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Abstract. This paper deals with the comaprison of 3-RPS and 3-SPR parallel manipulators based
on their operation modes and singularity-free workspace. The operation modes of the 3-SPR ma-
nipulator are identified by using Algebraic Geometry. Those operation modes amount to the opera-
tion modes of the 3-RPS parallel manipulator, which has already been studied in the literature [1].
Then, the parallel singularities of the 3-SPR and 3-RPS parallel manipulators are analyzed in order
to trace their singularity loci in the orientation workspace. An index, named Maximum Inscribed
Circle Radius (MICR), is defined to compare the two manipulators under study. It is based on their
maximum singularity-free workspace and the ratio between their circum-radius of the moving-
platform to that of the base.

Key words: 3-RPS parallel manipulator, 3-SPR parallel manipulator, operation modes, singularity
analysis, maximum inscribed circle radius

1 Introduction

Zero torsion parallel mechanisms have proved to be interesting and versatile. In this
regard, the three degree of freedom lower mobility 3-RPS parallel manipulator (PM)
has many practical applications and has been analyzed by many researchers [1, 2].
Interchanging the free moving platform and the fixed base in 3-RPS manipulator
results in the 3-SPR manipulator as shown in figure 1, retaining three degrees of
freedom.

The study of 3-SPR is limited in the literature. An optimization algorithm was
used in [3] to compute the forward and inverse kinematics of 3-SPR manipulator.
After the workspace generation it is proved that the 3-SPR has a bigger working
space volume compared to the 3-RPS manipulator. The orthogonality of rotation
matrices is exploited in [4] to perform the forward and inverse kinematics along
with the simulations of 3-SPR mechanism. Control of a hydraulic actuated 3-SPR
PM is demonstrated in [5] with an interesting application on adaptive shell structure.

This paper focuses on the comparison of kinematics and singularities of the 3-
RPS and 3-SPR parallel manipulators and is organized as follows: initially, the de-
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sign of 3-SPR PM is detailed and the design of the 3-RPS PM is recalled. The second
section describes the derivation of the constraint equations of the 3-SPR manipula-
tor based on the algebraic geometry approach [1, 6]. The primary decomposition is
computed over these constraint equations and it shows that the 3-SPR has identical
operation modes as the 3-RPS PM. Moreover, the actuation and constraint singular-
ities are described with singularity loci plots in the orientation workspace. Finally,
an index called the singularity-free maximum inscribed circle radius is introduced
to compare the maximum singularity free regions of 3-RPS and 3-SPR manipulators
from their home position. In [7], maximum tilt angles for any azimuth for 3-RPS PM
are plotted for different ratios of platform to base circumradii. However, these plots
correspond to only one operation mode since the notion of operation modes was not
considered in this paper. That being the case, this paper offers a complete singularity
analysis in terms of MICR for both the manipulators. These plots are useful in the
design choice of a manipulator based on their platform to base circumradii ratios
and their operation modes.

2 Manipulator architectures
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Fig. 1 3-SPR parallel manipulator
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Fig. 2 3-RPS parallel manipulator

Figure 1 shows a general pose of the 3-SPR parallel manipulator with 3 identical
legs each comprising of a spherical, prismatic and revolute joints. The triangular
base and the platform of the manipulator are equilateral.
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Σ0 is the fixed co-ordinate frame attached to the base with the origin O0 coin-
ciding with the circum-centre of the triangular base. The centres of the spherical
joints, namely A1, A2 and A3 bound the triangular base. x0-axis of Σ0 is considered
along O0A1 which makes the y0-axis parallel to A2A3 and the z0-axis normal to the
triangular base plane. h2 is the circum-radius of the triangular base.

The moving platform is bounded by three points B1, B2 and B3 that lie on the
revolute joint axes s1, s2 and s3. Moving co-ordinate frame Σ1 is attached to the
moving platform whose x1-axis points from the origin O1 to B1, y1-axis being or-
thogonal to the line segment B2B3 and the z1-axis normal to the triangular platform.
Circum-radius of this triangle with Bi (i = 1,2,3) as vertices is defined as h2.

The prismatic joint of the i-th (i = 1,2,3) leg is always perpendicular to the re-
spective revolute joint axis in each leg. Hence the prevailing orthogonality of AiBi to
si (i= 1,2,3) no matter the motion of the platform is a constraint of the manipulator.
The distance between the points Ai and Bi (i = 1,2,3) is defined by the prismatic
joint variables ri.

The architecture of the 3-SPR PM is similar to that of the 3-RPS PM except that
the order of the joints in each leg is reversed. The architecture of 3-RPS is recalled
in figure 2 where the revolute joints are attached to the fixed triangular base with
circum-radius h1 while the spherical joints are attached to the moving platform with
circum-radius h2.

