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Twist Feasibility Analysis of Cable-Driven
Parallel Robots

S. Lessanibahri1, M. Gouttefarde2, S. Caro3, and P. Cardou4

Abstract Although several papers addressed the wrench capabilitiesof cable-driven
parallel robots (CDPRs), few have tackled the dual questionof their twist capabili-
ties. In this paper, these twist capabilities are evaluatedby means of the more specific
concept of twist feasibility, which was defined by Gagliardini et al. in a previous
work. A CDPR posture is called twist-feasible if all the twists (point-velocity and
angular-velocity combinations), within a given set, can beproduced at the CDPR
mobile platform, within given actuator speed limits. Two problems are solved in
this paper:(1) determining the set of required cable winding speeds at the CDPR
winches being given a prescribed set of required mobile platform twists; and(2)
determining the set of available twists at the CDPR mobile platform from the avail-
able cable winding speeds at its winches. The solutions to both problems can be used
to determine the twist feasibility ofn-degree-of-freedom (DOF) CDPRs driven by
m ≥ n cables. An example is presented, where the twist-feasible workspace of a
simple CDPR withn = 2 DOF and driven bym = 3 cables is computed to illustrate
the proposed method.

1 Introduction

A cable-driven parallel robot (CDPR) consists of a base frame, a mobile platform,
and a set of cables connecting in parallel the mobile platform to the base frame.
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The cable lengths or tensions can be adjusted by means of winches and a number
of pulleys may be used to route the cables from the winches to the mobile plat-
form. Among other advantages, CDPRs with very large workspaces, e.g. [12, 17],
heavy payloads capabilities [1], or reconfiguration capabilities, e.g. [8, 21] can be
designed. Moreover, the moving parts of CDPRs being relatively light weight, fast
motions of the mobile platform can be obtained, e.g. [15].

The cables of a CDPR can only pull and not push on the mobile platform and their
tension shall not become larger than some maximum admissible value. Hence, for a
given mobile platform pose, the determination of the feasible wrenches at the plat-
form is a fundamental issue, which has been the subject of several previous works,
e.g. [3, 13]. A relevant issue is then to determine the set of wrench feasible poses,
i.e., the so-called Wrench-Feasible Workspace (WFW) [2, 19], sincethe shape and
size of the latter highly depends on the cable tension boundsand on the CDPR ge-
ometry [22]. Another issue which may strongly restrict the usable workspace of a
CDPR or, divide it into several disjoint parts, are cable interferences. Therefore,
software tools allowing the determination of the interference-free workspace and of
the WFW have been proposed, e.g. [4, 18],. Besides, recently,a study on accelera-
tion capabilities was proposed in [5, 9].

As noted in [7] and as well known, in addition to wrench feasibility, the design
of the winches of a CDPR also requires the consideration of cable and mobile plat-
form velocities since the selection of the winch characteristics (motors, gearboxes,
and drums) has to deal with a trade-off between torque and speed. Twist feasibil-
ity is then the study of the relationship between the feasible mobile platform twists
(linear and angular velocities) and the admissible cable coiling/uncoiling speeds.
In the following, the cable coiling/uncoiling speeds are loosely referred to as cable
velocities. The main purpose of this paper is to clarify the analysis of twist feasi-
bility and of the related twist-feasible workspace proposed in [7]. Contrary to [7],
the twist feasibility analysis proposed here is based on theusual CDPR differential
kinematics where the Jacobian matrix maps the mobile platform twist into the cable
velocities. This approach is most important for redundantly actuated CDPRs, whose
Jacobian matrix is rectangular.

A number of concepts in this paper are known, notably from manipulability el-
lipsoids of serial robots, e.g. [23], and from studies on thevelocity performance of
parallel robots, e.g. [16]. A review of these works is however out of the scope of the
present paper whose contribution boils down to a synthetic twist feasibility analysis
of n-degrees-of-freedom (DOF) CDPRs driven bym cables, withm ≥ n. The CDPR
can be fully constrained or not, and the cable mass and elasticity are neglected.

