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Twist Feasibility Analysis of Cable-Driven
Parallel Robots

S. Lessanibahtj M. Gouttefardé, S. Card, and P. Carddt

Abstract Although several papers addressed the wrench capabiftashle-driven
parallel robots (CDPRs), few have tackled the dual questfaheir twist capabili-
ties. In this paper, these twist capabilities are evalubyadeans of the more specific
concept of twist feasibility, which was defined by Gagliaidét al. in a previous
work. A CDPR posture is called twist-feasible if all the ttgigpoint-velocity and
angular-velocity combinations), within a given set, canpbeduced at the CDPR
mobile platform, within given actuator speed limits. Twmplems are solved in
this paper:(1) determining the set of required cable winding speeds at DEFRC
winches being given a prescribed set of required mobilegtat twists; and(2)
determining the set of available twists at the CDPR mobigfpim from the avail-
able cable winding speeds at its winches. The solutionsttofroblems can be used
to determine the twist feasibility af-degree-of-freedom (DOF) CDPRs driven by
m > n cables. An example is presented, where the twist-feasiblispace of a
simple CDPR witm = 2 DOF and driven byn = 3 cables is computed to illustrate
the proposed method.

1 Introduction

A cable-driven parallel robot (CDPR) consists of a base &aamobile platform,
and a set of cables connecting in parallel the mobile platfar the base frame.
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The cable lengths or tensions can be adjusted by means ofi@grand a number
of pulleys may be used to route the cables from the winchebdartobile plat-

form. Among other advantages, CDPRs with very large worspae.g. [12, 17],
heavy payloads capabilities [1], or reconfiguration caltéds, e.g. [8, 21] can be
designed. Moreover, the moving parts of CDPRs being relgtivght weight, fast

motions of the mobile platform can be obtained, e.g. [15].

The cables of a CDPR can only pull and not push on the mobitéopha and their
tension shall not become larger than some maximum adnesgilhlie. Hence, for a
given mobile platform pose, the determination of the fdasirenches at the plat-
form is a fundamental issue, which has been the subject efaleprevious works,
e.g. [3, 13]. A relevant issue is then to determine the setrehah feasible poses,
i.e, the so-called Wrench-Feasible Workspace (WFW) [2, 19], dihesshape and
size of the latter highly depends on the cable tension boandon the CDPR ge-
ometry [22]. Another issue which may strongly restrict tlsable workspace of a
CDPR or, divide it into several disjoint parts, are cablesifdgrences. Therefore,
software tools allowing the determination of the interfere-free workspace and of
the WFW have been proposed, e.g. [4, 18],. Besides, recerglydy on accelera-
tion capabilities was proposed in [5, 9].

As noted in [7] and as well known, in addition to wrench fedgip the design
of the winches of a CDPR also requires the considerationld&and mobile plat-
form velocities since the selection of the winch charast&s (motors, gearboxes,
and drums) has to deal with a trade-off between torque angdsfgevist feasibil-
ity is then the study of the relationship between the feagitbbile platform twists
(linear and angular velocities) and the admissible cabikngéuncoiling speeds.
In the following, the cable coiling/uncoiling speeds aredely referred to as cable
velocities. The main purpose of this paper is to clarify thalgsis of twist feasi-
bility and of the related twist-feasible workspace promb#e[7]. Contrary to [7],
the twist feasibility analysis proposed here is based omsgual CDPR differential
kinematics where the Jacobian matrix maps the mobile platfwist into the cable
velocities. This approach is most important for redundeattuated CDPRs, whose
Jacobian matrix is rectangular.

A number of concepts in this paper are known, notably fromimadability el-
lipsoids of serial robots, e.g. [23], and from studies onwblecity performance of
parallel robots, e.g. [16]. A review of these works is howewat of the scope of the
present paper whose contribution boils down to a syntheigt feasibility analysis
of n-degrees-of-freedom (DOF) CDPRs drivenrbgables, withm > n. The CDPR
can be fully constrained or not, and the cable mass and@tgstre neglected.

The paper is organized as follows. The usual CDPR wrenchacwbian matri-
ces are defined in Section 2. Section 3 presents the twisbil@gsanalysis, which
consists in solving two problems. The first one is the deteaton of the set of ca-
ble velocities corresponding to a given set of required megtiatform twists (Sec-
tion 3.1). The second problem is the opposite since it is ddfas the calculation
of the set of mobile platform twists corresponding to a gigehof cable velocities
(Section 3.2). The twist and cable velocity sets considerehis paper are convex
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Fig. 1: Geometric description of a fully constrained CDPR

polytopes. In Section 4, a 2-DOF point-mass CDPR driven lgtas is considered
to illustrate the twist feasibility analysis. Section 5 chrdes the paper.

