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Stationary reaction-diffusion systems in L!
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Abstract

We prove existence of solutions to stationary m x m reaction-diffusion systems where the data are in L'
or in LLogL. We first give an abstract result where the “diffusions” are nonlinear m-accretive operators in
L' and the reactive terms are assumed to satisfy m structural inequalities. It implies that the situation is
controlled by an associated cross-diffusion system and provides L'-estimates on the reactive terms. Next
we prove existence for specific systems modeling chemical reactions and which naturally satisfies less than
m structural (in)equalities. The main difficulty is also to obtain L!-estimates on the nonlinear reactive
terms.

Keywords: reaction-diffusion systems, nonlinear diffusion, cross-diffusion, global existence, porous media
equation, weak solutions.
2010 MSC: 35K10, 35K40, 35K57

1 Introduction and main results

Our goal is to analyze the existence of solutions to stationary reaction-diffusion systems in L'-spaces.
We first give a general abstract result for nonlinearities satisfying as many structural inequalities as the
number of equations. This is done in the framework of abstract m-accretive operators in L' spaces for the
diffusion part and the full system is controlled by a somehow “good” associated cross-diffusion system. We
give several examples where this abstract result applies. Then, we provide a general result for more specific
systems associated with general chemical reactions for which less structure holds for the nonlinearities.

We denote by (€2, 1) a measured space where 1 is a nonnegative measure on the set Q with p(Q) < +oo.
We consider systems of the type

Vi=1,...,m,
(8) wi € D(A) N LYQ, dp)™, hi(-,u) € LYQ, dp), (1)
w; + Ajug = hi(,ut, o um) + fi(1) € LY, dp),

where for all t =1, ...,m,

— A; is a (possibly) nonlinear operator in L'(Q, du) (generally a diffusion operator in applications), defined
on D(4;) € LY(Q,du),

— h; : Q2 x R™ — R is a nonlinear “reactive” term,

— fi € LNQ,dp)T = {g € LY(Q,du) ; g >0, p—a.e.}].

We are interested in nonnegative solutions u = (uy, ..., Uy ) € LY(Q, du)*™.
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These systems are naturally associated with the evolution reaction-diffusion systems
Opui(t) + Aui(t) = hi(-,u(t)), t € [0,+00), i =1,...,m. (2)

When approximating these evolution systems by an implicit time discretization scheme, we are led to solving
the following set of equations, for all small time interval At

Vi=1,...,m, n=01,.., u't € D(4),
n+1 n
A ) or a4 (A A — (Ao ) +

n+1

This is exactly the system (S) with unknown u = u"™, up to trivially changing (At)A; into A; and
(JZ, u) — [(At)hz(x, U) + u?(a:)]lggm into (:c, u) — [hZ(JI, u) + fi(x)]lsigm.

The asymptotic steady states of the evolution system (2) are also the solutions u = (uyq, ..., u;,) to the system
{Aju; = hi(-,u),i = 1,...,m, } which is also essentially included in the system (S) up to a slight change of
the operators A;.

The kind of operators A; we have in mind are :

— The Laplacian u — —Awu on a bounded open set Q of RY with various boundary conditions on 5.

— More general elliptic operators u — — SN 9, (Zf\il ij ()0, u + bm) on the same 2, with various
boundary conditions as well.

— Nonlinear operators of porous media type like u — —Ap(u) where ¢ : R — R is an increasing function,
again with different boundary conditions on 0f).

— Nonlinear operators of p-Laplacian type like u — —Apu := =V - (|[Vu[P~2Vu) where p € (1,400) and |- |
is the euclidian norm in RY.

— Classical perturbations and various associations of all of those.

All these operators will satisfy the assumption (A) below which means that each A; is an m-accretive
operator in L!(Q, du) whose resolvents are compact and preserve positivity, namely the following, where I
denote the identity :

Vi=1,..,m
A;: D(A) € LYQ,du) — LY(Q,du), and for all A € (0, +oo)
(A){ (A1) m — accretivity : I + AA; is onto and (I + AA;)~lis nonexpansive, (3)

(A2) positivity : [, sign™ (u;)Au; > 0,Y u; € D(4;),
(A3) compactness: (I +\A;)~!: LY(Q,du) — LY(Q,dp) is compact.

Here I denotes the identity on L'(£2,du) and in (As), we define sign~(s) := —sign*(—s), Vs € R where
sign™(s) :=1, Vs € [0,4+00), signT(s) =0, Vs € (—00,0).
This implies immediately that (I + AA4;)~' (LY(Q,dp)™) € LY(Q, dp)™ since then, for g € L*(Q,dp)* and

0> / sign” (u;)gdp = / sign™ (u;)[u; + AAju;] dp > / w, dp = u; =0 pu—a.e.
Q Q Q

For simplicity, we consider only single-valued operators A;, but everything would also work for multivalued
m-accretive operators A;.

The nonlinear reactive terms h; will preserve positivity as well. We assume that, for all i = 1,...,m :

(1) hi : @ X R™ — R measurable ;

(2) hi(-, R) = sup{|h;(-,r)[; |r| < R} € LY(Q,dp)™, YR € [0, +00) ;

(3) r € R™+— h;(-,r) is continuous ;

(4) quasipositivity : h;(-,r1,...,7-1,0, 741, ..., ) > 0, V1 € [0, +00)™

(H1)



Moreover, the nonlinear reactive terms h; we are considering are those for which mass conservation or, more
generally, mass dissipation or at least mass control holds for the associated evolution system (2). It is the

case when the h;’s satisfy a relation like Z hi(-,r) <0 for all € [0,4+00)™ or more generally

i=1
(H2) Zaihi(~,r) < Zbﬂ“me('), w e LYQ,du)™, for some 0 < b; < a;,i = 1,...,m, 7 € [0,4+00)™. (5)
i=1 i=1

As we will see, this structure naturally implies an a priori L!-estimate on the solutions u; of the system (S)
(see Proposition 2.2), together with “standard operators” A; by which we mean

(Ainf) aoo :=inf {/ Aju; dp,u; € D(A;) N Ll(Q,du)+} > —oo foreachi=1,....,m. (6)
Q

This assumption essentially holds when 0 € D(4;),i = 1,...,m. It also holds with most diffusion operators

with non homogeneous boundary conditions (see Section 3) except a few ones : this is discussed in Remark
3.4.

Actually, the main point will be to get a priori L!-estimates even on the nonlinearities h;(-, u) where u
is solution of System (S). This will be satisfied if more structure is required on the nonlinear functions h;,
namely (using the natural order in R™) :

There exist two m x m matrices My, M; where
(M) < My is invertible, with nonnegative entries and such that (7)
Moh(-,r) < Myr +0O(-), Vr € [0,+00)™, © € L*(Q, du)™™.

Applying the matrix My to the system (5) leads to the following set of m inequalities for an associated
cross-diffusion system :

Mou + MyAu = Moh(', ’LL) + Mof < Myu+ © + Myf,

Where we denote Au = (Aiuz‘)lgigm, h(,u) = (hi(-,u))lgigm and f = (fi)lgigm'

As proved in Proposition 2.3, this will imply an a priori estimate of h;(-,u),i = 1,...,m in L*(Q, du). More
precisely, we will consider an approximate problem where the nonlinearities h; are replaced by truncated
versions h'. Then (M) will imply that h?(-,u") is bounded in L'(£,du) for the approximate solutions
u™. The compactness of u" in L'(€2,du) will then follow. Thus up to a subsequence, u" will converge in
LY(Q,dp)™ and p-a.e. to some u and h?(-,u™) will also converge p-a.e. to h;(-,u) for all i. But this is not
sufficient yet to pass to the limit in the system since one essentially needs the convergence of hl'(-,u") in
LY(Q, du). Tt is the case if h?(-,u™) is uniformly integrable, by Vitali’s lemma. This will hold if we add the
following technical assumption which is some kind of compatibility condition between the various operators

A;. It will be satisfied in the examples of Section 3.

|r| =400

Jq sign™ (p(u) — k)b - MoAudp > 0, Yu € D(A) N LY(Q, dp)t™, Yk € [0,400), D(A) := %, D(4;).
(8)

@) { There exist ¢ : [0, +00)™ — [0, 4+00) continuous with  lim ¢(r) = 400 and b € (0, +00)™ such that
P

We now state our abstract result. It will be proved in Section 2 and applied to several explicit examples
in Section 3. We refer to [11] where this kind of results and examples were already widely discussed and
analyzed.



