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Abstract

This paper deals with the characterization of the operation modes of the 4-RUU parallel ma-
nipulator with an algebraic approach, namely the Study’s kinematic mapping of the Euclidean
group SE(8). As the 4-RUU parallel manipulator is an over-constrained manipulator, it can
be decomposed into two 2-RUU parallel manipulators. The manipulators are described by a
set of constraint equations and the primary decomposition is computed. By combining the
results of primary decomposition from two 2-RUU parallel manipulators, it reveals that the
4-RUU parallel manipulator has two Schonflies modes (4-dof) and one lower dimension opera-
tion mode (2-dof). The singularity conditions are obtained by deriving the determinant of the
Jacobian matrix of the constraint equations with respect to the Study parameters in each oper-
ation mode. It is shown that there exist singular configurations in which the manipulators may
switch from one operation mode to another operation mode. All the singular configurations are
mapped onto the joint space, i.e., the actuated joint angles, and are geometrically interpreted.
Eventually, the 4-RUU parallel manipulator may switch from the 1st Schonflies mode to the

2nd Schonflies mode, or vice versa, via the 2-dof third mode that contains self-motions.
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1 Introduction

To the best of the authors knowledge, the notion of operation mode was initially introduced by
Zlatanov et al. in [1] to explain the behaviour of the three degree-of-freedom (3-dof) DYMO
robot which can undergo a variety of transformation when passing through singular configura-
tions. In [2], the author analysed the types of operation modes and the transition configurations
of the 3-RER! Parallel Manipulator (PM) based upon the Euler parameter quaternions. Walter
et al. in [3] used the Study’s kinematic mapping to show that the 3-UPU PM built at the
Seoul National University (SNU) has nine different operation modes. Later in [4], the authors
revealed five different operation modes of the 3-UPU PM proposed by Tsai in 1996 [5]. By us-
ing same approach, Schadlbauer et al. in [6] found two distinct operation modes of the 3-RPS
PM proposed by Hunt in 1983 [7]. Later in [8], the authors characterized the motion type in
both operation modes by using the axodes. The self-motions of this manipulator were classified
in [9]. Another PM of the 3-RPS family is the 3-RPS Cube PM and was proposed by Huang et
al. in 1995 [10]. Nurahmi et al. in [11, 12] found that this manipulator has only one operation
mode in which the 3-dof general motion and 1-dof Vertical Darboux Motion occur inside the
same operation mode.

Accordingly, a general methodology for the type synthesis of reconfigurable mechanisms has
been proposed and several new reconfigurable mechanisms have been generated. In [13, 14], the
authors proposed a general method based upon the screw theory to synthesize a PM that can
perform two operation modes. In [15], a novel 1-dof single-loop reconfigurable 7-R mechanism
with multiple operation modes based upon the Sarrus mechanism, was proposed. The following
year, the reconfiguration analysis of this mechanism based on the kinematic mapping and the
algebraic geometry method was presented in [16].

By using the theory of the displacement groups, the lower-mobility PM with multiple oper-
ation modes and different number of dof were presented in [17]. Refaat et al. in [18] introduced
a family of 3-dof PM that can exhibit two 1T1R modes by using Lie-group theory. In [19],
Gogu introduced several PM with two 2T1R modes. In [20], a new joint was presented and
added in the manipulator architecture hence it allows the moving platform to change the motion
types. By adding a »T'PS limb which has two phases, a new metamorphic parallel mechanism is
introduced in [21]. The link-coincidence-based geometric-constraint method is proposed in [22]
to obtain reconfigurable mechanisms originated from carton folds and packaging dated back to
1996. At the same year, Wohlhart in [23] showed mechanisms that changed mobility through
singularities.

In [24], Li and Hervé investigated several PM with two distinct Schonflies modes. The

IR, P, E, U, S denote revolute, prismatic, planar, universal and spherical joints, respectively.
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Schonflies motion contains three independent translations and one pure rotation about an axis of
fixed direction, namely 3T1R. The authors continued in [25] to present the systematic approach
to synthesize the iso-constrained parallel Schonflies motion generators with two identical 5-do f
limbs.

The type synthesis of the 3T1R PM with four identical limb structures was performed
in [26], which leads to a kinematic architecture with four revolute actuators, namely the 4-
RUU PM. In [27], eight solutions of the direct kinematics were enumerated by using the linear
implicitization algorithm. Amine et al. in [28, 29] investigated the singularity conditions of the
4-RUU PM by using the Grassmann-Cayley Algebra and the Grassmann Geometry. It is shown
that the 4-RUU PM is an over-constrained manipulator and it shares some common properties
among the constraint wrenches.

By using an algebraic description of the manipulator and the Study’s kinematic mapping
based upon [30], a characterization of the operation modes of the 4-RUU PM are discussed in
more details in this paper. Due to the unique topology of the RUU limb that comprises two links
with one revolute actuator attached to the base, the actuated joint angle always appears in every
constraint equation. This kinematic issue does not allow to compute a primary decomposition
because the constraint equation changes for every joint inputs. As a consequence, the 4-RUU PM
is decomposed into two iso-constrained 2-RUU PM. The constraint equations of each 2-RUU PM
are initially derived and the primary decomposition is computed. It turns out that the 2-RUU
PM has three 4-dof operation modes. By combining the results of primary decomposition from
both 2-RUU PM, the operation modes of the 4-RUU PM can be characterized. It reveals that
the 4-RUU PM has two 4-dof operation modes and one 2-dof operation mode. The singularities
are examined by deriving the determinant of the Jacobian matrix of the constraint equations
with respect to the Study parameters. It is shown that the manipulators are able to change
from one operation mode to another operation mode by passing through the configurations that
belong to both modes. The singularity conditions are mapped onto the joint space. Eventually,
the changes of operation modes are illustrated.

This paper is organized as follows: A detailed description of the manipulator architecture
is given in Section 2. The constraint equations of the manipulators are expressed in Section 3.
These constraint equations are used to identify the operation modes in Section 4. In Section
5, the singularity conditions and self-motions are presented. Eventually, the operation modes
changing of the 4-RUU PM is discussed in Section 6.
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Figure 2: Printed model of 4-RUU PM.
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2 Manipulator architecture

The 4-RUU PM shown in Fig. 1, is composed of a square base, a square moving platform, and
four identical limbs. The origin O of the fixed frame Yy and the origin P of the moving frame
Y1 are located at the center of the square base and the square moving platform, respectively.
Each limb is composed of five R-joints such that the second and the third ones, as well as the
forth and the fifth ones, are built with intersecting and perpendicular axes. Thus they are
assimilated to U-joint. The printed model of this manipulator is shown in Fig. 2.

