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Lorenzo Botti* Daniele A. Di Pietro’ Jérome Droniou*

March 29, 2018

Abstract

In this work, we develop and analyse a novel Hybrid High-Order discretisation of the Brinkman
problem. The method hinges on hybrid discrete velocity unknowns at faces and elements
and on discontinuous pressures. Based on the discrete unknowns, we reconstruct inside each
element a Stokes velocity one degree higher than face unknowns, and a Darcy velocity in
the Raviart—-Thomas—Nédélec space. These reconstructed velocities are respectively used to
formulate the discrete versions of the Stokes and Darcy terms in the momentum equation, along
with suitably designed penalty contributions. The proposed construction is tailored to yield
optimal error estimates that are robust throughout the entire spectrum of local (Stokes- or Darcy-
dominated) regimes, as identified by a dimensionless number which can be interpreted as a friction
coefficient. The singular limit corresponding to the Darcy equation is also fully supported by the
method. Numerical examples corroborate the theoretical results. This paper also contains two
contributions whose interest goes beyond the specific method and application treated in this work:
an investigation of the dependence of the constant in the second Korn inequality on star-shaped
domains and its application to the study of the approximation properties of the strain projector in
general Sobolev seminorms.

Key words. Brinkman, Darcy, Stokes, Hybrid High-Order methods, Korn inequality, strain
projector

AMS subject classification. 65N30, 65N08, 76S05, 76D07

1 Introduction

In this work, we develop and analyse a novel Hybrid High-Order (HHO) method for the Brinkman
problem robust across the entire range of (Stokes- or Darcy-dominated) local regimes.

Let Q c RY, d € {2,3}, denote a bounded connected open polygonal (if d = 2) or polyhedral (if
d = 3) set that does not have cracks, i.e., it lies on one side of its boundary 9Q2. Let two functions
u:Q — Randv: Q — R be given corresponding, respectively, to the fluid viscosity and to the ratio
between the viscosity and the permeability of the medium. In what follows, we assume that there
exist real numbers y, 1 and v, v such that, almost everywhere in €,

O<pu<p<p O0<y<v<v. (1)
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Let f : Q —» R?and g : Q — R denote volumetric source terms. The Brinkman problem reads:
Find the velocity u : Q — R? and the pressure p : Q — R such that

-V-QuVsu)+vu+Vp=f in Q, (2a)
Viu=g in Q, (2b)
u=0 on 0Q, (2¢)

/ p=0, (2d)
Q

where Vg denotes the symmetric part of the gradient. The PDE (2) locally behaves like a Stokes or
a Darcy problem depending on the value of a dimensionless parameter, which can be interpreted as
a local friction coefficient. Our goal is to handle both situations robustly, while keeping the usual
convergence properties of HHO methods.

The literature on the discretisation of problem (2) is vast, and giving a detailed account lies out
of the scope of the present work. As noticed in [35], the construction of a finite element which is
uniformly well-behaved for both the Stokes and Darcy problems is not trivial. Some choices tailored
to the Stokes problem fail to convergence in the Darcy limit (as is the case for the Crouzeix—Raviart
finite element [16]), or experience a loss of convergence and, possibly, a lack of convergence for
the divergence of the velocity (as is the case for the Taylor—Hood element [40] or the minielement
[6]). A possible remedy is suggested in [13], where the authors study a discretisation based on
piecewise linear velocities and piecewise constant pressures for which (generalised) inf-sup stability
is obtained through pressure stabilisation. Stabilised equal-order finite elements are also proposed
and analysed in [11]. A generalisation of the classical minielement is studied in [33], where uniform a
priori and a posteriori error estimates are derived. The use of Darcy-tailored, H(div; Q)-conforming
finite element methods is investigated in [34], where the continuity of the tangential component
of the velocity across interfaces is enforced via symmetric interior penalty terms. Finite element
methods have also been developed starting from weak formulations different from the one discussed
in Section 2 below. Vorticity—velocity—pressure formulations are considered, e.g., in [3, 4]. Finally,
new generation technologies have been recently proposed for the discretisation of problem (2). We
cite, in particular, the isogeometric divergence-conforming B-splines of [30], the Weak Galerkin
method of [36], the two-dimensional Virtual Element methods of [14, 42] (see also the related work
[7]), and the multiscale hybrid-mixed method of [5].

In the HHO method studied here, for a given polynomial degree & > 1, the discrete unknowns
for the velocity are vector-valued polynomials of total degree < k over the mesh faces and of degree
< [ := max(k — 1, 1) inside the mesh elements. The discrete unknowns for the pressure are scalar-
valued polynomials of degree < k inside each element. Based on the discrete velocity unknowns,
we reconstruct, inside each mesh element 7: (i) a Stokes velocity inspired by [20] which yields
the strain projector of degree (k + 1) inside T when composed with the local interpolator and (ii) a
Darcy velocity in the local Raviart-Thomas—Nédélec space [37, 39] of degree k. The Stokes and
Darcy velocity reconstructions are used to formulate the discrete counterparts of the first and second
terms in (2a). Coercivity is ensured by stabilisation terms that penalise the difference between the
discrete unknowns and the interpolate of the corresponding reconstructed velocity. Owing to this
finely tailored construction, the resulting method behaves robustly across the entire range of local
(Stokes- or Darcy-dominated) regimes.

We carry out an exhaustive analysis of the method. We first show in Theorem 11 that the method
is inf-sup stable and, based on this result, that the discrete problem is well-posed. We next prove in
Theorem 12 an estimate in 4**! (with i denoting, as usual, the meshsize) for the energy-norm of
the error defined as the difference between the discrete solution and the interpolate of the continuous
solution. This estimate is robust in the sense that the multiplicative constant in the right-hand side:



(i) is prevented from exploding in both the Stokes- and Darcy-limits by cutoff factors; (ii) has an
explicit dependence on the local friction coefficient that shows how the relative importance of the
Stokes- and Darcy-contributions varies according to the local regime; (iii) does not depend on the
pressure, thereby ensuring robustness when f has large irrotational part (see [24] and references
therein for further insight into this point). The Darcy velocity reconstruction in the Raviart—-Thomas—
Nédélec space plays a key role in achieving the aforementioned robust features while retaining optimal
convergence. We point out that, to the best of our knowledge, estimates for the Brinkman problem
where the various local regimes are identified by a dimensionless number are new, and they contribute
to shedding new light on aspects of this problem that had often been previously treated only in a
more qualitative fashion. Finally, it is worth mentioning that the theoretical results extend to the
Darcy problem (corresponding to 4 = 0 and v > 0) thanks to a stabilisation term that strenghtens the
coercivity norm for the Darcy term in (2a); see Remark 14 and the numerical tests in Section 5.

Besides the results specific to the Brinkman problem, this paper also contains two important
contributions of more general interest. The first contribution is a study of the dependence of the
constant in the second Korn inequality for polytopal domains that are star-shaped with respect to a
ball. We show, in particular, that this type of inequality holds uniformly inside each mesh element
when considering regular mesh sequences, a key point to prove stability and error estimates for
discretisation methods. The second contribution of general interest, linked to the latter point, are
optimal approximation results for the strain projector, stated in Theorem 24 and Corollary 26, which
extend [20, Lemma 2] to more general Sobolev seminorms. The proof hinges on the framework of
[17, Section 2.1] for the study of projectors on local polynomial spaces, based in turn on the classical
theory of [28].

The rest of the paper is organised as follows. In Section 2 we recall a classical weak formulation of
problem (2). In Section 3 we discuss the discrete setting: mesh, local and broken polynomial spaces,
and L2-orthogonal projectors thereon. In Section 4 we describe the construction underlying the HHO
method, formulate the discrete problem, and state the main results (whose proofs are postponed to
Section 6). Numerical results are collected in Section 5. The paper is completed by an appendix
made of two sections. Appendix A.1 is dedicated to proving a uniform Korn inequality for star-shaped
polytopal sets. This inequality is used in Appendix A.2 to study the approximation properties of the
strain projector on local polynomial spaces for such sets.

2 Continuous problem

In what follows, for any X c Q, we denote by (-, -)x the usual inner product of L?(X), by ||-||x the
corresponding norm, and we adopt the convention that the subscript is omitted whenever X = Q. The
same notation is used for the spaces of vector- and tensor-valued functions L?(X)? and L*(X)%*9,
respectively. We assume henceforth that f € L*(Q)? and g € L*(Q). Setting

U = H}(Q)?, P = {q e L*(Q) : / q= 0}, (3)
Q
the weak formulation of problem (2) reads: Find (u, p) € U X P such that
a(u,v) +b(v,p) = (f,v) VvevU, (4a)
—b(u,q)=(g.9)  VqeP, (4b)

with bilinear forms a : U XU — Rand b : U X P — R such that

a(u,v) = 2uVsu, V) + (vu,v), b(v,q) = —=(V-v,q).



We recall that, for a vector-valued function u = (u;);=1,...4, Vu is the matrix (0;u;); j=1,...,q and the
symmetric gradient of u is Viu = %(Vu + (Vu)T). The well-posedness of (4) results from the Lax-
Milgram theorem and the first Korn inequality, which states the existence of a constant C such that,
forallu € U, ||Vu|| < C||Vsu||; see, e.g., [2, Lemma 5.3.2]. We assume in what follows that both u
and v are piecewise constant on a finite polygonal or polyhedral partition P = {€; : 1 <i < Nqo} of
the domain. The extension to more general situations is possible but not considered here to simplify
the exposition.

3 Discrete setting

We consider a conforming simplicial mesh 7, of €, i.e., a set of triangular (if d = 2) or tetrahedral
(if d = 3) elements such that (i) every T € 7, has non-empty interior; (ii) two distinct mesh
elements 77,7, € 7, have disjoint interiors; (iii) the intersection of two disjoint mesh elements is
either the empty set or a common vertex, edge, or face (the latter case only if d = 3); (iv) it holds
h = maxreg;, hr, where hr denotes the diameter of T € 7. It is additionally assumed that 7} is
compliant with the partition Po on which both y and v are piecewise constant and we let, for all
T €Ty,
HT = T, vr =Yir

denote their constant values inside 7'.

For any mesh element T € 7, we denote by Fr the set of its edges (if d = 2) or faces (if
d = 3). For the sake of conciseness, the term face will be used henceforth for both the two- and
three-dimensional cases. For any T € 7, and any F' € ¥, we denote by ny g the unit vector normal
to F pointing out of T. The sets of internal and boundary faces are respectively denoted by 7—'h‘ and
ﬁb, and we set 7, = Thl U ﬁlb. The diameter of a face F' € ¥ is denoted by hp. For any mesh
element 7" € 7y, we denote by F. := Fr N F, the set of internal faces lying on the boundary 9T of T

Our focus is on the i-convergence analysis, so we consider a sequence of refined meshes (77,), e,
where H c R’ denotes a countable set of meshsizes having 0 as its unique accumulation point. From
this point on we assume, without necessarily recalling this fact at each occurrence, that the mesh
sequence is regular, i.e., there exists a real number o > 0 such that, for all » € H and all T € 7y,
hr /rr < o, with rr denoting the inradius of 7. This implies, in particular, that the diameter of one
element is uniformly comparable to those of its faces.

To avoid the proliferation of generic constants, we will write a < b to mean a < Cb with
multiplicative constant C > 0 independent of % and, for local inequalities, of the mesh element or
face, as well as on the problem data yu, v, f, and g, and on the corresponding exact solution (, p).
The notation a ~ b means a < b < a. When useful, the dependencies of the hidden constant are
further specified.