Theorem 1.1 Assume that (A),(H1),(H2), (Ains), (M), (®) hold. Then the system (S) has a solution for
all f € LN, du)*™™.

As already explained, the assumption (M) means that m independent inequalities hold between the m
nonlinear functions h;. But many systems come with less than m such relations. The following 2 x 2 system
satisfies only one relation of type (H2) and not (M):

— diAuy = (B — a)[u§ us? — uf uh?] + fi = ha(ur,ug) + fi,
ug — daAug = (Bo — aa)[ud uh? — uSu§?] + fo =: ho(ur, uz) + fo, (9)
Oyu1 = 0= 0,us on 01,
where for i = 1,2, d; € (0,+00),a;,3; € {0} U[L,+o00), f; € LY(2)F,Q C RY equipped with the Lebesgue
measure. This kind of nonlinearity appears in reversible chemical reactions with two species, namely

a1 Ay + Ay = 1A + B2As. (10)

Here (81 — a1)(f2 — a2) < 0. The nonlinearity h; and he are quasipositive but satisfy the only one relation
y2h1 + y1he = 0,7; := |B; — a;|. Tt turns out that existence indeed holds for system (9) when f; € L'(Q)*
for all i, as we prove it here. Actually we prove existence for a general class of such “chemical systems”
when f; € LY(Q)" and also f;log f; € L'(£2). This is the second main result of this paper. Let us consider
the system
Foralli=1,...,m
(CHS) w; — d;Au; = (ﬁz — Oéi) <k‘1Hk 1uk kgﬂk 1UL > + fi, (11)
Oyu; = 0 on 012,

where k1, ko € (0,+00) and, for all i = 1,...,m, d; € (0,+00),a;, 3; € {0} U[1,+00) and f; € L*(Q)* where
Q is bounded regular open subset of RY and where

I={ie{l,..m}; ;=B >0}, J:={je{l,..m}; Bj —a; >0}
satisfy : (12)
I#40, J#0, IUJ={1,..,m).

We denote by |I| (resp. |J|) the number of elements of I (resp. J).

Theorem 1.2 Assume that f; € LY(Q)7T, f;log f; € LY(Q) for all i =1,...,m. Assume also that |I| <2 (or
|J| < 2). Then there exists a nonnegative solution u € WL1(Q)™™ of (CHS) with hi(u) € LY(Q) for all
i=1,...,m. If moreover m = 2, then the same result holds if f; € L*(Q)",i = 1,2 only.

Remark 1.3 System (11) arises when modeling a general reversible chemical reaction with m species,
according to the mass action law and to Fick’s linear diffusion. In fact, it also contains systems written
more generally as

v = dildvi = s (KT o — KolT ot ) +
where A\; € R, \i(Bi — a;) > 0,7 =1,...,m. Indeed, we may go back to the exact writing of (11) by setting
i = (B — cw)vi/ N, k1 o= KalLg [N/ (B — )™, ko == KaIlp[Ar/(Be — )™, fi = (8; — ) fi/ Ns.
On the other hand, it does not include systems like

Uy — dlAul = +[u:1)’u§ — u%ug’} + f1 (Z u%u%[ul — ’U,Q] + fl),
Uy — doAug = —[u‘;’u% — u%u%} + fo.

Here the condition \;(8; — a;) > 0 is not satisfied.



Remark 1.4 Note that besides the 2 x 2 system (9), Theorem 1.2 contains as particular cases some favorite
systems of the literature like
hz(u) = (_1)1[/“?1”?3 - u§2]7 1= 172737 0417043752 S [17 +OO)7
hz(u) = (—1)i[U1U3 — ’U,QU4], 1= 1, 2, 3,4.
We may use Remark 1.3 to write them as in (11). Analysis of systems of this kind may be found for instance
in [12], [7], [18], [13], [9], [5], [6], etc.

In fact Theorem 1.2 applies to quite general systems like, for instance, those obtained by multiplying the
above 3 x 3 (resp. 4 x 4) example by u{ ug’u3® (resp. uj'us?uz’uy*) where o; € [0,+00). They lead to the
following nonlinearities

i) = M — T ),
where m = 3 (resp. m = 4) and \;(B; — ;) > 0. Actually, Theorem 1.2 applies also to these same
nonlinearities when m = 5. Indeed, since I U J = {1,2,3,4,5}, it follows that I or J contains at most two
elements.

We believe that the result of Theorem 1.2 holds even if |I| and |J| > 2. But it is not clear how to extend
our main Lemma 4.2 to the general case. We leave this as an open problem.

Remark 1.5 Theorem 1.2 provides a solution u such that h;(u) € L*(2). It is easy to write down explicit
examples where the nonlinear terms Hkug’“,ﬂku’gk are not separately in L'(2). For instance, let N > 4
and let us introduce the following function ¢ where 7 := |z|,x € Q := B(0,1) C R, b€ (N/2,N —2),c €
(0, +00):
o(r) =r+br+e,V0<r<1,
=0—Ao=ff(r)=c+r P +br+bN—2—-b)r 2 _p(N —1)r~L, o'(1) =0,

where ¢ is chosen large enough so that f > 0. Note that f € LP(2),p € [1, N/(b+ 2)). Let us now consider
the solution (which exists by Theorem 1.2) of the system

uy,ug € WHL(Q), u3 —u} € L1(Q),
up — Auy = u3 —u? + f/2,

uz — Aug = —[u3 — ui] + f/2,
O,u1 = 0,us = 0 on ON.

Then (u1 +ug) — A(ug +ug) = f, 0y (ug +uz) = 0 on Q. Thus uy +us = 0. But uy, us cannot be in L?(12)
since o is not in L?(§2) by the choice of b > N/2.

Remark 1.6 It is classical that an entropy structure holds in System (11) since

m

Z[log u; + pilhi(u) = —[log (k117 ug*) — log (k:gﬂzlzlugk)][klﬂzl:lugk — koIIJL jupk] <0,

i=1
when choosing p; := [log k1 — log k2] /[m(ci; — B;)]. Under the assumptions of Theorem 1.2, and in particular
the LLogL assumption on the f;, we have the estimate

m v i2 m m
/Z[loguier]uz-eri' il S/Z[loguﬂrm]fié/Zfilogfﬂr(m—l)fﬂruz',
@ =1 Q=1 € =1

Uj

where, for the last inequality, we use the Young’s inequality (75) with r = f;, s = logu,.

But we will not use here this stucture in the proof of Theorem 1.2. Our strategy will consist in proving
that the nonlinearity h;(u) is a priori bounded in L'(€2). Then adequate compactness arguments allow us to
pass to the limit in the approximate system. Note that the entropy inequality provides the extra information
that V,/u; € L?(Q) for the solutions obtained in Theorem 1.2 when f;log f; € L'(Q),i = 1, ..., m.



Theorem 1.1 will be proved in Section 2, examples of applications are given in Section 3 and the proof of
Theorem 1.2 is given in Section 4.

