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Abstract

We analyse open strings with background electric fields in the internal space, T-dual to branes moving
with constant velocities in the internal space. We find that the direction of the electric fields inside a two
torus, dual to the D-brane velocities, has to be quantised such that the corresponding direction is compact.
This implies that D-brane motion in the internal torus is periodic, with a periodicity that can be paramet-
rically large in terms of the internal radii. By S-duality, this is mapped into an internal magnetic field in a
three torus, a quantum mechanical analysis of which yields a similar result, i.e. the parallel direction to the
magnetic field has to be compact. Furthermore, for the magnetic case, we find the Landau level degeneracy
as being given by the greatest common divisor of the flux numbers. We carry on the string quantisation and
derive the relevant partition functions for these models. Our analysis includes also the case of oblique elec-
tric fields which can arise when several stacks of branes are present. Compact dimensions and/or oblique
sectors influence the energy loss of the system through pair-creation and thus can be relevant for inflationary
scenarios with branes. Finally, we show that the compact energy loss is always larger than the non-compact
one.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Open strings [1] can be quantised exactly in a constant electromagnetic field background
[2—4]. The case of magnetic fields and their T-dual version of branes at angles have been widely
studied in the literature starting from [5] due to their promising phenomenological features of
realising Standard Model like gauge groups on magnetised/intersecting D-branes, while also pre-
serving N = 1 supersymmetry [1,6]. On the other hand, open string models with electric fields,
that were pioneered in [7], have received far less attention due to the fact that supersymmetry is
always broken in the charged sectors, resulting in systems that are in principle unstable. How-
ever, they can offer exact CFT models for studying D-brane dynamics, as for example in [8—13].
An important application would be to inflationary cosmology [14] where, in the T-dual version
of moving branes, one or more positions of branes are identified with the inflaton(s).

Our work focuses on open strings with background constant electric fields in toroidal com-
pactifications. It is well known that magnetic fields in compact spaces have to satisfy Dirac
quantisation conditions. This is no longer true for electric fields at a perturbative level, due to the
fact that one of the legs of the field strength lies always in the non-compact time direction. As we
will show, there are non-perturbative quantisation conditions for the components of the electric
field along the torus axes, arising from the gauge invariance of U (1) Wilson loops that force
the corresponding components of the gauge potential to be compact variables. These conditions
have a simple interpretation in the T-dual version as quantisation of momenta of DO particles
along the compact directions. Moreover, from the non-perturbative consistency one can extract a
quantisation condition for the orientation of the electric field inside the torus that is independent
on the string coupling constant and hence could in principle arise at a perturbative level. We con-
sider the simplest possible case, that of an electric field pointing into a generic direction inside a
rectangular two torus. The main results of the paper is that the direction of the electric field has to
be compact. We show this in various ways. Aside from the non-perturbative argument mentioned
above, one can derive the same result by making use of the S-duality between electric and mag-
netic fields. Furthermore we consider, at the quantum mechanical level, a magnetic field pointing
into a generic direction inside a two torus (contained in a three torus) such that the electric field
case will be an analytic continuation of the magnetic one. We derive here the degeneracy of the
Landau levels, relevant for model building, which turns out to be given by the greatest common
divisor of the two non-zero flux numbers. Dirac quantisation conditions immediately imply that
the direction parallel to magnetic field is periodic and since the allowed string momentum is
always parallel one has a quantised momentum as well. However, in one particular gauge we
are able to construct wave functions respecting the periodicities of the three torus only in the
case when also the coordinate orthogonal to the magnetic field is compact. In turn this further
implies that the squared modulus of the complex structure of the torus is fixed to be a rational
number. It would be interesting to determine whether this condition is indeed also necessary as
it would have important implications for moduli stabilisation. The same analysis for the case of
the electric field implies in one gauge that quantum mechanically there is no visible quantisation
condition, whereas in a different gauge the direction parallel to the electric field comes out to
be compact. In principle, the allowed string momentum modes (always orthogonal to the elec-
tric field) may or may not belong to a lattice, depending on whether the direction orthogonal to
electric field is compact.

We also present the quantisation of string models with electric fields in internal spaces and
construct explicitly their annulus amplitudes taking into account the quantisation conditions for
the orientation of the electric field. Strictly speaking, in order to build a consistent string vac-
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uum, one should also consider the contributions of the Mobius Strip amplitude for open strings.
This can be done in the usual way by applying the orientifold projection [1]. Our work extends
previous results also in another direction, that of oblique electric fields (for the case of oblique
magnetic fields see [15—18]). We point out that in models with several stacks of branes the possi-
bility arises of having open strings stretched between (necessarily) different branes with electric
fields at an angle. In such a situation, the field strengths at the two boundaries of the string do not
commute, leading to a more complicated algebra of zero modes and to a non-linear dependence
of the induced electric shift in terms of the ‘rapidities’. Models with oblique electric fields realise
a Thomas precession effect for open strings. In the limit of small electric fields (small velocities
in the T-dual version) they reproduce the results of the parallel case and thus are expected to be
relevant (only) in the ultra-relativistic limit.

Finally, we analyse also the energy loss of D-branes in constant electric fields by pair cre-
ation. There are two cases that one can compare, depending on the compactness of the direction
orthogonal to the electric field. We show that the compact energy loss is always larger than the
non-compact one for any finite values of the radius and electric field shift, the two becoming
equal asymptotically. Increasing the radius, the compact energy loss decreases implying also that
larger radii would yield a greater number of e-folds in inflationary scenarios with moving branes.

The paper is organised as follows. In Section 2 and 3 we discuss the quantisation conditions
for electric fields in internal spaces from a non-perturbative and S-dual point of view. Section 4
contains the quantum mechanical analysis of charged particle in electric and magnetic fields
at a generic angle with respect to the torus axes. The boundary conditions for open strings in
constant electric fields and the various possible sectors (charged/neutral and parallel/oblique) are
considered in Section 5. Furthermore, the quantisation of these models and the corresponding
annulus amplitudes can be found in Section 6 for the case of parallel electric fields' and in
Section 7 for the case of oblique electric fields. Finally, we discuss the energy loss by pair creation
in Section 8 and our conclusions are contained in Section 9.

2. Brane motions and electric fields in internal spaces

Let us consider a D2 brane in an internal torus (x4, x5), taking for simplicity to be a square,
of radii R4, R5 respectively, and add an electric field making an angle 8 with x4, i.e. Fou = Eq =
E cos B, Fps = Es = E sin 8. After T-dualities in x4, x5, one gets a point-like DO brane moving
with a constant velocity v = E with v = (vcos §, vsin §). The momenta of the DO particle along
the two internal directions have to be quantised.” The corresponding conditions are

Tovcos B q
Pa=—F—= =7,

V1= R,

__ Tovsin _ p

ps = =—, (D
V1i—12 R

where Rg, Rg are the two T-dual radii, Ty is the DO brane tension and p, ¢ are integers. Notice

that since Tp ~ 1/g;, the quantisation conditions are non-perturbative in nature. The direction of

the electric field, on the other hand, is also quantised and determined by

1 We call parallel the situation where the two electric fields at the boundaries of the open string are parallel with one
another (or one of them is zero). They can still make an (rational) angle with respect to the torus axes!
2 The following argument is similar to the one in [10].
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/
anp=LRs _PRs )
qRs qR4
Notice that the string coupling does not appear in the quantisation condition for the direction of
the electric field.
The quantisation condition can also be found in a neat way by starting from the Dirac-Born—
Infeld (DBI) action

Lpy = —Ta/~det (gun + Fun + Bun) = —To(2m)*RaRs\/1 — E2 — EZ . 3)

The zero mode (Wilson line) of A4 is a compact variable

Tr ?g Agdx* =27 Ry T8 A, =21, 4)

where TF is the fundamental string tension. Therefore A4 ~ A4 + ﬁ. A similar periodicity is
found for As. Consequently, the variables conjugated to A4, As

8L  T(2m)’R4RsEy

H4——.—
844 1—E2—E2

=TrqRy,

8L _ T2(27T)2R4R5E5

5 = =TrpRs, (5)

84s  1—E2-E2

are quantised exactly in a way consistent with condition (2). Notice that the system carries fun-
damental F1 charges along x4 and x5, I[14 = QF1.4, [Is = OF1 5.

3. S-duality and magnetic fields

It is illuminating to perform an S-duality of the previous configuration.’ For that purpose
one adds one extra internal coordinate and considers a D3 brane wrapping xo, x4, x5, Xg, With
the same internal electric field. After S-duality, one gets a D3 brane with the same worldvol-
ume, with D3 charge T3 and internal magnetic field B = (B4, Bs, Bg) = (B cos 8, Bsin 8, 0) or,
equivalently, with D1 charges. Indeed, there are two induced D1 charges:

4 Ecosp
D1, worldvolume xg, x4 of charge Q( = Fs¢ =T —— ~ By,
: VI—E?
Esinp
D1’ , worldvolume xq, x5 of charge 0¥ = Fyg=—-T1——2_ ~ Bs. (6)
! N

On the other hand, the magnetic fields should satisfy the following (Dirac) quantisation condi-
tions

np nq
—_—, Bs=Bcosf =F56= ———,
27w R4Rg 4 p 26 27 R5R¢
where n is an arbitrary integer and p, g are coprime integers. From above one obtains the quan-
tisation condition for the angle 8 defining the orientation of the magnetic field (the same by
S-duality as the orientation of the original electric field)

Bs =Bsinf = —Fy5 = (7

3 The following arguments were suggested to us by 1. Bena.
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tanf=——=——, (8)

which is again consistent with (2) and independent of Rg.

It is also useful to perform a T-duality along x¢, turning the D3 brane into a D2 brane which
defines a plane in x4, x5, xg. The initial electric field is traded for an angle E = sin6. The brane
charges are traded into the orientation of the D2 brane plane, defined by the vector n = Q =
(Q4, Os, Q¢) perpendicular to it, where

Qo4s = 02 = Qcosd = Qg ,

Q —Q M—QsinecosﬂzQ
VI 2 -e
0 Q Esinp QOsinfsinf = Q €))
— —_— = — 1 = .
RV !

where Q> is the standard D2 brane charge and Q = Q»/cos# is the tension of a rotated brane.
From the rotated brane tension one can also identify the T-dual magnetic field B = tan6. The
plane defining the worldvolume of the D2 brane is given by the equation

—sin@sin B x4 +sinf cos B x5 +cosf xg =0. (10)

The projection of the brane on the x4, x5 torus (for 6 # 0) is —sin 8 x4 + cos 8 x5 = 0, which is
a rotated brane. The length of the brane is finite if tan 8 = (pR5)/(g R4). Notice that the S-dual
magnetic field is parallel to the original electric field.

