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Abstract. This paper aims to shed light on the determination of the true lityofor a 3-RPS-3-
SPR series-parallel manipulator, which was claimed to be six in [@eout any proof, and shown
to be five in [4] and [3] with an erroneous proof. Screw theayused to derive the kinematic
Jacobian matrix and the twist system of the mechanism, leading tceteenuination of its local
mobility. | turns out that this local mobility is found to be six several arbitrary configurations,
which indicates a full-cycle mobility equal to six. This fudl«cle mobility is confirmed by calcu-
lating the Hilbert dimension of the ideal made up of the set of cairgtequations. It is also shown
that the mobility drops to five in some particular configuratioe$erred to as impossible output
singularities.
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1 Introduction

A series-parallel manipulator (S-PM) is composed of patatlanipulators mounted
in series and has merits of both serial and parallel manipidaThe 3-RB-3-SHR
S-PM is such a mechanism with the proximal module being caegof the 3-RB
parallel mechanism and the distal module being composedeo8iSIR PM. Hu
et al. [6] analyzed the workspace of this manipulator. Hu formedathe Jacobian
matrix for S-PMs as a function of Jacobians of the individuealallel modules [5].
In the former paper, it was assumed that the number of lodalfdbe 3-RF5-3-SHR
mechanism is equal to six, whereas Gallagtlal. found out that it is equal to five [4,
3]. As a matter of fact, itis not straightforward to find theddmobility of this S-PM
due to the third-order twist systems of each individual medit is established that
the 3-RF5 PM performs a translation and two non pure rotations abontfixed
axes, which induce two translational parasitic motions THe 3-SR PM also has
the same type of dof [12]. In addition, these mechanisms moevk as zero-torsion
mechanisms. When they are mounted in series, the axis abach tie torsional
motion is constrained, is different for a general configoraof the S-PM. Gallardo
et al. failed to consider this fact but only those special configare in which the
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axes coincide resulting in a mobility equal to five. This pagiens at clarifying that
the full-cycle mobility of the 3-RB-3-SHR S-PM is equal to six with the help of
screw theory and some algebraic geometry concepts. Althtlug considered S-
PM has double spherical joints and two sets of three coplawvalute joint axes,
the proposed methodology to calculate the mobility of theimalator at hand is
general and can be applied to any series-parallel mangulat

The paper is organized as follows : The manipulator undetysuidescribed in
Section 2. The kinematic Jacobian matrix of a general S-Pi¥ multiple modules
is expressed in vector form in Section 3. Section 4 presem®e onfigurations of
the 3-RF5-3-SHR S-PM with the corresponding local mobility. Section 5 deaith
the full-cycle mobility of the 3-RPS-3-SPR S-PM.

2 Manipulator under study

The architecture of the 3-F83-SHR S-PM under study is shown in Fig. 1. It con-
sists of a proximal 3-R® PM module and a distal 3-8°M module. The 3-RP
PM is composed of three legs each containing a revolutesegtic and a spherical
joint mounted in series, while the legs of the 3RF5PM have these lower pairs in
reverse order. Thus, the three equilateral triangularedhapatforms are the fixed
base, the coupler and the end effector, coloured brownngmee blue, respectively.
The vertices of these platforms are nanfedB; andC;, i = 0,1,2. Here after, the
subscript 0 corresponds to the fixed base, 1 to the coupléoptaand 2 to the
end-effector. A coordinate fram#; is attached to each platform such that its origin
O lies at its circumcenter. The coordinate axegoints towards the verteX;, y; is
parallel to the opposite sid&C; and by the right hand rule; is normal to platform
plane. Besides, the circum-radius of thth platform is denoted als,. p; andq;,

i =1,...,6 are unit vectors along the prismatic joints whiteandv;, i = 1,...,6 are
unit vectors along the revolute joint axes.

3 Kinematic modeling of series-parallel manipulators

Keeping in mind that the two parallel mechanisms are mouimestries, the end
effector twist (angular velocity vector of a body and lingatocity vector of a point

on the body) for the 3-R®-3-SHR S-PM with respect to base can be represented as
follows:

0, PROX 0, DIST
Oz =2ty +0t5)0T — [:wz/o} = owg{qoox + OwI%/I%T 1)
/ / Vo,/0 Vo,/0 Vo,/1

where®tbR%% s the end effector twist with respect to the base (2/0) dukeqgrox-

2/0
imal module motion anBtZD/'fT is the end effector twist with respect to the coupler



Local and Full-cycle Mobility Analysis of a 3-RR3-SHR Series-Parallel Manipulator 3

DISTAL
module

7

7, & Module »

g’

Module 2
PROXIMAL(
module 7
Module 1
-
AO ST
u, )
Fig. 2: n parallel mecha-

. . . nisms (named modules) arranged
Fig. 1: A 3-RP5-3-SIR series-parallel manipulator in serieg ) 9