2 Proof of Theorem 1.1

Since p is fixed, we will most of the time more simply write L!(Q), L*(Q)* instead of L(Q, du), L' (2, du)*.
We will use the natural order in R™ namely [r < 7 < r; < 7,4 = 1,...,m| and we also denote r* :=
(rf k).

Lemma 2.1 Let f = (f1,..., fm) € L*(Q)T™. We set

hi(z,r)

hi(z,r) = -
L+ n=1) [y, r)]
j=1

, Vi=1,....,m, reR™ x€Q. (13)

Assume that (A) and (H1) hold. Then the following approrimate system

(5™ { Vi=1,..,m, u? € D(4;) N LYQ)T, (14)

has a nonnegative solution u™ = (uy,--- ,ul,).

Proof. We consider the mapping 7 : v € L*(Q)™ — w € L'(Q)™ where w = (w1, ..., wy,) is the solution of

{ Vi=1,..,m, w; € D(4;),

wi + Agw; = h (-, 0T) + f;(4) in LYQ, dp), (15)

where v := (v],...,v;}). The mapping T is well defined since |h?(z,7)| < n for all (z,7) € Q x R™ and

s Um

f € LY(22)™ so that the solution is given by
wi =+ A) (AT + fi), i=1,..,m.
Moreover [[h'(-,v) + fill 1) < n () + || fill L1y =: M. Let
Ki=I+A)" [{geLQ); gl <M}, K=K x..xKycCL' Q)™

By assumption (A) and in particular (43), K is a compact set of L'(2)™ and K D T (L'(2)™). On the
other hand, we easily check that 7 is continuous. Thus 7 is a compact operator from L'(Q)™ into the
compact set K C L1(Q)™. By Schauder’s fixed point theorem (see e.g. [21]), T has a fixed point u™. This
means that «” is solution of (S™).

To prove the nonnegativity property of u", we multiply the i-th equation by sign™(ul

and integrate to
i g

obtain, using / sign™ (u;)Au; > 0 (see (A2)),
)

/ (uP)~dpu < / [sign™ (uP)REC, (u™)*) + sign™ (ul) fi] ds.
Q Q

By the nonnegativity of f; and the quasipositivity of h; assumed in (H1), the integral on the right is
nonpositive so that /(uf)d,u <Ooru}>0pu—ae. O
Q

We will now progressively obtain estimates on u” independently of n. We start with the control of the total
mass of u”.



Proposition 2.2 Assume that (A), (H1), (H2), (Ainy) hold. Then there exists C € (0,400) independent
of n such that the solution u™ of the approzimate system (S™) satisfies

<
max. il ) < C.

Proof. According to (H2), we multiply each equation by a; and we add them to obtain

Zai(u?—l-Aiu?):Za[h Jup) + fi] < Zbu + a; fi].
i=1 i=1 i—1

We use (Ajny) to obtain

n

Z(ai — bz)/ uprdp < —aso iai + i ai/ fidpu.
& i=1 i=1 YO

i=1
Using a; > b; for all ¢ yields the estimate of Proposition 2.2. O

We now prove that the nonlinearities are bounded in L' independently of n.

Proposition 2.3 Assume that (A), (H1), (H2), (Ainf), (M) hold. Then there exists C' € (0,+00) inde-
pendent of n such that the solution u™ of the approximate system (S™) satisfies

max [A2(-, )|y < C.

1<i<m

Proof. According to the assumption (M), let us multiply the system (S™) by the matrix My. As before,
we denote

Au" = (Agu”, . Apu™), R u™) = (BTG u™), b (o u™)) s f = (fy e i)
Then
Mou™ + MoAu"™ = Moh™(-,u") + Mo f < Mju" + © + My f. (16)

Since the entries of My are nonnegative, and thanks to (A;,f) and the nonnegativity of u”, there exists
Coo € [0,400)™ such that

/[Mou" + MoAu"]dp > —Co which implies /[Moh"(-, u") + Mo fldp > —Cx.
Q Q

We deduce
/[Mlu" +0 — Moh"(-,u")]dpu < Coo + / [Miu™ +© + My fldu < Do € (0, 4+00)™
Q Q

the last inequality using also Proposition 2.2. As the function Mju™ 4+ © — Myh™ (-, u™) is nonnegative, these
inequalities provide a bound for its L!(Q)™-norm. It follows that Myh"(-,u™) is also bounded in L!(Q)™
independently of n. Since My is invertible, we deduce that h"(-,u") is itself bounded in L*(£)™: indeed if
| - | denotes the euclidian norm in R™ and || - || the induced norm on the m x m matrices, we may write

(A" (- u™)| = [ Mg Moh™ (-, u™)] < || Mg || Moh™ (-, u™)

Whence Proposition 2.3. O



Proposition 2.4 Assume that (A), (H1), (H2), (Ains), (M), (®) hold. Then, if u™ is the solution of the
approzimate system (S™), {h"(.,u™)}n is uniformly integrable in Q@ which means that, for all € > 0, there
exists 6 > 0 such that for all measurable set & C )

u(E) <6 = / Z |h(c,u")|du < e for all n.
L)

Proof. By Proposition 2.3, we already know that h"(-,u™) is bounded in L!'(Q)™. Let us prove that the
extra condition (®) implies that it is even uniformly integrable.

First, since ul = (I + A;)*(h"(-,u™) + f;), the compactness condition (A43) in (3) implies that, for all
i=1,...,m, u? belongs to a compact set of L!(Q).

Let us show that Myh™(-,u™) is uniformly integrable. Since My is invertible, this will imply that A" (-, u™)
is itself uniformly integrable and end the proof of Proposition 2.4.

We will successively prove that (Moh™(-,u™))* and (Moh™(-,u™))” are uniformly integrable.

Note that by the definition (13), Ah"(-,u") < h(-,u™). We may write (recall that the entries of M, are
nonnegative)

Moh" (-, u") < Moh(-,u") < Myu" +© = (Moh"(-,u"))" < (Myu")* + ©, (17)

Since u" is in a compact set of L(2)™, so is (Mju™)T and it is in particular uniformly integrable. We then
deduce from the last inequality that (Moh"(-,u™))" is uniformly integrable.

To control (Myh™(-,u™))~, we go back to (16) and, using (17), we rewrite it as follows

Mou™ + MoAu™ + (Moh"(-,u™)) ™ = (Moh" (-, u™))* + Mo f < (Myu"™))" +© + Mo . (18)

According to (®), we multiply this inequality by sign™(p(u") — k)b. By (®) on one hand and by the
nonnegativity of ", b and of the entries of My on the other hand, we have

/ sign™ (p(u") — k)b - MoAu"dp > 0, / sign™ (p(u™) — k)b - Mou"du > 0, Vk € [0, +00).
Q Q
Combining with (18), we deduce

/QsignJr(go(u") — k)b (Moh™(-,u"))” du < / sign™ (p(u™) — k)b [(Miu™)" + O + Mof] du.  (19)

Q
Since ‘ |lim o(r) = oo, for all k € [0,400), there exists R(k) such that [|r| > R(k)] C [¢(r) > k] and
r|—+o00
therefore
[lu"| = R(K)] C [p(u") = K], p — a.e.. (20)

Let E C Q) be a measurable set. Then

[ vty du < b (Mah" ™) dp+ [ b (Moh" (-, ™)™ dp = I" + T
E ErlJun|<R() EAlJun|>R(K)

If we denote ¢ := max{¢(r);|r| < R}, then R € [0, +00) — ¢g € [0,+00) is a nondecreasing function such

th(at)][cp(r) > k] C [|r| > 1(k)] where 9 (k) := inf ¢ ([k, +00)). By (20) and (19) and [p(u") > k] C [Ju”| >
P(k)], we have

n< / b [(Miu™)" +© + Myf] du < / b [(Myu™)" +© + Myf] dp. (21)
[p(un)>k] [lum | > (k)]

8



Since u™ lies in a compact set of L'(Q2)™ and lim (k) = +oo, then lim pu([Ju™| > v (k)]) = 0 uniformly
k—4o0 k—4o00

in n. Thus, given ¢ € (0, 1), there exists k = k. large enough so that
I < ¢/2 for all n. (22)

We can also control I” as follows. We remark that (see assumption (2) in (H1))

[u"] < R(ke) = [hi'(,u")] < [hi(, u")| < ha(, R(k2))-

This implies that for some B € (0, +00),

s /E ey b MR ) < /E B3 Tl R(ko) (23)

We may choose ¢ small enough (independent of n) such that
wE) <6 = / > hi(- R(ke)) < £/2B.
Ei=1

Combining with I < e/2 proved above (see (22)), we deduce that b- (Moh"(-,u™))~ is uniformly integrable.