3.1. Geometrical interpretation

Let us consider a D3 brane on a square 3-torus of coordinates x,y,z and correspond-
ing radii 27 R;, i = 1,2,3, with a constant worldvolume magnetic field B = (By, By, B;) =
(0, Bcos B, Bsin B). The Dirac quantisation condition implies

np3 np2
27R|Ry’ 2nR1R3’
where n is an arbitrary integer and pj, p3 are coprime integers. The quantisation conditions
imply that the direction of the magnetic field and its values are quantised

B, =Bsinf=Fyy, = By=Bcosp=—Fy, = (11)

p3R3 nR

tanp = y =,
P P2R> 1 27 R1R2R3

12)

where R =,/ p% R% + p% R% is the length of the coordinate parallel to the magnetic field. Since
(p2, p3) are (coprime) integers by the Dirac quantisation conditions, the coordinate x) is there-
fore compact. Let us denote by (ey, e2, e3) € H; (T3, Z) the 1-cycles generating the integral torus
homology. It is convenient in what follows to introduce also the basis of one-forms in the coho-
mology (y1, y2, y3) € H(T3, Z), which by (de Rham) duality satisfy

/yjzé,-j, i,j=1,2,3. (13)
e
Since the periodicities of the coordinates x, y, z are 27 R; then in terms of the coordinate differ-
entials one has



160 C. Condeescu et al. / Nuclear Physics B 930 (2018) 155-194

_dx _dy _dz
BT AT T

Vi (14)

Furthermore, we define also the (Poincaré) dual two-forms {8;};=123 € H 2(’11‘3, Z) satisfying

/Vi ABj=4dij, (15)
3

and thus, expressed in terms of y;, are given by

Bi=y2/Ay3, Br=—viAys, Bi=niAy:. (16)

In terms of these, one can identify the cycle parallel to the magnetic field B and the two-form
field strength as

e| = pa2e2 + p3es , % =np2B2 +np3pfs, (17)
such that the magnetic field F/(27) is in the integral cohomology H?(T3,Z) of the torus as
expected from the Dirac quantisation conditions.

It is well-known (and easy to check from boundary conditions on the open strings) that a
T-duality maps a D3 with a magnetic field into a D2 brane with no worldvolume flux, but rotated.
In our case, the T-duality is performed on x, whereas the rotated D2 brane is defined by the
normal vector

n = (cosf, —sin6 sin B, sinf cos ) , (18)
where the angles 6, 8 are determined by

_ nRyR p3R3

tan 6 tan B = .
2Ry

mRyR3’ (19)
In (19) R} is the T-dual radius 1/2R;, and we added a second ‘wrapping number’ m, similar to
the one in the first reference in [6], corresponding to multi-wrapped D-branes with m units of
elementary magnetic flux. The integers (n, m) have to be coprime, otherwise one interprets their
greatest common divisor as the number of distinct branes. From above one can infer that the D2
brane wraps now the following integral 2-cycle

Cr=meyQ@e3+np3e; Qes+npre; ey, (20)

where we have introduced the T-dual cycle ¢} of length 27 R} . Notice that the product 2-cycles
{e] ® e2, €] ® e3, 2 ® e3} generate indeed the integral homology H, (T3, Z) (of the dual torus).
The tension of the brane is now proportional to its surface

Tp, ~ Sc, = (27r)2T2\/m2R§R§ +n2pIR\?R3 +n2piR’R; . 3}

A test of this results is that it is indeed proportional to the Born—Infeld action of the original D3
brane with worldvolume magnetic field

TD3~T3/\/1+32. (22)
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4. Quantum mechanics with magnetic and electric fields in internal spaces
4.1. Internal magnetic fields

Let us consider a magnetic field in a three torus T3 with coordinates x, v, z such that the
corresponding vector B = (0, B cos 8, B sin 8) points in an arbitrary direction in the plane (y, z)
defined by the angle §. Then, the non-zero field strength components are the following

Foy=Bsinf,  Fy,=—Bcosf. (23)

Various gauge choices are possible, but some are more convenient than others for writing down
wave functions with appropriate periodicity conditions in the internal space. We will first make
use of the gauge choice

Ay, =0, Ay =Bsinf x, A, =—Bcosf x, 24)
which has the property of being invariant under rotations and translations in the plane (y, z). The

gauge above leads to the quantum mechanical charged particle hamiltonian

1 1 . 1
H = Ep)%-}—E(py—qumﬂx)z—i—E(pz+chosl3x)2. 25)

The non-zero components Ay, and A; of the potential transform non-trivially only under the torus
shifts in the x direction in such a way that the boundary conditions

Ay(x +2m Ry, y,2) =Ay(x,y,2) +2r R\ B sing,
A;(x+2nRy,y,2) =A;(x,y,2) —2n R1Bcos B (26)

correspond to a gauge transformation of parameter 6 = 2w Ry B(sin 8y — cos 8 z). The gauge
group element

U= eiq@ — eZm‘quB(sinﬁ y—cos B z) 27)

is uni-valued on the torus if and only if the components of the magnetic field F)y, Fy, are quan-
tised as

27 R1R2gBsin =nps3, —2nR1R3gBcosB=—npy, (28)

where the integers p;, p3 are coprime and are identified with the wrapping numbers of the 1-cycle
(the lattice vector of minimal length) parallel to B in the sub-torus T2_ € T3. The conditions

vz
above are nothing else than the generalised Dirac quantisation conditions (see Section 3.1)
! F ! f F (29)
— =np3, — =-npy.
o p3 . p2
e1®er e1Re3

From eq. (28) one can infer that the direction of the magnetic field B has to be rational and that

its norm, B, is quantised. Indeed, we have again the identities
R R

P33 ’ gB = nK ’

2Ry 2T R1RyR3

where R| is the periodicity in the direction parallel to B, given by the length of the corresponding
torus cycle, that we denote by €|, having the wrapping numbers (p2, p3)

tan B =

(30)
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é| = paé2 + p3és Ry =./p3R3 + p3R; . (€20)

Above, we denote by &; and &3 the vectors generating the torus lattice ’]I‘g, .- Itis useful to introduce
also the distance between two windings (see Fig. 1) of the 1-cycle ¢ € H; (’]I‘%z) as follows

Ry R;3
D” = R .
I

(32)

The hamiltonian assumes its simplest form in terms of coordinates parallel and perpendicular to
the magnetic field vector B, defined as

x| = cosBy+sinBz,
x] = —sinBy+cosfBz, (33)

with similar expressions for the parallel and perpendicular momenta. Notice that the change of
coordinates above is not a torus reparametrisation. A priori the direction defined by x; may not
be compact/periodic (though x| is always compact due to the Dirac quantisation conditions).
The new coordinates simplify the interpretation, since the hamiltonian (25) can be rewritten in
the form

H-lz_i_l 2_1’_1( B 2 34
= 5Px T 5P 2PJ_+Q x)7, (34)

where it is easy to identify the conserved momenta p| and p, (or equivalently py, p;), the
centre of mass of the harmonic oscillator x.,, = p1 /g B and the Larmor frequency w; = ¢ B.
Thus, each energy eigenvalue is determined by the harmonic oscillator level A and by the parallel
momentum p. The resulting wave function in the non-compact space (R*) has the form

sin B py — cos B p;
qB ’

where v, is the harmonic oscillator eigenfunction of level 1. In the chosen gauge (24), the
translation operators in the three directions of the torus result

W(x,y,z) =ePYePiyy, (x 35)

U, = eZniRl (Py—qBy sin B+q Bz cos )
Uy — eZniRzPy , UZ — eZm’Rng , (36)
leading to the following periodicity conditions

\Il(x +27TR1a y,z) :eZJTiquB(y sin B—z cos ) ‘lf(x, y,z) ,
W(x,y+2mRy,2) =¥ (x,y,2), W(x,y,z+27R3) =V¥(x,y,2), 37

necessary for the wave function to be well defined on the torus T3. Equivalently, the periodicities
above follow also from the bundle transition function in eq. (27), combined with the fact that
the gauge potential (24) is invariant under translations in y and z. The periodicity of the wave
function in the coordinates y, z imply that we have the standard Kaluza—Klein (KK) quantisations
for the momenta

_ 9
py—R_zv pZ_R_3'

In order to build a wave function which respects also the quasi-periodicity in x one can superpose
(py, pz), or equivalently the momentum numbers (g2, g3), such that the energy level remains

(38)
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fixed (and thus also p|). Indeed, a generic torus shift in the x direction generates an image (of
the harmonic oscillator wave function) with momenta of the form

,—> — 2mwmgq B R sin
X —>x+2mrmR;, — Py = Py 1 P 39)
p; —> p; +2mmgBRcosf

where m indexes the images. Taking into account the quantisation of the angle 8 and of the
magnetic field B one can then see that, on the torus, there is the following equivalence relation
(92, 93) ~ (q2 — mnp3, g3 + mnp2) (40)

which leaves p invariant. The solution for the wave functions with correct periodicities can be
found by summing over all the images

W(x,y,z)= Z ei(py—quRl sin B)y+i(p;+mqgBR| cos B)z
b 9

mez

(41)

—sin + cos
x\IJ;L<x+2nmR1+ P py ,3P1> .

gB

Notice that the term with m = 0 corresponds to the wave function in non-compact space. In
order to understand the quantisation of p| and the Landau level degeneracy it is convenient to
introduce a torus reparametrisation, i.e. an SL(2, Z) matrix M, such that one of the basis vectors
of the lattice is given by €. We can then write

e\ _(r2 p\(é
(2)=(7 2)(5) @

It should be observed that the vector e, is in general not orthogonal to ¢. Only in the limits
B =0, /2 we can choose &, to be either €3 or —é, (and thus orthogonal to EH that, in this case,
becomes either ¢, or ¢3). We have also the identities