3 Constraint equations of the 3-SPR parallel manipulator

The homogeneous coordinates of Ai and Bi in the frames Σ0 and Σ1 respectively are
expressed as follows:
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(1)

To express the coordinates of Bi in the frame Σ0, a coordinate transformation ma-
trix must be used. In this context, the Study parametrization of a spatial Euclidean
transformation matrix M ∈ SE(3) is utilized and is represented as:

M=

[
x0

2 + x1
2 + x2

2 + x3
2 0T

3×1
MT MR

]
, MT =


−2x0y1 +2x1y0−2x2y3 +2x3y2

−2x0y2 +2x1y3 +2x2y0−2x3y1

−2x0y3−2x1y2 +2x2y1 +2x3y0

 ,
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MR =


x0

2 + x1
2− x2

2− x3
2 −2x0x3 +2x1x2 2x0x2 +2x1x3

2x0x3 +2x1x2 x0
2− x1

2 + x2
2− x3

2 −2x0x1 +2x3x2

−2x0x2 +2x1x3 2x0x1 +2x3x2 x0
2− x1

2− x2
2 + x3

2

 (2)

where MT and MR represent the translational and rotational parts of the transfor-
mation matrix M respectively. The parameters xi, yi, i ∈ {0, ...,3} are called the
Study parameters. Matrix M maps every displacement SE(3) to a point in a 7-
dimensional projective space P7 and this mapping is known as Study′s kinematic mapping.
An Euclidean transformation will be represented by a point P∈ P7 if and only if the
following equation and inequality are satisfied:

x0y0 + x1y1 + x2y2 + x3y3 = 0 (3)

x0
2 + x1

2 + x2
2 + x3

2 6= 0 (4)

All the points that satisfy equation (3) belong to the 6-dimensional Study quadric.
The points that do not satisfy the inequality (4) lie in the exceptional generator x0 =
x1 = x2 = x3 = 0. To derive the constraint equations, we can express the direction of
the vectors s1, s2 and s3 in homogeneous coordinates in frame Σ1 as:

s1
1 = [1,0,−1,0]T , s1

2 = [1,− 1
2
√

3
,

1
2
,0]T , s1

3 = [1,
1

2
√

3
,

1
2
,0]T (5)

In the fixed coordinate frame Σ0, Bi and si can be expressed using the transfor-
mation matrix M :

r0
Bi
= M r1

Bi
; s0

i = M s1
i i = 1,2,3 (6)

As it is clear from the manipulator architecture, the vector along AiBi, namely
r0

Bi
− r0

Ai
is orthogonal to the axis si of the i-th revolute joint which after simplifica-

tion yields the following three equations:

(r0
Bi
− r0

Ai
)T si = 0 =⇒


g1 := x0x3 = 0
g2 := h1x1

2−h1x2
2−2x0y1 +2x1y0 +2x2−2x3y2 = 0

g3 := 2h1x0x3 +h1x1x2 + x0y2 + x1y3− x2y0− x3y1 = 0
(7)

The actuation of prismatic joints leads to three additional constraint equations.
The Euclidean distance between Ai and Bi must be equal to ri for the i-th leg
of the manipulator. As a result, ‖AiBi‖2 = r2

i leads to three additional equations
g4 = g5 = g6 = 0, which are quite lengthy and are not displayed in this paper due to
space limitation.

Two other equations are considered such that the solution represents a transfor-
mation in SE(3). The study-equation g7 = 0 in Equation (3) constrains the solutions
to lie on the Study quadric. g8 = 0 is the normalization equation respecting the in-
equality (4). Solving these eight constraint equations provides the direct kinematic
solutions for the 3-SPR parallel manipulator.
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g7 := x0y0 + x1y1 + x2y2 + x3y3 = 0 ; g8 := x0
2 + x1

2 + x2
2 + x3

2−1 = 0 (8)

4 Operation modes

Algebraic geometry offers an organized and an effective methodology to deal with
the eight constraint equations. A polynomial ideal consisting of equations gi (i =
1, ...,8) is defined with variables {x0,x1,x2,x3,y0,y1,y2,y3} over the coefficient ring
C[h1,h2,r1,r2,r3] as follows:

I =< g1,g2,g3,g4,g5,g6,g7,g8 > (9)

The vanishing set or the variety V (I) of this ideal I consists of the solution to direct
kinematics as points in P7. However, in this context, only the number of operation
modes are of concern irrespective of the joint variable values. Hence, the sub-ideal
independent of the prismatic joint length, ri is considered:

J =< g1,g2,g3,g7 > (10)

The primary decomposition of ideal J is calculated to obtain three simpler ideals
Ji (i = 1,2,3). The intersection of the resulting primary ideals returns the ideal J .
From a geometrical viewpoint, the variety V (J ) can be written as the union of the
varieties of the primary ideals V (Ji), i = 1,2,3 [8].