Since b € (0,+00)™, this implies that (Moh™(-,u™))” is itself uniformly integrable. We already know that

(Moh™(-,u™))" is uniformly integrable. Thus so is Myh"(-,u™) and this ends the proof of Proposition 2.4.
O

Proof of Theorem 1.1. We consider the solution u™ of the approximate system (S™) built in Lemma 2.1.
By Propositions 2.2, 2.3, 2.4, up to a subsequence as n — 400, we may assume that u” converges in Ll(Q)m
and p-a.e. to some u € L*(Q)*™. Moreover, by definition of h? (see (13)) and the continuity property of h;
assumed in (H1), h'(-,u™) converges p-a.e. to h(-,u). Moreover h"(-,u") is uniformly integrable. By Vitali’s
Lemma (see e.g. [20] or [8]), h™(-,u™) converges also in L1 ()™ to h(-,u). Since u? = (I+A4;) " (h"(-,u™)+f;)
this implies that w; = (I + A; ' (h(-,u) + f;) which means that u is solution of the limit system (S) and this
ends the proof of Theorem 1.1. O

3 Examples

In all examples below,  is a bounded open subset of RY with regular boundary and equipped with the
Lebesgue measure.

3.1 Examples with linear diffusions and homogeneous boundary conditions

We start with a simple example associated with the Laplacian operator with homogeneous boundary
conditions.

Corollary 3.1 Assume the nonlinearity h = (hq, ..., hy,) satisfies (H1),(H2),(M). Let d; € (0,+00), f; €
LY ()i =1,....m. Then the following system has a solution

foralli=1,...,m;
ui € Wyl ()T, hi(-,u) € LY(Q), (24)
U; — d,Au, = hz(,u) + fz



Proof. We consider the operators

{ D(4;) = {u e Wy (Q) ; Aue LN(Q)}, (25)

Au = d;Au.

It is classical that these operators A; satisfy the three conditions of (A) in (3) (see e.g. [4]). Since 0 € D(4;),

as already noticed just after (6), (Ainyr) is also satisfied. And for (®), if we denote Mo = [myj]i<ij<m, We

choose @(r) == >0 (5o myj) djrj, b= (1,...,1)" € (0,+00)™. Note that > 7", m;; > 0forallj =1,..m

since m;; > 0 and My is invertible. In particular, liril o(r) = 400). Then, if u € D(A),k € (0, +00),
—+0o0

I”|

/QsignJr(go(u) — k)b MpAu = — /Q sign™ Z mijdju; —k | A Z mijduj | > 0. (26)
ij=1 ij=1

Then we may apply Theorem 1.1. ]

Remark 3.2 As examples of functions h, we may for instance choose

m =2 ;03 € {0}U0,40),i=1,2, A€ (0,1)

— )\,,01,,02 B1, B2
hl(',ul,uz) - )\u11U2 - Ul U2 3
ho(-, ur, ug) = —uftug? + uj uy®.

We easily check that (H1) holds and that (H2) is satisfied with a; = 1,b; = 0 for all ¢ and w = 0 (in other
words hy + hy < 0). Moreover (M) is satisfied with M; = 0,0 = (0,0)* and

11
m=(1 )

Note that for A = 1, My is not invertible so that only one relation h; 4+ hy < 0 holds and Theorem 1.1 does
not apply. This kind of systems is considered in Theorem 1.2. O

e Here is another example of a nonlinearity h = (hq, ha, h3) which satisfies the corollary.

iy, a2

m=3,q; € [1,400),i = 1,2,
h1:U3—u1 Uy :hQZ—h3.

The corresponding evolution problem is studied in [19] for N < 5, [15] for any dimension N with a1 = ag =1,
and in [12] where (a1, a2) € [1,+00)%.

Here (H1) is obviously satisfied and so is (H2) with a; = 1,9 =1,2,a3 = 2,b; = 0,7 =1,2,3,w = 0. Then
(M) is satisfied with © = (0,0, 0)¢ and

1 00 00 1
My=|010 ]|, Mi=|001
11 2 000

A main point here is that the dependence in ug is linear. When it is superlinear, the system does not fit
any more into the scope of Theorem 1.1. It is however analyzed in Theorem 1.2.

0
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3.2 About more general linear diffusions

Let us now make some comments on the following example where diffusions are more general than in
Corollary 3.1.

ui € Wy (Q), hi(u1,uz) € LYQ),i=1,2,
N
ur = Y @30 ur = ha(ur, ug) + fi,
=1 (27)
N
ug = Y bijOusuz = ho(ur, ug) + fa,
ij=1
where
N N
aij by €R, Y aii&iy, Y big&ily = alé? o€ (0,+00), V€= (&1,...,&n) € RY. (28)

1,j=1 1,j=1

We consider the operators
D(A;)[resp. D(A2)] := {v € Wol’l(Q), Zﬁlj:l ijOz;x; v [rESD. Z%‘:l bijOz,z,;v] € Ll(Q)} ,

N N
Al’l) = E aijagwjv, AQU = E bijaxmj’u.

ij=1 ij=1

It is easy to see that the assumptions (A), (A, f) are satisfied. Thus if (H1),(H2), (M) are satisfied like
in Corollary 3.1, then for the approximate solutions u™ of this system, as defined in the proof of Theorem
1.1, it follows that u™, h"(-,u") are bounded in L!(€)? and u" lies in a compact set of L'(Q)2. However, the
extra condition (®) is not satisfied in general so that it is not clear whether A" (-, u™) is uniformly integrable.
Actually, we have to choose here a different strategy with does not seem to be generalized to the abstract
setting of Section 2. It consists in looking at the equation satisfied by Ty (u} + nuly) where T} is a cut-off
function. It is then easy to pass to the limit in the nonlinear terms of the truncated approximate system
since they are multiplied by T} (u} + nu%) which vanishes for u]" large for all . Therefore a.e. convergence
is sufficient to pass to the limit. The difficulty is then to prove precise estimates independent of n, in terms
of n, in order to control the other terms as it done in the parabolic case (see [16], [17], [13]). This approach
through cut-off functions T} is precisely developed in Section 4 to prove Theorem 1.2 and we refer the reader
to this other approach without giving more details here. O

3.3 Examples with linear diffusions and Robin-type boundary conditions

Now we analyze what happens for systems like (24) when the boundary conditions are different. If
we replace the homogeneous boundary conditions of (24) by homogeneous Neumann boundary conditions,
then the result is exactly the same. On the other hand, the situation is quite more complicated if the
boundary conditions are of different type for each of the u;’s. This is actually connected with the content
of the assumption (®). For simplicity, we do it only for a 2 x 2-system. Given a nonlinearity h satisfying
(H1),(H2),(M), we consider the following system with general Robin-type boundary conditions.

i=1,2,
u; € Wl’l(Q)+, hi(ul,uQ) S Ll(Q),
u; — diAu; = hi(ug, uz) + fi, (29)

i + (1 — )\Z)ayuz = ); on 0L,
Ai € [071}7di € (0,—{—00),1[)1' € [0,—|—OO), Ji € Ll(Q)+'

11



Corollary 3.3 Let (f1,f2) € LY Q)T x LY Q). Assume the nonlinearity h satisfies (H1),(H?2),(M).
Assume moreover [0 < Ay, Ao < 1] or [A\1 = Ao = 1 and ¥y = 19 = 0]. Then the system (29) has a solution.