The construction underlying HHO methods hinges on projectors on local polynomial spaces. Let
X denote an open bounded connect set of R” with n € {1,2,3} (in what follows, X will typically
represent a mesh element or face). For a given integer £ > 0, we denote by P/(X) the space spanned by
the restriction to X of n-variate, real-valued polynomials of total degree < £. The local L2-orthogonal
projector 7 : L*(X) — P!(X) is defined as follows: For any v € L*(X), n{v € P/(X) is the unique
polynomial that satisfies

(niv —vw)x =0 Vw € PY(X). (5)

As a projector, ﬂ'g} is linear and idempotent, i.e., for all v € IP[(X ), ﬂ§v = v. The vector and tensor
versions of the L’-projector, both denoted by 7r§(, are obtained applying 7r§ component-wise. The
following boundedness property follows from [18, Corollary 3.7]: For any X mesh element or face,



any s € {0,...,¢ + 1} and any function v € H%(X), it holds that

I7sevlms ) S lEs o, (6)

with hidden constant equal to 1 for s = 0. Optimal approximation properties for the L>-orthogonal
projector have also been proved in [18] in a very general setting. For the present discussion, it will
suffice to recall the following results, that are a special case of [18, Lemmas 3.4 and 3.6]: Let an
integer s € {0,...,¢+ 1} be given. Then, for any mesh element T € 7}, any function v € H*(T), and
any exponent m € {0, ..., s}, it holds that

v = 7pvlmmery S BV lks ). (7)

Moreover,if s > landm < s — 1,

1
v = nvlmirr) S by lEsa, (8)

where H™(Fr) = {v € L*(dT) : v|p € H™(F) forall F € F7} is the broken Sobolev space on 7
and |-|gm () the corresponding broken seminorm.

At the global level, we denote by P/(7) the space of broken polynomials on 7, whose restriction
to every mesh element T € 7, lies in P/(T). The corresponding global L?-orthogonal projector
xt : L2(Q) — P/(75) is such that, for all v € L*(Q),

(ngv)|T = 7r§v|T YT € 7p,. 9)

Also in this case, the vector version 7}, : L2(Q)? — P/(7;,)? is obtained applying 7/ component-wise.
The regularity requirements in the error estimates will be expressed in terms of the broken Sobolev
spaces

H(Tp) ={v e L*(Q) : vr € H*(T) VT € T}.

4 Discrete problem

In this section we formulate the discrete problem and state the main results of the analysis.

4.1 Discrete unknowns
Let an integer & > 1 be fixed and set
[ :==max(k - 1,1). (10)

This choice for the polynomial degrees is motivated in Remark 4 below. We define the following
space of discrete velocity unknowns:

Us, = {v), = (vDreri, WF)res,) : vr € BT VT €Ty, vp € BYF)? VF € i}

Forally, e U ﬁ, v1, (not underlined) denotes the function in P*(7};)¢ obtained patching element-based
unknowns, that is to say,
(vh)|T =vr YT € Ty,. (11)

The global interpolator I, : H'(Q)? — UF is such that, for all v € H'(Q)4,

k., . 1 k
LhV = ((ﬂTV|T)T€7Z,’ (7TFV|F)Feﬁ,)-



For any mesh element T € 7y, the restrictions of U’ ’;l andy, e U ’;l to T are respectively denoted by U. ’}
and vy, = (vr, (vF)Fes; ). Similarly, the local interpolator I § cHY(T)? - U ’; is obtained restricting
I} to T, and is therefore such that, for all v € H'(T)4,

5y = (xhy, (@5 v F)Fes ). (12)

The spaces of discrete unknowns strongly accounting for the boundary condition (2¢) on the velocity
and the zero-average constraint (2d) on the pressure are, respectively,

Qlfl,o = {Kh € Qﬁ cvp=0 VFe 7—‘hb}, pﬁ = PK(7;) N P. (13)

4.2 Stokes term

Let an element T € 7, be fixed. We define the local Stokes velocity reconstruction r"Jrl U; k

P**1(T)? such that, for all vy € Q;,

(Vor&i'vy, Vonr = =7, V-Vow)r + > (vp, Vownrp)e  Yw e PUT) (14a)
FETT

k+1
sTYr

1 1
‘/r1§+T Vp = /VT, /VssrngrT Yr = /("TF ®VE —VF ®nTF), (14b)
T T T FET

where Vg denotes the skew-symmetric part of the gradient operator and ® the tensor product.

This equation defines r up to a rigid-body motion, which we prescribe by further imposing that

Remark 1 (Link with the strain projector and approximation properties of the Stokes velocity recon-
struction). Definition (14) can be justified observing that it holds, for allv € H 1),

k+1 7k 1
rsp iy =gy, (15)

where 7kl o HY(T)? — P**/(T)? is the strain projector defined by (105) below, i.e., for all

v € H(T)4, n%*!v is such that

(V~ﬂk+1v Vw)r = (Vsv, Vow)r vw e PFI(T)9,

16
/ kJ’Tlv—/ / Ss7rk+T1v—/VSSv. (16)

To prove (15), write (14) with I, Ky instead of Y, use the definition (5) of 7rlT and 71"; to cancel these
projectors from the right-hand s1des of (14a) and (14b), integrate by parts the right-hand sides of
(14a) and of the second equation in (14b), and compare the result with (16). In order to deduce

from (15) that, for any T € 7}, with 7}, belonging to a regular mesh sequence, r'§+TIL ’}v optimally

approximates v in PX*1(T)4, it suffices to apply Theorem 24 and Corollary 26 below with X = T and
¢ = k + 1 after observing that the multiplicative constants in (106) and (110) do not depend on % or
T, but only on p.

The Stokes term is discretised by means of the bilinear form agj : U fl x U ﬁ — R such that, for
allw,,v, € Q’;l

as,n(Wy, v),) = Z as,r(Wg» V) (17)
TeT,



with local contribution such that

asT(Wp vy) = 2ur(Vor$H wo, Var g7 v )r + ssr(wy vyp). (18)

The first term in ag, 7 is the usual Galerkin contribution responsible for consistency, while the second
is a stabilisation term satisfying the following assumption, which will be implicitly kept throughout
the rest of the exposition.

Assumption 2 (Stokes stabilisation bilinear form). The Stokes stabilisation bilinear form sgr :
U ’; x U ’; — R enjoys the following properties:

(S1) Symmetry and positivity. sgr is symmetric and positive semidefinite;

(S2) Stability and boundedness. It holds, for all v, € U I;,

1 1
aS,T(KT, KT)Z = ||KT”S,T =~ (2ur)? ”KTHs,T (19)

with local discrete strain seminorm

1
2

1
> h—||vF—vT||%) Qo)
F

Fefr

1
. 2 2 )2 .
lepllor = (IVwr I} + 1B or) s Ivplior =

(S3) Polynomial consistency. For all w € PK+1(T)9 and all v elU l}, it holds that
ssr(Lyw.vy) = 0.

Remark 3 (Global stability and boundedness for the Stokes bilinear form). Raising (19) to the power
2, summing over T € 7, accounting for (1), and passing to the square root, we infer the following
global uniform seminorm equivalence valid for ally, € U’ ’;l:

1 .1
Cw2lly,llen < v, llse < 22y, llen (21)
with 1
2
1
“Xh”S,h = aS,h(Kh,Kh)z and ||Kh||s,h = (Z HKT”&%T) . (22)
TeT,

Adapting the reasoning of [20, Proposition 5], one can prove that the map |||, defines a norm on
the space U ’;l o With strongly enforced boundary conditions.

The following stabilisation bilinear form, classical in HHO methods, fulfils Assumption 2:

2
SsTWpvp)r = ) hLFT««ngF — 8L W (8% 1 = 6L v 23)

FETT
Here, the Stokes difference operators 6é’T : US — PI(T)? and, forall F € F7, 6§ 7 - Uk — PE(F)?
are such that, for all vy, € U: ’;

1 I R Y k ok k]
Oy = wp(rsp vy —vr), OsrrVy = wp(rsp Ve —=vE) VF € 7.

Remark 4 (Choice of the polynomial degrees for the discrete velocity unknowns). The assumption
k > 1 and the choice (10) of the degree for element-based discrete unknowns (which implies, in
particular, / = 1 when k£ = 1) are required to prove condition (S2) for the bilinear form defined by
(23). The key point is to ensure that rigid-body motions and their traces are captured by element and
face unknowns, respectively. For further insight into this point, we refer the reader to [20, Lemma 4],
where (19) is proved for a variation of the stabilisation bilinear form (23) corresponding to the case
=k

In passing, we notice that, when y is constant, problem (2) can be simplified replacing the term
—V-(2uVsu) by —uAu. In this case, the discretisation of the Stokes term can go along the lines of
[15, 23] with k > 0 and / = max(0, k — 1).



4.3 Darcy term

Let an element T € 7, be fixed, and denote by RTN¥(T') := PK(T)? + xP*(T) the Raviart-Thomas—
Nédélec space of degree k on T. We define the local Darcy velocity reconstruction r’]‘)T : U 5 -

k k
RTN*(T) such that, for all y,. € U,

("IB,TKT, w)r = (vr, w)r vw e PK1(1)? (24a)

(rbrvrnre Qr = Venre,q)r  VF € Fr, Vg € PX(F). (24b)

Classically, the relations (24) identify r]k) rYr uniquely; see, e.g., [8, Proposition 2.3.4]. For fur-
ther use, we also define the global Darcy velocity reconstruction r’f) nt Q’;l — RTN*(75,) with
RTN*(7,) == {v € H(div; Q) : v;7 € RTNX(T) for all T € 7} such that, for all v, € U¥,

K ok
(rpp¥p)ir =rpgvy VT €T

Some remarks are in order.

Remark 5 (Reformulation of (24)). Conditions (24a) and (24b) are respectively equivalent to

ﬂ’}_l(r’]‘ngT) = JTI;-_IVT and ("IB,TKT)IF'"TF =vp-nrp forall F € Fr. (25)
In particular, accounting for (10) and using the idempotency of n?‘l, the former condition implies
mh(rp vy) = 757 (rf pvy) = vr when k > 2.

Remark 6 (Link with the Raviart-Thomas—Nédélec interpolator). A direct verification shows that,
forall T € 7y, the local Darcy velocity reconstruction composed with the local interpolator (12) gives
the Raviart-Thomas—Nédélec interpolator, i.e., for all v € H!(T)¢

ro ey = Lo r¥s (26)
where I ﬁTN’T : HY(T)¢ — RTNX(T) is such that, for all v € H'(T)¢,

a ﬁTN,Tvy w)r = (v, w)r vw e PKH(T)4, (27a)
U rv-nre.@)r = vnrp,.q)r  VF € Fr, Vg € PE(F). (27b)

The Darcy term is discretised by means of the bilinear form apj, : U ﬁ x U ’;l — R such that, for
allw,,v, € U},
ap (W), v,) = > apr(wr,vy) (28)
TeT,

with local contribution

aD,T(mT’ KT) = VT(rIIC),Tm’]W rIB,TKT)T + SD,T(&T? XT)

Once again, the first term in the right-hand side of the above expression is responsible for consistency,
while the second is the following stabilisation bilinear form, which plays a crucial role in the Darcy
limit (see also Remark 14 on this subject):

) i ! k k
sp,r (W, V) = v (0p 7 Wo, O p V)7 + Z vrhe(8p 7 Wrs Op 7V 7)F (29)
FeFi



with Darcy difference operators 6113] : Q’; — PYT)? and, for all F € F7, 6’]‘)1 Fe Q’} — PK(F)4
such that, for all y,. € U: ;,
8h vy =mp(ry vy —vr), gy = ap(rh vy —vE) VF € Fr. (30)

Recalling the characterisation (25) of the local Darcy velocity together with the definition (30) of the

Darcy difference operator & fD’T, it holds that

S rvy = 0if k > 2, (31)
The role of the stabilisation term is illustrated by the following proposition.

Proposition 7 (Darcy norm). The function that maps every v, € U fl on

1

2

1

[ERNYES (Z ||zT||,%,T) where, for all T € Ty, ||v;lIp.1 = ap.r(v7. ;)2 (32)
TeT,

; k
is anormon U, .