_ I — _

M 1=( 3 ”3>, detM =detM ™" = pols — p3lr = 1. (43)
L p

Taking into account our conventions for the periodicity of the coordinates, namely y ~ y + 27 R»

and z ~ z + 27 R3, the momentum quantum numbers transform, under the above reparametrisa-

tion, as

@2\ (B -p3 k
(&)=(5% 2)0) )

where k is associated to the parallel direction and j is associated to the % direction. Making
use of (44) and of the quantisation of the angle B, one can easily show that the parallel and
perpendicular momenta are quantised as

k

p|=—(p2ls — p3b) = —, (45)
R R

pi= e | R o (P RS+ patsR3) (46)

Taking into account the quantisation of B one obtains that the centre of mass of the oscillator
(for the wave function on the torus) has the expression
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L Sy < P313R§):| 27Ry . 7)
nRH

For a given energy level, that is for fixed A and k, the centre of mass takes a finite number n
of discrete values j =0, 1,...,n — 1, corresponding exactly to the Landau level degeneracy. It
should be stressed that in the zero angle limit one takes (p», p3) = (1,0) and (I, 3) = (0, 1), so
that the second term in the equation above depending on k disappears, thus recovering the known
result of x.,, = 2w R1(j + mn)/n. The degeneracy can be checked also from the point of view
of the annulus amplitude of open strings in the presence of the considered magnetic field. After
taking into account the quantisation of the parallel momentum one has*

xcmzp_L+27TmR1=[
B n

q

ety Fan L] #5100 ()
- 2 4 R_H W Cap FaE Oi‘fz 12(in 9 i in
0 2 ap s |\0] 7 7 ez 157

X Z e ﬂ (48)

Since the identity V3g B/R| = n holds, the amplitude above correctly counts the particle propa-
gation with degeneracy n. The tree-level closed (transverse) string amplitude is then given by

5 < 0% | (elil) 04| % | ©lil) 3¢y
A=2’5%q3/dl E Cap [ﬁ] [1/32] 7 (l{) P, (49)
2 @[‘E](ow) nte @@l v (elil)

where the dual lattice sum has the form

f’]; _ Ze—ﬂl§2Rﬁ ) (50)

k

It correctly describes the coupling of the branes to the (closed-string) winding states and the
Born-Infeld structure of the magnetised brane tension. Indeed, by using the identity sinwe =

qB/+/1+ g2B?2 (this factor is contained in #; (¢|il)) one finds

Ac~/1+¢2B2. 51

Another natural choice to study the magnetic field (23) is the Landau gauge given by the follow-
ing expression

Ay =—B(sin y—cosf z),

Ay=A,=0. (52)

It is interesting to notice that the gauge transformation passing from the gauge (52) to the previous
one (24), defined by the gauge parameter € = — Bx (sin 8y — cos 8z), cannot be well-defined on
the whole torus. The charged particle hamiltonian in the gauge of eq. (52) is

_! ingy_ 2, Lo o
H_z[px—i—qB(smﬂy cosBz)] —1—2 py+p7) - (53)

4 Our partition functions in magnetic fields should be multiplied by 1/ (2m)P, where D is the number of non-compact
dimensions. According to our standard conventions [1], we will not write explicitly this factor.
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The potential transforms non-trivially under the torus periodicities in the directions y and z,
yielding the boundary conditions

Ax(x,y+2mRy,2) = Ax(x,y,2) —27 Ry Bsin§ ,

Ay(x,y, 2+ 27 R3) = Ax(x,y,2) + 2n R3Bcos B . (54)
The torus shifts in the directions y and z generate two gauge transformations with parameters

01 = —27 Ry Bsin B x and 6, = 2w R3 B cos B x. In order for the potential to be well defined on
the torus one needs the following transition functions

U, :ezqel Ze—ZmquB sin B x , U, =€lq92 :e2mR3qB cos B x (55)

to be single valued on the torus. It is easy to see that this holds true if and only if the quantisation
conditions of the projections of the magnetic field in eqs. (28) are satisfied. In terms of parallel
and perpendicular positions (and momenta) defined in eq. (33) one can write the hamiltonian as
follows

1 1 p 2
H=-p* +-¢*B* - =) +-pt, 56
2pJ‘ 2q (xJ' qB 2p” (%6)

where again one can identify the centre of mass position of the harmonic oscillator x.,, = p./qB.
Since p| and p, commute with the hamiltonian the wave function in a non-compact space is now
of the form

W(x, y,2) = eiPrelPI¥I W, (x - ﬂ) . (57)
qB
Making use of eq. (55) one finds that the wave function on the three torus has to satisfy the
following periodicity conditions
Y(x +27R1,y,2) =¥(x,y,2),
W(x,y + 2Ry, 2) = e TIPS NGy, )
W(x,y, 2421 R3) = T RIB P XQ(x, y, 7). (58)

Since in the direction x the solution is a plane wave, it follows that the momentum p, is quantised
as py = m/Rp. In order to build a wave function with the correct (quasi)-periodicities one can
use

\I/j (x,y,2) = Z ez(/+mn) Ry i (cos B py+sin B p;)(cos B y+sin B 2)

mez

x\Il,\<—sin,By+cos,Bz—]+mn2nD||> 59)
n

where D| was defined in eq. (32). It is easy to see that one has the correct quasi-periodicities,
after a redefinition of the summation index m of the form

y—=y+27R;, m—>m' =m+2r R RyqBsinf

7—>z+27R3, m—>m' =m—2nR{R3gBcosp . (60)
The shift of the summation index has to be an integer! Indeed this is assured by the quantisation

conditions of the magnetic field components in eq. (28). In addition, it seems that we must also
satisfy the following quantisation conditions for the momenta
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2w Ry(cos B py +sinfB p;)cos B =2mkks ,
27 R3(cos B py +sinBp;)sin f = —2mkk; , 61)
where ko, k3 are coprime integers that can be identified with the wrapping numbers on the torus

1-cycle e orthogonal to the magnetic field. From the ratio of egs. (61) we can readily extract a
quantisation condition for the 8 angle of the form

koR> T
tanﬂ_—m_—cot(ﬂ—i—i) . (62)

Moreover, since we obtain that the angle § + /2 is rational, then also the coordinate x| appear
to be compact with an effective radius given by

Ri=.\/k3R} + k3R] . (63)

If both the parallel and orthogonal directions are required to be compact, we can then write the
following G L(2, Z) transformation

et _(pr2 p3\[e
(2)=(2 2)(2) ©

that we denote by M. Notice that we have the identities

detM = pok3 — p3ky = . (65)

Geometrically, the ratio of the volumes is thus given by the intersection number of the parallel
cycle with the orthogonal one (this can be easily shown by using ¢ A €, = (det M)és A €3).
From eq. (61) one can extract a quantisation condition for the momentum pj of the form

kR | k

= —detM . (66)
R>R3 R

P =

The correct normalization requires a ratio with the determinant of M e GL(2,7Z). Thus, one
finally gets
k
DI=—5 (67)
R
as in eq. (45). Combining the eq. (62) with the condition for the angle in (30), we obtain that the
ratio of the squares of the radii Ry and Rj3 is fixed to be a rational number

R? k
3 202 c

R 68
R3 k3 p3 ©%)

Notice that the identity (68) can be obtained by imposing that ¢ and €, are orthogonal to one
another. In conclusion, in this gauge we obtain that both the parallel coordinate x and the perpen-
dicular coordinate x| have to be compact and, consequently, the squared modulus of the complex
structure of the sub-torus Tiz is fixed to be a rational number determined by the wrappings of
the parallel and orthogonal (with respect to the vector magnetic field B) 1-cycles. It should be
possible and interesting to construct a more general wave function which does not require the
condition (68). Indeed, from the point of view of the string cylinder amplitude in eq. (48) one
does not need the orthogonal coordinate to be compact in order to correctly interpret the ampli-
tude. If, in addition to the generalised Dirac quantisation conditions, one needs to impose also the
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Fig. 1. We depict the lattice vectors ¢ with wrapping numbers (2,3) and ¢ with wrapping numbers (—3,2). The
distance between two winding of the parallel cycle Dy is also illustrated. From eq. (68) the complex structure of the torus
has to be in such a way as to have Ry = R3.

constraint (68), then this result could be very important for the stabilisation of complex structure
moduli fields in string theory.

4.2. Internal electric fields

The action of S-duality is in such a way that the electric and magnetic fields are parallel. As we
have seen, Dirac quantisation conditions imply that the coordinates parallel to the magnetic field
is compact. In turn, making use of S-duality, one obtains that the direction of the electric field is
also quantised (rational from the point of view of the torus). Let us consider an electric field in an
arbitrary direction in the plane yz, E = (Ey, E;) = (E cos 8, E sin 8). Our conventions for the
electric field are such that E is parallel to the magnetic field considered in the previous section.
This is convenient, as many formulas from the magnetic field side translate to the electric field
case simply by analytic continuation (x — ixg, px — ipo, B — —iE).

In what follows we use in a slightly abusive way the language of hamiltonian and wave func-
tion. Strictly speaking, there are no stationary states and all the hamiltonians below are not
hamiltonians in the usual sense: either they are time-dependent with inverted harmonic oscil-
lators or they involve oscillators with a centre of mass determined by the energy. In fact, particles
in an electric field are accelerated and radiate. The results below are better understood actually
in terms of analytic continuation from the magnetic field case, and what we call hamiltonians
will correspond actually to the zero-mode part of the string hamiltonians in later sections. The
analytic continuation leads to a (complex) partition function which does not have the standard in-
terpretation from quantum mechanics or string theory. It contains, however, physical information
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in the sense of encoding the energy loss by charged D-branes in the presence of an electric field,
that is the natural generalization of the Schwinger pair production in quantum field theory [20].

We start again with the gauge where the wave function is manifestly periodic in y and z,
namely

Ap=0, Ay=EcosB xo, A, =Esinf xq, (69)
which leads to the quantum mechanical hamiltonian
H = =5po+ 5Py —qEcosp x0)”+ 7 (p: = qEsinf xo)" . (70)

In terms of the parallel and the orthogonal coordinates, the (time-dependent) hamiltonian is given
by

1 | 1 .
H = —2py -+ 5(sinf py —cos ppo)’ + 5 (cos f py +sinf p: — g Exo)’ (71)
which identifies the conserved momentum p | = —sin 8 py +cos B p, and the ‘centre of mass’ of

the oscillator x.,, = p|/q E. However, it should be noticed that the above hamiltonian describes
an inverted harmonic oscillator. We will treat the system as an analytic continuation of the har-
monic oscillator and thus the wave functions that we find are not really physical. Nevertheless,
one can use this formal procedure to extract physically relevant results.