Remark 3.4 It is known that the case when one of the \; is equal to 1 is different (see the analysis in
[14]). For instance, finite time blow up may occur for the associated evolution problem when the boundary
conditions are u; = 1,0,us = 0 (see [2], [3]). Then the operator A; does not satisfy (A;,f) as easily seen
by considering (as in [14]) the following simple example: u,(z) := cosh(ox)/cosh(o) on Q := (—1,1) with
o € (0,+00). Then ug > 0 and uy = 1 on 0Q. But — [, uy = u,(—1) —u, (1) = —o00 as 0 — +o00. Here we
consider only the cases that directly fall into the scope of Theorem 1.1. A few other cases could be treated
directly like A1 = Ao and positive data 11,12 or also Ay = 0 # Ay and ¥ = 0.

Proof of Corollary 3.3. Here we define
{ D(B;) = {u € W21(Q); Niu; + (1 — \;)0,u; = ; on 99},
Biu = —d;Au;.
Then the closure 4; of B; in L'(Q) satisfies the assumption (A) (see [4]).
e Let us first assume 0 < \; < 1,7 = 1,2. Then, for u; € D(B;)

/ Biu; = —/ d;Au; = —/ d;0yu; = d; / (1= X)) Oy — i) > —di(1—\) 7! / ;.
Q Q Q Q Q

This remains valid for A; by closure. Thus the assumption (A;,f) is satisfied. For the condition (®), we
come back to (26) with the same ¢, b. Let p,(r) be a standard approximation of sign™(r — k) like

pg(r) =0, Vr e (—oo,k—1/q]; pg(r) =q(r—k)+1, Vre[k—1/q,k]; p(r) =1, Vr € [k, +00). (30)
Then, for u; € D(Bj),j =1,2 and for V := Zij:l m;jd;u;

/Q palip(u) — k)b - MoBu = /Q PL(V)[VV[ - /a RIGEE /d V)LV

2
[ nav = [ p V) Y mids1 =0 s )
20 o9 !
If ; =0forall j =1,...,m, then — faﬂ pq(V)0,V > 0 and letting ¢ — +00, we obtain that B and therefore
A satisfies the condition (®). When ¢; # 0 for some j, we only obtain

m
/ sign™ (¢(u) — k)b - MyBu > —/ signt(V — k) Z mijdi(1 — X)) by = —n(V, k).
Q a0 ]
The point is that we can slightly modify the proof of Theorem 1.1 to get the same conclusion with this
weaker estimate from below. Indeed, in the present case, we have to add the term 7n(V,,, k) in the inequality
(19) where V,, = Z?,j:l mijdjul. Since n(Vy, k) tends to 0 as k — +oo uniformly in n, the rest of the proof

remains unchanged if we choose k. large enough so that n(V, k.) < ¢ also.
e Assume now that \; = A2 = 1. Then we make the same choice as in (26) and we see that

2 2
—/ sign™ (o(u) — k)b - MoAu > —/ sign™( Z mijdiv; — k)0, ( Z mijdju;) > 0,
Q o0 ij=1 ij=1
since uj; > 0,u; = 0 on 92 imply that d,u; < 0 on 0.

For the same reason, (A;,r) holds since —/ Au; = —/ Oyuj > 0. O
Q o0
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3.4 Examples with nonlinear diffusions

Let us now consider nonlinear diffusions.
e We start with porous media type equations.

For i=1,...,m,
ui € LYQ)T, oi(us) € Wyl (Q), hi(u) € LY(Q), (31)
u; — Api(ug) = hi(u) + fi,

where ¢; : [0, +00) — [0,+00) is continuous, increasing with ¢;(0) = 0, SEI—iI-loo s~ N=2T/N o (5) = +oo.

Corollary 3.5 Let (f1, -+, fm) € (LY(Q)7)™. Assume the nonlinearity h satisfies (H1), (H2),(M). Then
the system (31) has a solution.

Proof. We naturally define

{ D(A;) = {u;i € LNQ) 5 ¢i(wi) € Wy (Q), Agi(us) € LHQ) },

It is classical that the operators A; satisfy the assumptions (A), (Ai,f) (see [4], [1]). To check that (®) is
satisfied, we consider r € [0, +00)™ = ¢(r) := 3 1"%_; myjp;(ry) and b:= (1,...;1)". Then

/QsignJr(@(U) — k)b MoAu = —/QsignJr(Z mijei(ug) —k)A | D mijp;(ug) | > 0.
i,j=1 tj=1

We then apply Theorem 1.1. ]

e A second example with nonlinear diffusions is the following where p € (1, 400) :

Fori=1,2,
ui € Wy P H (), fi € LHQ), d; € (0, +00), (32)
wi — diApu; = hi(ui, uz) + fi,

where for v € WHP=1(Q), Ayv := V - (|Vo|P~2Vv).

Corollary 3.6 Let (f1, f2) € LY(Q)t x LY (Q)*. Assume the nonlinearity h satisfies (H1), (H2), (M). Then
the system (32) has a solution.

Proof. Here we define for ¢ = 1,2

{ D(B;) :={v e WyP(Q)NL3(Q) ; Ay € L2(Q)},
BZ(U) = —di APU.

And the operators A; are defined as the closure of B; in L'(2). Then the assumptions (A4), (A f)
satisfied (see e.g. [10]). Let us prove that (®) holds. For p, defined as in (30) and 4; € D(B;),i = 1,2, we
have

- / D (1 + U2) (Aply + Aptin) = /(Vﬁl + Vﬁg)(|Vﬁ1‘p72Vﬂ1 + |Vﬁ2‘p72Vﬁ2>]);(ﬁ1 + 4g).
Q Q
The mapping 7 € RY + |r|P is convex. Therefore its gradient » € RY + p|r[P~2r € RY is monotone, which
means

(’I"l — 7"2) . (‘7‘1|p_27‘1 — |r2]p_2r2) >0, VT‘l,’PQ S RN.
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We apply this with r1 := Vi (x),r0 := —Vias(z),z € Q to deduce after integration on Q:

— pq(ﬁl + ﬁg)(Apﬁl + Apﬁg) >0

S~

And letting ¢ — +o0 gives — [, sign™ (41 + 2 — k)(Apty + Apiip) > 0 and by closure
/ sign+(ﬂ1 + Uy — ki)(Alﬂl + Agﬂg) >0 Vu € D(Al),\V/UQ € D(AQ) (33)
Q

For the condition (M), we choose
b= (1,1, @(r1, ) == c1m1 + cora, ¢ := {(ma1 +man)di } PV ey = {(mar + ma)dy}V/ P~V
where My := (mij)1§i7j§2. Then for u; € D(Al),UQ € D(AQ), U= (ul,u2),
2
/QsignJr(cp(u) — k)b MpAu = /Qsz‘gn‘*'(clul + cous — k) Z mi;jd; Aju;
i5=1
= / sign™t (cru1 + coug — k)[A1(crur) + Az2(coug)]
0
> 0,

the last inequality coming from (33) applied with @; := c¢juq, o := cous. This ends the proof of Corollary
3.6.
O

e To end this section, let us comment on the following system which is a model of situations where the
operators A; are very different from each other :

p#2
up € WiPH Q)T ug € Wt (),
h17h27f17f2 S LI(Q)7 (34‘)

w1 — Apur = hy(u1,u2) + fi,
ug — Aug = ha(ug,uz) + fo.