2 Wrench and Jacobian M atrices

In this section, the well-known wrench matrix and Jacobiaatrin of n-DOF m-
cable CDPRs are defined. The wrench matrix maps the cableomsnmto the
wrench applied by the cables on the CDPR mobile platform. Jdwobian matrix
relates the time derivatives of the cable lengths to thet wfithe mobile platform.
These two matrices are essentially the same since one isitiauranspose of the
other.

Some notations and definitions are first introduced. Astildded in Fig. 1, let us
consider a fixed reference fram@y, of origin Oy and axey, yp andz,. The coor-
dinate vector8a;,i = 1,. .., mdefine the positions of the exit points,i =1,...,m,
with respect to frame#y,. A is the point where the cable exits the base frame and
extends toward the mobile platform. In this paper, the egih{s A; are assumed
to be fixed, i.e., the motion of the output pulleys is neglécte frame .7, of
origin Op and axesxp, yp and zp, is attached to the mobile platform. The vec-
torsPb;,i = 1,...,mare the position vectors of the poirBsin .%,. The cables are
attached to the mobile platform at poifgs

The vectoPl; from Bj to A; is given by

Ol =ba—p—RPby, i=1,..,m @)
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whereR is the rotation matrix defining the orientation of the molglatform, i.e.,

the orientation of%, in .7, andp is the position vector of#;, in .%,. The length

of the straight line segmeB; is I; = ||°l;||> where|| - ||z is the Euclidean norm.
Neglecting the cable masis,corresponds to the length of the cable segment from
pointA, to pointB;. Moreover, neglecting the cable elasticltys the “active” length

of the cable that should be unwound from the winch drum. Thewattors along
the cable segmer B; is given by

bg; =Pli/li, i=1,...,m 2)

Since the cable mass is neglected in this paper, the fordeed gy the cable on
the platform is equal ta;°d;, 7; being the cable tension. The static equilibrium of
the CDPR platform can then be written [14, 20]

WT+We=0 3

wherewg is the external wrench acting on the platform= [rl,...,rm]T is the
vector of cable tensions, aMil is the wrench matrix. The latter is arnx m matrix
defined as
b, bd, bdm
= b b b (4)
prl X dl prz X dz prmX dm

The differential kinematics of the CDPR establishes thati@hship between the
twist t of the mobile platform and the time derivatives of the cablegithd

w

Jt=I (5)

whereJ is them x n Jacobian matrix ant= [I'l,...,l'm]T. The twistt = [p, w]" is

composed of the velocitp of the origin of frame.7, with respect ta%, and of
the angular velocityw of the mobile platform with respect t&,. Moreover, the
well-known kineto-statics duality leads to

J=-wT (6)

In the remainder of this papeiis loosely referred to as cable velocities. The wrench
and Jacobian matrices depend on the geometric paranagtangb; of the CDPR
and on the mobile platform pose, namelyRm@ndp.

3 Twist Feasibility Analysis

This section contains the contribution of the paper, nan@etwist feasibility anal-
ysis which consists in solving the following two problems.

1. For a given pose of the mobile platform of a CDPR and beingrga seft], of
required mobile platform twists, determine the correspagdet of cable veloc-
ities|. The set of cable velocities to be determined is called_égpiired Cable
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Velocity Set (RCVS) and is denote{ﬂ .- The setft], is called theRequired Twist
Set (RTS). _

2. For a given pose of the mobile platform of a CDPR and beingroa sefl], of
available (admissible) cable velocities, determine thessponding set of mobile
platform twistst. The former set[l] , is called theAvailable Cable Velocity Set
(ACVS) while the latter is denoted],, and called theé\vailable Twist Set (ATS).

In this paper, the discussion is limited to the cases whetle the RTS[t], and
the ACVS 1], areconvex polytopes.

Solving the first problem provides the RCVS from which the imaxm values of
the cable velocities required to produce the given R],Scan be directly deduced.
If the winch characteristics are to be determined, the RCM&va to determine
the required speeds of the CDPR winches. If the winch cheniatits are already
known, the RCVS allows to test whether or not the given RT&ésible.

Solving the second problem provides the ATS which is the Betists that can
be produced at the mobile platform. It is thus useful eitbatdtermine the velocity
capabilities of a CDPR or to check whether or not a given RT&asible.

Note that the feasibility of a given RTS can be tested eithéné cable velocity
space, by solving the first problem, or in the space of platfowists, by solving
the second problem. Besides, note also that the twist fiéigsdnalysis described
above does not account for the dynamics of the CDPR.