Proof. The seminorm property being evident, it suffices to prove that, for ally, € U fl o 1P llp,n =0
impliesy, = 0. Lety, € Q’;l o be such that ||y, [[p,» = 0. Then, we have that

VT € Ty, rivr =0, (33)
VT € Ty, 8hrvr =0, (34)
VT €Tp  Ohrpvp=0  VFeF;. (35)

Plugging condition (33) into (34) and (35) we infer, respectively, that anvT =ypr=0forallT € 7y,

and 7r’;_vF =vp=0forall F e ?’ﬁ On the other hand, by definition (13) of Q’,‘l o VF = 0 for all

F e 7"hb, which concludes the proof. |

4.4 Velocity-pressure coupling

The pressure-velocity coupling is realised by the bilinear form by, : U’ fl x P¥(75,) such that, for all
(W), qn) € U, X PX(Th).

bW, qn) = Z wr, Var)r - Z (Wr,grnTr)F |, (36)
TeTy Fefr

where, for all T € 7}, we have let, for the sake of brevity, g7 := g 7. This choice is motivated by the
following property.

Proposition 8 (Consistency of the velocity-pressure coupling bilinear form). For all w € H'(Q)¢
and all g5, € PX(T,), it holds that

b w, gn) = —~(V-w, qn). (37)

Proof. Writing (36) forw, =1 ;‘lw, we obtain

buIiw. ) = ((n’Tw, Var)r - ) (xkw,qrnre)r

TeTn Fefr
= >\ Var)r = > w.aqrnre)r | = -(Vw,qp)
TeT, Fe¥r

9



where we have used the fact that, for all T € 75, Vgr € P*"1(T)? < PYT)? (see (10)) and, for all
F € Fr, grirnrF € Pk (F )d together with (5) to remove the projectors in the second line, and an
element by element integration by parts to conclude. m|

The following proposition establishes a link between the divergence of the Darcy velocity recon-
struction and the bilinear form b;,. As we will see in Remark 14, this property plays a key role when
extending the method to the Darcy problem.

Proposition 9 (Link with the divergence of the Darcy velocity reconstruction). Forally, € U ’;l and
all g, € PX(T3), it holds that

br(Vhs gn) = =(V-rp ¥, dn)- (38)

Proof. We have that

~(Verb e an) = ) ((r’fg,rzr, Var)r - ). (rfpvenrr, qr)p)
T€7;, FeFr

-3

TeT,

(7, Var)r - Z (vrnrTF, CIT)F) = bu(v,» qn);
FeFr

where we have used an element by element integration by parts in the first line, the definition (24)
of the Darcy velocity in the second line after observing that, for any T € 75, Vgr € P*"1(T)¢ and
qr|r € PX(F) for all F € Fr, and recalled the definition (36) of b, to conclude. o

4.5 Discrete problem and main results

We define the global bilinear form a;, : U ﬁ x U ’;l — R such that

ap ‘= asp + ap,n

with bilinear forms in the right-hand side respectively defined by (17) and (28). The discrete problem
reads: Find (u,,, pr) € Q;‘l o X Pfl such that

an(w,,v,) +bu(vy. pn) = (f. 15, Vv, €U, (39a)

~bu(u,, qn) = (g, qn) Vg € P}. (39b)

Remark 10 (Static condensation). The size of the linear system corresponding to the discrete prob-
lem (39) can be significantly reduced by resorting to static condensation. Following the procedure
hinted to in [1] and detailed in [24, Section 6.2], it can be shown that the only globally coupled
variables are the face unknowns for the velocity and the mean value of the pressure inside each mesh
element. Hence, after statically condensing the other discrete unknowns, the size of the linear system

matrix is
k+d-1

Neot = d( k

) card(?—‘,j) + card(7). (40)

We start by studying the well-posedness of problem (39). We equip henceforth U’ ﬁ,o with the

norm such that, forally, € U ’;L 0’

2 1
. 2 . 2 2 \2
1y llo = ( D ||zT||U,T) where, for all T € Ty, llvzllo,r = (Ivpl3y +lvrliR )" @1)
TeT,

10



with local Stokes and Darcy (semi)norms respectively defined by (19) and (32). Given a linear
functional { on U’ ’;l its dual norm is classically given by

.0
(F.v,)
Il = sup [62)] (42)
!hegﬁ’o\{g} “Kh”U,h
Theorem 11 (Well-posedness). Problem (39) is well-posed with a priori bound:
_1 _ . 1
e llo.n + Blipall < Q21N+ B gl with B := 2+ 7). (43)
Proof. See Section 6.2. |

We next investigate the convergence of the method. We measure the error as the difference
between the discrete solution and the interpolate of the exact solution defined as

(@, pn) = (Lﬁu,ﬂﬁp) € g’,;o X P;f.
After noticing that, for any ¢, € PX,
—bu(@y,, gn) = (V-u.qn) = (8. gn) = —bn(u,,. gn) (44)

owing to the consistency property (37) of by, together with the continuous (4b) and discrete (39b)
mass conservation equations, it is a simple matter to check that the discretisation error

(e, €n) = (w), — @,, pn — Pn)
solves the following problem:

an(e,.v),) + ba(vy. €) = R(w.p)v,) Vv, €U

/ (45)
~bn(e,. qn) =0 Yan € P,

where R(u, p) is the linear functional on U z,o representing the consistency error and such that, for all

v, €U,

R(w, p)vy,) = (for5,v,) — an(@,, v,) = bu(v,, pn). (46)

Theorem 12 (Error estimates and convergence). Denote by (u, p) € UXP and by (u,, pp) € U fl 0 ><P}'§

the unique solutions to (4) and (39), respectively. Then, the following error estimate holds with 8
defined by (43):
lenllo,n + Bllenll < [|R(u, p)lly,n- (47)

Moreover, assuming the additional regularity u € H**>(7;)? and p € H'(Q), it holds that

IR, pllo-n <
1
2

Z ((2/17) min(1, ij})h%(kﬂ)lu ilkn(T)d + ay,vr min(1, Cf,T)hi(kH)lu IZLIkH(T)d” (48)
TeT,

where, for all T € Ty, we have introduced the local friction coefficient

vr ]’l2
Cir = > r (49)
HT

with the convention that CtT } = 400 if vp = 0, and we have set

o) = {ﬁ/ﬁ ifk = 1 and mingey; Cor < 1, 50)

1 otherwise.

11



Proof. See Section 6.3. m]

Some remarks are of order.

Remark 13 (Robustness of the error estimate). The error estimate (47) is robust across the entire
range of values Cyr € [0, +00) (and, as we well see in the next remark, +co can also be included)
thanks to the presence of the cutoff factors min(1, C . }) and min(1, Cy,7) that prevent the multiplicative
constants in the right-hand side from exploding. Those mesh elements for which Crr < 1 are in
the Stokes-dominated regime and, correspondingly, the first contribution inside the sum in (48)
dominates. On the other hand, those elements for which Cyr > 1 are in the Darcy-dominated regime
and, correspondingly, the second contribution dominates. Since the method is designed so that these
contributions are equilibrated, convergence in O(h**!) is attained irrespectively of the local regime.
The specific forms of the Stokes and Darcy velocity reconstructions play a key role in attaining this
goal; see the discussion in Remark 14 below. Comparing, e.g., with [34, Theorem 3.2], where a
Raviart-Thomas—Nédélec approximation of the velocity is used also in the Stokes term, we gain one
order of convergence in the Stokes-dominated regime. Similar considerations hold for the Virtual
Element method of [42], see in particular the error estimate in Theorem 5.2 therein.

Remark 14 (Application to the Darcy problem). Assume v > 0. A close inspection of the proofs
in Section 6 below reveals that the proposed method can be used also when u = 0 formally setting
Cir = +co for all T € 7. In this case, denoting by vy, the normal trace operator on 92, the
velocity space becomes U = {v € H(div; Q) : v,(v) = 0 on dQ}, and (4) coincides with the mixed
formulation of the Darcy problem. In particular, the well-posedness results of Theorem 11 remain
valid replacing the term (2u)~![|£]| by ¥~'[|f|l in (43), and so is the case for the error estimates of

Theorem 12 under the regularity u € H'(Q)¢ n H**1(7;,)4.

The key point to achieve well-posedness when u = 0 is the introduction of the stabilisation term
(29) in the local Darcy bilinear form. Thanks to this term, we can control the discrete unknowns
that are not controlled by the L2-norm of the Darcy velocity reconstruction, namely the tangential
velocity unknowns on interfaces and the linear component of the element unknowns when k = 1;
see Proposition 7. The tangential components of velocity unknowns on boundary faces, on the other
hand, are set to zero in the definition (13) of the space U’ ];z,o’ and do not appear in the formulation of
the method when p = 0. This means that they are discarded, coherently with the fact that we cannot
enforce their value when u = 0. It is precisely for this reason that the boundary term in (29) is only
taken on interfaces.

The key point to retain convergence in A¥*! when u = 0 is the specific form (24) of the Darcy
velocity reconstruction, and its use both in the Darcy contribution and in the source term in (39a). The
role of this choice is to make the term T4 in the proof of Theorem 12 vanish (the corresponding crucial
property is stated in Proposition 9). More trivial discretisations of the Darcy term (obtained, e.g., by
taking for all T € 7}, the element unknowns in P*(7")? and setting "IB,T v, = vr) would reduce by one
the order of convergence of the method. Using a discretisation of the Darcy contribution inspired by
the Mixed High-Order method of [21], on the other hand, would reduce by one the convergence rate
for u # 0. As a matter of fact, the convergence in 4¥*! for this choice is intimately linked to the fact
that vu is a gradient (which is true for the Darcy problem but not for the Brinkman problem).

We conclude this remark by noticing that the method for the Darcy problem can also be extended
to treat the case k = [ = (0. This point is numerically demonstrated in Section 5.

Remark 15 (Pressure-robustness). It is also interesting to notice that the right-hand side of the error
estimate (47) does not depend on the pressure. The key to that property is the exact formula (44)
that relates the velocity—pressure coupling applied to the approximate velocity u,, and the interpolant
a, =1 ’,iu of the exact velocity. As pointed out in [24] and references therein, this means that the
proposed method is robust with respect to source terms f with a large irrotational part.
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S Numerical examples

In this section we present some numerical examples.