The paper is organized as follows. The usual CDPR wrench and Jacobian matri-
ces are defined in Section 2. Section 3 presents the twist feasibility analysis, which
consists in solving two problems. The first one is the determination of the set of ca-
ble velocities corresponding to a given set of required mobile platform twists (Sec-
tion 3.1). The second problem is the opposite since it is defined as the calculation
of the set of mobile platform twists corresponding to a givenset of cable velocities
(Section 3.2). The twist and cable velocity sets consideredin this paper are convex
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Fig. 1: Geometric description of a fully constrained CDPR

polytopes. In Section 4, a 2-DOF point-mass CDPR driven by 3 cables is considered
to illustrate the twist feasibility analysis. Section 5 concludes the paper.

2 Wrench and Jacobian Matrices

In this section, the well-known wrench matrix and Jacobian matrix of n-DOF m-
cable CDPRs are defined. The wrench matrix maps the cable tensions into the
wrench applied by the cables on the CDPR mobile platform. TheJacobian matrix
relates the time derivatives of the cable lengths to the twist of the mobile platform.
These two matrices are essentially the same since one is minus the transpose of the
other.

Some notations and definitions are first introduced. As illustrated in Fig. 1, let us
consider a fixed reference frame,Fb, of origin Ob and axesxb, yb andzb. The coor-
dinate vectorsbai, i = 1, . . . ,m define the positions of the exit points,Ai, i = 1, . . . ,m,
with respect to frameFb. Ai is the point where the cable exits the base frame and
extends toward the mobile platform. In this paper, the exit points Ai are assumed
to be fixed, i.e., the motion of the output pulleys is neglected. A frameFp, of
origin Op and axesxp, yp and zp, is attached to the mobile platform. The vec-
tors pbi, i = 1, . . . ,m are the position vectors of the pointsBi in Fp. The cables are
attached to the mobile platform at pointsBi.

The vectorbli from Bi to Ai is given by

bli = bai −p−R pbi, i = 1, . . . ,m (1)
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whereR is the rotation matrix defining the orientation of the mobileplatform, i.e.,
the orientation ofFp in Fb, andp is the position vector ofFp in Fb. The length
of the straight line segmentAiBi is li = ||bli||2 where|| · ||2 is the Euclidean norm.
Neglecting the cable mass,li corresponds to the length of the cable segment from
pointAi to pointBi. Moreover, neglecting the cable elasticity,li is the “active” length
of the cable that should be unwound from the winch drum. The unit vectors along
the cable segmentAiBi is given by

bdi =
bli/li , i = 1, . . . ,m (2)

Since the cable mass is neglected in this paper, the force applied by the cable on
the platform is equal toτi

bdi, τi being the cable tension. The static equilibrium of
the CDPR platform can then be written [14, 20]

Wτττ +we = 0 (3)

wherewe is the external wrench acting on the platform,τττ = [τ1, . . . ,τm]
T is the

vector of cable tensions, andW is the wrench matrix. The latter is ann×m matrix
defined as

W =

[

bd1
bd2 . . . bdm

Rpb1× bd1 Rpb2× bd2 . . . Rpbm × bdm

]

(4)

The differential kinematics of the CDPR establishes the relationship between the
twist t of the mobile platform and the time derivatives of the cable lengthṡl

Jt = l̇ (5)

whereJ is them× n Jacobian matrix anḋl =
[

l̇1, . . . , l̇m
]T

. The twistt = [ṗ,ωωω]T is
composed of the velocitẏp of the origin of frameFp with respect toFb and of
the angular velocityωωω of the mobile platform with respect toFb. Moreover, the
well-known kineto-statics duality leads to

J =−WT (6)

In the remainder of this paper,l̇ is loosely referred to as cable velocities. The wrench
and Jacobian matrices depend on the geometric parametersai andbi of the CDPR
and on the mobile platform pose, namely onR andp.

3 Twist Feasibility Analysis

This section contains the contribution of the paper, namely, a twist feasibility anal-
ysis which consists in solving the following two problems.

1. For a given pose of the mobile platform of a CDPR and being given a set[t]r of
required mobile platform twists, determine the corresponding set of cable veloc-
ities l̇. The set of cable velocities to be determined is called theRequired Cable
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Velocity Set (RCVS) and is denoted
[

l̇
]

r. The set[t]r is called theRequired Twist
Set (RTS).

2. For a given pose of the mobile platform of a CDPR and being given a set
[

l̇
]

a of
available (admissible) cable velocities, determine the corresponding set of mobile
platform twistst. The former set,

[

l̇
]

a, is called theAvailable Cable Velocity Set
(ACVS) while the latter is denoted[t]a and called theAvailable Twist Set (ATS).