The first R-joint is attached to the base and is actuated. Its rotation angle is defined by 6y;
(1 =1,...,4). The axes of the first and the second joints are directed along Z-axis. The axis of
the fifth joint is directed along z-axis. The second axis and the fifth axis are denoted by v; and
n; (i = 1,...,4), respectively. The axes of the third and the forth joints are parallel. The axis
of the third joint is denoted by s; (i = 1,...,4) and it changes instantaneously as a function of

0 (i = 1..4) as shown in Fig. 3, hence:

s; = (0, cos(fy), sin(fy), 0)', i=1,..4 (1)

Figure 3: Parametrization of the first two joint angles in each leg from top view.
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The first R-joint of the i-th limb is located at point A; with distance a from the origin O
of the fixed frame 3y. The first U-joint is denoted by point B; with distance [ from point A;.
Link A;B; always moves in a plane normal to v;. Hence the coordinates of points A; and B;

expressed in the fixed frame Xy are:

), = (1, a, 0, 0)" v, = (1, lcos(fu)+a, Isin(@), 0)"
,=(1 0, a 0)"  xf =(1 lcos(fh), Isin()+a, 0) (2)
1, = (1, —a, 0, 0)"  rh = (1 lcos(fhs)—a, Usin(brs), 0)"
o, = (1 0, —a, 0)"  rh, = (L lcos(fu), Isin(fha)—a, 0)"

The moving platform is connected to the limbs by four U-joints, of which the intersection
point of the R-joint axes is denoted by C;. The length of the moving platform from the origin
P of the moving frame ¥; to point C; is defined by b. The length of link B;C; is defined by r.

The coordinates of point C; expressed in the moving frame ¥; are:

rlCl - (1’ b’ 07 O)T rng = (]'7 _b7 07 O)T

3
re, =(1, 0, b, 0)" rt, = (1, 0, —b, 0) (3)

As a consequence, there are four design parameters a, b, [, and r; and four joint variables
011, 012, 613, and 0,4 that determine the motions of the 4-RUU PM.

3 Constraint equations

In this section, the constraint equations are derived whose solutions illustrate the possible poses
of the moving platform (coordinate frame ;) with respect to 3. To obtain the coordinates
of points C; and vectors n; expressed in Y, the Study parametrization of a spatial Euclidean
transformation matrix M € SE(3) based on [30] is used.

M7y Mg
where Mt and My represent the translational and rotational parts of the transformation matrix

M, respectively, and are expressed as follows:

2(—zoy1 + 1Yo — T2Ys + T3Ya)
My = 2(—zoy2 + 1Y + T2Yo — T3Y1)
2(—xoys — T1Y2 + T2y1 + T3Yo)

w2+t — 2 -2 2(miwg — xoxs3) 2(x123 + To2)
Mp = 2(x1wy + wow3)  xE— i+ i — a2 2(waws — zom)

2(r123 — 20T2) 2(xox3 + ToT1)  XE — T — T3+ 13
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The parameters xg, z1, T2, T3, Yo, Y1, Y2, Y3, which appear in matrix M, are called Study pa-
rameters. These parameters make it possible to parametrize SE(3) with dual quaternions. The
Study’s kinematic mapping maps each spatial Euclidean displacement of SE(%) via transforma-
tion matrix M onto a projective point X [xg: 21 : @9 : X3 : Yo : Y1 : Yo : Y3 in the 6-dimensional
Study quadric S € P7 [6], such that:

SE(3) —» X e PT (©)
(wo:ay w23 Yoy Y2 y3)  #(0:0:0:0:0:0:0:0)7

Every projective point X will represent a spatial Euclidean displacement, if it fulfils the follow-

ing equation and inequality:

ToYo + T1Y1 + Taya + T3y3 = 0, (7)
st al+ai+a3#£0

Those two conditions will be used in the following computations to simplify the algebraic
expressions. First of all, the tangent half-angle substitutions are performed to rewrite the
trigonometric functions of 0y; and 6y (i = 1,...,4) in terms of rational functions of a new
variable ¢;;. However, the tangent half-angle substitutions will increase the degree of variable

and make the computation quite heavy.

2
2

2t7,

— = =1,..,4 8
1—|—t3‘]’ ? )= ] ) Y ()

cos(6;;) sin(6;;) =
0 . . .
where t;; = tan(;). The coordinates of points C; and vectors n; expressed in the fixed frame

Y are obtained by:

r%i:Mrlci, n?:l\/[n}, i=1,..4 (9)

The coordinates of all points are given in terms of the Study parameters and the design
parameters. The constraint equations can be obtained by examining the design of RUU limb.
The link connecting points B; and C; is coplanar to the vectors v; and n?. Accordingly, the

scalar triple product of vectors (rg, —r% ), v; and n] vanishes, namely:

(r%i - I'OBZ-)T- (vi X Il?) =0 , i1=1,...,4 (10)

After computing the corresponding scalar triple product and removing the common denom-

inators, the following constraint equations come out:
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g : (at%l — bt%l — lt%l +a— b + l)l‘g[[’l -+ 2lt11IOZE2 — (275%1 + 2)[L’0y0 + 2lt11$3l’1+

11a
(—at?, — bt + 13, —a — b — Dwzrg + (=23, — 2)ysz3 =0 (11a)
ga: (1= 13y zory + (atty — btiy + 2lt1o + a — b)xows — (263, + 2)woyo + (at?y + b3, (11b)
+21t12 +a+ b)f,(]gl‘l + (lt%z — l)CCgZL‘Q — (22&%2 + 2)y35(73 =0
gs . (at%?) - bt%3 + lﬁg +a— b— Z)xgl’l — 21t131‘0$2 + (Zt%z)) + 2)x0y0 — 2lt13$1$3+ (11C)
(—atiy — btiy — lt3; — a — b+ D)woxs + (263, + 2)x3y3 = 0
gs: (I3, — Dxowy + (at?, — bt2, — 21ty + a — b)woxs + (262, + 2)woyo + (ati, + bt2, (11d)

—2lt14 —+a + b)l’ll'g + (_ltil + l)fL’Ql’g + (215%4 + 2)[L‘3y3 =0

To derive the constraint equations corresponding to the link length r of link B;C;, the
distance equation can be formulated as: [|(rg, — r% )||* = r°. As a consequence, the following

four equations are obtained:

gs (a3, — 2abt?, — 2alt?, + b*t2, + 2blt3, + 1*t3, — r*t2, + a® — 2ab + 2al + b* — 201 + *—
r?)ag — 8bltyxows + (dat; — 4bt], — Alt}, + da — 4b+ 4)zoys + 8lt11xoy2 + (0’3, — 2a
bt — 2alt?, + b*t3, + 2blt3, + %3, — 3, + a* — 2ab+ 2al + b* — 20l + 1* — r?)z? — 8
bltlll‘ll‘g -+ (-4&1&%1 + 4bt%1 -+ 4[75%1 —4a -+ 4b — 4l)$1y0 - 8lt11$1y3 + (a2t%1 + QCth%l -2
alt?) + b*2, — 2blt2, + 1?13, — r?t3, + a® + 2ab + 2al + b + 2bl + 1> — r?)z3 — 8lt1172y0
+(4at?, 4+ 4bt3, — 4lt3, + da + 4b + 4l)xays + (a®t3, + 2abt], — 2alt?, + b*¢3, — 2013, +
P13, — r?3, + a® + 2ab + 2al + b? + 2bl + 12 — r?) a3 + Slty x3ys + (—4at3, — 4bt3, + 4l

t3, — da — 4b — Al)zgys + (43, + 4)yg + (43, + yi + (43, + 4y + (4], +4)y3 =0
(12a)