As a consequence, the compatibility condition (®) is not generally satisfied. However, if the nonlinearity h
satisfies (H1), (H2), (M), then for the approximate solution u" defined in Section 2, h™(-,u") is bounded in
LY(2) x LY(Q) and therefore u™ lies in a compact set of L*(Q) x L!(€2). Thus we may assume that, up to a
subsequence, u" converges to some u in L'(Q) x L'(Q) and a.e. so that h"(-,u™) converges a.e. to h(-,u).
Unfortunately we do not know whether we can pass to the limit in the approximate version of system (34).
And it is not clear how the use of cut-off function T} as in the next section can help. We leave this as an
open problem. ]

4  Proof of Theorem 1.2

For each k = 1,...,m, we define oy, := min{ay, B}, 7 := |ax — Bk| so that (see (12) for the definition of
I,J):

hi(u) = (Be — o) (72 1up¢) B(u), B(u) = killicru]* — :ICQHjGJU}j. (35)

We first solve the approximate system with the bounded data f* := inf{f;,n},n € N.

14



Lemma 4.1 There exists a nonnegative solution u” € Npep o) W>P(Q)T™ of

Fori=1,...,m,
ull — d;Aul = (B; — o )IITL, (u)7% B(u™) + £ in Q, (36)
0,u; = 0 on 0f2.

Moreover, we have

Yui +viug — Alydivi + vidjuf) = fi +vfi Vie L j e J, (37)
and u™ is bounded in L'*(Q)™ for some n > 0.
Proof. By the abstract Lemma 2.1, for € € (0, 1), there exists a regular nonnegative solution u® of

For:=1,...,m,
ui — didug = (B — o)
Oyu; =0 on O

I (uf) 7 B(u)
1+ & [Mmym (ug) ¥ + T (ug)Pr |

+ fi" in Q, (38)

Indeed the nonlinearity is here quasi-positive and uniformly bounded by max;v;/e. Then by multiplying
the equations in i € I, j € J respectively by 7;,7;, we have

(vjui +yiu5) — Alyydivg + vidju3) = v fi + v f7 (39)
i o— . . . . g (5' >
If d: 12}%}; dj, this implies (since u;, us > 0)

(@) " Pydins§ + vidjus) — A(yjdius +yidjus) < i f1+ifl Ou(diu§ + vidjus) = 0 on A9

We deduce that
N -1
Yidiug + vidjuj < [(d) I— A} (v fi' +vfi) (40)

Since the f]* are bounded by n (fixed), using the nonnegativity of u°, we obtain that the u; are bounded in
L*>(Q) independently of €. By standard elliptic regularity results applied to the equation (38) in u, they
are also bounded in ﬁpe[l,oo)WQ’p (©2). They are therefore included in a compact set of L>(Q2) as € — 0.
We can then easily pass to the limit as € — 0 and obtain the convergence of a subsequence of u® toward a
solution u" of (36).

Then the identities (37) follow by passing to the limit in (39). But (40) remains also valid at the limit
and implies that u?,i = 1,...,m are bounded in L!({2) independently of n. Next we may rewrite (37), using
d:= min dy :

1<k<m
d yjdiuf +yidjuf = A(ydiu +yidiul) = 3[(d ™ di=Dup+ fP+l(d ™ di—1)uf+ 7], Vie I, j e J, (41)

together with 0, (v;d;uf + vid;u}) = 0 on OS2 Since the right-hand side is bounded in LY(9), this implies
that y;d;juf + vidjul} is bounded in LP(Q) for all p € [1, N/(N —2)") (see e.g. [4]). This ends the proof of
Lemma 4.1.

O

In order to rewrite the relations (41), we denote

gr = (d7 My — DUl + f >0, Vk=1,...,m. (42)
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When f, log f, is assumed to be in L!(Q) for all k = 1, ..., m, then

sup{ ma [ gz+|gzloggz|}<+oo. (43)
neN (1<k<m Jq

This is due to the “L LOG L” assumption on the f;’s and on the L'*"-bound on the u; stated in Lemma
4.1. Next we introduce the solutions G} of

dGY - AGY =gl inQ, 9,GF =00n 9Q, GF >0, k=1,....,m, (44)
so that the relations (37), (41) may be rewritten
’yjdiu? + 'yidju? = ’}/jG? + %’G?, Viel,jeJ. (45)

Our goal is to prove that the nonlinearity of the system (36) is bounded in L'(£2)™ independently of n.
It will imply enough compactness on u™ to pass to the limit. The following lemma will provide the key
estimate.

Lemma 4.2 Under the assumptions of Theorem 1.2, there exists " € W21 (Q)*™ (unique) such that

'yjdzﬂ? + ’yidjﬁg.’ = ’}’jG? + %G?, Viel, jeJ,
k:llL-e](G?)W = k:gHjGJ(G;?)W (OI‘ B(Qn) = 0), (46)
0,07 =00n 08, VEk=1,...,m.

Moreover
AQY +00. 4
Slip{lg}e?mu gk”Ll(Q)} = (47)

We postpone the proof of this lemma and we end the proof of Theorem 1.2.
Without loss of generality, we assume that 1 € I. Using the equation in u] given in the approximate
system (36), and the fact that B(6™) = 0, we have

W = 0 — Ay A — 07) + U TI () [B(u™) — BO™)] = g7, " = [ — 07 + i A (48)
Now the main point is that B(u™), B(6") have the property that
B(u") =b"(-,ut), B(") =0b"(-,07), (49)
where r — b"(-,7) is a increasing function. More precisely, we deduce from the relations (45), (46) that
%id;0f = vGi + %G} — v;di07,V ) € J, mdiby = vidi07 + G — %Gy, Vie
yidjuy =7 GP + G = yidiuy, V€ J, mdig = vidiut + G —viGY, Vi€ L

Plugging this into B(u™), B(6", recalling that B(v) = kiILev" — kQHjeJU;/j, we indeed obtain (49) by
setting

v (z,7) := k1llier (Sidar + F' ()" — kollje j (Fj'(x) — d5dar)™, Vo € [r, 7], (50)
where we define

5k = ’Yk/(’Yldk)7Vk = ]-7 ey MY,
Fri=d; 'GP = 5,G, Viel, FP:=06,Gy+d;'G?, VjeJ, (51)
(@) = max;er[F]" ()] 7 /(0;d1), 7} (x) := minjes F'(x)/(d;d1).
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We multiply the equation (48) by sign(u} — 07) and we integrate. Then we use the two following properties
[ sign(ut — 6l — 67— i A 7)) 2 0
Q

sign(uf — 67)[B(u") — B(0")] = sign(uf — 67)[0" (-, uy) — 0" (-, 07)] = [b" (-, uy) — " (-, 07)],
to obtain

vl/QHZL—l(UZ)"’“ 07 (- ur) = 0" (-, 07)] < /Q p"-

Since p" is bounded in L!(Q2) by Lemma 4.2, and since b"(-,07) = 0, this implies that the nonlinearity of
the equation in u?
= diAug + Ly (up) ™ 0" (s up) = fit in

is bounded in L!(Q) independently of n. This implies that Au? is bounded in L'(2). Going back to (45),
it follows that Awuj is bounded in LY(Q)™ for all k = 1,...,m as well. Up to a subsequence, we may deduce
that u? converges for all k to some uy in L'(2) and a.e. and that Vul converges in L*(Q)Y to Vuy. Note
also that by Fatou’s lemma, I (ug)7* B(u) € L*(9).