In this gauge, the translation operators in the directions of the torus are the usual ones

Uy =rikby |y, = iRt (72)

As a consequence, since the potential is invariant under translations in the y and z directions, the
wave functions have to be periodic

W(xg,y + 27 Ry, z) = W(x0,y,2) , W(xo,y,2+27R3) = W(xg,y,2) . (73)

From eq. (69), we obtain that time translations xg — xo + ¢ generate a gauge transformation of
the potential given by

0:(y,z) =E(cosy+sinfz)t. (74)

Hence, in this gauge, time translations are implemented by gauge transformations. We find that,
in addition to the periodicity conditions in eq. (73), one has to also impose

\If(x()—i—t,y,z):ein(COSﬂyHi“ﬂZ)t\p(xo,y,z), forallr eR. (75)

The solution for the wave functions periodic on the two torus with the correct implementation of
time translations is then

400
W(xo,y,2) = / do ei(m|+aqE)x” eipLXL v, <x0 —a— p_;j) , (76)
q
—00

with standard KK momenta p, = g2/R2, p; = q3/R3, and g; integers. Notice that one can set
the parallel momentum p to any value by a shift of the integration variable . Formally, it plays
the same role as the Landau level degeneracy in the magnetic field case. If one sets pj =0 as it
is required by the open string boundary conditions, then a quantisation condition for the angle 8
arises as
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Fig. 2. We depict a particle moving with velocity V=E corresponding to the T-dual picture of an electric field. Due to
the quantisation condition of the angle, the trajectory of the particle inside the two torus is periodic.

tanf = ———. ()

The identity above implies that the coordinate x| is compact (see Fig. 2). However, from a quan-
tum mechanical point of view, neither this choice nor (77) seem to be necessary. We know,
however, from the arguments in Section 2 that (77) is true. Let us use the following ansatz for
the momentum numbers g, and g3

@=-jp3, Qa=jp2, (78)

where the coprime integers (p;, p3) determine the wrapping numbers of the 1-cycle parallel to
the electric field. Then the angle quantisation becomes

R
tan g = 2353 (79)
P2R2
Using the Ansatz (78), the perpendicular and parallel momenta become
IR
, =0. 80
RoRa P (80)
Generically, one expects a quantisation of the perpendicular momentum of the form
J
=, 81
pL R, (81)

with the orthogonal radius being possibly infinite. As in the magnetic field case, we run again
into the rescaling by the factor R R /Ry R3.

Analogously to the case of the magnetic field, we can also consider the gauge corresponding
to the Landau one
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Ag=—E(cosBy—+sinfz),
Ay=A;=0. (82)
Again, the transformation to pass from the gauge (82) to the previous (69) is given by the function

6 = —Exo(cos By + sin Bz) that, as before, it is not well-defined on the torus. The hamiltonian
can be written as

1 , 1
H=—21po +qE(cos By +sinB2)]* + 3 (pi +pf)

_1, e 83
P\t gE) tart 83)

where we make use again of parallel and perpendicular coordinates/momenta. Since the momenta
po and p; commute with the hamiltonian, the wave function in non-compact space has the form

W(xg, y, 2) = €POX0PLYL s, <x|| + p_;) . (84)
q

On the two torus T? with periodicities in the y, z coordinates, the wave function has to transform
in the following way

W(xg, y + 27 Ry, 7) = e~ M RAER0COS By 1y 7y
W(xo, y, 7+ 27 R3) = e 2TIRsaEx0snfy(yg y 7y (85)

as indicated by the transformation of the gauge potential (82) under the same shifts. A wave
function with the correct quasi-periodicities can be written as

W(xg, y,2) =
+00
/ da ' (Po—aqE)xo ,i(—sinp py+cos f pz)(—sin f y+cos p Z),]h (Cosﬂ y+sinfz+a+ &) )
E
(86)
Indeed, torus lattice shifts correspond to changes of variable in the integral
y—y+27R;, a—a =a+2ngER)cosf,
7z—>y+27R3, a—a =a+2ngER3sinf . (87)

Notice that po can be set to any value by a shift of the integration variable «. In addition, for

the wave function to be well defined on the torus, the following quantisation conditions for the
momenta seem to be needed

=27 Ry(—sinfB py +cosB p;)sin B = —2mj p3 , (88)

2 R3(—sinf py +cos B p;)cos B =2mj ps . (89)

Thus, we see that also in the case of the electric field one would obtain a quantisation condition
for the angle 8

tan B = , (90)
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which would imply that the coordinate x| is compact with radius R = p% R% + p% R%. Since

in the first gauge (69) this quantisation is not really manifest, we consider the condition (90) to
be inconclusive from the viewpoint of quantum mechanics, in a similar way to the compactness
of the coordinate perpendicular to the magnetic field in the Landau gauge (52) considered in
the previous section. However, unlike the latter, the quantisation (90) is predicted by the non-
perturbative arguments of Sections 2 and 3. Notice that, due to the fact that the coordinate xg is
not compact, we do not have quantisation conditions for the components of the electric field. As
a consequence, from a quantum mechanical point of view, we find that the coordinate x| does
not have to be compact. Relevant for constructing the CFTs of strings with background electric
fields is the fact that the perpendicular momentum is quantised from eqgs. (88)—(89) as

L= oD

However, when the coordinate x is compact, one expects a quantisation of the form p; = j/R],
which can be obtained after rescaling with the ratio of the volumes.

To summarise, the quantisation of the direction parallel to the electric field predicted non-
perturbatively from the arguments of Sections 2 and 3 is not completely manifest from quantum
mechanical arguments. String quantisation and one-loop amplitudes in later sections seem also
to be consistent with any value of the angle. This implies that the quantisation of x|, whereas
unambiguously predicted, is probably a genuine non-perturbative effect, invisible in perturbation
theory.

5. Open strings with boundary electric fields

Open strings with (generically different) boundary electromagnetic fields can be described by
the following o-model action

| +00 T +00 +00
S:—g/dr/daaaX“a‘)‘Xﬂ—ql/drAlMBTX”—qZ/thmBTX”, (92)
—00 0 —00 —00

where the string worldsheet has been taken to be the infinite strip and units are chosen such that

20/ =1. (93)
The gauge potentials A and A, are different when considering strings stretched between differ-
ent stacks of branes. A convenient gauge choice for constant electromagnetic fields is

1 ,

Af‘z_EFi"VX“, i=1,2. %94)
Our convention for the boundary charges g and g is such that the case of neutral (dipole) strings
corresponds to the condition

q1+4q2=0. 95)

In the following, for convenience we shall absorb the charges ¢; into redefined field strengths F;
7qiF; — F; . (96)

With our choice of gauge in eq. (94) the classical system amounts to the wave equation for
the bosonic coordinates X" (t, o) together with general (i.e. a combination of Neumann and
Dirichlet) boundary conditions
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de X" =F", 0. X", c=0, 97)
I XM =—F), X", o=m. (98)

We shall restrict our discussion to electric fields E and E in the plane (X 8 X?) and thus the field
strengths are of the following form

0 Eg Ey 9 Egs Eg
Fi:=F'y=Eg 0 0], F=FY=|E 0 0]. (99)
E9y 0 0 Esy 0 0

In general, there are two different cases to consider depending on whether the above field
strengths F; and F> commute or not.”
[F1, F2p]=0 corresponds to parallel electric fields, (100)
[F1, F21#0 corresponds to obligue electric fields . (101)

From a kinematic relativistic point of view there is a difference between the two cases. Indeed,
suppose that one makes a boost of the system in a direction parallel to the electric field E; then in
the first case the system is invariant! However, in the second case, one sees effectively a magnetic
field proportional to the cross product of the original electric fields E A E. The second case would
thus correspond to the analogue of Thomas precession for strings. We shall focus first on the case
of parallel electric fields in compact spaces. Then we discuss the non-parallel case.

Let us turn back to the boundary conditions (97)—(98). A general solution to the wave equation
is of the form

X', 0) = X}/ (04) + Xi(0-) , (102)
where 0+ = t + ¢. Then one can rewrite the boundary conditions in the convenient form

A-F)" 04X =0+ FH 0-X} o=0, (103)

A+ FP)* 04X =1 - F)*, 0-X} , o=m. (104)

It is now natural to define the boost matrices A; and A, as the Cayley transforms of the field
strengths

A=1+F)'a-F), i=12. (105)

Notice that the matrices above are well defined as long as det (1 &+ F;) # 0. Already at this point
one can see that there exists a critical electric field

|E =1 = det(+Fo)=1—|E|>=0. (106)

In toroidal compactification, models with electric fields correspond by T-duality to branes (of
lower dimensionality) moving with velocities equal to the original electric fields. In the moving
brane interpretation the critical value of the velocity corresponds to a motion at the speed of light
¢ = 1. Hence, the following condition will be satisfied by the electric fields

IE||<1 and |E||<1. (107)

5 1n eq. (100) we include also the case when one of the electric fields is zero.
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Making use of the matrices above one can infer a mathematically equivalent form of the boundary
conditions involving a periodicity condition for the left-moving coordinates X ﬁ together with a
‘twisted’ identification of the left-moving with the right-moving

X (T +2m) = (A AD", 0X] (D), (108)

IXR(@® =Al0X] (@), (109)

where 7 € R is an arbitrary real variable. The periodicity property (108) is important as it

determines the shifts of the frequencies in the mode expansions. They are determined by the

eigenvalues of the matrix Ay Aq. If A, is an eigenvalue of Ay A1, the corresponding (imaginary)
electric shift i€, is related to it by

Ay = &6 (110)

Furthermore, from the left-right identification in eq. (109) we see that the phase shifts in the
mode expansions are determined by the matrix Aj. When solving the boundary conditions there
are two sub-cases to consider:

Fi+F=0 : corresponds to dipole strings , (111)

Fi+F+#0 corresponds to charged strings . (112)
The charged strings and dipole strings have different mode expansions, and we also sketch their
canonical quantisation.

We analyse in the next Section the case in which the electric fields E and E are parallel. The
case of oblique electric field is treated in Section 7.