In this paper, the discussion is limited to the cases where both the RTS[t]r and
the ACVS

[

l̇
]

a areconvex polytopes.
Solving the first problem provides the RCVS from which the maximum values of

the cable velocities required to produce the given RTS[t]r can be directly deduced.
If the winch characteristics are to be determined, the RCVS allows to determine
the required speeds of the CDPR winches. If the winch characteristics are already
known, the RCVS allows to test whether or not the given RTS is feasible.

Solving the second problem provides the ATS which is the set of twists that can
be produced at the mobile platform. It is thus useful either to determine the velocity
capabilities of a CDPR or to check whether or not a given RTS isfeasible.

Note that the feasibility of a given RTS can be tested either in the cable velocity
space, by solving the first problem, or in the space of platform twists, by solving
the second problem. Besides, note also that the twist feasibility analysis described
above does not account for the dynamics of the CDPR.

3.1 Problem 1: Required Cable Velocity Set (RCVS)

The relationship between the mobile platform twistt and the cable velocitieṡl is the
differential kinematics in (5). According to this equation, the RCVS

[

l̇
]

r is defined
as the image of the convex polytope[t]r under the linear mapJ. Consequently,

[

l̇
]

r
is also a convex polytope [24].

Moreover, if [t]r is a box, the RCVS
[

l̇
]

r is a particular type of polytope called
a zonotope. Such a transformation of a box into a zonotope haspreviously been
studied in CDPR wrench feasibility analysis [3, 10, 11]. Indeed, a box of admissible
cable tensions is mapped by the wrench matrixW into a zonotope in the space of
platform wrenches. However, a difference lies in the dimensions of the matrices
J and W, J being of dimensionsm× n while W is an n×m matrix, wheren ≤
m. Whenn < m, on the one hand,W maps them-dimensional box of admissible
cable tensions into then-dimensional space of platform wrenches. On the other
hand,J mapsn-dimensional twists into its range space which is a linear subspace
of the m-dimensional space of cable velocitiesl̇. Hence, whenJ is not singular,
the n-dimensional box[t]r is mapped into the zonotope

[

l̇
]

r which lies into then-
dimensional range space ofJ, as illustrated in Fig. 3 . WhenJ is singular and has
rankr, r < n, then-dimensional box[t]r is mapped into a zonotope of dimensionr.

When an ACVS
[

l̇
]

a is given, a pose of the mobile platform of a CDPR is twist
feasible if
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[

l̇
]

r ⊆
[

l̇
]

a (7)

Since
[

l̇
]

a is a convex polytope, (7) is verified whenever all the vertices of
[

l̇
]

r are
included in

[

l̇
]

a. Moreover, it is not difficult to prove that
[

l̇
]

r is the convex hull
of the images underJ of the vertices of[t]r. Hence, a simple method to verify if a
CDPR pose is twist feasible consists in verifying whether the images of the vertices
of [t]r are all included into

[

l̇
]

a.

3.2 Problem 2: Available Twist Set (ATS)

The problem is to determine the ATS[t]a corresponding to a given ACVS
[

l̇
]

a.
In the most general case considered in this paper,

[

l̇
]

a is a convex polytope. By
the Minkowski-Weyl’s Theorem, a polytope can be represented as the solution set
of a finite set of linear inequalities, the so-called (halfspace)H-representation of the
polytope [6, 24], i.e.

[

l̇
]

a = { l̇ | Cl̇ ≤ d } (8)

where matrixC and vectord are assumed to be known.
According to (5), the ATS is defined as

[t]a = { t | Jt ∈
[

l̇
]

a } (9)

which, using (8), implies that

[t]a = { t | CJt ≤ d } (10)

The latter equation provides an H-representation of the ATS[t]a.
In practice, when the characteristics of the winches of a CDPR are known, the

motor maximum speeds limit the set of possible cable velocities as follows

l̇i,min ≤ l̇i ≤ l̇i,max (11)

where l̇i,min and l̇i,max are the minimum and maximum cable velocities. Note that,
usually,l̇i,min =−l̇i,max, l̇1,min = l̇2,min = . . .= l̇m,min, andl̇1,max = l̇2,max = . . .= l̇m,max.
In other words,C andd in (8) are defined as

