturate
any of the constraints, so it is the only solution of (S1¢) in Uy x) and the implicit
function theorem gives a smooth function b, of (u,x) in the H' topology.

Up to this stage, a Lyapunov-Schmidt reduction has been performed, and
the next task is to minimize the reduced functional J = J o b,. The existence
of a minimizer is easily established. Indeed, the set V), is a bounded, closed
sublevel set of the weakly lower semicontinuous functional .J, thus it is weakly
compact in H'(—z,2). By the weak lower semicontinuity of J, there exists a
minimizer (4, X) in the weakly compact set (V)N x [—v, v]V.

Lemma 4.2 Given z large, h small and choose D large enoughl if n; > D for
every i. then Uy = by(Q,X) is a local minimizer of J.

To prove Lemma 4.2, we introduce the set O = U(u,x)e(vh’z)NHx[—u,u]N Uu,x)
consisting of functions u satisfying (S;)-(Ss) for some (u,x) € (V)" x
[—v, V. The next lemma shows that O contains a small ball in H*(R) with
center at u,. Clearly u, minimizes J on O, by virtue of the construction used
in the variational argument, and thus Lemma 4.2 is an immediate consequence.

Lemma 4.3 Given z large and h small. Suppose that D is chosen large enough
and un Z D fOT all 7. [f (ﬁ,i) = ((ai>0§i§N7 (ji)ISiSN) 1S @ minimaizer OfJ m
V)V x [—v, ]V then

(i) J.(u;) < J(u*) + h for all0 <i < N,

(ii) —v < T; <v forall1 <i<N.

The following lemma will be used to prove Lemma 4.3.
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Lemma 4.4 Let z and h be given as above, both are not depending on N. For
any a > 0 there exists D(«), not depending on N, such that if n; > D(«a) V
1 <i¢<N then

||J;(UZ) — 0uiJ||(H1(_Z7z))* < s V(U,X) c (Vh7z)N+1 X [—l/, I/]N s 0 S ) S N .
The proof of Lemma 4.4 is standard (see e.g. [6]). We omit it.

Proof of Lemma 4.3. We argue indirectly. Suppose that J,(u;) = J(u*) + h
for some [ € (0, N), applying Lemma 4.4 yields

_ _ h
<aul'](uax)>VHl(—z,z)Jz(ul)> > %7
with p(h) given by Corollary 3.4. Then moving w; slightly in the direction of
—V (=22 J () would decrease J(u,x), which contradicts the minimality of
J(1@,X). The proof of (i) is complete.
We next apply Lemma 4.1 to prove (ii). Fix z large and h small enough so
that

= [(u"(2),v"(2)) = (ug,v4))| < 7/2
[(a;(£2), Lu;(£2)) — (u(£2),v"(£2))] <€

with € as in Lemma 4.1 and n; > 1/¢ being imposed. Suppose 7; = —v for some
l€ (1, N—1), it follows from Lemma 4.1 that

Opd(U,X) = —Ep, mocrco (b — 224+ 2mn/w —v) <0,

where n; = ﬂl(Cl—FZ)a o = Eﬂl(Cl—l-Z), (1= ﬂ1+1(Cl+1—Z), (o = EﬂlH(ClH—z).
Then increasing x; slightly would make J small, which again contradicts the min-
imality of J(u, X). Likewise, if Z; = v we could decrease J by slightly decreasing
x;. Now the proof of Lemma 4.3 is complete.

We are now ready to prove the existence result of multi-front solutions,
stated in Theorem 1.2. The stability of such solutions will be investigated in
the next section.

Proof of Theorem 1.2. Take i small enough so that K7 < o, the small radius
required as in the statement. Pick z large and h small enough so that the small
number (h), defined in Corollary 3.3, is less than o, and this then enables us
to apply Lemma 4.2. To complete the existence proof, simply assign D, to be
the number D stated in Lemma 4.2.
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5 Stability

In this section a Lyapunov functional will be introduced to prove Theorem 1.4.
Foruw € a,+ H, v € a, + H, define

E(u,v) = J(u) +

v 2
Sl Ll 6.0
As in the proof of Theorem 1.2, u, is a local minimizer of J and 0, = L.
This together with Proposition 3.1 shows that (uy, 0,) is a local minimizer of
£ in the H'(R) x L*(R) topology, and it is an isolated critical point of £ up to
translation in spatial variable. Moreover £ satisfies the Palais-Smale condition
in a small neighborhood of (iy, 0y).