5.1 Convergence for the Darcy, Brinkman, and Stokes problems with constant coeffi-
cients

We start by assessing the convergence rates predicted by Theorem 12 in various regimes. Set
Q = (0,2) x (=1, 1)%, and define the global friction coefficient Cyq = I%, corresponding to a unit
global reference length. We consider the family of solution parametrised by Cr.q € [0, +00] such that,
setting ys(&) = exp(€)~! for any £ € R* and ys(+o0) := 0, it holds for any x € Q,

u(x) = xs (Cro) us(x) + (1 - xs) (Cr.a) up(x), p(x) = cos xj sin x — po, (1)

where pg € R is such that the zero average condition on p is verified and, defining the stream function
W (x) := —sin x| cos x,, we have set
~1 .
—v—'Vp(x) ifv#0,
up(x) = px) i us(x) = curly(x).
0 otherwise,

The boundary condition on u if Cr o < +o0 or u - n if Gy = +00, as well as the source terms f and g,
are chosen coherently with (51). It can be easily checked that up and ug are the limit solutions in the
Darcy and Stokes case corresponding, respectively, to Cr.qg = 400 (ys = 0) and Cr o =0 (xs = 1).
We consider a refined sequence (7, )o<i <4 of triangular meshes in which the meshsize is halved
at each refinement, that is to say, h;41 = h;/2 for 0 < i < 3; see Figure 1. The tests were run on a
2016 MacBook Pro equipped with an Intel Core i7 CPU clocked at 2.7GHz and 16Gb or RAM, and
the implementation was based on the SpaFEDte platform. The linear systems were solved using the
sparse LU solver from the Eigen library; see http://eigen.tuxfamily.org. We consider the
values (i, v) € {(0,1),(1,1),(1,0)} for the coefficents. The corresponding solutions are represented
in Figures 2—4, respectively. The results for polynomial degrees k up to 4 are collected in Tables
1-3, which display: the number of degrees of freedom Ny after static condensation (see (40)), the
number Ny, of nonzero entries in the statically condensed matrix, the energy-norm error ||e, [lu.x
on the velocity, the L>-error ||ey|| on the velocity, the L>-error ||ey|| on the pressure, as well as
the assembly time 7,5 and the resolution time 7s,). Denoting by e; the error in a given norm at
the refinement iteration i, the estimated order of convergence (EOC) is obtained according to the

following formula:
EOC = loge; —loge;
log2

The expected orders of convergence are observed in all the cases, and the method behaves robustly
also in the limit cases corresponding to the Stokes and Darcy problem. As for the L?-norm of the
velocity, it converges as #5*! in the Darcy case (see the fifth and sixth columns of Table 1) and as 4**>
in the Brinkman and Stokes cases (see the fifth and sixth columns of Tables 2 and 3). This behaviour
is expected, as for the Darcy problem the L2-norm of the velocity coincides with the energy norm, and
no superconvergence can be expected. For the Stokes problem, on the other hand, superconvergence
in the L2-norm for HHO methods has been proved in, e.g., [1, Theorem 4.5] and [24, Theorem 7],
and similar arguments can lead to analogous estimates in the Brinkman case. For the Brinkman and
Stokes problems, an inspection of the last lines of Tables 2 and 3 reveals that numerical precision is
approached on the finest mesh for k = 4 and, correspondingly, the order of convergence deteriorates
(see the starred values in the tables).
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Figure 1: First three meshes of the sequence used for the numerical test of Section 5.

From the rightmost columns of Tables 1-3, it can be noticed that the assembly time becomes
negligible with respect to the resolution time as finer and finer meshes are considered. This behaviour
had already been observed in other HHO implementations (see, e.g., the numerical results in [20] or
[25D).

5.2 Convergence for the Darcy problem with spatially varying permeability

It is clear from the analysis that the key feature to handle all the possible regimes is the robustness
in the singular limit corresponding to the Darcy problem. In this section we further investigate the
numerical performance of the proposed method in this case when a spatially varying coefficient v is
considered. Setting Q = (0, 37) X (0, 27), we consider the exact solution originally proposed in [38]
which, for a fixed value of the parameter a € (0, 1], corresponds to

u(x) = -1 -« 51n(x1?cos(x2) (52)
@ cos x| 8in xp
with
u=0, v(x) = (1 + 2a sin x; cos x» + @ cos® xp)7!

In what follows, we take (1 — @)?> = 10~ which implies a variation of v spanning three orders of
magnitude: indeed the permeability ranges from (1 —)~2 to (1 + @)~ over Q. An analytic expression
for the pressure is not available in this case. The solution is represented in Figure 5. The convergence
results on a sequence of refined triangular meshes for polynomial degrees k € {0, .. .,4} are collected
in Table 4, where the columns have the same meaning as in the previous section, except for the
fact that pressure errors are not displayed. It can be seen that the predicted asymptotic orders of
convergence are matched or exceeded. Notice that we had to increase the degree of exactness of the
quadrature rule in this case to account for the fact that the coefficient v varies inside the elements.
This is crucial for obtaining the expected convergence rates for k > 1.

6 Proofs
This section collects the proofs of Theorems 11 and 12 preceeded by the required intermediate results.

6.1 Comparison of local seminorms

In this section we prove a technical proposition that contains comparison results for the local Stokes
and Darcy seminorms.

14
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Figure 2: Solution (51) with (i, v) = (0,1) (Darcy problem).
magnitude of the velocity at a given point.

Table 1: Convergence results for the Darcy problem; see Remark 14.

Arrows indicate orientation and

Ndof Nnz ”Eh ”U,h EOC lles |l EOC Ilenll EOC Tass Tsol
k=0
113 1072 1.69¢-01 - 1.69¢-01 - 1.39¢-01 - 2.26e-03  9.68e-04
481 4944 8.84e-02 094 8.84e-02 094 4.27e-02 1.70 1.19e-02  5.34e-03
1985 21136 4.47e-02 098 447e-02 098 1.18¢-02 1.86 3.34e-02  5.83e-02
8065 87312 2.22e-02  1.01 2.22e-02 1.01 3.69e-03 1.67 1.12e-01 1.02e+00
32513 354832 1.09e-02  1.03  1.09e-02 1.03 1.45e-03 1.35 3.94e-01 3.39e+01
k=1
193 3456 1.33e-02 - 3.89¢-03 - 5.15e-03 - 4.24e-03 1.71e-03
833 16192 2.65e-03 232 7.73e-04 233 1.0le-03 236 1.98e-02 1.91e-02
3457 69696 6.55e-04 2.02 1.90e-04 2.03 2.27e-04 2.15 6.16e-02  1.35e-01
14081 288832  1.66e-04 198 4.80e-05 198 5.53e-05 2.03 2.05e-01 1.94e+00
56833 1175616  4.32e-05 194 1.25¢-05 194 137e-05 2.01 7.70e-01 6.49e+01
k=2
273 7216 4.84e-03 - 1.25e-03 - 2.48e-04 - 7.61e-03  2.57e¢-03
1185 34000 7.55e-04 2.68 1.94e-04 2.68 2.94e-05 3.08 3.64e-02 4.46e-02
4929 146704  1.00e-04 291 2.59¢-05 290 3.76e-06 2.97 1.23e-01  2.39e-01
20097 608656  1.29¢-05 2.95 3.36e-06 295 4.77¢-07 298 4.02e-01 3.84e+00
81153 2478736 1.64e-06 2.98 4.25e-07 298 594e-08 3.00 1.55e+00 8.75e+01
k=3
353 12352 1.33e-04 - 2.53e-05 - 1.29e-05 - 1.98¢-02  3.63e-03
1537 58368 8.03e-06 4.05 1.48e-06 4.09 893e-07 3.85 6.52¢-02 4.05e-02
6401 252160  5.17e-07 396 9.48e-08 3.97 5.64e-08 3.99 2.17e-01  5.34e-01
26113 1046784 3.28e-08 398 598e-09 3.99 3.56e-09 398  8.46e-01 7.84e+00
105473 4264192 2.08e-09 3.98 3.80e-10 398 222e-10 4.01 3.39e+00 1.27e+02
k=4
433 18864 1.34e-05 - 2.31e-06 - 5.47e-07 - 3.36e-02  5.35e-03
1889 89296 5.24e-07 4.68 8.94e-08 4.69 1.79¢-08 493 1.30e-01 4.59e-02
7873 386064  1.70e-08 495 291e-09 494 59le-10 492 4.04e-01 7.72¢-01
32129 1603216 5.51e-10  4.95 9.45e-11 495 1.88e-11 497 1.48e+00 1.02e+01
129793 6531984 1.92e-11 4.84 3.26e-12 4.86 5.84e-13 5.01 6.11e+00 1.70e+02
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Figure 3: Solution (51) with (i, v) = (1,1) (Brinkman problem). Arrows indicate orientation and
magnitude of the velocity at a given point.

Table 2: Convergence results for the Brinkman problem.

Ndot Nnz ”Eh ”U,h EOC llex | EOC ll€n EOC Tass Tsol
k=1

193 3456 6.48e-02 - 3.51e-03 - 3.40e-02 - 4.86e-03  1.87e-03
833 16192 2.78e-02 122 7.40e-04 224 9.34e-03 1.86 1.65e-02  2.05e-02
3457 69696 893e-03 1.64 1.18e-04 2.65 2.60e-03 1.84 6.32e-02 1.19e-01
14081 288832  2.43e-03 1.88  1.62e-05 2.87 6.84e-04 193  2.20e-01 1.69e+00
56833 1175616 6.30e-04 195 2.10e-06 295 1.75¢-04 197  8.13e-01 4.38e+01

k=2

273 7216 3.72e-03 - 1.21e-04 - 1.74e-03 - 8.64e-03  2.76e-03
1185 34000  7.56e-04 230 1.24e-05 328 1.98e-04 3.13  3.56e-02  3.12e-02
4929 146704  1.13e-04 274 935e-07 373 2.29%-05 3.12 1.28e-01 1.87e-01
20097 608656  1.52e-05 2.89 6.30e-08 3.89 2.70e-06 3.08 4.23e-01 2.97e+00
81153 2478736 1.96e-06 295 4.08e-09 395 327e-07 3.04 1.71e+00 5.92e+01

k=3

353 12352 2.44e-04 - 6.48e-06 - 1.41e-04 - 1.74e-02  3.93e-03
1537 58368 1.99e-05 3.62 2.68e-07 4.60 93206 392 741e-02 4.50e-02
6401 252160  1.27e-06  3.97  8.50e-09 498  5.65e-07 4.04 253e-01 4.28e-01

26113 1046784  8.26e-08 394 2.79%-10 493 3.58e-08 398 9.11e-01  5.58e+00
105473 4264192 5.19e-09 399 8.78e-12 499 223e-09 4.00 3.67e+00 8.72e+01

k=4

433 18864 1.10e-05 - 2.61e-07 - 6.84¢-06 - 3.13e-02  1.15e-02
1889 89296 398e-07 478 4.75e-09 578 2.14e-07 5.00 1.39e-01  4.46e-02
7873 386064  1.33e-08 490 7.93e-11 590 6.83e-09 497 4.80e-01 8.31e-01
32129 1603216 4.26e-10 496  1.26e-12 597  2.13e-10 5.00 1.79e+00  8.10e+00
129793 6531984 1.08e-10  1.98* 1.80e-13  2.81* 2.87e-11  2.89*  7.09¢e+00 1.33e+02
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Figure 4: Solution (51) with (u,v) = (1,0) (Stokes problem). Arrows indicate orientation and
magnitude of the velocity at a given point.

Table 3: Convergence results for the Stokes problem.

Ndot Nnz ”Eh ”U,h EOC llex | EOC ll€n EOC Tass Tsol
k=1

193 3456 1.10e-02 - 6.07e-04 - 1.82e-02 - 6.74e-03  2.36e-03
833 16192 3.79e-03  1.54 1.09e-04 248 5.06e-03 1.85 1.61e-02 2.31e-02
3457 69696 1.04e-03  1.86  1.52e-05 2.84 1.32e-03 194 7.64e-02 1.33e-01
14081 288832  2.71e-04 194  1.99e-06 293 337e-04 196 232¢-01 1.68e+00
56833 1175616 6.98e-05 196 2.56e-07 296 8.53e-05 198 8.35e-01 4.4le+01

k=2

273 7216 1.38e-03 - 4.97e-05 - 1.70e-03 - 9.99e-03  2.82e-03
1185 34000 1.95e-04 2.83 3.47e-06 3.84 23%-04 2.83 4.15e-02  3.44e-02
4929 146704  2.74e-05 2.83 239e-07 3.86 3.06e-05 296 2.38e-01 2.09e-01

20097 608656  3.58e-06 294  1.55e-08 394 3.90e-06 297 4.52e-01 3.11e+00
81153 2478736 4.50e-07 299 9.77e-10 399  4.90e-07 299 1.74e+00 6.17e+01

k=3

353 12352 1.17e-04 - 3.38e-06 - 1.51e-04 - 1.78e-02  4.03e-03
1537 58368 8.48¢-06 3.79 1.26e-07 474 1.07e-05 3.83 7.66e-02  4.63e-02
6401 252160  5.43e-07 396 4.01e-09 498 6.70e-07 399  2.58e-01 4.51e-01

26113 1046784 3.45e-08 398 1.28e-10 497 4.24e-08 398  9.33e-01 5.87e+00
105473 4264192  2.18e-09 399 4.04e-12 499 2.66e-09 399 3.63e+00 9.27e+01

k=4

433 18864  7.92e-06 - 2.20e-07 - 7.41e-06 - 3.28e-02  1.26e-02
1889 89296 245e-07  5.02 3.39-09 6.02 2.39-07 496 1.38e-01 4.53e-02
7873 386064  7.87e-09 496 5.43e-11 596 7.68e-09 496  4.54e-01 8.91e-01
32129 1603216 2.46e-10  5.00 8.43e-13 6.01 24le-10 499 1.92e+00 9.18e+00
129793 6531984  1.18¢-10  1.07* 1.93e-13  2.13* 3.43e-11 2.81" 7.6le+00 1.37e+02
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Figure 5: Solution (52) (Darcy problem with variable permeability). Arrows indicate orientation and
magnitude of the velocity at a given point.