C =

[

1
−1

]

and d =
[

l̇1,max, . . . , l̇m,max, −l̇1,min, . . . , −l̇m,min
]T

(12)

where1 is them×m identity matrix. Eq. (10) can then be written as follows

[t]a = { t | l̇min ≤ Jt ≤ l̇max } (13)

wherel̇min =
[

l̇1,min, . . . , l̇m,min
]T

andl̇max =
[

l̇1,max, . . . , l̇m,max
]T

.
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When a RTS[t]r is given, a pose of the mobile platform of a CDPR is twist
feasible if

[t]r ⊆ [t]a (14)

In this paper,[t]r is assumed to be a convex polytope. Hence, (14) is verified when-
ever all the vertices of[t]r are included in[t]a. With the H-representation of[t]a in
(10) (or in (13)), testing if a pose is twist feasible amountsto verifying if all the ver-
tices of[t]r satisfy the inequality system in (10) (or in (13)). Testing twist feasibility
thereby becomes a simple task as soon as the vertices of[t]r are known.

Finally, let the twist feasible workspace (TFW) of a CDPR be the set of twist
feasible poses of its mobile platform. It is worth noting that the boundaries of the
TFW are directly available in closed form from (10) or (13). If the vertices of the
(convex) RTS are denotedt j, j = 1, . . . ,k, and the rows of the Jacobian matrix are
−wT

i , according to (13), the TFW is defined byl̇i,min ≤−wT
i t j and−wT

i t j ≤ l̇i,max,
for all possible combinations ofi and j. Sincewi contains the only variables in
these inequalities that depend on the mobile platform pose,and because the closed-
form expression ofwi as a function of the pose is known, the expressions of the
boundaries of the TFW are directly obtained.

4 Case Study

This section deals with the twist feasibility analysis of the two-DOF point-mass
planar CDPR driven by three cables shown in Fig.2. The robot is 3.5 m long and
2.5 m high. The three exit points of the robot are namedA1, A2 areA3, respectively.
The point-mass is denotedP. bd1, bd2 and bd3 are the unit vectors, expressed in
frameFb, of the vectors pointing from point-massP to cable exit pointsA1, A2 are
A3, respectively. The 3×2 Jacobian matrixJ of this planar CDPR takes the form:

J =−





bdT
1

bdT
2

bdT
3



 (15)

Figure 3 is obtained by solving the Problem 1 formulated in Sec. 3. For the robot
configuration depicted in Fig. 3a and the given RTS of the point-massP represented
in Fig. 3b, the RCVS for the three cables of the planar CDPR areillustrated in
Figs. 3c to 3f. Note that the RTS is defined as:

−1 m.s−1 ≤ ẋP ≤ 1 m.s−1 (16)

−1 m.s−1 ≤ ẏP ≤ 1 m.s−1 (17)

where[ẋP, ẏP]
T is the velocity ofP in the fixed reference frameFb.

Figure 4 depicts the isocontours of the Maximum Required Cable Velocity (MRCV)
for each cable through the Cartesian space and for the RTS shown in Fig. 3b. Those
results are obtained by solving Problem 1 for all positions of point P. It is apparent
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yb

Ob
xb

A1 A2 A3

Pd1

d2

d3

Fb

p

a3

3.5 m

2.5 m

Fig. 2: A two-DOF point-mass planar cable-driven parallel robot driven by three
cables

thatP RTS is satisfied through the Cartesian space as long as the maximum velocity
of each cable is higher than

√
2 m.s−1, namely,l̇1,max = l̇2,max = l̇3,max =

√
2 m.s−1

with l̇i,min =−l̇i,max, i = 1, 2, 3.
For the Available Cable Velocity Set (ACVS) defined by inequalities (11) with

l̇i,max = 1.3 m.s−1, i = 1, 2, 3 (18)

Fig. 5 is obtained by solving the Problem 2 formulated in Sec.3.
For the two robot configurations illustrated in Fig. 5a and 5c, the Available Twist

Set (ATS) associated to the foregoing ACVS is determined from Eq. (13). It is note-
worthy that the ATS in each configuation in delimited by threepairs of lines normal
to three cables, respectively. It turns out that the first robot configuration is twist
feasible for the RTS defined by Eqs. (16) and (17) because the latter is included into
the ATS as shown Fig. 5b. Conversely, the second robot configuration is not twist
feasible as the RTS is partially outside the ATS as shown Fig.5d.