The next proposition shows that £(u,v) is a Lyapunov functional for the
evolution flow generated by (1.1)-(1.2), from which Theorem 1.4 immediately
follows.

Proposition 5.1 Assume that 0 < 7 < ~%. Let 6> 0 and satisfy 1 + 5/2 <
v2/7. Then for any smooth solution (u(x,t),v(xz,t)) of (1.1)-(1.2),

A~

d 0 2
.00, 1) < R e
1 72 5 2 Y _ 2
3 <7 - 5) v — L(u)| a +$)T”V(U Lw))|"

Proof.  Let w = v — L(u). It is easy to verify that (1.1)-(1.2) is equivalent to
up = dAu~+ u(u — p)(1 —u) — L(u) — w, (5.2)
T(wy + L(wg)) = Aw — yw. (5.3)

In terms of (u,w), we rewrite (5.1) as

L Y 2
Ei(u,w) = J(u) + 215 ][> (5.4)

Let (u(z,t), w(z,t)) be a smooth solution of (5.2)-(5.3). Since (w, L(u))r2 =

(L(w),us) 2, a direct calculation gives

d
Egl (u(v t)v w('v t))

—— [(@Bu+uu= 51— ) - L) + T (ww)

(. £Cw0)ez + LTl + o))

= —||Ut||2 — (w,ug)r2 — 1+5
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1

1 Y
< —— 24 2 = 2
< gl + Gl - s (L) u),
2
v v
————w|]* = ———[|Vwl®
(1+9)7 (1+9)7
1 1 1 72 vy
< —=fJue]* 4+ = flw]? + = [lwl||lue]] — —||w|]? = ———||Vuw|]?
2 2 (149) (1+6)7 (1+d)7
1 1 1 1 72
<L (1_ ) lul? + (24— - )
2 1+6 2 2(1+0) (1+0)r
o
- — | Vw]|?
(1+9)7
) 1 2 ) v
< - —[w|? - ——==—-1—5 | Jw|]’ = ———[|Vw]|* <0.
2(1 + 4) 146\ 7T 2 (1+0)r

Thus £(u,v) and & (u,w) are non-increasing functions of ¢ along the trajectory
of a solution of (1.1)-(1.2). '

6 Unstable waves

In this section the same notation as in the proof of Theorem 1.2 will be used to
prove Theorem 1.5. We employ the mountain-pass principle to seek such critical
points. Starting with the set V), , defined by (3.7), we construct a smooth map
by from (Vy2)? x [—v,v] to H'(R); here to each (ug,ur,x) in V7, x [—v,v], we
associate the unique function u € H'(R) satisfying the following conditions:

S1) u=u (X —-)on (X —z, X+ 2),
Sy) u=wugon (—z,z),

S5) Nl = u_lmi(—oo,—2) < KT,

Sy lu—u-f[mxyz00) < KT,

2 1
X:x+,i++m7
w

(u, Lu) satisfies (1.3)-(1.4) on each of the intervals (—oo, —z],
[2, X — 2], [X + 2,+00) .

n
[
N— — N N N

—~ A~~~ I/~ —~

R

With this definition of b,, we define J := .J ) b,. Then Bn(uo, uy,x) is a critical
point of J if (ug, u1, ) is a critical point of J in V,zm X [—v,v].

Note that Lemma 4.4 still holds in the present situation. Hence for n large
enough, there exists py, > 0 such that if (ug, ui,z) € V,zl’z X [—v,v] and J. (1) €
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[J(u*) 4+ h/2, J(u*) + h] with [ = 0 or 1 then
<aulj(u07u17x)val(—z,z)Jz(ul)> > ﬁh- (61)

Moreover, adapting Lemma 4.1 to the present situation, we see that, for each n
large enough, there is a small p,, such that if z € [—v, —v/2| then

Oxj(uo,ul,x) > Ko s (62)

while for x € [v/2,v], )
O (ug, U1, ) < —piyy (6.3)

Pick a € (V,.)? x {—v} be such that J(a) < infy, )2xf- J + pnv/4 and
b € (V.)? x {v} be such that J(b) < inf v, y2xqwy J + pnv /4. Set

L= {7€C°([0,1], Vh.)* x [-w,v]) : 5(0) =a, (1) =b}

and define
Cp = inf max Jo%.
5eT' [0,1]

It follows from (6.2) and (6.3) that ¢, > max(.J(a), J(b)) + p,v/4.