6. Toroidal compactification with parallel electric fields
6.1. Dipole strings

Dipole strings correspond to a ‘degenerate’ case where the total charge of the open strings
is equal to zero (95) and the boundary gauge potentials are identical. The first consequence of
imposing (111) is that the frequency shifts in the mode expansions are vanishing. Indeed, it is
easy to see that we have the identity

M=+ F) A-F)=0-F) A+ F)=A7", (113)
hence the matrix whose eigenvalues determine the frequency shifts is the identity matrix
AAr=A7"A =1, (114)

Thus, for dipole strings, the oscillator part of the mode expansion is identical to the standard
one up to a phase determined by the eigenvalues of A1, the matrix determining the left-right
identification for open string in electric fields. Indeed, making use of eq. (114) into the boundary
conditions in eqs. (108)—(109), one can easily see that we must have

1 . 1 ‘
XM (04) = 5 Za}je*’"‘” , Xk (o) = 5 Z Al abemino- (115)

nez nez

Hence, after integration, we find the following general solution for the mode expansion of dipole
strings:
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1% 2 1 I3 1 12 v
XM (t,0)=x +§a0 (t+o)+§Alva0(r—0)

i ok ol
+ - Z |:_em(r+a) + Al]/«v_nem(ra)] ) (116)
2 0 n n

Quantisation of dipole (and charged) strings in magnetic fields has been first carried out in [3].
Our expression is similar to the ones found in [3] after analytic continuation. In order to see this,
one needs to define coordinates Y which diagonalise the boost matrix A . Due to the fact that
we have chosen the electric field E in an arbitrary direction in the plane (X3, X°) the matrix that
connects Y to X* is factorised as a rotation Rg, which aligns the electric field E with one of
the axes, times a light cone change of variables B := B*,. Hence we can define

Xt =CHt,Y*, CH, = (ng‘)ﬂv B', . (117)

Let us parametrise the (non-zero) components of the electric field as Eg = ||E||cos 8 and E9 =
||E||sin B such that f is the angle between E and the axis X®. The matrices Rg and B are then
given by

1 0 0 1 0o -1 1
Rg=|0 <cosp sing |, B=—| 0 I 11]. (118)
0 —sinB cosp V2 V2 0 0

With this choice, the initial Minkowski metric 1, = diag(—1, 1, 1) becomes a light cone one
that we normalise as follows

1 00
Nab =NuwC aC’ =0 0 1]. (119)
010

It is natural to label the directions Y“ by the eigenvalues of the matrix A . Let us introduce the
‘rapidity’ 0 as being the norm of the electric field

tanh6 :=[|E]] . (120)

In terms of 6, we can write the eigenvalues of A in the following way

1 0 0 1 0 0
A=A cy=0 HH 0 |[=[0o & o |, (121)
1—-||E]| —26
0 0 g 0 0 e

where the order of the eigenvalues is such that a = (0, 4+, —). The coordinate Y0 has a stan-
dard mode expansion corresponding to the direction orthogonal to the electric field in the plane
(X3, X%). On the other hand, the coordinates Y* have the form of the light cone coordinates
found in [3]. Indeed, it results

0
Y0=y0+ot81+iza—"e_’"’cosna , (122)
n
n#0
E s
yt=y* %aoi +iet? Z O%”e_”” cos(no Fif) . (123)

n#0
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It is convenient to normalise the zero modes such that they have canonical Poisson brackets and
commutators. From imposing the usual algebra for X# and its canonical conjugate momentum
P* derived from eq. (92) (and containing the boundary terms)

(X (z,0), P'(r,0 )}y =7n"8(0c —0'), (124)
{X"(r,0),X"(r,0")} = {P"(z,0), P'(1,0")} =0, (125)
one can infer that, in order to bring the zero mode algebra into its canonical form, the following
rescaling/redefinition of the momenta o is necessary
+
% p*

> : (126)
LFIEN  1-lEI?

After introducing the notation po = oc8 , we can thus write the usual commutation relations for

the zero modes y% and p¢,

DUPM =" o Iy pI=in (127)
Notice that the oscillators «f satisfy the standard algebra for open strings. Since the quantisation
is carried out in a covariant way, one needs to consider also the ghost fields associated to the
gauge fixing of the local symmetries of the action in eq. (92). Some comments are in order about
the choice of not aligning the electric field E with any of the axes. In the case of non-compact
directions (X8, X°) this has no physical consequence. Indeed, one can always define a rotation
which leaves the physical system invariant in such a way that (in the new coordinates) the electric
field is aligned with one of the axes. However, when compactifying on a two torus T2, only rota-
tions of quantised angle are allowed! Let us first derive the annulus in the case of a non-compact
space. We can make use of the rotated coordinates

XH = (Rp)", XV, (128)

which have the property that the electric field E is parallel to the axis X®. Their mode expansions
are then found to be

i} 1
R0=x0=30 4 TIER (c}or FIE]] qga) + oscillators , (129)
_ 1

J G TIEE (qgr n ||E||c}00) + oscillators , (130)
)?9=)Z9+(}9t+oscillators, (131)

with the zero modes x#, g satisfying the canonical commutation algebra
(¥, ¢"T=in"". (132)

In order to write the contribution of the zero modes to the annulus we choose a normalisation such
that Lo depends explicitly on the electric field. Indeed, the relevant part of Lg is the following

1 1 1
L™ =~ [——(&0)2 + @G+ (59)2} (133)
O T2l 1-JEIP 1—||E|]?

that gives rise to a contribution of the form

zero 1
/d3id3cie"””0 = V3 (1= [IEI") =5 . (134)
)
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where the factor 1 — || E||? arises from the integration over the momentum zero modes ¢° and 8.
Hence, in the non-compact case, the annulus amplitude for the dipole strings is the standard one
multiplied by the aforementioned factor. We recover in this way® the result in [3],

v [d 2[4]

10 2 B

Ad=7(1—||E||2)f?an,sT. (135)
0o 2 aB

In the following, we assume for simplicity a rectangular torus T2 such that the periodicities of

the coordinates X% imply the usual quantisation of the (canonical) momentum modes ¢%°

g _ Mg 9_ M9

= , =—. 136
7= R 7= R (136)
Since, in general, one cannot make use of the coordinates X* globally we pass back to the
original X* which are not aligned with the electric field. Their mode expansions can be inferred

from eqs. (129)—(131) to be

X0=x0 4 T—IEE [qor + (Esq® + Eo q9)a] ro., (137)
Eg(Egq® + E9q° Eo(Egq® — Egg® E
X8=x8+ 8( ;%q + 9;] )‘L' 9(Esq - 99 )T+ 8 26100+... ’
EI=(1 —[|EI*]) [E]| I —[|E]|
(138)
Eo(Egq® + E9 q° Eo(Egq® — Egq8 E
x99 _ o ;&q 9;] ). Eo(Ezq i 947) 9 ot
E[*(1—=]IEI*) [E]| 1 —E]|
(139)

where we have now defined the zero modes x* = (Rgl)“v x" and g"* = (REI)“V q" such that
their algebra remains canonical

[x*, g"1=in"". (140)

We can also write the relevant part of Lo from eq. (133) in terms of the zero modes x* and g*
as follows

Notice that the result above is consistent with the open string metric G, defined in [19] since
we have

—1+EI> 0 0
Gy = Nv — (Fin ™ F1) oy = 0 1 —E3 —EgkEy | . (142)
0 —EgEy 1—E}

Indeed, the inverse of the metric above can be easily found

6 Our partition functions in electric fields should be multiplied by 1/ @n?)P/2

dimensions. We don’t write explicitly this factor.

, where D is the number of non-compact
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-1 0 0
1-E5 EsE9 |, (143)
0 EsEy 1-E}

1
1 EN?

such that L§"® can be written the following form
Lo = 1o 144
5O yq"q" (144)

Turning back to the annulus, the momentum integration over ¢® and ¢° is replaced in the compact
case by a sum over mg and mg in the usual way

1
dqbdq® — —— : 145
/ ¢'dq’ > g > (145)
mg,ng eZ
Thus, from the zero modes one has the following contribution to the amplitude

1 zero
/d3qu RsRo 2 "

mg,mg

0 __|(1-E})"8 +(1 EDH= +2EgE9”‘8 ’”9]
Viy/1—||E|=2 Z 20— HEIIZ)[ R RS Rs o | (146)

mg,mg

Finally, the annulus for dipole strings in the case of an electric field E pointing into a compact
two torus T? is given by

10 5 Oodfz e [g]
= S VIHEIR [ =) cap—i5= Prms (147)
g D wp n

where P, ., denotes the sum over the momenta appearing in eq. (146), with the convention to
include the normalisation with the torus volume as in eq. (145). Let us now calculate the trans-
verse channel amplitude with modular parameter [ = 2/t,. Making use of the modular properties
of the Jacobi ¥ -functions and of the Dedekind n-function we can write the following amplitude
for dipole strings in the tree-level (transverse) channel

[ ](zl)
Ay=23Y0 HMVEZ% %me, (148)
where
Pagng = Ze I{(1-E}n2RE+(1-E2n3 R3—2Eg Eg ngng RyRo | (149)
ng,ng

results from applying the Poisson summation formula to Py, ., and contains the (8, 9)-bloc of
the open string metric G, of eq. (143). One can see from eq. (148) that the factor (1 — || E| |2)
is indeed consistent with the DBI effective action.
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6.2. Charged strings

Let us now derive the mode expansions for charged open strings with parallel boundary elec-
tric fields. In this case the coordinates Y defined in eq. (117) are again a natural choice since
they diagonalise, besides A1, also the matrix Ay A appearing in the boundary condition (108).
This is due to the fact that A; and A, commute. Notice that this is no longer true in the case of
oblique electric fields. Let us also define the ‘rapidity’ 6 related to the norm of E by

tanh6 := || E|| . (150)

The matrix product Ay A in the basis defined by coordinates Y has the following diagonal form

1 0 0
(AaA) = (CTH, (AAD*, CP=| 0 20+ ¢ . (151)
0 0 e—2(0+§)

