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NOTES ON TWO KINDS OF SPECIAL VALUES FOR THE BELL
POLYNOMIALS OF THE SECOND KIND

FENG QI, DONGKYU LIM, AND YONG-HONG YAO

ABSTRACT. In the paper, by methods and techniques in combinatorial analy-
sis, the authors discuss two kinds of special values for the Bell polynomials of
the second kind for two special sequences, find a relation between these two
kinds of special values for the Bell polynomials of the second kind, and derive
an identity involving the combinatorial numbers.

1. MOTIVATION

In [I, Definition 11.2] and [2, p. 134, Theorem A], the Bell polynomials of the
second kind, denoted by B,, (21,22, ..., Tn—kt+1) for n >k > 0, are defined by

n—k+1

n! i\ b
Bmk(irl,:lig,...,xn_lﬁ-l) - n—k+1 ,, (7) .
2 ‘! I. Il il
1=

1<i<n,l; €{0}UN Hi:l
Doiey i=n
foq b=k
For more information on the Bell polynomials of the second kind B,, s, please refer
to the monographs and handbooks [I}, 2, B] and closely related references therin.

In [II p. 451], the formulas
@) /r—1
| 1 =
Borx(0,2,...,0,(2r)!) T \p_1)
B2r—1,k(072!’ e (QT - 2)'70) = Oa
@)l fr+s—-1
Boros(11,0,...,(2r — 1)1,0) = ,
2r2s(11,0,, @r=DL0) = G 9 1
B2r,25—1(1!507 ceey (QT - 1)'70) = Oa
2r—D!(r+s—-2
Bor_192s-1(15,0,...,(2r—1)1,0) = ———= ,
2r-1,26-1(1,0,.., (2r = 1)1,0) 2s—1)I\ 252
B2r—1,2$(1!a07 .- 'aov (27’ - 1)') =0

were stated, but no proof was supplied for them there.
For simplicity, we denote

1— (71)n7k+1
Aln, k) = Brk( 14,0,8L,0,.., (n— k + Dl————
and

1 -1 n—k+1
pu(n, k) = Box (o, 210,41, ..., (n—k+ 1);+(2))_
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In terms of these notations, the above statements in [T, p. 451] can be restated as

uer =S5 (1 ) p(2r —1.8) =0,
@) fr+s—1
A(2r,2s8) = (25)!< 05 1 ), A(2r,2s —1) =0,
@r-Dr+s-2 B
/\(27"—1,23—1)—(28_1)!< 95 _ 9 ), A(2r —1,2s = 0.

In this paper, we will provide alternative proofs for the above six formulas and
discover a relation between them.

2. MAIN REULTS

We first prove an identity involving combinatorial numbers.

Theorem 1. For k> 1 and n > 0, we have

> = (Z) - k(’“lJr”)' M

q=0

Proof. Let

n

f@)=Y k’i)q (Z)ﬁﬂ, ze[-1,1].

q=0 q

—~

n

Fa) =31y <”>+ — Y (e <Z> 29— 211 — )",

q =

Integrating from 0 to ¢ € (0, 1] on both sides of the above equality yields

ft) = /Otxk_l(l —z)"dx = B(t;k,n+ 1),

where B(z;a,b) denotes the incomplete beta function, see [3| p. 183]. Therefore,
we obtain

f(1)=BQ;k,n+1)=B(k,n+1)
Fk)'(n+1) (k—1)n! kln! 1

1
T(k+n+1) (k+n)! k(k+n)! NGLR

where B(a,b) and I'(z) denote the beta function and the classical Euler gamma
function respectively, see [3, p. 142] and [3| Chapter 5]. The formula is thus
proved. The proof of Theorem [1|is complete. O

We are now in a position to state and prove our main results.

Theorem 2. Forn > k > 0, we have the relation

A(n, k) p(n+k, k)
n (g k) 2)

and two explicit formulas

1)tk ) otk 1" nl /2 —
A(n,k):1+(21) k;<2_11>’ M(nyk):1+(21) k:(Q 1)' 5
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Proof. Tt is known [2, [16] that the quantities

n—1
= EI;IO(QC 0= {1, n=>0
and
n—1
(@)n = H(x+£):{f($+1)"'(x+n—1), Zil)
£=0 ) =

are called the falling and rising factorials respectively. In [2, p. 133], it was listed
that

k
1 ™ = t"
]C'(lemfrn'> :ZBnJc(xl,.TQ,...,wn_k_A'_l)a (4)
m= n=k
for k > 0. Hence, we have
[e'S) k k
)m tm B 1 t2
I [Zm' 2| - h (s

which is equivalent to

1 t\"

Since the function @ is odd, we derive pu(2r — 1,k) = 0. Further computation

yields
n+ky . d° t \"
“W’“’“)—( n )L%dt(l—ﬂ)

e i(l)‘(’;) >0 (1) - ale = 0y
_ (= 2)”+k (nJrk)zk% 5(21) "0 1)q<Z> Ok — O

In summary, we obtain

i) = S (7) S (1 ;) S (")t = Ry
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-G e () g—nq (Gl [CHCET I

£=0

By similar argument as above, it follows that

k
> LS 1= (=)™ Dk 1 \"
Z’\("’k)n!zkllzm! (2 : m!} :(m?ﬁ <t—1+t+1>

n=~k m=1

which is equivalent to
> 1t (=DF1/ 1 1 \" 1\
> A+ ko) Gy = ﬁ<t_1+t+1) -(+). ©

Since 175 is even, we deduce immediately that A(2r—1,2s) = 0 and A(2r,2s—1) =
0. By the L’Hospital rule and the identity in Theorem |1} it follows that

ok = () G g (L LY
(S mE () (e )]
(SO a sl ) T

q=0
B <n+k> (—1)F & n) (=1)%(k+q—1)!
S\ n 2k q) (k—1!(k+q)!