Now to end the passing to the limit, we look at the equation satisfied by Tr(v}") where v}* := ul' +¢ i U J
and ¢ € (0,1) and the Tk are C2-cut-off functions satisfying

Tr(s) =sif s [0,k —1], Tp(s) =01if s > k, Tr(s) <k, Vs € [0, +00), (52)
0<Tx(s) <1, Th(s) <0 forall s> 0.
—ATgR(v}") = —Tr(W})Av} = Th(wP)| Vo |? > —Tr(o)A(uf +2 Y uf).
J#i

Coming back to the system (36), we have that for all ¢ € C* (Q)Jr,

i, Zﬂy i—'ui+52f"—u

/ VY Th(v / STHP) () B > TS

We know that, up to a subsequence, u™ converges in L'(2)™ and a.e. to some u € WH1(Q)™. We may
pass to the limit along this subsequence in the above inequality. Indeed the nonlinear terms on the right
converge a.e. and Tp (v (u})?*B(u") is uniformly bounded, while the f,u}l,k = 1,...,m converge in
LY(Q). Moreover, VIg(vP) = Th(v") Vol converges in L'(Q) to VTg(v;),v; == u; +€ 2 uj- At the limit,
we obtain the same inequality without the superscript ®. Then, we let € go to 0 to obtain

/Q VoV Tr(us) > /Q DT (us) {Hkm)%B(u)ﬂ ;O‘ - f;“}

And now we let R — 400 to obtain

/fszVui > /(2¢{H?=1(“k)ak3(u)6i(;ai n fz‘;im}’

or equivalently

Vi=1,..,m, /Qdmi + diVipVu; > /Q¢ {0 ()7 Bu)(Bi — aq) + fi} - (53)
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But, on the other hand, by passing directly to the limit as n — 400 in (37), we have that fori € I,j € J
/Qw(%'ui + 7iug) + VYV [yidius + vidjus] = /QQ/)(’iji + i f5)-
This implies that all inequalities in (53) are actually equalities so that, for all i = 1,...,m,

U; € W2’1(Q>, w; — d; Au; = hz(u) + f; in Q, Jyu; = 0 on 1.

This ends the proof of Theorem 1.2.

Proof of Lemma 4.2.

STEP 0 : The case m = 2. For simplicity, we drop the index 'n’. We assume I = {1}, J = {2}. Then
the system (46) is equivalent to

b2 = G — 061, G = [12G1 + N Gal[nda) ™, §:= Pdlhldﬂ_l’
k100" = k203> & p0] =G =661, p:=[k1/ka]? v =71/,
31,91 =0on BQ

It is easily seen that the equation in 6; has a unique regular solution (see STEP 2 for more details) and
differentiating this equation gives

ply0] 4 68]V0L = VG, ply0] !+ 8]A0L + py(v — 1)0] |V |* = AG,

Yy =107 Ve P AG
v0] 7+ 6 ply0] ™" + 6]

If v =1, we immediately have

= A91 + (54)

|A01] = |AG][p(v0] " +6)] 7t < |AG][pd] .

By (42) and (44), we know that AG is bounded in L!(Q2) independently of n as soon as the fj are (only) in
LY(Q)T for all k. Therefore so is Af;.

If v # 1, then integrating (54) and using 9,01 = 0, we obtain

0+/ Yy = DIV :/ AG
Q ) Q pld] ! + 6]

Again, the last integral is bounded independently of n if the f; are (only) assumed to be in L'(2). There-
fore so is the first integral. But by positivity, this implies that 67 2|V6;|2/[y07 " + 6] is bounded in L*(£)
independently of n. So is Af; by going back to (54). And finally the same holds for Afy; = A(G — §6,).

We now come back to the general situation m > 2 and with the LLogL assumptions on the fy.
STEP 1 : Let us first treat the trivial case when there exists (io, jo) € I x J such that v, G} +7i, G}, =0

(le. Gi =0=Gj}). Then, by the first line of (46), #jo = 0 = 0;,. Using again the first line of (46), we
deduce that 0 = G}, for all k =1,...,n. Thus, the conclusion of the lemma is obvious in this case.
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Throughout the rest of the proof, we will assume that v;G}' + G’ # 0. By maximum principle applied
to the equation (44) defining the G, af; := inf(v;G}' + 7G’) > 0. Also for the rest of the proof, choosing
ng large enough, we fix ¢ € (0, 400) such that

0 <c<aj/[vidi +vidg], ¥V (i,5) € I x J, Vn > ny. (55)
This definition of ¢ will be used only in STEPS 6 and 7 of the proof.

For simplicity, we now drop the superscript ™’ in the rest of the proof.

STEP 2: Existence of 0" satisfying (46). Again we assume (without loss of generality) that 1 € I so
that we may use (50), (51). Thus, for all = € Q, the function r € [r_(z),r4(z)] — b(x,r) is increasing where
r_,r4+ are defined in (51). Moreover

{ b(x,r—(x)) = —kollje ;s (Fj(z) — didjr—(2))7 <0,
b(x,ri(2)) = kallicr(d10; ?“+( ) + Fi(z))" = 0.

Thus there exists a unique 61 (x) € [r_(z), r4(z)] such that b(z, 01(x)) = 0. Since the function (x,r) — b(x,r)
is regular, by the implicit function theorem, so is & — 61 (x). The function 6 are then uniquely determined
from the first line of (46) which we rewrite as:

0; == d16;01 + F;, Vi € I; 9]' = Fj — d16j91, Vi e J (56)

It remains to prove that 9,0, = 0 on 0f for all £ = 1,...,m. This will be a consequence of the following
computation (see (60) ).

STEP 3 : Differentiating B(f) = 0. The condition B(f) = 0 means

kiIier0]" = kolljes07°, which implies logki + > 7ilog; =loghka + Y _v;log0;. (57)
i€l jeJ

Differentiating this leads to
Vo,
St = g (58)
i€l jedJ
Inserting (56) in this formula, we obtain V6; in terms of the ), namely

aveA=Y VJVF -y = V’VF Zm: 70— (59)
k=

jed el

Since VFy - v = 0 on 0N for all k = 1,...,m, it follows from this identity that V81 - v = 0 on 02 as well.
And by (56) it also follows that

VO, -v=00n0Q, Vk=1,...,m. (60)

Differentiating once more (58) gives

%AG %IW ? 1Al IV
> 5 =D e
el jeJ J
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or also, using again (56) and the definition of A in (59),

YVAF; | Vo|? viAF;  ~i| V0|2
QAN =D g ‘92 | LD J|92.]| ' (61)
el v i jeJ j j

Our goal is to estimate the L'-norm of Af;. We remark that, if we denote ay = Y0 /AOk, k = 1,...,m,
then

m
0<ap <1, Y ap=1
k=1

But the relation (61) may be rewritten

|ve| AF V6P

d1 A0 = i — . 2

180 =3 a5 +Y a5 - (62)
el jeJ

According to the definition of Fj, in (51) and to the definition of G}, (or more precisely of G}!) in (44) and
(43), we know that |AFk||f1(q), k= 1,...,m is bounded in terms of the data (independently of n). Thus

AF; AF;

where C is independent of n.
We also have that [, Ab; = [, 0,61 = 0. Inserting this into (62) and (63) gives

/Z J|v0| /Z va o)

where again C' does not depend on n. Therefore, it is sufficient to bound the right-hand side of (64) to
obtain a bound on [|A6: |1 (q) and this will end the proof of Lemma 4.2 (since an L'-bound on Af¢; implies
an L'- bound on A, for all k = 1,...,m).