J =
3⋂

i=1

Ji or V (J ) =
3⋃

i=1

V (Ji) (11)

Among the three primary ideals obtained as a result of primary decomposition, it is
important to note that J1 and J2 contain x0 and x3 as their first elements, respec-
tively. The third ideal, J3 is obtained as J3 =< x0,x1,x2,x3 > and is discarded as
the variety V (J3 ∪ g8) is null over the field of interest C. As a result, the 3-SPR
PM has two operation modes, represented by x0 = 0 and x3 = 0. In fact, g1 = 0 in
Equation (7) shows the presence of these two operation modes. It is noteworthy that
the 3-RPS PM also has two operation modes as described in [2].

The analysis is completed by adding the remaining constraint equations to the
primary ideals J1 and J2. Accordingly, two ideals K1 and K2 are obtained. As
a consequence, the ideals Ki correspond to the two operation modes and can be
studied separately.

Ki = Ji∪< g4,g5,g6,g8 > i = 1,2 (12)

The system of equations in the ideals K1 and K2 can be solved for a particular set
of joint variables to obtain the Study parameters and hence the pose of the manipu-
lator. These Study parameters can be substituted back in equation (2) to obtain the
transformation matrix M. According to the theorem o f Chasles this matrix now rep-
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resents a discrete screw motion from the identity position (when the fixed frame Σ0
and the moving frame Σ1 coincide) to the moving-platform pose. The displacement
about the corresponding discrete screw axis (DSA) defines the pose of the moving
platform.

4.1 Ideal K1 : Operation mode 1 : x0 = 0

For operation mode 1, the moving platform is always found to be displaced about a
DSA by 180 degrees [9]. Substituting x0 = 0 and solving for y0,y1,y3 from the ideal
K1 shows that the translational motions can be parametrized by y2 and the rotational
motions by x1, x2 and x3 [10].

4.2 Ideal K2 : Operation mode 2 : x3 = 0

For operation mode 2, the moving platform is displaced about a DSA with a rota-
tion angle α calculated from cos(α

2 ) = x0. It is interesting to note that the DSA in
this case is always parallel to the xy-plane [9]. Substituting x3 = 0 and solving for
y0,y2,y3 from the idealK2 shows that the translational motions can be parametrized
by y1 and the rotational motions by x0, x1 and x2 [10].

5 Singularity analysis

The Jacobian of the 3-SPR manipulator in this context is defined as Ji and the ma-
nipulator reaches a singular position when its determinant vanishes.:

Ji =

(
∂g j

∂xk
,

∂g j

∂yk

)
where i = 1,2 ; j = 1, ...,8 ; k = 0, ...,3 (13)

5.1 Actuation and constraint singularities

Computing the determinant Si: det(Ji) results in a hyper-variety of degree 8 in both
the operation modes:

S1 : x3 · p7(x1,x2,x3,y0,y1,y2,y3) = 0 and S2 : x0 · p7(x0,x1,x2,y0,y1,y2,y3) = 0
(14)
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The 7 degree polynomials describe the actuation singularities when the prismatic
joints are actuated and that exist within each operation mode whereas x0 = x3 = 0
describes the constraint singularity that exhibits the transition between K1 and K2.

5.2 Singularity Loci

The actuation singularities can be expressed in the orientation workspace by parametriz-
ing the orientation of the platform in terms of Euler angles. In particular, the Study
parameters can be expressed in terms of the Euler angles azimuth (φ ), tilt (θ ) and
torsion (ψ) [?]:

x0 = cos(
θ

2
)cos(

φ

2
+

ψ

2
) x1 = sin(

θ

2
)cos(

φ

2
− ψ

2
)

x2 = sin(
θ

2
)sin(

φ

2
− ψ

2
) x3 = cos(

θ

2
)sin(

φ

2
+

ψ

2
)

(15)

Since K1 and K2 are characterized by x0 = 0 and x3 = 0, substituting them in
equation (15) makes the torsion angle (ψ) null, verifying the fact that, like its 3-
RPS counterpart, the 3-SPR parallel manipulator is a zero− torsion manipulator.
Accordingly, the xi parameters can be written in terms of tilt(θ ) and azimuth(φ )
only. The following method is used to calculate the determinant of Ji in terms

 00
00

300

300

600

600

900

900

1200

1200

1500

15001800

-1800

-1500

-1200

-900

-600

-300

θ

φ

000 0030
0

-150

-1200

150 90 30060120

MICR : 25.220

(a)

 00
00

300

300

600

600

900

900

1200

1200

1500

15001800

-1800

-1500

-1200

-900

-600

-300

θ

φ

00 0030

1500

0

-180

-150

-1200

150 90 30060120

MICR : 30.380

(b)