Table 4: Convergence results for the Darcy problem with variable permeability.

Ndof Nnz ||£h ”U,h EOC llegll EOC Tass Tsol
k=0

173 1688 1.54e+01 - 3.68e+00 - 4.21e-03  1.61e-03

729 7584 7.59e+00 1.03  2.10e+00 0.81 1.99e-02  1.10e-02

2993 32048 2.30e+00 1.72 1.08e+00 0.95  8.56e-02  1.64e-01
12129 131664  8.04e-01 1.51  5.02e-01 1.11  2.00e-01  2.90e+00
48833 533648  3.13e-01 136  2.23e-01 1.17  7.38e-01  1.28e+02

k=1

297 5472 4.79e+01 - 2.42e+00 - 8.49e-03  3.23e-03
1265 24896 1.06e+01  2.18  6.64e-01 1.87 4.68e-02  3.01e-02
5217 105792 2.26e+00 223  1.27e-01 239  1.36e-01 2.57e-01

21185 435776 3.79e-01  2.58  1.59e-02 299  4.29e-01 5.28e+00
85377 1768512 4.58e-02  3.05 2.15e-03 2.89 1.73e+00 1.85e+02

k=2

421 11448 1.66e+01 - 5.69¢-01 - 2.3%-02  5.40e-03
1801 52320 8.73e-01 425 5.60e-02 334 9.45e-02 6.97e-02
7441 222768  6.72¢e-02 3770  5.29e-03  3.40 2.82e-01  5.16e-01

30241 918480  4.68¢-03  3.84 5.85e-04 3.18 1.04e+00  8.94e+00
121921 3729168 4.15e-04 350 6.88¢-05 3.09 4.13e+00 2.65e+02

k=3

545 19616 3.23e+00 - 9.54e-02 - 5.24e-02  8.26e-03
2337 89856 1.93e-01 406 531e-03 4.17 1.5%-01 7.70e-02
9665 382976  9.29e-03 438  2.49e-04 442  5.54e-01  1.00e+00

39297 1579776  4.17e-04 448  1.21e-05 436 2.14e+00 1.56e+01
158465 6415616 1.67e-05 4.65 6.55e-07 4.21 8.35e+00 3.59e+02

k=4

669 29976 9.15e-01 - 1.49e-02 - 1.16e-01  9.69e-03
2873 137504  3.33e-02  4.78 4.92e-04 492 3.08e-01 1.09-01
11889 586416  2.13e-04  7.29  1.05e-05 5.55 1.19e+00 1.65e+00
48353 2419664 1.28e-05 4.06 3.34e-07 497 491e+00 2.68e+01
195009 9827856  1.20e-07 6.74  1.00e-08 5.06 1.87e+01 4.89e+02
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Proposition 16 (Comparison of the local Darcy and Stokes seminorms). Let a mesh element T € Ty,
be fixed. Recalling the definition (20) of the boundary seminorm |-|1 gr, it holds for all v, € U: ; that

k
lrp vy —vrllr < hrlvylier (53)
and 1
2 2 ) 1
vrlpr S Qur)Cer|vyli o where [vrlor = spr (e, v7)2. (54)
Moreover,
2 -1 2.
Cuollyrler < Copllvrlip g ifve > 0. (55)

Proof. (i) Proof of (53). We apply the estimate |lpzllr s (175 ¢rllf + Zrer hrller-nrell})?
valid for any function ¢, € RTNK(T) to ¢ = r]k) 7Yy — vr to infer
1 1
2 2
||"1k),TKT —vrllrs Z hF||("If3,TZT - VT)'”TF”%“) = ( Z hellve = vr)-nrellE | < hrlvyhor,
Fefr Fefr

where we have used the characterisation (25) of the local Darcy velocity reconstruction in the first
two passages and the fact that hr < hy for all F € F7 to conclude.

(ii) Proof of (54). The volumetric term in |-|p 7 is zero if k > 2 (see (31)). If k = 1, on the other
hand, we can write

1 2 1 1 2 1 2 2
VT||6D,TKT||T = VT””T("D,TKT —vp)lly < VT”"D,TKT -vrlly < (2/1T)Cf,T|KT|1J9T, (56)

where we have used the definition (30) of 611)1 in the equality, the boundedness of ﬂ'lT expressed by
(6) with X =T, ¢ =1, and s = 0 in the first bound, and (53) together with the definition (49) of the
local friction coefficient to conclude.

On the other hand, for all F € ¥ we have that

1
k k ¢k k -2 k
165 7527l = 7 vy = volle < Ik vy = velle < b2 lirk vy —vrlle + ve = vrlls,

where we have used the definition (30) of 6'1‘)1 r in the equality, invoked the boundedness of 71",‘;
expressed by (6) with X = F, £ = k, and s = 0 in the first bound, inserted vy into the norm and
used the triangle inequality together with a discrete trace inequality (see, e.g., [22, Lemma 1.46])
to conclude. Squaring the above inequality, multiplying it by vrhr, summing over F € ¥, and
recalling the definition (49) of the local friction coefficient after observing that hr < hy, we obtain

k 2 k 2 2
D vrhelof rpvplly < vrlirh pvy = vellf + Que)Cerlvy o
FeFi.

Using (53) and again (49) to bound the first term in the right-hand side, we arrive at

D vrhel8f 1 prrllE < Qur)Corlvrlf or- (57)
Fefh

Estimate (57), added to (56) in the case k = 1, concludes the proof of (54).

(iii) Proof of (55). For any F € ¥, recalling the definition (30) of the Darcy difference operators,
we have that

k 1 k .k 1k
”vF - VT”F < “(SD,TFKT”F + ||6D,TKT”F + H”FrD’TKT - ﬂTrD,TKT”F,
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where we have inserted +(xX.r F D o v;) into the norm and used the triangle inequality to

I pk
Trrpr
conclude. Using [ < k (see (10)) and the idempotency, linearity, and boundedness of n’; to write

||7r’; ’f)TvT JTIT If)TvTHF ||7rF(rDTvT JrlT ]BTVT)”F < ||rDT Vr Jz'lT ]BTVT||F together with

a standard discrete trace inequality, we can go on writing

1 1
-2 l 2 01..k 1k
vk —vrllr < ”6]) TFVTHF + th ||6D,TKT”T + th ”rD,TKT - ﬂTrD,TKT”T
1 1
2151 2 01..k
< ||6D,TFKT||F + th ||6D,TKT”T + hp2 ”"D,TKT”T,

where the conclusion follows using the triangle inequality in the last term together with the bounded-
ness of 7rlT expressed by (6) with X =T, £ = [, and s = 0. Raising the above inequality to the square,
multiplying by (Z,uT)h;l both sides, summing over F' € Fr, and using the uniform equivalence
hr =~ hr followed by the definition (49) of the local friction coefficient, we conclude that

Qun)lvrlt or < Cipllvllp - (58)
We next write
Qur)? IVsvrllr < Qur) b vrllir
< Qur) ' ek pvy = vrllr + CovErk oy lir
< Qup)tvslar + Co2virs pvplie < Cof vl (59)

where we have used a standard discrete inverse inequality (see, e.g., [29, Section 1.7]) in the first line,
we have inserted +rD 7Y into the norm and used a triangle inequality together with the definition
(49) of the local friction coeflicient to pass to the second line, and we have used (53) to pass to the
third line and (58) to conclude. Squaring (59), summing it to (58), and recalling the definition (20)
of the local strain seminorm, the conclusion follows. O

6.2 Well-posedness

Well-posedness classically hinges on the following inf-sup condition on by,.

Lemma 17 (Stability of the velocity-pressure coupling). For all g, € P¥, it holds with 3 defined by

(43)
br(v,, qn)
Bllgnll s sup =, (60)
KhEQﬁ,O\{Q} ”Kh”U,h

Proof. (i) Boundedness of 1 ﬁ We start by proving the following boundedness property for I’ fl: For
allv € Hj(Q)4,

vl s B IV @ (61)
A straightforward adaptation of the arguments of [18, Proposition 7.1] gives for the Stokes norm of
I ﬁ v:

715, s CRIVIG gy (62)

We next estimate the Darcy norm of I' kv Recalling the definitions (32) and (54) of the local Darcy
norm ||-||p,r and seminorm |-|p 7, and replacmg r I v by I% rr ¥ foreach T € 7, (see (26)), we
can write

k112 k 2 k12
“th”D,h = Z (VT”IRTN,TV”T + |LTV|D,T) .
TeT,
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For any mesh element 7 € 75, using the seminorm comparison (54) and recalling the definition
(49) of the local friction coeflicient together with the bound |I ’}vlwr S [Vlgrya (see again [18,
Proposition 7.1]), it is readily inferred that

1 _1 _1
\Lyvipr < vihrlI5vlver < V2dalvlgigya < V2 [Vl

with dqo denoting the diameter of Q2. Hence, denoting by 1 %TN n i H Q)¢ — RTN*(7;) the global
Raviart-Thomas—Nédélec interpolator whose restriction to each mesh element 7' € 7, coincides with
1 JETN’T (see (27)), we arrive at

MEEVIR ) < 7 (I 12 + 192y ) < TV I g (63)

where we have used standard boundedness properties of 1 IETN , (see, e.g., [31, Lemma 4.4]) to
conclude. Summing (62) and (63), recalling the definition (41) of ||-||y,, withy, = I' ’;lv, and passing
to the square root, (61) follows.

(ii) Conclusion. From the surjectivity of the continuous divergence operator from U to P (see, e.g.,
[32, Section 2.2]), we infer the existence of vy, € U suchthat —=V-v,, = gp and ||vg, lg1qe < llqnlls
with hidden constant depending only on Q. Using the above fact, we can write

llgnll> = =(V-v g, qn) = bu(Lkvy,. an),

where we have used the consistency property (37) of b, with w = v, to conclude. Hence, denoting
by $ the supremum in the right-hand side of (60) and using (61), it holds that

“qh”2 < $I|Lﬁvqh”U,h < $ﬁ_1||vqh“H1(Q)d < $ﬁ_1”4h”-
This concludes the proof. |

In the proof of Theorem 11 below, we will need the following global discrete Korn inequality that
descends from [9, Proposition 20] (based, in turn, on the results of [12]): Forally, € U k . recalling

—h,0’
the definition (11) of v;, € P{(75)<, it holds that
all+ 2l < ey llon where llv, 12, = > (99712 + Ly o7 ) (64)
TeT,

We are now ready to prove well-posedness.