3.1 Problem 1: Required Cable Velocity Set (RCVS)

The relationship between the mobile platform twiand the cable ve_Iocitieisis the
differential kinematics in (5). According to this equatjdhe RCVS[I]r is defined
as the image of the convex polytofié under the linear map. Consequentlymr
is also a convex polytope [24]. .
Moreover, if[t], is a box, the RCVS{I]r is a particular type of polytope called
a zonotope. Such a transformation of a box into a zonotopetesously been
studied in CDPR wrench feasibility analysis [3, 10, 11].dad, a box of admissible
cable tensions is mapped by the wrench matvixinto a zonotope in the space of
platform wrenches. However, a difference lies in the dinmrs of the matrices
J andW, J being of dimensionsn x n while W is ann x m matrix, wheren <
m. Whenn < m, on the one hand)V maps them-dimensional box of admissible
cable tensions into the-dimensional space of platform wrenches. On the other
hand,J mapsn-dimensional twists into its range space which is a linetspace
of the m-dimensional space of cable velocitiesHence, whenJ is not singular,
the n-dimensional boxt], is mapped into the zonotog¢], which lies into then-
dimensional range space &f as illustrated in Fig. 3 . Whed is singular and has
rankr, r < n, then-dimensional bojt], is mapped into a zonotope of dimension
When an ACVS[l], is given, a pose of the mobile platform of a CDPR is twist
feasible if
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[, < [1]. (7)
Since|l],, is a convex polytope, (7) is verified whenever all the vestiog[i], are
included in[I] . Moreover, it is not difficult to prove thaf], is the convex hull
of the images undet of the vertices oft],. Hence, a simple method to verify if a

CDPR pose is twist feasible consists in verifying whetherithages of the vertices
of [t], are all included intd]] .

3.2 Problem 2: Available Twist Set (ATS)

The problem is to determine the AT, corresponding to a given ACVEB]A.

In the most general case considered in this pa[ri)}ear,is a convex polytope. By
the Minkowski-Weyl's Theorem, a polytope can be represgatethe solution set
of a finite set of linear inequalities, the so-called (hadfsg)H-representation of the
polytope [6, 24], i.e. _ o

[i],={i|ci<d} (8)

where matrixC and vectod are assumed to be known.
According to (5), the ATS is defined as

[tla={t]3te (i} ©)
which, using (8), implies that
tla={t|Cat<d} (10)

The latter equation provides an H-representation of the LS
In practice, when the characteristics of the winches of a RRRe known, the
motor maximum speeds limit the set of possible cable ve&scis follows

li.min < I < Ti max (11)
wherel; min andli max are the minimum and maximum cable velocities. Note that,

usuallyli min = =i max: ly,min = l2,min = - . . = Immin, aNAlL max = 12 max = - . - = Im max-
In other wordsC andd in (8) are defined as

1 : : - - T
C= [—l] and d= [ll.n'aXa [EEE) |m,rT1ax; _ll,m'n» () _lm,min] (12)
wherel is them x midentity matrix. Eq. (10) can then be written as follows
[ta={tImin < It <lmex } (13)

Wherelmm - [ I-]_7min, ey |-m7rr|'n }T andlrrax - [ I.]_’rrax, ey I-m’max ]T
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When a RTS[t], is given, a pose of the mobile platform of a CDPR is twist
feasible if

[t], < [t]a (14)

In this paper|t], is assumed to be a convex polytope. Hence, (14) is verifiechwhe
ever all the vertices dft], are included int],. With the H-representation df], in
(10) (orin (13)), testing if a pose is twist feasible amountserifying if all the ver-
tices of[t], satisfy the inequality system in (10) (or in (13)). Testingst feasibility
thereby becomes a simple task as soon as the verti¢gs afe known.

Finally, let the twist feasible workspace (TFW) of a CDPR be $et of twist
feasible poses of its mobile platform. It is worth notingtttiee boundaries of the
TFW are directly available in closed form from (10) or (13)tHe vertices of the
(convex) RTS are denotdgl, j = 1,...,k, and the rows of the Jacobian matrix are
—w/T, according to (13), the TFW is defined bynin < —W{ tj and—w/ tj < max,
for all possible combinations dfand j. Sincew; contains the only variables in
these inequalities that depend on the mobile platform pasdpecause the closed-
form expression ofv; as a function of the pose is known, the expressions of the
boundaries of the TFW are directly obtained.