go 1 (P13, — 2abt3, + V3, + 1213y — 7213, + daltyy — 4bltys + a® — 2ab+ b? + 12 — r?)ad + (—
4blt%2 + 4bl)$01’3 + (—4[75%2 + 4l)l’0y1 + (4@15%2 — 4bt%2 + 8lt12 + 4a — 4b)l‘0y2 + (CL2t%2 + 2
abtly + 013, + 1Pt]y — r?t]y + 4altiy + 4blt1y + a® + 2ab + b* + 17 — r?)at 4 (4blt3, — 401)
z11y + (413, — 4l)x1yo + (—4at?y, — 4bt3y — 8ty — 4a — 4b)z1ys + (a®t3y — 2abtl, + b*t3,
+12t3y — iy + daltiy — 4blt1s + a® — 2ab+ b* + 12 — r?)a3 + (—4at?, + 4bt3, — 8lt1p — 4
a+ 4b)xoyo + (—4lt3y + 4l)xoys + (a®t3, + 2abty, + b3, + 1*t3, — r’t2, + daltyy + 4blt1o
+a® + 2ab + b* + 1? — r?)zi + (4at3y + 4bt3, + 8lt1g + 4a + 4b)xsy; + (4lt3y — 4l)z3ys+

(463, + 4)yg + (4T, + )y + (4T, + 4)ys + (4T, + 4)y5 =0
(12b)
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gr

gs .

1)k + 8blti3wors + (—4at?y + 4btl, — 43, — da + 4b + 4l) oy, + Slt13z0y2 + (a®t3; — 2
abt?y + 2altly 4+ b3, — 2blt3, + 1213, — r?t3, + a® — 2ab — 2al + b* + 20l + 1* — r?)2% + 8
blt13x129 + (dat?y, — Abt2, + Alt2, + da — 4b — 4l)z1yo — Slt1321y3 + (@135 + 2abt3; + 2al
25 4 b33, + 2b1t3, + 1212, — r2t3, + a® + 2ab — 2al + b? — 20l + 1* — r?)x3 — 8lt1379y0 + (
—4at?y — 4bt3, — AltT, — da — 4b + 4l)xays + (at35 + 2abtis + 2alts, + b*t], + 2blt3, + 12
25 — r?t3, + a® + 2ab — 2al + b* — 2bl + 1> — r?) a2 + 8lt13w3y; + (4at?, + 4bt3, + 4lt3,+
da -+ 4b — Al)zgyn + (483 + )gd + (48 + D)yd + (48, + g3 + (48, + g3 = 0

(12c¢)
(a®t3, — 2abt3, + b3, + 1?13, — r’t}, — daltyy + 4blt1g + a® — 2ab + b? + 1> — r?)zd + (—
4bl + 4blt2 ) xoxs + (=412, + Al)woyy + (—4dat?, + 4bt2, + 8ltyy — 4a + 4b)xoys + (a*t3,+
2abt3, + V3, + Pt} — r?t3, — daltyy — 4bltyy + a® + 2ab + b* + 12 — )2} + (—4blt], + 4
bl)xyze + (4183, — 4l) w1y + (4atdy + 4bt3, — 8ltyy + 4a + 4b)z1ys + (at3, — 2abt, + V*t3,
+12t3, — 1213, — 4altyy + 4blty + a® — 2ab + b* + 1> — r?)a3 + (dat}, — 4bt1, — 8lt14 + 4a
—4b)xoyo + (—4lt3, + Al)woys + (a®t3, + 2abt?, + b2, + 122, — r’t2, — dalty — 4blty,+
a® + 2ab+ b* + 12 — r?)a3 + (—4at?, — 4bt3, + 8lt1y — 4a — 4b)x3y; + (4113, — 41)z3y2+

(463, + D)yg + (43, + Dyf + (A3, +4)ys + (45, +4)y3 =0
(12d)

To derive the constraint equations corresponding to the axes s; of each limb, the scalar

product of vector B;C; and vector s; should vanish, as : (roci — r%i)Tsi = 0. Hence, the

following constraint equations are obtained:

go -

(—at3 i3, + b3, 63, + 13,63, + at?) — atdy — bt3, + bt3, — Ut} + 4ltyyte — U2 +a—b+1)
g 4 (—4btT tar — Abtor) s + (263,15, + 2t3) — 263, + 2)zoys + (485, ta1 + 4ta1 ) Toyat
(—at? t3, + bt2 13, + 113,13, + at?y — at3, — bt3, + bt3, — 13, + 4tyte — U3, +a—b+1)
22 + (—4bt3 tyy — 4btyy )woxy + (283,15, — 2t3, + 213, — 2)x1yo + (=413 1oy — 4t91)1y3+
(—at t3, — bt3 13, + 113,63, + at?), — atdy + bt — bt3; — U3, + Altyte; — U3, +a+b+1)
a:% + (_4t%1t2l — 4ta1)way0 + (_Qt%t% + 275?1 - 2t§1 + 2)woys + (_at?ﬂ% - bt%ltgl + lt%
13, + atd; — atd + bt3, — b3, — Ut + Alt1tey — Ut3, + a + b+ 1)a3 + (4t3,ta1 + 4ta1) 33,
+(262,2, — 212, + 22, — 2) w3y = 0

(13a)
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gro: (I35t3, + 2at2,t9y — 20t3,tag — [t2, + Altyotag — [ty + 2atey — bty + )22 + (—20t34t2, + 2
bt2, — 2bt3, + 2b)zow3 + (—2t3513, + 212, — 213, + 2)woy; + (4t35tae + dtag)Toya + (IE35t5e+
2at3ytog + 2bt3otag — 113y + Alt1atay — 13, + 2atey + 2btoy + 1)a? + (203513, — 2013, + 2bt3,
—2b)z1my + (203513, — 212, + 2t2, — 2) w1y + (—4tiytey — dtae)T1ys + ([H35t5, + 2at35ton—
20t3ytag — lt3y + Alt1aloy — [t2y + 2atay — 2btgg + )13 + (—4t3ytag — 4log)Toyo + (—2t3515,
+2t2, — 22, + 2)xoys + (1135t3, + 2at3toy + 20t2tay — 13y + Alt1otas — [t2, + 2atss + 2b
tog + )23 + (4t35t00 + dtao)w3ys + (265515, — 2655 + 255 — 2)x3y2 = 0

(13b)

gr1: (atista, — bi3ata, + [tht3, — atis + atsg + bty — btag — [t3, + Altygtey — Uty —a+ b+ 1)x}
+(4bt2,t 93 + Abtag)wows + (—2035t2, + 213, — 212, + 2)woys + (435t03 + 4toz) oy + (atista,
—bt2,t2, + 112,12, — at?y + atdy + bt3, — bty — 112, + Altgtas — 1125 — a + b+ a2 + (4bt2,
tog + 4btos) 1T + (2035855 — 234 + 263 — 2)w1yo + (—4t35t03 — 4tez)T1ys + (atists, + bti,
135 + [t3513, — at?y + atsy — bt?y + bty — 25 + Altiztaoy — sy — a — b+ 1)a3 — (4t34t03 + 4
tas)Tayo + (—2t1513; + 2t15 — 2035 + 2)ways + (atlst3; + btisty + 11515, — atls + atds — biiy
b3, — Ut1y + Altgtas — 3y — a — b+ 1)a3 + (4t55t03 + dtog)xsys + (2055155 — 2035 + 213,
—2)w3y2 =0