(2/1) due to the distal module motion. These twists are esgaret in the base frame
20, hence the left superscript. The terms on right hand sidejofB are not known,
but can be expressed in terms of the known twists using seeawgformations. To
do so, the known twists are first noted down. If the proximal distal modules are
considered individually, the twist of their respective rimayplatforms with respect
to their fixed base will be expressed as a function of the &etijaint velocities :
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Where,oti’ﬁ)ox is the twist of the coupler with respect to the base expressegh

and 1t2D/'fT is the twist of the end effector with respect to the couplegressed in

Z1. AproxandApst are called forward Jacobian matrices and they incorponate t
actuation and constraint wrenches of the 35Rihd 3-SR PMs, respectively [9].
Bprox andBp,sT are called inverse Jacobian matrices and they are the oéshi
reciprocal product between wrenches of the mechanism aiststef the joints for
the 3-RFS and 3-SR PMs, respectivelypiz = [p1, 02, 03]" andpas = [pa, Ps, Pe) "
are the prismatic joint velocities for the proximal and dishodules, respectively.
krpQ denotes the vector pointing from a polito pointQ expressed in frame.
Considering Eq. (1), the unknown twis@ﬁzﬁ)ox and Otg’/'fT can be expressed in
terms of the known twist%tf/%ox andltg/Rlox using the following screw transforma-
tion matrices [11, 2].

0, PROX 0, PROX
0 2 1/0
ovp{qox = “Ady ovp{reox (4)
0,/0 01/0
0 0
2 laxz Osx3| o 00 T 00 oyoloz
with “Ad; = | o3 | , To,0,= 0,0, 0  —"Xo,0,
- r0102 3x3

%00, %00, O

2Ad; is called the adjoint matrix‘?folo2 is the cross product matrix of vector
%r 0,0, = [°%0,0,,°Y0,0,,220,0,], pointing from pointO; to pointO, expressed in
frame.%.

Similarly, for the distal module, the velocitiéanD/'lST andlch)'jl can be transformed

from frame.Z; to .%; just by multiplying each of them by the rotation matfiR,
from frame.% to frame. %7 :

0, ,DIST 1,,DIST
W1 om. | @21 L 0n {ORl |3><3:|
= "R with "Ry = 5

OR; is called the augmented rotation matrix between frafgsand .#;. Conse-
quently from Egs. (4) and (5),

Oty 0 = 2Ad; OEROX 4 OR, HDIST 6)

Note that Eq. (6) amounts to the twist equation derived inwWsereas Gallardo
et al. add the twists of individual modules directly without catesiing the screw
transformations. It is noteworthy that Equation (11) in igljncorrect, so are any
further conclusions based on this equation. Following EBy.and (3), with the
assumption that the proximal and distal modules are not arallel singularity or
in other words, matrice8prox andAp,st are invertible,

1 Parallel singularity can be an actuation singularity, corstisingularity or a compound singu-
larity [13, 10, 1]
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%ty/0 = *Ad1AproxBrroxP13+ “R1ApistBoisT Pa6

= [PAd1ApzoxBrrox  °R1ApisrBoist] {gﬂ )
ol

Js-pmis the kinematic Jacobian matrix of the 3-8B-SHR S-PM under study. The
rank of this matrix provides the local mobility of the S-PM.

Equations (6), (7) and (8) can be extended to a series-panadinipulator with
n number of parallel mechanisms, nanmaddulesn this paper, in series as shown
in Fig. 2. Thus, the twist of the end effector with respectio fixed base expressed
in frame.%q can be expressed as follows :

oy
no_ - ) pMz
%0 = Z OR(i_1)"Ad l)ti'\;"(i_m = J6x3n
i= K
Pmy, (8)
o o5 _ |ORi | | 0
0. _ i 13x3 NaA l3x3 3%3
win R L3x3 ORJ’ Ad= |:(|_l)f0ion |3><3:| and
Jex3n = |:nAd1AQ$ Bm, OﬁlnAdzAKA:lL Bm, .. OﬁnAKAi BMn}

where,Jg«3n IS the 6x 3n kinematic Jacobian matrix of themodule hybrid ma-
nipulator. M; stands for the-th module,Ay, andBy, are the forward and inverse
Jacobian matrices d¥l; of the series-parallel manipulator, respectivgly, is the
vector of the actuated prismatic joint rates for tite module.

4 Twist system of the 3-RPS-3-SPR S-PM

Each leg of the 3-R® and 3-SR parallel manipulators are composed of three joints,
but the order of the limb twist system is equal to five and hehege exist five
twists associated to each leg. Thus, the constraint wreystera of thei-th leg
reciprocal to the foregoing twists is spanned by a pure f#f¢gassing through the
spherical joint center and parallel to the revolute joirisaXherefore, the constraint
wrench systems of the proximal and distal modules are splmnéhree zero-pitch
wrenches, namely,

3 . 0 0 0
e e o ) o) o)

i1 roA; x%uy ro,B; X ro,c, x%us

3 1 1 1
lW _ 1wi _ Vi V2 V3
DIST = @ = spa
DIST 1"02A1 <Ly |’ 1rozBl %y, 1fozc:1 NEIVA

i-1
9)
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Due to the serial arrangement of the parallel mechanisras;dhstraint wrench
system of the S-PM is the intersection of the constraint ahesystems of each
module. Alternatively, the twist system of the S-PM is theedi sum (disjoint union)
of the twist systems of each module. Therefore, the nulisdche 3x 6 matrix
containing the basis screws 8#prox and1#p st leads to the screws that form
the basis of the twist system of each moddl&prox = spar{®&;, 9&, 9&} and
1 To1sT = spar{t&,, 1&s, L&}, respectively. The augmented rotation matrix derived
in EQ. (5) is exploited to ensure that all the screws are esga@in one frame% in
this case). Therefore, the total twist system of the S-PMoeaobtained as follows :

0 0 0
Tspm="TproxEP °Toist

10
= spar{ %81, %6, °&3, OR1 &, OR1 &5, ORy &G} (o)

The order of the twist systefZs.py yields the local mobility of the whole manip-
ulator.