For any 4 € I, (6.1) together with the standard deformation theory gives a
7 € I' such that max Jo#& < maxig, 1 J o7 and the image of 4 stays in the
set V7 ja,. X [=1,v]. Moreover it easily checked that .J satisfies the Palais-Smale

condition. Smce the critical points of J are isolated, we may apply a result of
Hofer [23] to find a “mountain-pass’ type critical point (uf, u,2*) of J. This
tells that for any neighborhood O of (u},u%, z*) there exists (u},u}, ') € O
such that J(u), u},z') < ¢p. Setting (i, ) = (bp(ub, ul, z?), L, (ub, v, 1))
gives a two-bump solution of (1.3)-(1.4) which satisfies Theorem 1.5(7),(é7), and
J(ty,) = cy.

Let us recall the Lyapunov functional £ defined in Section 5 for showing the
instability of (,,7,). With H' x L* topology, we can find a neighborhood of
(i, Uy,) which possesses a single critical point only. Inside this set, any smaller
neighborhood of (i, #,) contains a point (@, 0) := (b, (uh, u}, '), Lb, (up, u}, x"))
with the property J(a) < ¢,,. If (u(z,t),v(z,t)) is a solution of (1.1)-(1.2) with
the initial datum (u(z,0),v(x,0)) = (u(x), 0(x)), it is clear that E(u(x, t),v(x, t)) <
E(u,v) < E(ty,, v,). Hence there exist Ty > 0 and a small neighborhood N of
(i, Uy) such that (u(z,t),v(x,t)) ¢ N if t > Ty. This completes the proof of
(i17), so does Theorem 1.5.
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7 Appendix

As a byproduct of [13], the proof of Theorem 1.1 shows that there exists a
heteroclinic solution for the system

—du" = k(u —u®) — v, (7.1)

—v" =u —yv. (7.2

Here (ug,vy) is replaced by (/1 —1/(kv),/1—1/(kvy)/v) and (u_,v_) =

(—uy, —vy). The nonlinearity in (7.1) is an odd function, which gives the same

type of potential as in the Allen-Cahn equation. The following observation
indicates that system (1.3)-(1.4) can be converted into (7.1)-(7.2).

Suppose that (u,v) is a heteroclinic solution of (7.1)-(7.2). By setting k =

18— B+ 1) and

{ ut = (B+1)/3+ Vku,

- (7.3)

v* = (B+1)/3y + Vko,

a simple calculation easily verifies that (u*, v*) is a heteroclinic solution of (1.3)-
(1.4).

In this Appendix, we clarify the conditions on the parameters such that both
(u_,v_) and (uy,v,) are saddle-focus equilibria. First from the assumptions of
Theorem 1.1, v = 9/(28% — 58 + 2) and dy* > 1. In view of (7.1)-(7.2), since
ut =1- %, it follows that kv > 1. Therefore

1
k(1—3u%) —~d = 5(3 —2ky —~%d) < 0. (7.4)

Consider the linearization of (7.1)-(7.2) at (/1 — 1/(ky), /1 — 1/(kv) /7). If
k(1 —3u?) — ~vd]* — 4d < 0, (7.5)

then all the eigenvalues are complex numbers, which is case of saddle-focus.
Combining (7.4) with (7.5) yields

1
5(3 — 2ky —42d) > —2V/d,

which can be rewritten as

vd — 2Vd + (2k — %) < 0. (7.6)

Solving (7.6) gives

1—yv4-2 1 4—2
VITHE _ o 1+ VASOR

> . : (7.7)
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provided that ky < 2. Note that ky = ggz:ggig’ = % + 2(2529%656”) > % for

B € (0,3). This together with kv < 2 implies

9
287 — 53+ 2
and consequently 98 < 23?2 — 58 + 2. Solving 2 — 78 + 1 > 0 yields

7 — /45
<72 ,

<1

p (7.8)

as € (0, %) rules out the possibility of g > ”T\/E. Since kv > %, it follows
from (7.7) and dy?* > 1 that

< Vd < g (7.9)
v

= |~

In summary, the equilibria (u_,v_) and (u,, v, ) are saddle-focus if and only
if
7—+/45 2
Y 2 ’y Y

B e (0

as stated in (1.6).

), v =9/(28° = 58 +2) and%<\/g<
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