Thus, the electric field frequency shift € is the sum of the ‘rapidities’ 6 and 6 divided by a factor
of m
1 ~
€:=—(0+60), (152)
b4
such that, from eq. (108), the periodicities of 9Y Z result
AY(F+21) =dY (%), (153)
IYEF +2m) = oY E() (154)
Making use of the equations above together with eq. (109), we can expand the derivatives of the
left- and right-moving coordinates into modes

1 . . 1 , ,
+ § : + - + § : + — _
aYL (O’+) — 5 alf,. e z(n:l:te)a_;_’ 8YR ((T_) — Ee:|:219 af,. e i(ntie)o. )
nez nez

(155)

Finally, after integration, we obtain the known mode expansion [7] for charged strings in parallel
boundary electric fields

+
o . .
Y*(r,0)=yF +iet? Z %e*”" cos[(n ie)o Fif], (156)
n 1€
nez

with Y0 having the standard mode expansion already given in eq. (122). Canonical quantisation
leads to the following commutation algebra for the modes

L i n _ .
b yl= m ' [an+ie’ Olmfie] =(n+ie) 6"+”1v0 ’ (157)

together with the standard commutation for the direction Y° defined to be orthogonal to the
electric field E

0, p°1=i. (158)

In terms of the rotated coordinates X defined in eq. (128), the mode expansions take the fol-
lowing simple form
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X% = 59 + oscillators , (159)
X8 = %8 + oscillators , (160)
)~(9=i9+ﬁ9t+oscillators, (161)

where the zero mode p® = p° is now identified with the momentum along the direction X9, thus
orthogonal to the parallel electric fields. The contribution to the annulus from the ¥# and p° can
now be found to be

d3Fdp° e
——=q" —||E+E|| 1/2,
det Q2 T

with the relevant part of Lg given by L’ = (p

(162)

%)% and the matrix $ with determinant equal to

72/||E + E||? defined to encode the algebra of zero modes in the following way
Ma=(20 B8 2 ), FLEB=008. (163)

The inclusion of the factor with the square root of the determinant is necessary for a correct
definition of the quantum volume. Finally, combining the contribution from the zero modes with
the oscillators and the fermions, we can write the annulus in the non-compact case as

”E+EII/ [%]GE% ) ot [5]00F) ' (%)
FT G0 (e) nlens)

(164)

Let us now turn to the case of a two torus T2 spanned by the coordinates X® and X°. The use
of the rotated X* is natural since the electric field E is aligned with the axis X8 and also since
the charged string admits a momentum zero modes in the direction X% In principle one has to
consider two cases depending on whether the direction X° is compact or not. In the first case
one obtains a quantisation for the zero mode 5° and subsequently a lattice sum in the annulus.
In the second case one only has a standard momentum integration and the result is identical to
the non-compact case in eq. (164). Let us investigate the condition for the coordinate X° to be
compact. As before, we consider a rectangular two torus T2 with periodicities

X8> x4+ 2nRg, X° > X° + 2Ry, (165)

such that the corresponding lattice is generated by the following orthogonal vectors

B} 27R B} 0
e1=( ”08), e2=<2nR9>. (166)

If the direction defined by the coordinate X° is compact, there exists a lattice vector ¢, that is
parallel to it. This implies the existence of (coprime) integers p, g such that

el =peéi+qeé. (167)

The condition for the integers to be coprime ensures that we choose a vector e of minimal
length. As a consequence of the above, the periodicity in the direction X? is determined by the
length of the vector |é, | := 2w R, . If one defines the angle between ¢, and ¢; to be equal to
B + 7 /2, then the quantisation condition for the angle 8 is
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R
anp=—25=—cot(p+7) R2 = p*R2 + ¢2R? . (168)
qRy 2

Notice that an additional condition is necessary in order for X8 to be compact as well. Indeed, in
this case there exists a lattice vector ¢| parallel to X 8 defined by coprime integers [, k

E” :k21—|—lgz. (169)
As before, the length of the vector |é| := 27 R determines the periodicity in the direction X®
whereas the (same) angle 8 satisfies a different quantisation condition
IR
R} =k>RE +1°R3 tanf = — . (170)
kRg

If one combines the two quantisation conditions for the angle § in egs. (168), (170), a constraint
on the radii
Ri __al

— = € 171
Rk Q (171)

comes out. It ensures that the two vectors ¢ and ¢, are indeed orthogonal ¢ - ¢, = 0.

If we assume that X° is compact, then the usual quantisation condition’ for the momentum
mode p° holds

- - m
X0 = X°+27R,, 50 = 0 (172)
Ry
Hence, the momentum integration is replaced by the standard lattice sum
P — L o~ T2 /2R
"R £
mg

for electric fields such that X° is compact. Finally, in the compact X° case the annulus can be
written as

Vio ~
ACZTHE-FEH

o o o[i(es]2) P [5]05) o (5)
x 92 Ly P « it it i) L (173)

o mter s o[l () m(enin)
In the original coordinates X* the momentum j° has non-zero projections on both the X3 and

X? axes that we denote by p® and p°. However, the electric field has lifted the zero mode in the
direction X8, hence we can write the following relation

r;(l) _;( E8+E~'8 E9+Eg><%§> (174)
9 - ~ ~ — m )

IS [|[E+E|| \ —(Eo+ Eg) Eg+ Eg R—g

where the matrix above is equal to Rg in the case of parallel electric fields. The presence of
the electric field imposes the constraint 5® = 0. Then one can see the angle quantisation as a

7 This is due to the fact that one has a plane wave solution in the X9 direction.
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selection rule reducing the lattice sum to be only over g

Ey E R
292 g =8 (175)
Es Eg mo Ry

6.3. Open/closed string duality

A consistency check of the charged string annulus amplitudes derived in the case of parallel
electric fields can be done by looking at the transverse channel interpretation as closed strings
exchanged between branes. Indeed, making the change of variables

2 r rd
I== /fu:z/—?, (176)
T2 75
0 0

one finds the following form of the transverse channel annulus for charged strings with com-
pact X°

< .7 o |2 Geliny 94| | ©OliD) ;3
Ac=2_5mllE+Ell /dlan,g [ﬁ] [g]‘ ”7.(!1.) By (77)
2 o B l‘}[z](mz‘l) =@l 9 (ielil)

with the dual lattice sum P;, being

. 2l 2R2 Ll 7202 R2 4+ p2 R2
Pay = e IR = 7 T B REPRS) (178)
fig fig

Notice that whereas this expression depends explicitly on the comprime integers p, g defining the
direction of the electric field, small changes in the angle are possible only if the integers are very
large. In this case, the sum collapses to the first term (779 = 0), which turns out to be the result
obtained in the non-compact case, where the torus volume is infinite. In this sense, the lattice
sum and therefore the whole partition function is continuous under infinitesimal changes in the
direction of the electric field.® Taking the limit p, g — oo with fixed ratio can also be understood
as taking the limit of non-compact direction X°: in this case the lattice sum is reduced to the
standard result of continuous momentum integration. Notice, however, that open-closed string
duality is consistent irrespective of the quantisation condition (170) related to the compactness
of the parallel coordinate, which is valid non-perturbatively by the arguments of Sections 2 and 3.
Moreover, the partition function depends only on the compactness of the transverse coordinate,
which is undetermined both perturbatively and non-perturbatively.

In order to show that we have the correct DBI interpretation, one needs to take into account
the factor of sinh e arising from the 9 (i€|il). Indeed, it is easy to obtain the identity

I|E + E||
\/<1 —EIHA —IE|?)

valid (only) for parallel electric fields. Using (179) we now have the following behaviour of the
annulus in the transverse channel

sinhwe = (179)

8 We thank Costas Bachas for pointing out to us the continuous behaviour of the partition function under small changes
of the angle as a consistency check of the result.
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A.:~\/(1—||E||2>(1— IEIP) (180)

consistent with the closed string interpretation.
7. Oblique electric fields
7.1. Mode expansions

Models with several stacks of branes will contain, in general, open strings with non-parallel
boundary electric fields. The form of the boundary condition in eqs. (108)—(109) is particularly
useful in this case. It is natural to work with coordinates that diagonalise the composition of
boosts Ay A1 appearing in the boundary conditions. For this purpose we define Y related to X*
as follows

Xt =CH, Y. (181)

Notice that the coordinates Y are different than the ones used in the parallel case, but reduce
to them in this limit. The matrix (of eigenvectors of AyA1) C := C#, is chosen to satisfy the
identities

(182)

=)
S = O

1
(A2ADH, C'a=xCHy, Nab = ﬁuuC”aCUb =|0
0

Our procedure of solving the boundary conditions works only for diagonalisable matrices Ay Aj.
However, this is always the case for sub-critical electric fields. We restrict as before, for simplic-
ity, the electric fields E and E to lie on the plane (X3, X°). It turns out that the eigenvalues of
As A are given by

A 0 0 1 0 0
(MaAD)=(C ) (AN Ch=[ 0 i 0 |=[0 & o0 |,
0 0 A 0 0 e 2
(183)
where we have defined the electric shift € := % log 1. The eigenvalue A has the following
expression’
A ! [(1+ETE)+\/||E+E||2 ||E/\E||2T (184)
+= = - .
(I=ENHA~IIEI?

Notice that the eigenvalues A, are always real for sub-critical electric fields. Indeed, one can
show that we have the implication'’

> 112 112
HEILIEN <1 = I|E+E|"—IEANE]"=0. (186)
9 The other eigenvalue different from 1 is given by A— = 1/A4.
10° It is useful to make use of the following identity

NE+EI?—IEAEI?=0+ETEY? — (- IEIHA-EIP), (185)

valid for arbitrary vectors E and E.
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Making use of the ‘rapidities’ 6 and 6 defined in egs. (120) and (150) and of the angle o =
<(E, E) between the electric fields, we can write the following expression for the electric shift

7e =cosh™! (cosh@ cosh + cos « sinh 6 sinh é) . (187)

The parallel case in eq. (152) is easily recoverable after setting coso = 1. It is interesting to find
the Cayley generator, that we denote by P, of the product of boosts A2A ;. One can show that
we have'!