Finally, Fig. 6 shows the TFW of the planar CDPR for four maximum cable
velocity limits and for the RTS shown in Fig. 3b. It is apparent the all robot poses
are twist feasible as soon as the cable velocity limits of thethree cables are higher
than

√
2 m.s−1.
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Fig. 3: Required Twist Set (RTS) of the point-massP and corresponding Required
Cable Velocity Sets for the three cables of the CDPR in a givenrobot configuration



10 S. Lessanibahri, M. Gouttefarde, S. Caro, and P. Cardou

1.1

1.1
1.1

1.1

1.2

1.2

1.2

1.2

1.3

1.3

1.3

1.3

1.3

1.4

1.4

1.4

1.4

1.4

1.414

1.414

1.414

1.414

-1.5 -1 -0.5 0 0.5 1 1.5

x [m]

0

0.5

1

1.5

2

2.5

y 
[m

]

(a) Cable 1 MRCV

1.1

1.
1

1.
1

1.1
1.1 1.11.2

1.
2

1.
2

1.2

1.2

1.21.3

1.
3

1.
3

1.3

1.3

1.3

1.4

1.4

1.
4

1.
4

1.4

1.4
1.4

1.4

1.
41

4

1.
41

4

1.414

1.414

-1.5 -1 -0.5 0 0.5 1 1.5

x [m]

0

0.5

1

1.5

2

2.5

y 
[m

]

(b) Cable 2 MRCV

1.1
1.1

1.
1

1.
1

1.2

1.2

1.
2

1.
2

1.3

1.3

1.3

1.
3

1.
3

1.4

1.4

1.4

1.
4

1.
41.

41
4

1.
41

4

1.
41

4

1.
41

4

-1.5 -1 -0.5 0 0.5 1 1.5

x [m]

0

0.5

1

1.5

2

2.5

y 
[m

]

(c) Cable 3 MRCV

1.1 1.1 1.11.2 1.2 1.2

1.
2

1.
3

1.3

1.
3

1.3

1.
3

1.4

1.4
1.4

1.4

1.4

1.4

1.
4

1.4

1.4

1.4

1.
4

1.4

1.4

1.
4

1.4

1.414
1.414

1.
41

4

1.414

1.414

1.
41

4

1.414

1.
41

4

1.414

1.
41

4

-1.5 -1 -0.5 0 0.5 1 1.5

x [m]

0

0.5

1

1.5

2

2.5
y 

[m
]

(d) Cables 1, 2 and 3 MRCV

Fig. 4: Maximum Required Cable Velocity (MRCV) of each cablethrough the
Cartesian space for the RTS shown in Fig. 3b

5 Conclusion

In summary, this paper presents two methods of determining the twist-feasibility of a
CDPR. The first method uses a set of required mobile platform twists to compute the
corresponding required cable velocities, the latter corresponding to cable winding
speeds at the winches. The second method takes the opposite route, i.e., it uses
the available cable velocities to compute the corresponding set of available mobile
platform twists. The second method can be applied to computethe twist-feasible
workspace, i.e., to determine the set of mobile platform poses where a prescribed
polyhedral required twist set is contained within the available twist set. This method
can thus be used to analyze the CDPR speed capabilities over its workspace, which
should prove useful in high-speed CDPR applications.

The proposed method can be seen as a dual to the one used to compute the
wrench-feasible workspace of a CDPR, just as the velocity equations may be seen
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Fig. 5: A feasible twist pose and an infeasible twist pose of the CDPR

as dual to static equations. From a mathematical standpoint, however, the problem
is much simpler in the case of the twist-feasible workspace,as the feasibility con-
ditions can be obtained explicitly. Nevertheless, the authors believe that the present
paper complements nicely the previous works on wrench feasibility.

Finally, we should point out that the proposed method does not deal with the issue
of guaranteeing the magnitudes of the mobile platform point-velocity or angular
velocity. In such a case, the required twist set becomes a ball or an ellipsoid, and
thus is no longer polyhedral. This ellipsoid could be approximated by a polytope
in order to apply the method proposed in this paper. However,since the accuracy
of the approximation would come at the expense of the number of conditions to be
numerically verified, part of our future work will be dedicated to the problem of
determining the twist-feasibility of CDPRs for ellipsoidal required twist sets.
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