7N

A by = S k (3 i(—l)m(”)<—£>m<ﬂ—k>nm

£=0 m=0
(—1)n+k k
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Comparing between and reveals

(_1)n+k 2k

A(n’ k) = 2k [ (_1)n+k (n-]&f-k) ,LL(

n+k, k)

which can be rearranged as (2]).
The Faa di Bruno formula, see [I, Theorem 11.4] and [2 p. 139, Theorem C],
can be described in terms of By, x(z1, %2, ..., Zn—k41) by

dn
dzn

foh(@) =Y f®(h(@)Bui (W (2),h"(x),...., K"+ (@) (8)
k=0

In [T p. 412] and [2, p. 135], one can find the identity
Bk (abxl, ab’zs, ... ,ab"_k"’lxn_kH) =a*p" Bnk(z1,22, ... Tp_ky1) (9)

forn >k >0 and a,b € C. In [9] Theorem 4.1] and [I8], Section 3], it was set up
little by little that

1 n! k n
Bnk(,1,0,...,0) = Wk:'(n k>$2k ) (10)

where (g) =1and (5 ) = 0 for ¢ > p > 0. For detailed information on applications

of the formula ([L0), please refer to the papers [4, 5} 6], [7, [8, 9} 10, 111, 12} (13} 14} 15,
(17, 18, [19], 20, 21] and closely related references therein. Then it follows from @,

(18, @7 and that, when denoting u = u(t) = 1 — 2,

n+k\.,. d"/ 1 \*
Am+k*><7z)k%dw(1_ﬁ>
nERY En: L (Z)B (—2t,-2,0,...,0)
n tg%e - Uk n,f 5 s Uy ey

n+k\ .. 1 ‘

= )tlg%z<k>lw(2) By¢(t,1,0,...,0)
n+k\, 1 s 1Lonlf N o,
n )}%Z<_k>f(1—t2)k+f(_2) 2nf€!(n—e>t

=0
(ol ) e

Il
/_’ﬁ/_"/?/—\/—\/—\

3 +

™
N———
=

=

=
N

0, n=2m-—1
= 2m + k (2m)! m
k =2
2m )( Jm m)! (2m—m>’ neem
0, n=2m-—1
= 2m+K)! m+k-1
LR —9
Kl k-1 ) "0
0, n=2m-—1
= (n+k) [2E2k 1
=2
Kl k-1 ) "0

for m € N. The first formula in is thus proved.
Substituting the first formula in into and simplifying lead readily to the
formula in . The proof of Theorem [2[is complete. U
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3. REMARKS
In this section, we state several remarks on something related.

Remark 1. In [9, Theorem 2.1], it was proved that

1_(_1)n7k+1 _ 1 k ; k .
Bn,k<1,o,1,..., : = s Z:O(fl) ) ) te=20)

I D W (= 2%k
Bn,k <071705"'7 2 - 2k [ Zzo(_l) Y (k g)

for n > k > 0, where 0° is regarded as 1. In [J, Section 3], basing on numerical
calculation, the authors guessed that

and

1 (22 1)—k+1
B%_Lk(o,Lo,... + (1 ) = 20—1>k >0, (11)

1 2@ k+1
Bav i (0, 1,0,.. ) = 20>k >4, (12)

1 212 k+1
Bog i (0, 1,0,.. ) 0, £>k>1, (13)
Bryae,k(1,0, 1, ...,1,0,1)#0, k,leN, (14)

and

Bk+24_17k(1,0,1,...,0,1,0) =0, kleN (15)

In [9, Theorem 3.1], the identity was proved to be true. In fact, the identi-
ties and can be deduced readily from the proof of [0 Theorem 2.1] as
follows. From the formula 7 it followed that

= 14 (=1)"=*1\ ¢ (cosht —1)*
E_an,k<o,1,0,...,2 = (16)
and
ZOO 1— (=1)" k1N t"  sinh*¢
_k Bn,k (1707 1’ ce ey f a == T. (17)

In , the function cosht — 1 is even, so the identity is clearly valid. Since
the function sinht in is odd, then

Bgn,gk_l(LO,l,...,l,O) :0 and Bgn_lygk(LO,l,...,l,O) :O

which are equivalent to the identity . However, the validity of the identities ,
, and has not been verified yet.

Remark 2. The formula can be rewritten as

= S e () ) (),
(18)

Then combining the formulas and with the first formula in and rear-
ranging arrive at

zk:(—l)f (E) z”: (=™ <7Z> (O (k= O)p—y = [1+ (—=1)"FF]251p) (”gk_—l 1>

{=0 m=0

and
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zn:zk:(—l)”m KN (l+m—1\ (k=€) +(n—m)—1
l {—1 kE—f¢—1
m=0 £=0
+k19k—1 L;k_l
= [1 4 (—1)"+F)2k- .
e

Comparing these identities with the Vandermonde convolution formula

i (Z) (@)Y n—r = (& +Y)n

k=0

in [IL Theorem 3.1] and [2}, p. 44] motivates us to ask a question: is the quantity

summable?
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