Fig. 3 3-SPR singularity loci and the maximum inscribed singularity-free circle (a) Operation
mode 1 (b) Operation mode 2

of θ , φ and Z, the altitude of the moving platform from the fixed base. The el-
ements of the translational part MT of matrix M in equation (2) are considered
as MT = [X ,Y,Z]T that represent the translational displacement in the coordinate
axes x, y and z respectively. Then, the constraint equations are derived in terms of
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X ,Y,Z,x0,x1,x2,x3,r1,r2,r3. From these equations, the variables X ,Y,r1,r2 and r3
are expressed as a function of Z and xi and are substituted in the determinant of
the Jacobian. Finally, the corresponding xi are expressed in terms of Euler angles,
which yields a single equation describing the actuation singularity of the 3-SPR PM
in terms of Z,θ and φ . Fixing the value of Z and plotting the determinant of the
Jacobian for φ ∈ [−1800,1800] and θ ∈ [00,1800] depicts the singularity loci. The
green curves in figure 3(a) and 3(b) show the singularity loci for operation mode 1
and operation mode 2 respectively with h1 = 1,h2 = 2 and Z = 1.

6 Maximum Inscribed Circle Radius for 3-RPS and 3-PRS PMs

From the home position of the manipulator (θ = φ = 0), a circle is drawn that
has the maximum tilt value for any azimuth within the singularity-free region [7].
The radius of this circle is called the Maximum Inscribed Circle Radius (MICR).
In Figure 3, the red circle denotes the maximum inscribed circle where the value of
MICR is expressed in degrees.

The MICR is used as a basis to compare the 3-SPR and the 3-RPS parallel ma-
nipulators as they are analogous to each other in aspects like number of operation

modes and direct kinematics.
Z
h1

vs MICR is plotted for different ratios of h2 : h1

in Figures 4 and 5. The maximum value of MICR is limited to 160 degrees for all

the figures and
Z
h1

varies from 0 to 4 while eight ratios of h2 : h1 are considered.

The data cursor in Figures 5(a) and 5(b) correspond to the red circles with MICR =
25.22 and 30.38 degrees in Figures 3(a) and 3(b), respectively. The MICR plots give
useful information on the design choice of 3-RPS or 3-SPR parallel manipulators.
The 3-SPR PM has higher MICR values and hence larger singularity free regions
compared to that of the 3-RPS PM in compliance with [3, 4]. For 3-RPS parallel
manipulator, there exists rarely any difference in the MICR values for different op-
eration modes whereas in 3-SPR PM, the second operation mode has higher values
of MICR compared to operation mode 1. The values of MICR ranges from 00 to
1300 in operation mode 1, but from 00 to 1600 in operation mode 2 for 3-SPR PM.
In addition, for 3-RPS PM, the ratio h1 : h2 influences operation mode 1 more than
operation mode 2. It is apparent that the MICR values have a smaller range for
different ratios in case of operation mode 2. On the contrary, for 3-SPR PM, high
MICR values can be seen for operation mode 2, for lower ratios of h1 : h2. There-
fore, the MICR plots can be exploited in choosing the ratio of the platform to the
base in accordance with the required application.
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Fig. 4 MICR vs.
Z
h1

for the 3-RPS manipulator (a) Operation mode 1 (b) Operation mode 2

7 Conclusions

In this paper, 3-RPS and 3-SPR parallel manipulators were compared based on their
operation modes and singularity-free workspace. Initially, the operation modes of
the 3-SPR PM were enumerated. It turns out that the 3-SPR parallel manipulator
has two operation modes similar to the 3-RPS PM. The parallel singularities were
computed for both the manipulators and the singularity loci were plotted in their
orientation workspace. Furthermore, an index called the singularity-free maximum
inscribed circle radius was defined. MICR was plotted as a function of the Z coordi-
nate of the moving-platform for different ratios of the platform circum-radius to the
base circum-radius. It shows that, compared to the 3-RPS PM, the 3-SPR PM has
higher MICR values and hence a larger singularity free workspace for a given alti-
tude. For the ratios of the platform to base size, higher values of MICR are observed
in operation mode 2 than in operation mode 1 for the 3-SPR mechanism and is vice-
versa for the 3-RPS mechanism. In fact, the singularity-free MICR curves open up
many design possibilities for both mechanisms suited for a particular application.
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Fig. 5 MICR vs.
Z
h1

for the 3-SPR manipulator (a) Operation mode 1 (b) Operation mode 2

It will also be interesting to plot the MICR curves for constraint singularities and
other actuation modes like 3-RPS and 3-SPR manipulators and to consider the par-
asitic motions of the moving-platform within the maximum inscribed circles. The
investigation of MICR not started from the identity condition (θ = φ = 0 degrees)
has to be considered too. Future work will deal with those issues.
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