Proof of Theorem 11. The bilinear form a; is coercive and bounded (with coercivity and bound
constants equal to 1) on U ’;l o €quipped with the ||-||ly,,-norm (see (22), and (32)), and the bilinear by,

is inf-sup stable on this space (see (60)). Hence, using the fact that U fl o is finite-dimensional, we
can apply [29, Theorem 2.34] to infer that problem (39) is well-posed and that the following a priori
bound holds:

Iyl + Bllpall < o= + B llgll (65)

where we have denoted by f the linear functional on U ';l o such that, for all y, € U ﬁ 0 (f.y,) =
(f, r’]‘) »Yn)- We next observe that, for all T € 7,

(f, rlka,TKT)T =(f,vo)r +(f, r]k),TzT —vr)r
k
< WSk (W7l + W 7oy = vrlr)

< W F e (vrlle + hrlvplior)
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where we have used the Cauchy—Schwarz inequality to pass to the second line and (53) to conclude.
Using the previous bound, a discrete Cauchy—Schwarz inequality on the sum over T € 7, and the
fact that, for all T € 7y, hy < dg with dg denoting the diameter of 2, we arrive at

_1 _1
b2 S IRl + 12, llen) < PN, len s C)7ZIF R, < Q72 1A I, .0

where we have used the discrete Korn inequality (64) in the second bound, the uniform global norm
equivalence (21) in the third, and the definition (41) of the ||-||,,-norm to conclude. Plug this bound
into the definition (42) of ||f||y+ , to infer (43). |

6.3 Convergence

This section contains the proof of Theorem 12 preceeded by two intermediate lemmas containing
consistency results for the Stokes and Darcy bilinear forms

6.3.1 Consistency of the Stokes bilinear form

Lemma 18 (Consistency of the Stokes bilinear form). It holds for all w € H'(Q)¢ N H***(7;,)¢ such
that V-QuVsw) € L*(Q)4,

1
2

sup  [Esa(wiv,)] < | D @ur)ymin(l, oA w2 (66)

v, U5 o llvy, llo,n=1 T,
with Stokes consistency error
Esn(wv,) = —(V-QuVw), vy) — asn(Lyw,v,). (67)

Proof. We proceed to bound the consistency error for a generic v, € U 1;1,0 \ {0}. For the sake of
brevity, throughout the proof we let, for all T € 7;,, w7 = rnglL kw = n(';}lw (see (15)).

We start by noting the following consistency property for the stabilisation term valid under
Assumption 2, whose proof follows using the arguments of [26, Proposition 3.1]: For all 7" € 7j,

|L§w|s,r < (2MT)%hI;~+1|W|Hk+2(T)d where, for all y,. € Q;, lvolsr = ss1(vy KT)%‘ (68)

We next find a more convenient reformulation of the terms composing the consistency error.
Integrating by parts element by element, and using the continuity of the normal component of
2uVw across interfaces together with the strongly enforced boundary conditions to insert v into
the boundary term, we have that

— (V-2uVw)vi) = )

2ur(Vow, Vovr)r + Z 2ur(Vownrp,vE — VT)F) . (69)
TeT,

Fefr

On the other hand, plugging (18) into (17), and expanding, for all T € 7, the consistency term

involving r’§+T1 v according to its definition (14a) with w = W, it is inferred that

asn(Iw,v,) = Z

TeT,

2ur(Vowr, Vovr)r + Z 2ur(VsWrnrp,ve —vr)F + Ss,T(gW,KT)T) :
FeFr
(70)
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Subtracting (70) from (69), taking absolute values, and using the definition (16) of the strain projector
to cancel the first terms in parentheses, we get

|Es.n(w:v),)| = Z ( Z 2ur(Vs(w =Wr)nrp, ve = VT)F = sS,T(ﬁﬁw,zT)T)
TeT, \FeFr
3 . k
< Z ((Z#T)h;HVs(W —wr)llorvylLer + |£TW|S,T|KT|S,T) (71)

TeT,

1 1
< 2 (@ i Wy )t lvpler )
TeT,

where we have used Cauchy—Schwarz inequalities to pass to the second line, and we have concluded
using the approximation properties (110) of the strain projector and (68) of the Stokes stabilisation
bilinear form, as well as the uniform local seminorm equivalence (19). Let now an element T € 7},
be fixed. We distinguish two cases according to the value of the local friction coefficient. If o } <1
(which means, in particular, that vy > 0), by virtue of (55) we can write

1 -1 . NN . IR
Qur)2llvzller s Cepllvylpr = min(l, Cp)? v, lpr < min(l, Cip)? (v llo.r-

If, on the other hand, C;" } > 1 (with Cf. % = +oo corresponding to vy = 0), recalling the uniform local
seminorm equivalence (19), it holds

1 . —1\4 . —1+4
Cur)zlvrler s lvpllsr = min(l, Cir)2lvyllsr < min(l, Coz)? ||y llo.r-

Plugging the above estimates into (71) and using a discrete Cauchy—Schwarz inequality on the sum
over T € 7}, the conclusion follows. O

6.3.2 Consistency of the Darcy bilinear form

To prove Lemma 19 below, we will need the following optimal approximation properties (see, e.g.,
[31, Lemma 3.17] for a proof): Forall T € 7, and all m € {0, ...,k + 1},

|I{1§TN,TW - lem(T)d S h§"+1_m|W|Hk+l(T)d. (72)

Using the trace inequality (111) below with X = T in conjunction with (72) for m = 0 and m = 1, we
additionally infer that it holds, for all F € ¥,

Ik _ hk+% 7
|| RTN,TW w“F s T |W|Hk+l(T)d. ( )

Lemma 19 (Consistency of the Darcy bilinear form). For all w € H'(Q)? n H**1(7;)¢, it holds that

2
sup  [Epawszy) < | Y vemin(L Cor)hr w2 (74)
KhEQI;,’O’”Kh”U,hZI Te7,

with Darcy consistency error

SD,h(W;Kh) = (vw, r]k),hKh) - aD,h(Lﬁw’Kh)' (75)
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Proof. We decompose the consistency error as follows:

Epawiv,) =T +T= Y T+ ) T(T) (76)
T<T, TeT,

where, for all T € 7, we have set

T(T) = vr(w — r]leL’}w, rlf),TKT)T, ,(T) = SD’T(LI;W, Vo)

(i) Estimate of T1. For any T € 7}, such that C¢ 7 > 1, using (26) to replace r’]‘) L ’;w by 1 ]ETN’TW, we
can write . .
1T = lvrW = Igpy 7w, rpr¥7)rl

i
2 k Lok
VT2||W - IRTN,TWHT”V”'D,TKT“T

IA

1 . Lokl (77)
vy min(l, Ce )2 hy™ | W gy ya [V llor

N

3. 1
vy min(1, Cy,r)2 h’;“ W gy llvrllo,r,

IA

where we have used the Cauchy—Schwarz inequality to pass to the second line, the approximation
properties (72) with m = 0 and the fact that 1 = min(1, Ct7) since Crr > 1 together with the
definition (32) of the ||-||p,7-norm to pass to the third line, and the definition (41) of the ||-||y,r-norm
to conclude.

If Gt < 1 and k > 2, on the other hand, we can write

c k k
IT1(D)| = |vr(w — IRTN,TW’ rpr¥r — v7)7|

IA

k k
vrllw - IRTN’TWHT”"D,TKT -vrllr

A

1 1
Lo 1
v hi Wl gk pya vihr vy lLer (78)

1 1
37 pktl
V;Cf?rhf W gk ryallvells.,

A

1 1
; 5 1
= vz min(1, Cr.7) 2 5 Wl e pya v o

where we have used the definition (27a) of I H"MNT to insert v € P 1(T)? in the first line, the

Cauchy—Schwarz inequality to pass to the second line, the approximation properties (72) of 1 ]’I‘{TN’T
with m = 0 together with the bound (53) to pass to the third line, the definition (49) of the local friction
coefficient together with the uniform local seminorm equivalence (19) to pass to the fourth line, and
the fact Crr = min(l, Cy,r) since Cr7 < 1 together with the definition (41) of the |||y r-norm to
conclude.

The case Cr7 < 1 and k = 1 has to be treated separately because the reasoning in the first line of
(78) breaks down as we cannot insert v € P'(T)¢ inside the second argument of the L?-product. To
overcome this difficulty, we insert instead ngvr, write rllngT - ﬂ(%VT = rll)’TgT —Vvr +Vvr — ﬂ'g-vT
and, proceeding in a similar manner as before with the additional use of a local Poincaré inequality
corresponding to (7) with £ = 0, s = 1, and m = 0, we arrive at the following bound:

1 1 1 3
T < vy min(L, Cor) 3 W gy ur) (9971 + vr ) (79)

Gathering (77)—(79), using a discrete Cauchy—Schwarz inequality on the sum over 7, invoking
the discrete Korn inequality (64) followed by the first inequality in (21) for the case Cr7 < 1 and
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k =1 to further bound (introducing a,,) the term resulting from the last factor in the right-hand side
of (79), and using the fact that, by definition, e, > 1, we arrive at

1
2

. 2(k+1
Tl < | D) avr min(L Gy VWi ga | 12l (80)
T,

(ii) Estimate of T,. To bound the second elementary contribution in the right-hand side of (76), we
preliminarily estimate the L?-norms of the Darcy difference operators (30) when their argument is
I éw. Clearly, 6{1TL ’}w vanishes when k > 2 (see (31)). When k = [ = 1, on the other hand, we can
write, accounting for (26),

1 1 1 1 1 2
||6D,TLTW||T = ||7TT(IRTN,TW -wllr < ||IRTN,TW -wlr < hT|w|H2(T)d’

where we have used the boundedness of ﬂ'lT expressed by (6) with X =T, ¢ = k, and s = 0 in the first
bound and the approximation properties (72) with k = 1 and m = 0 to conclude. On the other hand,
for any F € F. we can write

k k Kk rk k k+3
||6D,TFLTW||F = ||7TF(IRTN,TW -w)llF < ”IRTN,TW -wlF < hT 2|W|H’<+1(T)d,

where we have used (26), the boundedness of n’; expressed by (6) with X = F, £ = k,and s = 0, and
(73). Using the Cauchy—Schwarz inequality together with the above bounds yields

1
|T2(T)| < |[Lswlp 7|y o < thl}+llw|yk+1(r)d|KT|D,T

with |-|p,7-seminorm defined by (54). If C7 > 1, observing that |y, |p,r < [[v;lp,r < IV, llu,7 (see
(32), (54), and (41)), this immediately yields

. 1
1T2(T)] < v min(1, )2 g ya vy o

If C; 7 < 1, on the other hand, recalling (54) we can go on writing

11 1
1T2(T)] < V%CffThl%+1|W|Hk+l(T)d Cur)2 vrlior

3o 1
vy min(1, Cy,1)2 h?l Wiy llvrlls,r

IA

A

i, 1
vz min(1, Cer)2 Ay Iwlgin pya 1y llo.r

1
where we have used the fact that Cr,7r < 1 to replace C;. by min(l, Cf’T)% and the uniform local
seminorm equivalence (19) in the second line, and the definition (41) of the ||-||y,7-norm to conclude.
Gathering the above bounds and using a discrete Cauchy—Schwarz inequality on the sum over T’ € 7p,,

we arrive at 1

2

%ol < | D) vemin(L Cer)hd Wi ga | 12,0l (81)
TeT,

(iii) Conclusion. Take the absolute value of (76), use (80) and (81) (after recalling that, by (50),
@, > 1) to estimate the terms in the right-hand side, and use the resulting bound to estimate the
supremum in (74). m]
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Remark 20 (Cut-off factors). The proof and usage of the local cut-off factors are inspired by [19], in
which an advection—diffusion—reaction model is considered. In this reference, a seamless treatment
of both advection—dominated and diffusion—-dominated regimes is carried out by introducing two
discrete norms (advective and diffusive); the consistency errors due to the advective and diffusive
terms are estimated using either one of the norm, depending on the locally dominating regime as
determined by the value of a local Péclet number. Here, we defined Stokes and Darcy norms, and
similarly estimated the consistency errors of the Stokes and Darcy terms using either norm, depending
on the locally dominating regime as determined by the friction coefficients Ct 7.

6.3.3 Error estimate and convergence

We are now ready to prove the main convergence result.