(13c)

gra s (13,13, — 2at3 tog + 2013 toy — 113, + Atygtoy — 113, — 2atey + 2btay + 1)k + (203,13, — 2
bt2, + 2bt3, — 2b)zows + (—2t3,12, + 212, — 212, + 2)woyy + (43 4tas + dtos)oye + (113,43,
—2at? toy — 2013 4toy — U123, + Alt14teq — 113, — 2atay — 2btay + 1)x% + (—2bt3,413, + 2063, —
2012, + 2b) 1o + (203413, — 263, + 2t3, — 2)w1yo — (483,04 + dtog) w1y + (1t3,13, — 2at,
tog + 2013 tog — 163, + Alt1atoy — Ut5, — 2atay + 2btoy + )23 + (—4t3,tas — dtas) T2y + (—2
2,63, + 213, — 263, + 2)ways + (113,15, — 2at? toy — 2013 toy — Ut3, + 4lt14tey — U135, — 2atyy
—2btoy + 1)x3 + (483 t0g + Atog)z3ys + (203,45, — 23, + 2t3, — 2)x3y2 = 0

(13d)

The Study equation in Eq. (7) is added since all solutions have to be within the Study
quadric, i.e.: g13 : ToYo + T1Y1 + T2ys + x3ys = 0. To exclude the exceptional generator (zy =
r1 = x5 = 3 = 0), we add the following normalization equation: gi4 : 23+ 23+ 23+ 23— 1 = 0.

It assures that there is no point of the exceptional generators appears as a solution.

4 Operation modes

The 4-RUU PM is an over-constrained mechanism [28, 29], therefore it can be decomposed
into two iso-constrained 2-RUU PM as shown in Fig. 4. The printed model of the 4-RUU PM
presented in Fig. 2, can also be decomposed into 2-RUU PM as shown in Fig. 5. The first
mechanism consists of the 1st and the 3rd limbs, hence it is named the 2-RUU(;y PM. The
second mechanism consists of the 2nd and the 4th limbs, hence it is named the 2-RUU ;) PM.
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Figure 4: The 4-RUU PM decomposed into two 2-RUU PM.

Figure 5: Printed model of 4-RUU PM decomposed into two 2-RUU PM.
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The moving platforms of both mechanisms move independently. When the moving frames
of both mechanisms are coincident (accordingly P; = Pj;), we obtain the 4-RUU PM. As a
consequence, the operation modes of the 4-RUU PM are determined by the linear combination
of the results of primary decomposition of the 2-RUU;y and the 2-RUU ;) PM, as presented
in the following. The operation modes and the self-motions of the 2-RUU PM are presented in

more detail in [31].

4.1 The 2-RUU;) PM

In the 2-RUU ;) PM, the first and the second R-joints in each limb are actuated. The design pa-
rameters are assigned as a = 2,b = 1,1l = 1,7 = 2 (in units that need nod be specified). The set
of eight constraint equations is written as a polynomial ideal with variables {zo, 1, z2, 3, Yo, Y1,
Yo, Y3} over the coefficient ring Clt11, 113, to1, to3], defined as: Ziy = (91, 93, 95, 97, 9o, 911, G13, G14)-
At this point, the following ideal is examined: Ji1y = (g1, g3, 913)-

The primary decomposition is computed to verify if the ideal J(r) is the intersection of several
smaller ideals. Indeed, the ideal [J(y) is decomposed into three components as: J) = ﬂizl Tk

with the results of primary decomposition:

Ty = (o, 73, 21y1 + T2Ya2)

oy = (%1, T2, ToYo + T3Y3) (14)

T3y = (B3 1t1s + 2611835 + tay + 2ti3)z3y0 + (3155 — Dzays + ...)
Accordingly, the 2-RUU;y PM under study has three operation modes. The computation
of the Hilbert dimension of ideal [Jyy) with #11,%13,%21,%23 treated as variables shows that:
dim(Juny) =4 (k =1,...,3). To complete the analysis, the remaining equations are added by

writing:

Kty : Ty Y {95, 97. 99, 911, 1a),  k=1,...,3 (15)

It follows that the 2-RUU(;y PM has three 4-dof operation modes. This type of manipulator is
called invariable-dof PM in [14]. Each system KCy(py corresponds to a specific operation mode

that will be discussed in the following.

4.1.1 System K;): 1st Schonflies mode

In this operation mode, the moving platform is reversed about an axis parallel to the XY -plane
of ¥g by 180 degrees from the “identity condition”. The identity condition is when the moving

frame and the fixed frame are coincident, i.e. ¥; = ¥, and the transformation matrix is an
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identity matrix. The condition zo = 0,23 = 0,21y, + 22yo = 0 are valid for all poses and are

substituted into the transformation matrix M, such that:

1 0 0
2(x1yo — woys) i — 13  2mmy 0
M = 2(x1ys + woy0)  2miw2  —ai+ a3 0 (16)
% 0 0 -1
Iy

From the transformation matrix M, it can be seen that the 2-RUU;y PM has 3-dof trans-
lational motions, which are parametrized by v, y2,y3 and 1-dof rotational motion, which is
parametrized by 1, x5 in connection with 27 4+ 23 — 1 = 0 [8]. The z-axis of frame 3, attached
to the moving platform is always pointing downward in this operation mode and the moving

platform remains parallel to the base.

4.1.2 System Ky: 2nd Schonflies mode

In this operation mode, the condition x1 = 0,25 = 0, z¢yo + x3ys = 0 are valid for all poses.

The transformation matrix in this operation mode is written as:

1 0 0 0
—2(xoy1 — T3y2) T3 — 13 —2x073 0
My = —2(zoy2 + x3y1)  2wors x5 — x5 0 (17)
2
_ 2y 0 0 1
To

From the transformation matrix My, it can be seen that the 2-RUU(;y PM has 3-dof trans-
lational motions, which are parametrized by vy, ys,y3 and 1-dof rotational motion, which is
parametrized by g, z3 in connection with a2 + 22 — 1 = 0 [8]. In this operation mode, the
z-axis of frame >; attached the moving platform is always pointing upward and the moving
platform remains parallel to the base.

The systems K1y and Ky(r) have the same motion type, i.e. Schonflies motion, however they
do not have configurations in common. It occurs since the orientation of the moving platform
is not the same from one operation mode to the other. The z-axis of frame >; attached to the
moving platform in system Ky is always pointing downward (the moving platform is always
titled by 180 degrees), while in the system Ky(p), the z-axis of frame ¥, attached to the moving

platform is always pointing upward.