4 Case Study

This section deals with the twist feasibility analysis oé ttwo-DOF point-mass
planar CDPR driven by three cables shown in Fig.2. The rab8t5 m long and
2.5 m high. The three exit points of the robot are narAgdA, areAg, respectively.
The point-mass is denote®l °dq, Pd, and®ds are the unit vectors, expressed in
frame.7y, of the vectors pointing from point-maBsto cable exit point#\;, A, are
Az, respectively. The ¥ 2 Jacobian matrid of this planar CDPR takes the form:

de
1
J=— lbd;] (15)
de
3

Figure 3 is obtained by solving the Problem 1 formulated io. SeFor the robot
configuration depicted in Fig. 3a and the given RTS of the paiassP represented
in Fig. 3b, the RCVS for the three cables of the planar CDPRIillugtrated in
Figs. 3c to 3f. Note that the RTS is defined as:

—Imsi<yxp<lmst? (16)
—Imsi<yp<ims? (17)

where[>'<p,yp]T is the velocity ofP in the fixed reference framéy,.

Figure 4 depicts the isocontours of the Maximum Requireded@tlocity (MRCV)
for each cable through the Cartesian space and for the RM&shd-ig. 3b. Those
results are obtained by solving Problem 1 for all positiohgaint P. It is apparent
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Fig. 2: A two-DOF point-mass planar cable-driven paral@ot driven by three
cables

thatP RTS is satisfied through the Cartesian space as long as thesnomawelocity
of each cable is higher thari2 m.s ™1, namely,l1 max = l2,max = l3max = V2 m.st
with |i,min =—limax, 1 =1,2,3.

For the Available Cable Velocity Set (ACVS) defined by inéliiess (11) with

imax=13m.s1i=123 (18)

Fig. 5 is obtained by solving the Problem 2 formulated in Sec.

For the two robot configurations illustrated in Fig. 5a angdtbe Available Twist
Set (ATS) associated to the foregoing ACVS is determinewh fiEm. (13). It is note-
worthy that the ATS in each configuation in delimited by thpegs of lines normal
to three cables, respectively. It turns out that the firsbtawnfiguration is twist
feasible for the RTS defined by Egs. (16) and (17) becausettee is included into
the ATS as shown Fig. 5b. Conversely, the second robot caomafign is not twist
feasible as the RTS is partially outside the ATS as shown3elg.

Finally, Fig. 6 shows the TFW of the planar CDPR for four madim cable
velocity limits and for the RTS shown in Fig. 3b. It is appéar#re all robot poses
are twist feasible as soon as the cable velocity limits ofttinee cables are higher
thany2 m.sL.
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Fig. 3: Required Twist Set (RTS) of the point-md&and corresponding Required
Cable Velocity Sets for the three cables of the CDPR in a giebot configuration
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y[m]

x [m]

(b) Cable 2 MRCV

x [m]

(c) Cable 3 MRCV (d) Cables 1, 2 and 3 MRCV

Fig. 4: Maximum Required Cable Velocity (MRCV) of each calieough the
Cartesian space for the RTS shown in Fig. 3b

5 Conclusion

In summary, this paper presents two methods of determihimtytist-feasibility of a
CDPR. The first method uses a set of required mobile platfatists to compute the
corresponding required cable velocities, the latter apwading to cable winding
speeds at the winches. The second method takes the oppmsiée ire., it uses
the available cable velocities to compute the correspansit of available mobile
platform twists. The second method can be applied to comimatewist-feasible
workspace, i.e., to determine the set of mobile platformeposhere a prescribed
polyhedral required twist set is contained within the afali¢ twist set. This method
can thus be used to analyze the CDPR speed capabilitiestevesrikspace, which
should prove useful in high-speed CDPR applications.

The proposed method can be seen as a dual to the one used tatecimp
wrench-feasible workspace of a CDPR, just as the velocityagons may be seen
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(a) A feasible twist pose (b) The RTS is included into the ATS
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(c) An infeasible twist pose (d) The RTS is partially outside the ATS

Fig. 5: A feasible twist pose and an infeasible twist posénef€DPR

as dual to static equations. From a mathematical standgmntever, the problem
is much simpler in the case of the twist-feasible workspasehe feasibility con-
ditions can be obtained explicitly. Nevertheless, the argtibelieve that the present
paper complements nicely the previous works on wrenchljdigi

Finally, we should point out that the proposed method doedewl with the issue
of guaranteeing the magnitudes of the mobile platform pe@hbcity or angular
velocity. In such a case, the required twist set becomeslabah ellipsoid, and
thus is no longer polyhedral. This ellipsoid could be appr@ated by a polytope
in order to apply the method proposed in this paper. Howesirce the accuracy
of the approximation would come at the expense of the numbesralitions to be
numerically verified, part of our future work will be dediedtto the problem of
determining the twist-feasibility of CDPRs for ellipsoldaquired twist sets.
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