Some general and singular configurations of the SRPSHR S-PM withhg = 2,
h; = 1 andh, = 2 are considered and its mobility is listed based on the rérieo
Jacobian and the order of the twist system in Table 1. Forrgérenfigurations
like 2 and 3, the mobility is found to be six. The mobility rees only when some
singularities are encountered. For a special configuratioan the three platform
planes are parallel to each other as shown in the first roni@tdble, the rotations
of the coupler generate translational motions of the enectdf. Yet, the torsional
axes of both mechanisms coincide and hence, the mechanismtgaerform any
rotation about an axis of vertical direction leading to a ifibequal to five. More-
over, a configuration in which any revolute joint axis in thelesffector is parallel
to its corresponding axis in the fixed base results in a mghdiver than six for the
S-PM. For instance, for the 4th configuration in the tablerd¢hexists a constraint
force f, parallel to the two parallel revolute joint axes resultinga five dof ma-
nipulator locally. Configurations 1 and 4 are the impossdal&ut singularities as
identified by Zlatanowet al. [15]. It should be noted that if one of the modules is
in a parallel singularity, the motion of the moving-platfoof the manipulator be-
comes uncontrollable. A detailed singularity analysisasfes-parallel manipulators
will be performed in a future work for a better understandifigheir behaviour in
singular configurations.

5 Full-cycle mobility of the 3-RPS-3-SPR S-PM

The full cycle mobility can be obtained by calculating thdidit dimension of
the set of constraint equations of the mechanism [8]. Twalystuansformation
matrices are considered®X; from .%, to .#; andlY, from .%; to .%, composed
of Study parameterg andy;, i = 0,1,...,7, respectively. Thus, the coordinates of
pointsAj, Bj andCj, j = 0, 1,2 and vectorsi, andvy, k= 1,2,3 can be represented
in % to yield sixteen constraint equations (six for the 383\, six for the 3-SR
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Number Study parameters and configuration Rank o ?rder of
Js-pm | "TsPm
x. (1000000075)
(1:0:0:0:0:0:0: M)
1 i 5 5
%L‘
~d //////
x;:(035 —0.9:025:0:057:027:-1.76 : —1.33)
=(1:0: 0 0:0:0:0:-0.8)
};/CE |
2 ‘;/ 6 6
< ////// ‘
=(0.99:0:-0.10:0:0:021:0:192)
yi =(-0.79:-0.59:016:0:-0.16 : —0.13: —1.25: —2.04)
"’
3 6 6
7,
@
==
X =(099:0:-0.10:0:0:021:0:192)
yi=(—0.39:0:092:0:0:-1.88:0:012)
‘
4 ’I 7 f 5 5
//////

Table 1: Mobility of the 3-RB-3-SHR S-PM in different configurations
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PM, Study quadric and normalization equations for eachsfmamations). It was
established that the 3-F8Pand the 3-SR parallel mechanisms have two operation
modes each, characterizedy= 0,x3 = 0 andyp = 0, y3 = 0, respectively [14, 12].
For the S-PM, four ideals of the constraint equations aresidemned : 77, when

Xo =Yo =0, 45, whenxs =yg = 0, 3, whenxy = y3 = 0 and. %74, whenxs = y3 = 0.
The Hilbert dimension of these ideals over the ritidno, hi, hy] is found to be sik
and hence the global mobility of the 3-BRB-SHR S-PM.

dim# =6, i=1234. (11)

6 Conclusions and future work

In this paper, the full-cycle mobility of a 3-RPS-3-SPR PMsweducidated to be
six. The kinematic Jacobian matrix of the series-parallahipulator was calcu-
lated with the help of screw theory and the result was extérider-number of
modules. Moreover, the methodology for the determinatibthe twist system of
series-parallel manipulators was explained. The rank efldcobian matrix or the
order of the twist system gives the local mobility of the S-RBlobal mobility was
calculated as the Hilbert dimension of the ideal of the sataofstraint equations.
In the future, we intend to solve the inverse and direct kiages using algebraic
geometry concepts and to enlist all possible singularifeseries-parallel mecha-
nisms. Additionally, it is challenging to considemodules § > 2) and to work on
the trajectory planning of such manipulators as the numbeutput parameters is
equal to six and lower than the number of actuated joints¢hvis equal to 8.
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Nantes and the French National Research Agency (ANR projeober: ANR-14-CE34-0008-
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