4.1.3 System Kj3: Third mode

In this operation mode, the moving platform is no longer parallel to the base. The variables

3, Yo, Y1 can be solved linearly from the ideal J3(;) and are shown in Eq. (18). Since solving the
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inverse kinematics of t11,t13 are quite computationally expensive, the joint variables ¢11,t13 are
considered to be the independent parameters of this mode. Then the parameters ys, y3 can be
solved in terms of (xqg, 1, T2, t11, t13). Substituting back the parameters ys, y3 into Eq. (18), then
the Study parameters z3, yo, 1, Y2, Y3 are now parametrized by (xg, z1, e, t11,t13). Accordingly,
the 2-RUU ;) PM will perform two translational motions, which are parametrized by variables
t11,t13 and two rotational motions, which are parametrized by variables xg, x1, x5 in connection

with the normalization equation gy4.

(t%ltfgxl — t%ltlgl’g + tllt%:})l‘g + 22&%31’1 + tu[L'Q — t13£L’2 + Il)l’o

€T _=
3(D) (St%t%xg + t%ltlgl’l — tut%g.fl + 2t%f%‘2 + 415%31’2 — tuxl + t13271 + 31’2)
2 42
Yoy = — 111137102+
@) St%lt%gﬂh + t%ltlgl‘l — tllt%?)flfl —+ Qt%IZEQ + 4?5%31‘2 — tllﬂfl -+ t13[L'1 -+ 31’2( 13
t%ltiq).flyg — t%ltlgl’g — t%1t13x2y3 — tnt%g]}% — 2151115%31’% —+ tllt%3$2y3 + 2t%3$1y3 — tll
T3 + 1 @oys — ti3x] — 2t1305 — ti3Tays — T1T2 + T1Y3)
1
Y = (tflt%:;xo

(3t2, 8350 + t3t13x1 — t11t33m1 + 263 29 + 483,09 — t1121 + t1371 + 329) 2y
T1Ty — Stfltf3x%y2 — 13, t13T0w3 — 13 t13T1 oY — tnt%xox% — 2t11t%3x0x% + tntf?)xl
Talp — 20T, 251s — AT5x3ys — ti1Tox3 + 1T ToYs — tizTox; — 2ti3T0x3 — ti3T1T2Ys
—ToT1 T2 — 3T3Yo)
(18)
Under this operation mode, the joint angles t5; and t93 can be computed from the equations
g9, g11- It turns out that no matter the value of the first actuated joints (¢11,%13) in each limb,
these equations vanish for two real solutions, namely (1.) to; = T (021 = T+ Os3) and (2.)
tor = to3 (091 = Ba3). As a consequence, in this operation mode, the links B;C; (i = 1,3) from
both limbs are always parallel to the same plane and the axes s; (i = 1, 3) from both limbs are

always parallel too.

4.2 The 2—RUU([[) PM

In the 2-RUU(;;y PM, the first and the second R-joints in each limb are also actuated. The
design parameters are assigned with the same values as a = 2,0 = 1,1 = 1,r = 2 (in units that
need not be specified). The set of eight constraint equations is written as a polynomial ideal
with variables {xq, z1, 2, T3, Y0, Y1, Y2, Y3} over the coefficient ring Clt1s,t14, t2o, t24], defined as:
Ty = (92, 94, 9o, Js, 9105 G12, G13, g14). At this point, the following ideal is examined: J(;1) =

(92, 91, 913).-
The primary decomposition is computed and it turns out that the ideal J(;r) is decomposed
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into three components as: J(;) = ﬂizl Jw(11), with the results of primary decomposition:

Jian = (o, T3, T1y1 + T2y2)

Joiry = {1, T, Toyo + T3Y3) (19)

Taan = ((3thyty — thyta + tiotdy, — tia + t1g — 3)wsyo + (—ttd, + ..)
Accordingly, the 2-RUU;;y PM under study has three operation modes. The computation
of the Hilbert dimension of ideal Jy;r) with t19,%14,%22,t24 treated as variables shows that:
dim(Trn) =4 (k=1,...,3). To complete the analysis, the remaining equations are added by

writing:

,Ck(H) : Tre(in U (96, 98, 910, 912, G1a), Kk =1,..,3 (20)

It follows that the 2-RUU;;y PM has three 4-dof operation modes too. The system Ky is
identical with the system KCy(py (as explained in Section 4.1.1), in which the moving platform
is titled about an axis of parallel to XY-plane of ¥y by 180 degrees and it can exhibit the
Schonflies motion with pure rotation about Z-axis. The system KCy(;py is identical with the
system /Cy(7) (as explained in Section 4.1.2), where the moving platform can exhibit 3-dof in-
dependent translations and one pure rotation about Z-axis. In the system K377y, the moving
platform is no longer parallel to the base. The variables x3, 0, y; can be solved linearly from
the ideal J3(;7) and are shown in Eq. (21). Since solving the inverse kinematics of ¢12,%14 are
quite computationally expensive, the joint variables tio, %14 are considered to be the indepen-
dent parameters in this third mode. Then the parameters ys,y3 can be solved in terms of
(x0, 21, o, t19, t14). Substituting back the parameters ys, y3 into Eq. (21), the Study parameters
3, %0, Y1, Y2, Y3 are now obtained and parametrized by (xg, z1, 2, t12,114). Hence the moving
platform of the 2-RUU ;) PM will perform two translational motions which are parametrized
by t12,114 and two rotational motions which are parametrized by g, x1, x2 in connection with
the normalization equation gi4.

Under the system K37y, the joint angles 9o and #54 can be computed from the equations

J10, 912- It reveals that no matter the value of the first actuated joint (t19,%14) in each limb,

these equations (gi9, g12) vanish for two real solutions, namely (1.) ty = i (O = T + O2y)
24
and (2.) tog = toy (Baa = O94). It means that in this operation mode, the links B;C; (i = 2,4)

from both limbs are always parallel to the same plane and the axes s; (i = 2,4) from both limbs

are always parallel too.
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(tTot1ae — Biotiama + tiotl Ty — tiyx1 + 11wy + t1,21 + 13,09 + tioTs — tiumo+

T3y = —
(D 375%275%41'1 — t%2t14l’1 + t12t%4$1 + 315%25(71 + t%2$2 + 375%41‘1 - till'g + tml’l — t14
9152)»’170
1 + 311 .
Yo(rry = —

(D 2(325%225%41’1 - t%2t14$1 + t12t%4$1 + St%QZL’l + t%zflfg + 325%4131 - t%4.%‘2 + t12$1 — t14
m@%tix% + 1ot 425 — 205517, Tays — Eiatiaa} — 20T5lamimy — ot1ars+
2tTot1aoys 4 tiat], T — 2t19tT, 01T + tiatTy s — 2t10tT 4 Toys + 2500 1ys — 243570y
—2t%4.171y3 — Qt%4$2y3 — tlzl’% — 2t12[1)1$2 — tlgl'% — 2t12$2y3 + t14.17% — 2t14$1$2+
t1423 + 2t1420y3 — 327 — 13 — 229y3)

1
Y =

2 42 2 2 42 2 2 42 2 2 2
1)41

2 2 2 2 2 2 2 2 2
t12t14$01’2 + 2t12t14l'1{23'2’y2 + t12t14$01‘1 — 2t12t14$01'1$2 + t12t14l‘0$2 — 2t12t14l'1$2