MA=1+P)'1-P), P=%(F1+Fz+[F1,Fz]) . (188)
1+ETE

From the form of P one can infer, as expected, the presence of the Thomas precession when
the commutator [Fy, F] is different from zero. The periodicity conditions for the coordinates
Y“ have the same form as the ones for parallel electric fields in egs. (153)—(154). However, in
the oblique case, due to the fact that A; and A, do not commute, the matrix identifying the
left-moving with the right-moving is no longer diagonal! We again split the index a relative to
the eigenvalues of Ay A1 such that we have

a=(0,+-). (189)
Using egs. (153)—~(154), it is easy to show that the mode expansions for the derivatives 0Y} are
1 L
Y (oy) = Zcxo BRI HIC RS B (190)

nEZ nez

and, using also eq. (109), the right-moving part comes out to be

1 . . . .
3Y1% — EZ[A?OQ e —ino_ +Al+an+ze e—l(n+te)07 +A(117057 ) e—t(n—te)a,] . (191)

n—ie
nez

Finally, after integration, the mode expansions for open strings with boundary oblique electric
fields result

Y9 (1,0) = +15“ 1A -
,0) = > 0P’ (r +0)+ =A% p(r — o)

5T (st )

. ot
l Ytic [ a  —i(ntie)(t+o) a —i(n+i6)(r—a)]
+ - ) + AJLe
2 % n—+ie 1+

ne
+ % Z :n__—;ée I:Saie—i(n—ie)(r+cr) + At{zie—i(n—ie)(r—a):l ) (192)
Lo has a form similar to the case of parallel electric fields,

L, .
Lo=~(p")?2 + Zo{_n Y e, +Sie(l—ie), (193)

n;é() nez

1T Notice that the product in the reversed order is generated by the transposed of P, i.e.

AAy =1+ Py Ta-pT).
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but with frequency shift € given in eq. (187). Going back to the original coordinates X* is done
with the matrix C := C*,, that can be again factorised as a product of a rotation R, , which aligns
the vector E + E with one of the axes, times an electric field dependent matrix B := B*, which
transforms the usual Minkowski metric 7, into the light-cone metric 745. Due to the fact that
the Cayley transform of A, A is proportional to Fy + F> + [F1, F>], one can use this latter to
find the matrix of eigenvectors C. After some algebra one finds

Cto =R, B, (194)
with the matrix B given by

1
B, = X
V2UE+EIP —1IEAEID)
—V2(EgEg — E3Ey) —|IE + £l |E + E||
0 JIE+EIR—EAEIR IE+EIP—1IEAEIP
V2I|E+E|| EgE9 — EgEg —(EgE9 — EgE9)

(195)
and R, having the same form as the rotation matrix in eq. (118) but with y now being the angle
between the vector E + E and the axis X®. The matrices R, and B (and hence also C) above
reduce to eq. (118) when the limit of parallel electric fields is taken, i.e. after setting E A E =0.

7.2. Quantisation and the annulus

Standard canonical quantisation requires inverting the mode expansions (192) for the Fourier
coefficients. Due to the fact that the matrix A is not diagonal in the coordinates Y one needs
to study the orthogonality properties of the following matrix valued functions

1 {(Sahe—i(n+ieb)(r+a) + Azlzhe—i(n+i5b)(r—a) , n+iep#0

SV | 196
(f)'(z.0) $(t+o)+Afo(r—0),  n+ieg=0 o

2

where, for convenience, we are using a covariant notation for the electric shifts {e,} =
{€0, €4, €—-} = {0, €, —e€}. In our notation the zero mode part corresponds to the function ( f)%o.
It is useful to introduce the following pairing between the functions f;,

g

(Sl fr)ab :=fd0' Ned (fm)ca (gr(fn)db + Flea (fm)ca (fn)db v

0
+ Faca () a ()| (197)

=0

<>
where we have defined the differential operator (f;;); 0 ¢ ( f,,)d b= (fm)a 0 ( fn)d;, —
0 (fm)<a( fn)d ». In order to invert the mode expansions, one can use the following identities

(fml fr)ap =im(m +i€q) Nab Sm+n,0 86a+6],,0 s (fmlf0)a0o =0, (fmld)ar =0,
(198)
(fol)op =—m (1 — F2)op » (fol f0)oo =0, (folfor=0, (199)

(81 fo)ao =7 (n+ F2)q0 (818)ap = (F1 + F2)ap (81 fn)ap=0. (200)
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Indeed, the mode expansions in eq. (192) can be written now with the help of the functions f;, as

b
an+i€b

n+ie,

Y4(t,0) =y + (f)o(r.0) p’+i Y (f)s(r,0) (201)

nez
n+iep#0

a

It is now easy to see that the oscillators o, ; e

and its time derivative 9;Y* of the form

admit an integral representation in terms of Y¢

T
1 1 e .
Wyie, = ;n“b(f—nlY)b = ;nab /da Ned (f-n) b0 Y+ Fiea (f-n)pY? o
0

+ B (0% ] (202)
The commutation algebra of the oscillators is similar to the one in the parallel case (157) but
with the electric shift € modified to the expression in (187). Indeed, one can write the result in a

covariant manner as follows
I:O%Jriea ’ all;Jrieb] = nah (m +i€4)0m-+n,0 Seq+€5.0 - (203)

The pairing that we defined in eq. (197) suggests the introduction of the following zero-mode
redefinitions

g

<~
%ai= O = [ dona s 3y Fras'ay!| o+ Facasta| 204)
o= O=T
0
g
Y yd ¢ yd ¢ yd

7TO3:(f0|Y)0:/dUUcd(f0)COarY + Fiea (fo) oY L_O-i-cmd(fo)oY ‘ s

0

(205)

which, after the use of the identities in eqs. (198)—(199), can be shown to be related to the original
modes y? and p° by the relations

Xa=(F1+ F2)ap Y’ + 7+ F2)ao p° (206)
7o = —1(n — F2)oa y* - (207)

Making use of the integral representations in eqs. (204)—(205) one can compute the commutators
of the modes x, and 7. The result that one obtains has the simple form

(X, xp] = i (F1 4 F2)ap , [xq, 70l = in* (1 + F2)ao - (208)

With egs. (206)—(208) at our disposal, we can now derive the commutation algebra for the modes
y? and pY. The result is

_ i i FO*
fy7l= = —, D)1=+ —2 —
JIUE+ EIR = 1E A EIP JIE+EIR = IE A EIP
(209)
[y:t pO]: dSi +F2)Oi [yO pO]: HF +F2)+_

JIE+ B —1IE A B2
(210)

q: ~ ~
JIE+ B2 —1IE A B2
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It is convenient to work with rotated coordinates X defined such that the vector E + E is aligned
with X8

X*=(R)*, X", X* =B, Y". (211)
The mode expansions of these coordinates have the following form

- EgEg — ESE

X0=50— 879 879 poa + oscillators , (212)

JIE+EIR = IE A EIP

X8 = %8 + oscillators , (213)
g E+E

X2 =5+ E+ Ell pt + oscillators , (214)

JIUE+ EIR = IE A EIP
where the constant modes x* are related to the y* by the same matrix B#, in eq. (195), hence
=B, y" . 215)

Since the vector E + E is aligned with X 8, the momentum zero mode po is associated to the
direction orthogonal to E + E, namely X°. In order to define properly the momentum integration
one needs to find the correct normalisation from the commutator algebra of the zero modes.
It turns out that the momentum p° has the following commutators

i||E + E
=0, ®p=0, [@p1=——0CtEL )
JIUE+EIR—1E A EIP
whereas the x/* satisfy a non-commutative spacetime algebra of the form
i inET(E 4+ E)(EgE9 — EQE
08— [0, 9] = — —* ~( + )(~ 829 8 ?)2’ 217
I|E + E| I|E+ E||(|E+ ElI* —[IEAE|)
x%,7°1=0. (218)

We are thus led to the introduction of the canonically normalised momentum 5°, related to p°
by the following expression:

o JIE+ER—IEAEIP
P = -
IE+ B

We now have all the ingredients we need in order to define the annulus both in the compact and
the non-compact case. The mode expansion for X° can be written as

. (219)

IIE + E|?
|IE+E|*—[|EAE|?
with the following algebra

X’ =3 1397: + oscillators , (220)

% p°1=0, [#8, 5°1=0, %, p1=1i, (221)

satisfied by 5°. Since the zero modes ¥ and j° span a non-commutative algebra that is not in
canonical form, one needs to divide the integration measure by the corresponding Pfaffian (which
will correctly define the quantum volume!). Indeed, let us introduce the notation
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=20 B8 2 ) and (74, 78] = Q48 | (222)

where the antisymmetric matrix €2 can be read off from egs. (217), (218) and (221). Its determi-
nant is given by detQ2 = 72/||E + E||*>. Thus, we can further write that the correct measure in
the annulus is given by
d*xdp’ Vs -
Measure = =—||E+ E||ldp”. (223)
+/det Q2 4
The integration over ¥* can be performed since Lo only depends on p°. In the case of a non-
compact space—time L has the form

1 E+E|?
Lzero = Lo IIE + E]| Lo (224)
2 |E+E|?—|EAE|?2
After putting together the other contributions from the oscillators and the orthogonal coordinates,
one obtains the annulus amplitude for charged strings in the presence of oblique electric fields

a=20 g+ B - g A EIP

« [ L2 o[ (<5 3) ] 07)
/ g Xﬂ: ! o[5](0]®)  w2(®) w(ieBiR)

Let us now compactify on a two torus T> spanned by the coordinates X%, X°. Again, as in the
parallel case, we have two cases to consider depending on whether the direction orthogonal to
E + E is compact or not. In the latter case one obtains the same result as in the non-compact case
of eq. (225). In the case of compact X°, the normalisation of the zero mode p° has been chosen
such that its quantisation is the standard one

(225)

59 M9

5(9—>)~(9+2an =
Ry

(226)
and the dependence on the electric field appears in L. Thus, in the case of a compact X°, one
obtains the following momentum sum contribution to the annulus amplitude

7Ty rhg |E+E|?

1 2R (IE+EIP-IIEAEIR) (227)

Pj, = — e
"R A
g

Notice that in the limit of parallel electric fields (thus setting E A E = 0) the lattice sum reduces
to the standard one, as expected. Finally, the cylinder in the compact case, for oblique electric
fields E and E can be written as
4 .
72) v [ ] (O %> in’

10 _ [ do 19[z]( 7
2B e o[ ]OB) 2 (B) on(emiz)
(228)

Finally, let us consider the tree-level (transverse) channel properties of our cylinder amplitude.
With the change of modular parameter in eq. (176) one finds
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A= Y0 fi BiE A B R,
7 P j€|i 4] | . .
X/dlzcaﬂﬁ[ﬁ](zepl)ﬁ [ ]0ii 3 N .
b T olsoun  nah onGen

where the dual lattice sum 13,59 is obtained by Poisson summation

_ w3 R (IE+EIP—||EAEI?)