Proof of Theorem 12. (i) Error estimates. The a priori error estimate (47) is inferred proceeding as
in the proof of the a priori bound (65) in Theorem 11, this time for the error equation (45).

(ii) Convergence rate. To estimate the convergence rate, we bound the dual norm of the consistency
error R(u, p). Using its definition (46) together with the fact that (2a) is satisfied almost everywhere
in Q by the weak solution (u, p) of (4), it is inferred for all v, € U fl o that

(R(u, p),v,) =
(V-QuVsu), vy =15 ,v,) + Esn(uiv,) + Epnuiv,) + [(Vp.rk ,v,) = bu(v,. pn)|  (82)

with Stokes and Darcy errors defined by (67) and (75), respectively. Denote by Ty, ..., T4 the terms
in the right-hand side. Recalling (24a), for the first term we can write

I = Z 2pr (V-Vu — 25" (V-Vou), vy — rfy v ).
TeT,

Hence, using Cauchy—Schwarz inequalities followed by the optimal approximation properties (7) of

71'];_1 with £ = s = k — 1 and m = 0 together with (53), we have that

1 1
1T1] < Z (Z#T)zhl;"ﬂlulHk”(T)d Cur)?lyrleor- (83)
TeT,

When C, } > 1, we can write using the uniform local seminorm equivalence (19) and recalling the
definition (41) of the ||-||y,7-norm,

1 . N . N
(2ur)?|vyl,6r < min(l, Cf})2 v lls,r < mm(l,Cf})2 v llu,r.

On the other hand, when C{- } < 1 (so that, in particular, vz > 0), (55) gives

1 -1 . NI . NI
(ZMT)Z |KT|1,6'T < ijz* |IKT“D,T = mln(l, Cf,jl")z ”KTHD,T < mln(l, Cf,jl")z ”KT”U,T-

Plugging the above bounds into (83) and using a discrete Cauchy—Schwarz inequality on the sum over
T € 7, finally yields

1

2

. — 2(k
Tl < | D) Cur)min(l, b ul a1, o (84)
TeT,

26



The second term is readily estimated using the consistency properties (66) of the Stokes bilinear form:

1

2
. — 2(k+1
> @ur)min(1, Crp)hy** >|u|i,k+2md) [ENY (85)
TeT,

[To] <

Similarly, the consistency properties (74) of the Darcy bilinear form yield

1

2
. 2(k
2, vrmin(L Cer)hy“lu i,k“(T)d) 2yl - (86)
T,

T3] <

In order to estimate the fourth term, we observe that

(VP, rl]c)’hzh) = _(V‘rlf)’hzh, P) = _(V'r{()’hzh’ Pn) = bh(Kh, ﬁh),

where we have used a global integration by parts in the first passage, standard properties of Raviart—
Thomas—Nédélec functions to infer V-r’]‘) WY € PK(75) (see, e.g., [8, Proposition 2.3.3]) and replace
p by pp, in the second passage, and property (38) to conclude. This readily implies

T4 =0. (87)

Plugging the bounds (84)—(87) into (82), using the resulting inequality to estimate the supremum
in (42), and recalling (47) yields (48). O

A Uniform Korn inequalities with application to the study of optimal
approximation properties for the strain projector

This appendix contains two technical results whose interest goes beyond the application to the
Brinkman problem: the proof of uniform Korn inequalities on star-shaped polytopal domains, and
their application to the study of optimal approximation properties for the strain projector on polynomial
spaces.

A.1 Uniform local second Korn inequality

The goal of this section is to establish a uniform second Korn inequality for mesh elements. We
consider generic regular polytopal elements, which is more general than the setting considered in
Section 3; note that, even if some parts of the proofs can be simplified when the elements are
triangular/tetrahedral, most of the difficulty remains even for such elements. The main result of this
section is stated in the following proposition. Besides the second Korn inequality, we also state a
uniform Necas inequality which is strongly related to the Korn inequality.

Proposition 21. Let o > 0. There exists C depending only on d and o such that, for any polytope
T c RY, of diameter hr, that is star-shaped with respect to every point in a ball of radius ohr,

lv = ngvllr < CIIVVlig-1ya Vv € LXT), (88)

and
IVa - 23 (Vu)llr < ClIVsully  Yu € H\(T)". (89)
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Figure 6: Illustration of the proof of Lemma 22

Before proving this proposition, we establish the following lemma that gives the existence of
a uniform atlas for all mesh elements star-shaped with respect to every point in a ball of radius
comparable to their diameter. In this lemma, for given positive number £ and unit vector r, we let B,
be the closed ball in R centred at the origin and of radius ¢, and we define the semi-infinite cylinder

M(r,{):={x =x"+zr : x* € By is orthogonal to r and z € [0, +o0)}.

Figure 6 provides an illustration of this definition, as well as of other notations used in the proof of
the lemma.

Lemma 22 (Uniform atlas for star-shaped elements). Let o > 0. There exists a finite number of
unit vectors (ri,...,rpy) in R4 and a real number L > 0, all depending only on d and o, such that
By c UL, M(ry, 0/2) and, if T is a polytope of R4 contained in By and star-shaped with respect to
every point in By, foranyl = 1,...,m,

TNM(r,0/2)={x =(x1,...,xq) € M(r;,0/2) : xa < pi(x1,...,Xa-1)},

where the system of orthogonal coordinates (xi,. .., xg) is chosen such that xg is the coordinate
along r;, Hy = {x € R? : x4 = 0} is the horizontal hyperplane in this system of coordinates, and
@1 : Byp N Hy — Ris a Lipschitz-continuous function with Lipschitz constant bounded by L.

Proof. In the following, @ < b means that a < Cb with C depending only on d and p. We first notice
that, since Bj is determined by d, there is a fixed number m of unit vectors (ry,.. ., r,,), depending
only on d and o, such that By C (J;Z, M(r;, 0/2). The proof is complete by showing that, in each
M(r;, 0/2) and in the coordinates associated with r; as in the lemma, T is the hypograph of a Lipschitz
function ¢;, with a controlled Lipschitz constant. From thereon we drop the index [ for legibility.

Since the boundary of T is made of the faces F' € Fr, this function ¢ is piecewise affine on each
affine part corresponding to a face F, and it holds that

(=Va-1e.1)

VI+|Vaigl?
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where V4_1¢ is the gradient in H; of ¢ with respect to its (d — 1) variables. Hence, nyp-r =
(1+ |Vd_1cp|2)‘% and if we can prove that

1 < nrpr VF € ¥r, (90)

then we have |V _1¢| < 1, that is, the uniform control of the Lipschitz constant of ¢.

To prove (90), let F € Fr,a € F N M(r, 0/2) and let us translate the fact that T is star-shaped
with respect to every point in B,. Working as in the proof of [27, Lemma B.1], we see that this
assumption forces B, to be fully on one side of the hyperplane spanned by F, which translates into

(a—x)nrr >0 Vx € B,. 91)

On the other, hand since @ € M(r, 0/2), we have a = a* + zr with z > 0 and a* orthogonal to r and
in By/2. Apply (91) to x = a* + (0/2)nrF, which belongs to B, since |a*| < o/2. Noticing that
a—x =zr —(o/2)nrF, this yields

0<zrmrr-3. (92)

Since @ € B; and r is a unit vector, we have 0 < z < 1 and (92) therefore gives r-nrr =

7 Nzr-npr) > z7'0/2 > 0/2. The proof of (90) is complete.
We are now in a position to prove the uniform Necas and second Korn inequalities.

Proof of Proposition 21. The reasoning of [41] shows that if the Necas inequality (88) holds with a
certain C, then the second Korn inequality (89) holds with the constant V1 + 2C2. Hence, we only
have to prove that the mesh elements 7 considered in the proposition satisfy (88) with a constant C
that depends only on d and o. This is achieved proceeding in two steps: first, we scale the problem
in order to reduce the proof to the case of a polytopal set contained in the unit ball and star-shaped
with respect to B, ; second, we prove the sought result in the latter case.

(i) Scaling. Since the inequality is obviously invariant by translation, we can assume that 7 is
star-shaped with respect to every point in B,p,.. We then scale T so that its diameter is equal to 1.
Precisely, define T = T/hr and, for f € LX(T), f € L%(T) such that ]? (%) = f(hyX) forall X € T.
Then h7 = 1 and T is star-shaped with respect to every point in B,. Moreover, by the change of

/Tf=h?/ff (93)

Vf=hVJf. (94)

variable T 3 X +— x = hyx € T,

and, if f € H\(T),

These properties show that, for any v € L*(T),

dj2~ .
v = gvilr = g *IIV - 239l 95)
and that
vV hd [V Vg
”VV”H*I(T)d = sup ‘/T— = sup L
periyd Wlleiaya  yemiaa  IIVPIIr
m 7 -~ (96)
h fvhe' Vg heh' oV

S d/2w g - dj2, 1 —~ =hg/2”V";”H—l(f)a
pen)n)d  hp7IIVYllz  geni@e hy' Thy IV liz
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where we have used, in sequence, the definition of the norm in H ‘I(T)d, the change of variable (93)
with f = vV-y together with the definition |||| H\T) = V|l of the norm H}(T)9, (94) with f =
components of ¥ and the change of variables (93) with f = |Viy|, once again the relation (94) with
f = components of ¥, and finally the definition of ||VV]| H-1(Tyd- If we prove (88) for all polytopal

sets 7 of diameter 1 and star-shaped with respect to every point in B, with C depending only on d
and p, the relations (95)—(96) show that (88) also holds for 7 with the same constant. To simplify
the notations, in the following we drop the hat and we simply write T and v for T and v. In other
words, we reduced the proof to the case where T is a polytopal set contained in B; and star-shaped
with respect to every point in B,,.

(ii) Proof of (88) and (89) in the scaled case. [10, Theorem IV.1.1] establishes the existence of
Cr such that

Iwllr < Cr (Il + I9wllgr)) Y € 2(T). ©7)

The proof [10, Theorem IV.1.1] gives a clear dependency on the constant Cr in terms of an atlas of
OT. For any T contained in By and star-shaped with respect to every point in B,, Lemma 22 provides
an atlas of 9T, whose open covering and domains and Lipschitz constant of the maps depend only on
d and p. Using this atlas in the proof of [10, Theorem IV.1.1], we see that (97) holds with C; = Cy
depending only on d and o. Applying this inequality tow = v — ﬂgv (that has a zero integral over T),
the Necas estimate (88) follows if we show that

IWllg-1ry < CLll VWl -1 (7ya Vw € L*(T) such that /w =0 (98)
T
with Cy depending only on d and p. This estimate is established in [10, Proposition IV.1.7], but with
a proof that does not show the independence of C; with respect to the domain 7. We adapt here this
proof to show that (98) holds with a constant that is uniform with respect to the mesh element 7.
The proof proceeds by contradiction. Assume that (98) does not hold uniformly with respect to
T. Then there is a sequence (T, Wy, )nen such that T, is contained in B; and is star-shaped with respect
to every point in By, w, € L*(T,) has a zero average over T, and

IWallg-1z,,) = 2V Wallg-17;,)4- 99)

Replacing wy, with wy, /||[wn||g-1(1,,), We can also assume that

”WnHH—‘(Tn) =1 (100)

Let w,, be the extension of w, to By by 0 outside 7;,. By (97) (in which we recall that Cr = Cy only
depends on o and d), ||wyllr, is bounded, and so w, is bounded in L*(B;). Hence, L?(B)) being
compactly embedded in H~!(B;), upon extracting a subsequence we can assume the existence of
w € L*(By) such that

W, — w weakly in L*(B;) and strongly in H~'(B)) as n — co. (101)

The weak convergence in LZ(BI) together with the relation 0 = fT Wy = /Bl W, shows that

/ w=0. (102)
B

Considering the uniform atlas of 07, (independent of n) given by Lemma 22, we see that the
corresponding maps (¢, )i=1,....m are uniformly Lipschitz, with a constant not depending on n. Hence,
upon extracting another subsequence, we can assume that these maps converge uniformly to some
Lipschitz functions (¢;);=1,...m- These Lipschitz functions define a Lipschitz open set T and, by
uniform convergence of the maps, the following two properties hold:
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(i) the characteristic function 17, of 7, converges strongly in L?(B;) towards the characteristic
function 17 of T, and

(ii) for any ¢ € C=(T)¢ there is an N(¢) € N such that supp(y) C T,, for all n > N(¥).