Yo — 6t%2$1l’2y2 — Qt%QQZ’%yQ — 6t%4.%'1.1'2y2 + 2t%4:c§y2 — tlgl'o.%'% — 2t12$0$11’2 — tlgl'o

2 2 2 2 2
Ty — 261221 T2Y2 + L1aTox] — 2t14T0T1 T2 + traToT5 + 261471 T2Y2 — 3ToX] — ToTs—

62122Y2)
(21)

4.3 The 4-RUU PM

In the 4-RUU PM, the first R-joint in each limb is actuated. The design parameters are assigned
with the same values as a = 2,b = 1,1 = 1,r = 2. The set of ten constraint equations is
written as a polynomial ideal with variables {x¢,x1, z2, x3, Yo, 41, ¥2,y3} over the coefficient
ring Clt11,t12,t13, t14], defined as: T = (g1, g2, g3, 94, g5, g6 97, Gs, 913, G14)-

At this point, the following ideal is examined: J = (g1, g2, 93, g4, g13). Since the 4-RUU
PM can be assembled by the 2-RUU ) and 2-RUU;;y PM, the ideal J can be written as the
linear combination of the results of primary decomposition from the 2-RUU;) and 2-RUU ;)
PM. It is noteworthy that the first and second components of the 2-RUU ;) and 2-RUU;;) PM
are identical, so that Jyy = Jiar) and Jory = Fo(in).-

J = ﬂ Tk (22)

with:
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T =Ty YU Tian = (o, T3, T141 + Tay2)

Jo = Tory U Jorry = (21, T2, ToYo + T3Y3)

T3 = T3 U T3y = <(t11t13 + 2t11tTs + ti1 + 2ti3) sy + (H111 — Daays + ...,
(312,12, — tiot1a + tiot]y — tio + tig — 3)x3yo + (— 13513, + ...)

(23)

As a consequence, the 4-RUU PM has four operation modes. To complete the analysis, the

remaining equations are added by writing:

ICk : jk‘ U <g5vg6ag77987gl4>7 k= 17 73 (24)

The systems IC; and Ky are 4-dof operation modes, which correspond to the 1st Schonflies
mode and the 2nd Schonflies mode, as explained in Sections 4.1.1 and 4.1.2, respectively.
However, the characterization of the system K3 needs to be discussed further, as presented

hereafter.

4.3.1 System K3: Third mode

The third mode of the 4-RUU PM is characterized by the system /3. In this mode, the primary
decomposition leads to the ideal [J3 and all polynomial equations in this ideal should vanish
simultaneously. Hence the variables s, v, y1, ¥2, y3 can be obtained in cascade from the ideal
J3, such that:

w3 = —xoTo (P — 21220y + 130312 + 251547 — 13192 + 21584 + 2411515 — 2411312 — 2U3t3
ty + 2tot3t3 — 212 + 1213 + 243t3 — 13ty — 2ta12 + tol3 + 23ty — 2312 — 22—ty + 1ty — ...
(25a)
Yo = —wo(tat — toty +tot? —ty +t, — 1)/2(t5 — 13) (25b)

Y1 = l3moxo(titatsts — tytatsty + titotsts + 1313 — titoly + tilgty — 13ty + ot — tits — ty + ty—
1)/(3t313t2t 3w, — 3313t 4y + Ehtat3tiey — 20315t 53wy + 20354 5wy + O3t 50 — tatia ...

(25¢)
Yo = —(tH3t31500 — 3243 o + 3totitimy + 3t t31315 0, — L1233y + Litotitin, — 3tatize+
1212t 439 + t3tatim, — 31329 — titatimy + titat,xy — titataxy — 131320 + totstioy — 3ty...

(25d)

ys = — (31513 — taty + tots —ty + 14 — 3)a1/2(13 — 3) (25¢)

Not all polynomial in the ideal J3 vanishes and it remains two polynomial equations, as follows:
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f1: 3333522 + 3tH333 03 — 333, a3 — 335t 4w3 — 233t w  wy + tHal33 2 + ... = 0
foi StAAAIX? 4 3333302 — 235t x? — 20323 vy o — A 2L + a2t — . =0
(26)

As two iso-constrained 2-RUU PM are assembled to be the 4-RUU PM by combining the
results of primary decomposition into [J3, one of the 2-RUU PM is dependent to another.
Accordingly, one of the 2-RUU PM can be selected to represent the third mode of the 4-RUU
PM. The new ideals are defined corresponding to the two 2-RUU parallel manipulators as

follows:

Lr: (95,97, Gua; [1, fa) (27)
Lrr: (ge; 9s8: 914, f1, f2)

Both ideals in Eq. (27) are solved separately to show that they lead to the same results.
The variables 3, yo, y1, Y2, ys obtained in Eq. (25) are then substituted into ideals £;, £;; in
Eq. (27). The variable xy can be solved from g4 and the equations (gs, g6, g7, gs) split into two
factors. The first factors of these equations have the same mathematical expression and lead
to the 1-dof self-motion, which will be discussed further in Section 5.3.

The second factors are analysed thereafter. The variable x; is solved from each ideal and
yields two equations in terms of (xo, 11, t12,t13,t14) and one equation in terms of the actuated

joint angles only (t11, 12, t13, t14), which should be fulfilled by the manipulator as:

Bt that sty — 611 ot istly + 3t thatTatly + 611,60t 15t], — 6t td,tT5t 1, + 3t1 st sth, — 6
B3, Pty + G Lyt — 683, Ehtlyth, + 33yt & 3ty — 200ttty — . = 0
(28)

To avoid computational burden, some values are assigned to two actuated joint angles as
ti = T t12 = —2 and variables x5 can be solved. Eventually, one equation in terms of t13, 14
remains in ideals £;, £ as shown in Eq. (29). Back substitution into Eqgs. (25)-(28), all Study
parameters can be solved and one of the manipulator poses can be obtained as shown in Fig. 6
with 67 = —84°, 015 = 126.934°, 0,3 = 64.243°, 6014, = 56.901°.

(ts — 2)(ty + 2)(51597T¢3tF — 18144133 — 2520t 5t — 27855152 + 1086t3t3 + 29600t + 4932t3t,
+21642t3t2 — 138003 + 468012 — 4344t5t, — 137712 — 5748t3 + 3846t + 2801) (7421312 — 843
3ty — 200t5t% — 439¢3 + 200¢5 + 800t3 — 300t + 100)(2990¢3¢% — 843t3t4 — 200t5t3 — 1001¢3+
10002 + 800t3 — 300t4 — 100) = 0

(29)



Nurahmi, Caro, Wenger, Schadlbauer, and Husty, submitted to Mech. and Mach. Theory 19

Noticeably, the third mode of the 4-RUU PM is a 2-dof operation mode since two input joint
angles are sufficient to define the pose of the manipulator. This operation mode was referred to
coupled motion in [28, 29]. Since the system K3 is a lower dimension operation mode, namely
2-dof, this type of manipulator is called variable-dof PM in [14].

Figure 6: The third mode Ks.