Piy=) e IE+EIP ) (230)
g

As in the case of parallel electric fields, one needs to take into account the sinhme factor from
91 (i€lil) in order to show consistency with the DBI interpretation. For oblique electric fields one
can show the more general identity

| JIE+EIR—IE A EIP
sinhwe =

= . (231)
(L= —[IEI?)

Thus one finds the following behaviour of the annulus amplitude in the transverse channel

ﬁ~ﬁLWEWUH@W% (232)

This result is similar to the one obtained in the parallel case and it provides a non-trivial consis-
tency check of the derived amplitudes in the presence of oblique electric fields.

8. Energy loss of D-branes in electric fields

In what follows we denote the total energy loss by D-branes in an electric field by W, whereas
the energy loss per (non-compact) spacetime volume will be w = W/ Vp, where D is the number
of non-compact dimensions. Schematically, our (cylinder) partition functions are of the form

A=—-iF= —i/dt F(), (233)
0

where F is the vacuum energy, with F(¢) a real function. In the presence of the electric field,
the function F has an infinity of poles #; = 12 x = 2k/|€| and the integral has an imaginary part
calculated as the sum over all the residues, such that

Imf:ReA:Im/dt F(t)=m) Res F(t) . (234)
0 k=1

The probability of pair production is then given by the formula
W=-2ImF=-2ReA. (235)

It was shown in [7] that there is a general way to express the D-brane power loss. Slightly
adapting it to our notation, it is given by
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D
IE + E|| lel} 2 M
— Z 2ETe Z(_l)(2a+l)(k+l) <7> k (236)
states,S =1

where S denote all the states in the spectrum, including KK states and string oscillators, and
a =0 (1/2) for the NS (R) sector.

In the case of parallel electric fields, taking without loosing generality the case where the
perpendicular coordinate to the electric field is compact, one can write the more convenient
expression

~ 9 m2
ViollE+ Ell o= (1el\2 ( (=D**1Vg + S\ itox ik ~H
— il Ll K = 1, 237

(27)%2R k; k 7 = |e|)ze 237

where Vg is spacetime volume and Vg, Sg are SO (8) characters (for their definition and proper-
ties, see e.g. [1]). Since Vg = Sg, only odd k contribute to the energy loss, which can be therefore
rewritten as

~ 9 m
Viol E + E|| & 2 2%k + 1 Bt
_ 10l E + ”Z €] l( + ))Z R (238)
2m)8R € = QRk+1) 27712 le]

Notice that in the case of oblique sectors the expression of W is of the same form with € defined
in eq. (187) and the (electric field dependent) lattice sum in eq. (227). In the following, we shall
define W(;;) as the energy loss in the case of a non-compact orthogonal direction, i.e. we can
write

Wiy = _lim Wy, (239)
R} —o0

with the notation W(;y = W as the energy loss in the case of a compact orthogonal direction as
given by eq. (238). We now proceed to determine which of the W(;y and W(;;y is larger. For this
purpose, we need the following inequality
1 —ma % 1
e Rl > forall a,R; >0. (240)

Ry mez ﬁ

Furthermore, the function on the left-hand side above decreases monotonically with the radius
R, from 400 to 1/4/a (one can see this by taking the derivative of the series after Poisson
summation). Applying eq. (240) term by term in the k-series of eq. (238), witha = 2k + 1) /e,
one can write

VIOlE+E|| [ el \? o3 2k+1 lel \'?
Wi > - E —]22 T=1i = Wiy, (241)
@mde = \2k+1 n €] 2k + 1

since every term in the series is positive. Thus we have shown that the energy loss in the compact
case Wy is always larger than the one in the non-compact case W(;;) for any finite positive values
of R, and e. Since W(;) (i) are both positive quantities we have

W(ll)
Wiy
The value O for the ratio is obtained in the limit R| — 0 or € — 0 (it is not difficult to show

that in this limit one has W;;)/ W) =~ le|'/2R | ), whereas the value is 1, in the limit R | — oo
or € — o0o. Indeed, we illustrate the dependence on R and € in Figs. 3, 4.

0< <1. (242)
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Fig. 3. We depict the dependence on € of the ratio of the energy losses with W(;) given by eq. (238) with fixed R} =1, 1.5
and Wiy := W) | R, —o0 given in eq. (241). The compact energy loss dominates over the non-compact one for any value
of €. Asymptotically the ratio reaches the value 1 indicating the fact that both (compact and non-compact) cases diverge
in the same way when the electric field reaches the limiting value.
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0.7

L [ [ L [ [ RN
0.8 1.0 1.2 14 1.6 1.8

Fig. 4. We depict the dependence on R of the ratio of the energy losses with W;) given by eq. (238) with fixed
€ =1,1.5 and W(;;) given by eq. (241). The compact energy loss dominates over the non-compact one for any value
of R . Asymptotically the ratio reaches the value 1 as expected from the definition of the non-compact energy loss

Wity = W) g, oo

Hence, the energy loss by D-branes in the presence of a constant electric field is larger in the
compact case such that it decreases monotonically with the radius of the orthogonal direction R |
and reaches asymptotically the non-compact value. At the same time it increases with the electric
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field €, diverging when reaching the limiting value in such a way that the ratio non-compact/com-
pact goes to 1. From the point of view of inflationary scenarios with D-branes we conclude that
a larger (or infinite) radius would lead in principle to a larger number of e-folds.

9. Conclusions

Our paper extends previously known results about open strings with background (constant)
electric fields in two different ways:

e First, and most important, we considered electric fields in compact spaces (tori) such that
the direction of the electric field is at a generic angle with respect to (one of the) axes defin-
ing the torus lattice. The main result is that the orientation of the electric field in the internal
space has to be quantised. Since this configuration is T-dual to D-branes moving with constant
velocity in the internal space, we hope our results will be of some relevance for early cosmology
and in particular inflation. We have given several derivations for the quantisation of the electric
field direction stemming from the gauge invariance of Wilson lines, S-duality between electric
and magnetic fields and the construction of quantum mechanical wave functions respecting the
periodicities of the torus. The corresponding condition implies that the direction parallel to the
electric field has to be compact. After T-duality, this implies that D-brane motion with constant

velocity is periodic in the internal torus, with a periodicity R =,/ p% R% + p% R%, where R 3 are
the internal radii of a rectangular torus and p» 3 are integers, that can be parametrically large for
large integers. This can have applications to inflation in string theory, particularly in string mod-
els with axion monodromy [21], where D-brane positions are natural inflaton candidates with
large field excursions [22]. However, the open string momenta allowed by the boundary condi-
tions are always orthogonal to the electric field and may or may not be quantised depending on
whether the orthogonal direction is compact or not.

e The quantum mechanical analysis of the similar situation (by analytic continuation) involv-
ing a magnetic field yields the fact that the parallel coordinate has to be compact as well, which
can also be interpreted as the fact that the magnetic field is in the integral homology of the torus.
For the case of the magnetic field and a different gauge, we could construct correct wavefunctions
only if the perpendicular coordinate is also compact. If necessary, it is easy to see that this would
further imply that the (absolute value squared of the) complex structure of the two torus where
the magnetic field vector lies has to be fixed to a rational number. Such a condition, if necessary,
can be of importance for the problem of moduli stabilisation. However, we find such condition
not to be necessary for the consistency of the cylinder string propagation (partition functions)
and as such, we believe that it is an artefact of a special gauge choice.

o For the case of a particle/string in the presence of a magnetic field with corresponding vector
pointing in an arbitrary direction in the yz-plane of a three torus, we showed that the degeneracy
of the Landau levels is given by the greatest common divisor of the flux numbers in the xy- and
xz-planes, a result that is important for model building in this framework.

e Second, we have performed the (covariant) quantisation of open strings with oblique elec-
tric fields in both non-compact and compact spaces, providing also the relevant amplitudes. The
oblique sectors, which are always charged, appear naturally (only) in models involving several
stacks of branes. They correspond to strings stretched between different branes with a non-zero
angle between the background electric fields. As a result, the formulas for the algebra of string
modes and for the electric field shift are somewhat more involved though preserving certain sim-
ilarities with respect to the parallel case. In the non-relativistic limit (i.e. small electric fields) one
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recovers the results of parallel electric fields. This is obvious in the T-dual version where one has
two branes moving with constant velocities in non-parallel directions. Going to the rest frame of
one of the branes produces a Thomas precession effect which goes to zero in the non-relativistic
limit. In view of this, the contribution of the oblique sectors can be important in studying the
ultra-relativistic limit of such models.

e Finally, we worked out the energy loss of D-branes in electric fields. It turns out that the
result depends in a monotonically decreasing way on the length of the transverse coordinate to
the electric field (which is by definition infinite if the corresponding direction is not periodic).
There is therefore a significant difference between the case of small length R and the case of a
large (or infinite) one.
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Appendix A. Fermions

Worldsheet supersymmetry implies that the fermionic coordinates \Il‘z » satisfy the same

boundary conditions as the derivatives of the bosonic ones dX Z and 0X g up to sign depend-
ing on the sector (NS or R)

WL (E +27) = (=D (A2 A" WL (F) (243)
V(@) =AY (D), (244)

where k = 0, 1 for periodic or anti-periodic boundary conditions. The mode expansions can then
be easily written for the coordinates W* := (C~1)¢ w P# as follows

Vi) = D0 e, e TN Whloy = 30 Afpby e O
neZA+k/2 neZ+k/2
(245)

which after canonical quantisation leads to the usual algebra for the oscillator modes
I:bz+iea’bt}:1+ieb] =i ”ab Sm+n,0 e +65,0 - (246)

It then follows immediately that the contribution of the fermions to the annulus amplitude (in
both the parallel and oblique case) is of the form
iT
in T)

Ap~ Cap . -
%; n (—’?) n* (—’52)

(247)
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where € is given by eq. (152) in the parallel case and by eq. (187) in the oblique case. The
coefficients cyg := (—1)2"‘+25+4"‘ﬂ, with o, B =0, 1/2, take into account the usual summation
over the spin structures.
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