STEP 4 : A bound from below on the 6. The previous step indicates that one has to bound |V#6;|?/6;
in L}(Q) for all i € I. The identity (59) says that

dli - )
Vo jeJ 0;v01A iel 0iv/01A k=1

0 'V F; VF; “

Thus we need to control 01/01 A from below. We note that for all k =1,...,m
Hk\/ 91A > ek,}/lél + Vv 91fyk5k.
VoL

Obviously, this implies Ox+/01 A > Yi0,\/01. Since the minimum of x € (0, 00) — % +by/z is equal to 2v/ab,
for a,b € (0,+00), we also deduce that 61/01 A is bounded from below by a factor of \/@;. Therefore there
exists ¢ € (0,400) such that

Hk\/aA > Cl sup{\/ d15k91, \/%} (66)
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Remark 4.3 For the analysis below, we will use the classical identity

a+b+|a—b

max{a,b} = 5

, Va,be0,+00). (67)
]

STEP 5 : Estimating the terms indexed by j € J in (65). The inequality (66) allows us to control
the terms in j € J in (65). Using it together with (67), we may write, for all j € J,

c? c?
(9?91142 > C? Sup{dl(sjﬂl,(gj} > Ej[dléjel + 9]] = ngj, (68)

the last equality coming from (56). Therefore, this inequality, together with the second estimate of the
technical Lemma 4.5 (stated below after the end of the present proof) applied to Fj , gives

|VFJ'|2 ) / |VF]'|2 / - LT ~ 1
<= < ilog™ fi+(d—1)f; + (de)” ",
o 0]291/12 CJQ- o Fj Qf] g f] ( )f] ( )

where, by (51) and (44),
fi=d 'Fj — AF; = 6;[d Gy — AGY] + [d71Gj — AGy)/d; = 891 + g;/d; > 0.

We conclude from this and the estimate (43) that

Remark 4.4 In STEP 5, we strongly used the fact that F; > 0 and even d_le — AF}; > 0. Therefore we
could apply the second estimate of Lemma 4.5. Unfortunately, this is different for the terms in i € I in (65)
since

VF;
0;\/0; A

<C, VjeJ, where C is independent of n. (69)
L3 ()

d'F, — AF; = [d7'G; — AGy]/d; — 6;[d Gy — AGY] = gi/d; — igr. (70)

As in (68), and using also (67), we deduce that, for all i € I,
c? c?
92-291142 Z CZ2 sup{d15i01, 91} Z §Z|9z — d15i91\ = é’FZ’, (71)

the last equality coming from (56). This implies that the terms indexed by ¢ € I in (65) may be estimated
as follows
|V F;|? 2 |V F;|?

90391A2 - C? QO |E| '

But since the sign of F; is not constant on €2, it is not clear how to bound this last integral.
Nevetheless, assume we are able to prove that, for some ig € T

sup{d10;,01,0;,} > co >0, with ¢y independent of n. (72)

Then using also (71), we can write

c2

91'2091A2 2 6120 Sup{COa |Fio|/2} > f[a + |Fi0Ha a = 2co.
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Then by the first estimate of the technical Lemma 4.5 below, we deduce

< | ———< i log | fio| + | fiolla™"d — 1] + 1,
o 92»2001142 6220 Qa+|Fyl 0 | fiollog | fio| + | fiolla™"d ]

where f;, = d~'F;, — AF;, = gi,/d1 — 6i,g1 as indicated in (70). We conclude from the estimate (43) that

‘ Vg < C where C is independent of n. (73)
61'0 vV 6114 L2(Q)
]

STEP 6: More bounds from below on the 6;. We prove here the two following facts, where the real
number ¢ was defined in (55):

{ Q=QrUQy, Qri={xecQ; 0;i(z)>c, Viel}, Qy:={zecQ; 0jx)>c VjeJ},

sup;er i > ¢1 >0, for some ¢; € (0,00) independent of n. (74)

For the first part of (74), assume by contradiction that there exists x € Q\ (27 U Q). Then there exists
(7,7) € I x J such that, for this z:

0i(z) < cand j(x) < ¢, or equivalently, v;d;0;(z) < v;dic, vid;0;(x) < vidjc.
Let us add these last two inequalities. Using the first line of (46) and the definition of ¢ in (55), we have
Vi Gi(x) +7iGj(x) = 7dibi(x) + id;05(x) < [yjdi + yidj]e < inf{y;Gi + 7G5}

And this is a contradiction. Whence the first statement of (74).
For the second one, let us first note that

sup 0;(x) > inf 0;(x) > ¢, Vi€l

€y ze€Qy
Now let € Q so that, by the previous statement, 6;(z) > ¢ for all j € J. We then use the second line of
(46) to obtain

]4}202.7'6«771 < k‘QHjGJGj(.%)W = /ﬂHZ‘e]Gi(l‘)% < ]{31 [sup Hi]ziel i,
i€l
This implies that
. D ) D ier Y]t
sup 6; > ¢; := min{c, [kgc i€V [y }.
el

Whence the second statement of (74).

STEP 7: End of the proof of Lemma 4.2. This is where we use that I (for instance) has at most two
elements. Indeed, let us go back to the expression of V6, /1/0; in (65). We already know by STEP 5 that
all terms indexed by j € J are bounded in L?(f2). Since F} = 0, there is at most one term indexed by i € I,
namely none if I = {1}, and only VF},/(6;,v/01A) if I = {1,140}

If I = {1}, it immediately follows that V6;//0; is bounded in L?(Q2) independently of n.

If I = {1,ip}, then sup;c;0; = sup{b1,6;,}. It follows from the second line of (74) in STEP 6 that
(72) holds. Consequently, as proved in Remark 4.4, VE; /(60;,v/61 A) is bounded in L?(2) independently
of n. Having controlled all terms in (65), we can conclude that V6;/1/f is itself also bounded in L?(2)
independently of n. By symmetry, this also holds for V6;,/ \/% . This implies that the right-hand side of
(64) in STEP 4 is bounded independently of n and ends the proof of Lemma 4.2.

U

Let us now state the following technical lemma which was used in two places in the previous proof.
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Lemma 4.5 Let F € W21(Q) such that, for some d € (0, +00)
dF — AF = f, 8,F =00n 0Q with f,flog|f] € L*(Q).

For a € (0,+00), we have

IVF|? y
/Qa+yF| S/Qf\log!fﬂf[(ad) — 1]+ 1

If moreover f > 0, then

/‘VF2 /flog fHdt=1)f+de?
Q

Proof. For the first inequality of the lemma, let us first remark that, if we set F' := aF , then by homogeneity,

/ VE]? _a/ VEP
aa+|F| Ql+|F|

Let us now multiply the equation dF — AF = f/a by sign(F)log(|F| + 1). We obtain

IVF]?
1+ |F|

/ Fllog(1F + 1) + / fsign(F)log(|F| + 1) < / | Flog(F| +1).
Q

Now we use the Young’s convexity inequality
Vre[0,400), Vs eR, rs< (rlogr—r)+e’. (75)
We apply it with 7 := | f(z)], s := log(|F(z)| + 1) to deduce

/ | Flog(1F| +1) < / Flllog 1] — 1] + |F| + 1.
Q Q

From the equation in F', we also derive d Jo IF| < Jo | fI/a. The first inequality of Lemma 4.5 follows.
If f > 0, then FF > 0 by maximum principle. We multiply the equation in F' by log(F + ¢) and we
integrate by parts. Then,

[VF?
F+e

/ dFlog(F +¢) + = / flog(F +¢). (76)
Q Q

We apply the Young’s inequality (75) with r := f(x), s := log(F(x) + ). Then
flog(F+e)<(flogf—f)+F+e¢,

so that, using (76), we deduce
|VF \2

/ dFlog(F+€)+ /flogf f—i—F—i—E—d/ Flog(F +¢).
[F>1] [F<1]

Now we let ¢ = 0 and we use
/ FlogF >0, flogf < flog" f, /dF— / f, xlogz > —e™ 1, Va € (0,1),
[F>1] Q Q

to deduce the second estimate of Lemma 4.5.
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