5 Singularities and Self-motions

The 4-RUU PM reaches a singularity condition when the determinant of its Jacobian matrix
vanishes. The Jacobian matrix is the matrix of all first order partial derivative of the con-
straint equations with respect to the Study parameters. Since the 4-RUU PM has more than
one operation mode, the singular configurations can be classified into two different types, i.e.
the singularity configurations that belong to a single operation mode and the singularity con-
figurations that belong to more than one operation mode. The common configurations than
belong to more than one operation mode allow the 4-RUU PM to switch from one operation
mode to another operation mode, which will be discussed in Section 6.

The singular poses are examined by taking the Jacobian matrix from each system of poly-
nomial and computing its determinant. From practical point of view, the singularity surface is

desirable also in the joint space. Hence the expression of the Jacobian determinant is added
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into each system K and all Study parameters are eliminated to obtain a single polynomial
in the joint variables ti1, %12, t13,t14. The detail analysis of the singularity conditions in each

operation mode is discussed in the following.

5.1 Singularities in 1st Schonflies mode (K;)

The determinant of the Jacobian matrix is computed in the system K, which consists of five
constraint equations over five variables (1, 2, Yo, Y2, y3). Hence the 5 x 5 Jacobian matrix can
be obtained. The factorization of the determinant of this Jacobian matrix S; : det(J;) = 0
yields three factors. The inspection of the first factor shows the singularity configurations
that lie in the intersection with the system K. However, this factor is neglected since the
systems IC; and Ky do not have configurations in common, i.e. xg, 21, Z2, T3 can never vanish
simultaneously.

The second factor is yo = 0, when the moving platform is coplanar to the base, the 4-RUU
PM is always in a singular configuration. Eventually, the third factor of S; : det(J;) = 0 is
analysed. This factor is added to the system K; and the remaining five Study parameters are
eliminated. Due to the heavy elimination process, the actuated joint angles are assigned as
t11 = —2, t1o = —1, and t;3 = 1/2. The elimination yields a univariate polynomial of degree 14

in ty4 as:

2028993300t4 — 16353282060t 13 + 6239755915712 — 1492629758861 1 + 248592910386t0—
303624070978t + 279023850507t§ — 193904900892t] + 100410321408t§ — 37073611168t5+
8730261899t — 92815624613 — 547298622 + 18830830t, — 1000395 = 0
(30)
Let us consider one singularity configuration of the 4-RUU PM in the 1st Schonflies mode by
solving Eq. (30) for ;4 = 1. Hence the direct kinematics of at least one singularity configuration
can be obtained with 6;; = 126.934°, 615, = —90°, 613 = 53.157°,6,4, = 90° and it is shown in
Fig. 7.

5.2 Singularities and Self-motions in 2nd Schoénflies mode (K»)

The determinant of the Jacobian matrix is computed in the system Ky, which consists of five
constraint equations over five variables. Therefore the 5 x 5 Jacobian matrix can be obtained.
The determinant of this Jacobian matrix S, : det(Jy) = 0 consists of three factors too. The
investigation of the first factor gives the condition in which the mechanism is in the intersection

between the systems ; and Ks. As explained in Section 5.1, this factor is removed.
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Figure 7: Singularity pose in the 1st Schonflies mode ;.

The second factor is y3 = 0, when the moving platform is coplanar to the base, the 4-RUU
PM is always in a singular configuration. Finally, the last factor of Sy : det(Jy) = 0 is analysed.
Due to the heavy elimination process, the actuated joint angles are assigned as t1; =0, t15 = 1,

and t;3 = 0. The elimination gives a univariate polynomial of degree 18 in ¢14 as:

99544625t18 — 1042686200417 + 4293155895¢1¢ — 9293913184t13 + 1051373656417 — 175591
686413 — 14239053636t 13 + 24856530336t11 — 20314694418t19 + 468375822417, + 92888105
7815, — 137081851207, + 104561873328, — 5370369152t%, + 19602204281, — 507121440¢t3,
+89099433t37, — 9580248t 14 + 476847 = 0

(31)

One singularity configuration in the 2nd Schénflies mode can be obtained by solving Eq. (31),
for example t;4 = 1. Then the direct kinematics of at least one singularity pose can be computed
with 6017 = 0°,015 = 90°, 0,3 = 0°, 014 = 90° and it is shown in Fig. 8.

The determinant of Jacobian det(Js) also vanishes in two particular conditions, namely
when all the actuated joint angles have the same values and when the first links of each limb
are pointing inward toward the origin O of the fixed frame Xy. In the first condition, when all
the actuated joint angles have the same values, the moving platform gains 1-dof self-motion.

During the motion, the first links of each limb stay fixed and the moving platform can perform
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Figure 8: Singularity pose in the 2nd Schonflies mode /Cs.

a rotational motion. Let us consider the actuated joint angles being t;; = 0,t15 = 0,13 =

0,t14 = 0 and the 1-dof self-motion is parametrized by x3, as shown in Fig. 9.

Figure 9: Self-motion when 611 = 912 = 913 = 614 =01in ]CQ.

In the second condition, the first links of each limb are pointing inward toward the origin O
of the fixed frame ¥y and the actuated joint angles have the values #;; = 180°, 015 = —90°, 613 =
0°, 614 = 90°. Since the tangent half-angle cannot cover 180°, the self-motion is computed with
the trigonometric functions. Accordingly, the moving platform gains 3-dof self-motion. During
the motion, the first links of each limb stay fixed and the moving platform can perform two
translational motions and one rotational motion. Figures 10-12 show the first translational

motion, the second translational motion and the rotational motion, respectively.
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Figure 11: Second translation of self-motion in KCs.

5.3 Self-motions in Third mode (K;)

Before computing the self-motion of the 4-RUU PM in the third mode K3, the singularity
conditions of the 2-RUU ) and 2-RUU ;1) PM in K51 and K1), respectively, are first discussed.
The determinants of the Jacobian matrices are computed in each system K3;y and K3(rr). The

determinants of these Jacobian matrices consist of eleven factors that are defined as:

53([) : det(Jg(I)) = (t21t23 + 1)(—t23 + tgl)l‘o(t%g + 1)3(15%1 + 1)3... =0

2 3(42 3 (32)
83([[) . det(Jg(H)) = (t22t24 + 1)(—t24 —+ tgg)l’g(tM -+ 1) (t12 -+ 1) e = 0

It can be seen that the first two factors of Ss;y and Ssirp) in Eq. (32) are the necessary
conditions for the 2-RUU ;) and 2-RUU ;) PM to be in the systems K37y and Ks(;), respectively

1
(as explained in Sections 4.1 and 4.2). They are (1.) to = - (021 = m+0s3) and (2.) to; = tog
23

(621 = Bs5) for the 2-RUU ) PM, and (1.) fa — —é (625 = 7+020) and (2.) tas = tas (622 = O21)
for the 2-RUU ;) PM. It means that each configuration in the systems KCs(y) and g7y amounts
to a self-motion.

To investigate the self-motion in the third mode K3 of the 4-RUU PM, let us recall the first
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Figure 12: Rotation of self-motion in /C,.

factors of ideals £; and L;;, which have the same mathematical expressions from Section 4.3.1.
The variable x; can be solved and it yields two equations in terms of the actuated joint angles

only. The first equation is similar to Eq. (28) and the second equation takes the form:

3t2tats — 3ttats + 3t3tct5 — 3tatat: — t3t5ts + 3t5ty + 2Ttats — ttals — 2U5t5t, + 35t — 111343
1513 + 15t2ty — tot3l 4 6t33 — Gt3t5 + t3ty — t3ty — 1115 + 1113 — t3ts + 205ty + totl — 2oti—
12ty + t3t3 + 3t2 — 32+ 32 -3t =0
(33)
The variable x5 is an independent parameter. As a consequence, when all the corresponding
actuated joints are actuated, there is an additional 1-dof rotational motion exhibited by the
moving platform. This motion is a self-motion and it is parametrized by the variable x5. Two
equations in Eq. (28) and Eq. (33) are solved to find the relations among the actuated joint

angles in the self-motion, namely:
1. tll = tlg and t13 = t14 or 911 = 012 and 913 = 814

2. tiy =tg and t1o = ty3 or Oyy = 6014 and 015 = O43
3. t11 = —i and tip = —i or 61 =m+60i3and 015 =7+ 014
13 l1g

Since two 2-RUU PM are assembled perpendicularly as in the 4-RUU PM, only one example
between the self-motion of solutions 1 and 2 is shown. The example of self-motion of solution
2 is shown in Fig. 13 with 617 = 614 = 90° and 0,5 = 613 = 0°. Figure 14 shows the example of
self-motion of solution 3 with #;; = 90°, 615, = 0°, 613 = —90°, 14 = 180°.

Every configuration in the third modes of the 2-RUU;y and 2-RUU ;) PM amounts to a self-
motion. However, when the 2-RUU ;) and 2-RUU ;) PM are assembled to obtain the 4-RUU PM,
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every configuration in the third mode K3 of the 4-RUU PM is not always in self-motion. The
self-motion of the third mode K3 occur if and only if the actuated joint angles (¢11, %12, 113, t14)

fulfil particular conditions.

Figure 14: Self-motion when 6;; = 7 + 613 and 615 = 7 + 614 in Ks.

6 Operation mode changing

There exist common configurations where the mechanism, i.e. the 4-RUU PM, can switch
from one operation mode to another operation mode. These configurations are well known as
transition configurations. Transition configuration analysis is an important issue in the design
process and control of the parallel manipulators with multiple operation modes [2].

However, the 1st Schonflies mode and the 2nd Schonflies mode do not have configurations
in common, since the variables xq, x1, x2, x3 can never vanish simultaneously. It means that the
4-RUU PM cannot switch from the 1st Schonflies mode to the 2nd Schonflies mode directly.
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To change from the 1st Schonflies mode to the 2nd Schonflies mode, the 4-RUU PM should
pass through the third mode, namely system 3. There exist some configurations in which
the manipulator can switch from the 1st Schonflies mode to the third mode or vice versa, and
these configurations belong to both operation modes. Noticeably, these configurations are also
singular configurations since they lie in the intersection of two operation modes.

In the following, the conditions on the actuated joint angles for the 4-RUU PM to change
from one operation mode to another are presented. Each pair of ideals {K; U K;} is analysed

and the Study parameters are eliminated to find common solutions.

6.1 1st Schonflies mode (K;) <— Third mode (K3)

To switch from the 1st Schonflies mode (Ky) to the third mode (K3) or vice versa, one should
find the configurations of the 4-RUU PM that fulfil the condition of both operation modes,
namely (J; U J3). Then all Study parameters are eliminated to find an equation in terms of

the actuated joint angles t11, 19, t13,t14, Written as:

Ot itistiaty, — SAnTtStist], + 1350 303t + SAtiTttEt], — 2704 Tyttt + 135t 11545,
=54t t5tiat], + 270611581565, — 270t [ t15613E5, + 13519415815t 5, — 180613t15t15tY,... = 0

(34)
In this transition configurations, the moving platform is twisted about an axis parallel
to XY-plane of ¥y by 180 degrees and the actuated joint angles fulfil Eq. (34). The three
conditions of the self-motions (1.) t1; = t12 and t13 = t14, (2.) t11 = —1/t13 and t19 = —1/t14,
and (3.) t1; = t14 and t15 = t13 given in Section 5, are contained in Eq. (34). It shows that the
moving platform is in a transition configuration of the 1st Schonflies mode Ky and the third

mode C3 that amounts to a self-motion.

6.2 2nd Schonflies mode (K3) <— Third mode (K3)

To switch from the 2nd Schonflies mode (K2) to the third mode (KC3) or vice versa, one should
find the configurations of the 4-RUU PM that fulfil the condition of both operation modes,
namely (7> U J3). Then all Study parameters are eliminated to find an equation in terms of

the actuated joint angles 11, t19, t13, t14, Written as:

otfH3HIR, — SatlieBeli], + 135230, — 100N + 1350123 0 — Saefiedel
+OHIRS + ST, — 2103, + 540ttt — SA0HAH + . =0
)
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The moving platform of the 4-RUU PM is in a transition configuration between Ky and K3
when the moving platform is parallel to the base and the actuated joint angles fulfil Eq. (35).
The three conditions of the self-motions (1.) t1; = t13 and t13 = ti4, (2.) ¢33 = —1/t;3 and
ti2 = —1/t1y, and (3.) ty3 = t14 and t5 = ti3 given in Section 5, are contained in Eq. (35).
It means that the moving platform is in a transition configuration of the 2nd Schonflies mode
ICy and the third mode K3 that amounts to a self-motion. As a consequence, the transition
between systems Ky and Ky occurs through the third system K3, which is lower dimension
operation mode and amounts to a self-motion. The transition from ICy to Ky through the third
mode K3 with the condition of the actuated joint angles t1; = t15 and t13 = ty4, is shown in
Fig. 15(a)-15(f).

7 Conclusions

In this paper, the method of algebraic geometry was applied to characterize the type of opera-
tion modes of the 4-RUU PM. The 4-RUU PM is initially decomposed into two 2-RUU PM. The
constraint equations corresponding to two 2-RUU PM are derived and the primary decomposi-
tion is computed. It reveals that the 2-RUU PM have three 4-dof operation modes. However,
when they are assembled to be the 4-RUU PM, its operation modes are composed of two 4-do f
Schonflies modes and one 2-dof operation mode.

The singularity conditions were computed and represented in the joint space, i.e., the ac-
tuated joint angles (11, t12,%13,t14). It turns out that every configuration in the 4-dof third
modes of both 2-RUU PM, is always in singularity and it amounts to a self-motion. However,
every configuration in the 2-dof third mode of the 4-RUU PM is not always in singularity,
i.e., self-motion. The self-motion in this operation mode occurs if the actuated joint angles
fulfil some particular conditions, namely (1.) t11 = t19 and t13 = ty4, (2.) t13 = —1/t13 and
ti2 = —1/tyy, and (3.) t1; = t14 and t15 = t13. The 4-RUU PM is able to switch from the 1st
Schonflies mode to the 2nd Schonflies mode by passing through the third mode, which contains

self~-motion.
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Figure 15: Transition from the 2nd Schonflies mode to the 1st Schonflies mode via the third

mode with 811 = 012 and 913 = 914.
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