We exploit Property (i) by writing w;,, = 17, w,, (since w,, is equal to zero outside 7,), and by passing
to the L?-weak limit in the left-hand side and the weak/strong distributional limit in the right-hand
side, to see that w = 17w. In particular, this shows that w = 0 outside 7" and, together with (102), that

/w = 0. (103)
T

Consider now Property (ii) of (T;,),en. Fixing ¢ € C2(T)?, for any n > N(i) we can write

|

where the first line follows from the definitions of w,, and Vw,, together with the fact that € C>(T;,)¢
(since supp(¥) C T,,), and the second line is a consequence of (99)—(100) and of the fact that ¢ has a
compact support in 7. Combined with the weak convergence in (101) this shows that

/ wV-y = 0.
B,

Since this is true for any ¢ € C=(T)9, this proves that Vw = 0 in D’(T)¢. By construction, T is
connected and thus w is constant over 7. Invoking (103), we deduce that w = 0 on T and thus, since
w = 0 outside T, that w = 0 on B;. The strong convergence in (101) therefore shows that

= |—<an’ ¢>H_I(Tn)’H01 (Tn)

1
= ”VWn”H*l(Tn)d”‘/’“HOI(Tn)d < Z”l/,“Hol(T)d

W, — 0 strongly in H~!(B;) as n — +oo. (104)

To conclude the proof, recall (100) and notice that any function ¢ € HS (T,,) can be considered, after
extension by 0 outside 7},, as a function in Hé (By) with ||¢|| HI(T,) = lell H(B))" Hence, by definition

of the norms in H~'(B;) and H™(T},),

Wnp Wn
1Fall-1py = sup /B‘— sup fT"—n

> = wnllg-1(1;,) = 1.
peH(By) ||<P||H01(Bl) peHNT,) ”‘P”HOl(Tn)

On the other hand, property (104) shows that the left-hand side goes to 0 as n — +oco, which
establishes the sought contradiction. |

Remark 23 (Second Korn inequality in L4). Following [10, Remark I'V.1.1], we could as well establish
a uniform local second Korn inequality in LY spaces, with 1 < ¢ < +oco, rather than in the L? space.

A.2 Approximation properties of the strain projector

Let T be a polytopal open connected set of R¢ and £ > 1 be a given integer. The strain projector
ﬂf; . HY(T)? — PY(T)? is such that, for any v € H'(T)?,

(Verl v, Vow)r = (Vo Vowr)r  Yw € PAT)Y, (105a)
'/ﬂ'gTVI‘/V, /VssﬂgTv:/Vssv- (105b)
T T T ’ T
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By the Riesz representation theorem in V,P{(T)¢ for the inner product of L*(T)%*4, relation (105a)
defines a unique element Vg’ &7V> and thus a unique polynomial z¢ a1V after accounting for the
additional conditions in (105b) (Wthh prescribe a rigid-body motion).

Theorem 24 (Approximation properties of the strain projector). Let 0 > 0 and take T ¢ RY a
polytopal set, of diameter hr, that is star-shaped with respect to every point of a ball of radius ohr.
Let two integers € > 1 and s € {1,...,0 + 1} be given. Then, there exists a real number C > 0
depending only on d, o, €, and s such that, for allm € {0, ..., s} and all v € H*(T)<,

|V - ﬂg,Tv|Hm(T)d < Cl’l;_mll)le(T)d. (106)

Proof. We apply the abstract results of [17, Lemma 2.1], which readily extend to the vector case.
This requires to prove that it holds, for all v € H'(T)4,

lwl vl S Vs ifm> 1. (107a)

7 vlir S Wllr + hrlvlgigya ifm = 0. (107b)

Inside the proof, we note a < b the inequality a < Cb with generic positive constant C having the
same dependencies as in (106).

(i) The case m > 1. We start by observing that equation (105a) implies

IVerl vlir < IVsvliz, (108)

14

as can be easily checked letting w = 7, v and using a Cauchy—Schwarz inequality in the right-hand

side. We can now write

¢ ¢
|7T,9,TV|H1(T)d = ||V7T,9,TV||T

< |IVag v — 73 (Vsr b o)l + 173 (Vv i (109)
S IVl vl + 173 (Vesw)lir

SVl + IVssvllr S Vg

where we have inserted 0 = n(%(VSSv) - nOT(VSSng’Tv) (see (105b)) into the norm and used the triangle
inequality to pass to the second line, the local Korn inequality (89) to pass to the third line, and we
have invoked (108) together with the boundedness of n% expressed by (6) with s = 0 to conclude.
This proves (107a).

(ii) The case m = 0. We can write

I vl < Ivllr + 1wl v = vile < Wl + hr V@S v =)lie < Wl + hr Vg,

where we have inserted +v into the norm and used the triangle inequality in the first bound, we have
used a local Poincaré inequality (resulting from the approximation properties (7) of 71'% withs = 1 and
m = 0) for the zero-average function ng’Tv —v in the second bound, and we have concluded using the
triangle inequality together with (107a) to write ||V(7rf;,Tv -v|r < ||V7tf;’Tv lr +IVvllr < vIgirya-

This proves (107b). m|

Remark 25 (Uniform Korn inequality). Notice that a crucial point in the first step of the above proof
is that the constant in the Korn inequality invoked to pass to the third line in (109) only depends on d
and p. This fact is non-trivial, as seen in Appendix A.1.
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Corollary 26 (Trace approximation properties of the strain projector). Assume that T ¢ RY is a
polytopal set which admits a partition St into disjoint simplices S of diameter hs and inradius rs,
and that there exists a real number ¢ > 0 such that, for all S € Sr,

ths < ohr <rs.

Assume also that T is star-shaped with respect to every point in a ball of radius ohr. Let s €

,..

., £ + 1}, and denote by Fr the set of faces of T. Then, there exists a real number C depending

only on d, o, €, and s such that, for allm € {0, ..., s — 1} and all v € H*(T)4,

S |
v = 7 v lm(gya < Chy " 2 [vlgsya- (110)

Here, H™(Fr) = {v € L*(dT) : vr € H™(F)¢ for all F € F7} is the broken Sobolev space on Fr
and |-|gm (g4 the corresponding broken seminorm.

Proof. Under the assumptions on 7', we have the following trace inequality (see, e.g., [22, Lemma
1.491): For all w € H\(T),

1 1
Iwllz2@ary S by Iwlle + Az IV wllr, (111)

with hidden multiplicative constant in < having the same dependencies as in (110). Form < s — 1,
applying (111) to the components of % (v — ng’Tv) for every multi-index & € N¢ such that Zle a; =
m, we obtain

1 1
¢ -3 ¢ 3 ¢
[V = w oV amgya S hp? IV =g pvllgmerya + hpllv — 7t 7V |l gme (rya -

The conclusion follows using (106) for m and m + 1 to bound the terms in the right-hand side. ]

Acknowledgements

The work of the second author was supported by Agence Nationale de la Recherche grants HHOMM
(ANR-15-CE40-0005) and fast4hho. The work of the third author was partially supported by the
Australian Government through the Australian Research Council’s Discovery Projects funding scheme
(project number DP170100605). Fruitful discussions with Matthieu Hillairet (Univ. Montpellier) are
gratefully acknowledged.

References

(1]

(2]
(3]

(4]

(5]

(6]

J. Aghili, S. Boyaval, and D. A. Di Pietro. “Hybridization of Mixed High-Order methods on general meshes and ap-
plication to the Stokes equations”. In: Comput. Meth. Appl. Math. 15.2 (2015), pp. 111-134. po1: 10.1515/cmam-2015-0004.

G. Allaire. Analyse numérique et optimisation. Palaiseau: Les Editions de 1'Ecole Polytechnique, 2009.

V. Anaya, G. N. Gatica, D. Mora, and R. Ruiz-Baier. “An augmented velocity-vorticity-pressure formulation for
the Brinkman equations”. In: Internat. J. Numer. Methods Fluids 79.3 (2015), pp. 109-137. 1ssn: 0271-2091. por:
10.1002/£f1d.4041.

V. Anaya, D. Mora, R. Oyarziia, and R. Ruiz-Baier. “A priori and a posteriori error analysis of a mixed scheme for the
Brinkman problem”. In: Numer. Math. 133.4 (2016), pp. 781-817.1ssN: 0029-599X. por: 10.1007/s00211-015-0758-x.

R. Araya, C. Harder, A. H. Poza, and F. Valentin. “Multiscale hybrid-mixed method for the Stokes and Brinkman
equations—the method”. In: Comput. Methods Appl. Mech. Engrg. 324 (2017), pp. 29-53. 1ssn: 0045-7825. por:
10.1016/j.cma.2017.05.027.

D. N. Arnold, F. Brezzi, and M. Fortin. “A stable finite element for the Stokes equations”. In: Calcolo 21.4 (1984),
337-344 (1985). 1ssN: 0008-0624. por: 10.1007/BF02576171.

33


https://doi.org/10.1515/cmam-2015-0004
https://doi.org/10.1002/fld.4041
https://doi.org/10.1007/s00211-015-0758-x
https://doi.org/10.1016/j.cma.2017.05.027
https://doi.org/10.1007/BF02576171

[71 L. Beirdo da Veiga, C. Lovadina, and G. Vacca. “Divergence free virtual elements for the Stokes problem on
polygonal meshes”. In: ESAIM Math. Model. Numer. Anal. 51.2 (2017), pp. 509-535. 1ssn: 0764-583X. por:
10.1051/m2an/2016032.

[8] D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications. Vol. 44. Springer Series in
Computational Mathematics. Berlin Heidelberg: Springer, 2013.

[9] M. Botti, D. A. Di Pietro, and P. Sochala. “A hybrid high-order method for nonlinear elasticity”. In: SIAM J. Numer-
Anal. 55.6 (2017), pp. 2687-2717. 1ssN: 0036-1429. por: 10.1137/16M1105943.

[10] F. Boyer and P. Fabrie. Mathematical tools for the study of the incompressible Navier-Stokes equations and related
models. Vol. 183. Applied Mathematical Sciences. Springer, New York, 2013, pp. xiv+525. 1sBN: 978-1-4614-
5974-3; 978-1-4614-5975-0. por: 10.1007/978-1-4614-5975-0.

[11] M. Braack and F. Schieweck. “Equal-order finite elements with local projection stabilization for the Darcy-
Brinkman equations”. In: Comput. Methods Appl. Mech. Engrg. 200.9-12 (2011), pp. 1126-1136. 1ssn: 0045-7825.
por: 10.1016/j.cma.2010.06.034.

[12]  S.C.Brenner. “Korn’s inequalities for piecewise H ! vector fields”. In: Math. Comp. 73.247 (2004), pp. 1067-1087.
1ssN: 0025-5718. por: 10.1090/S0025-5718-03-01579-5.

[13] E.Burman and P. Hansbo. “A unified stabilized method for Stokes’ and Darcy’s equations”. In: J. Comput. Appl.
Math. 198.1 (2007), pp. 35-51. 1ssn: 0377-0427. por: 10.1016/j.cam.2005.11.022.

[14] E.Céceres, G. N. Gatica, and F. A. Sequeira. “A mixed virtual element method for the Brinkman problem”. In: Math.
Models Methods Appl. Sci. 27.4 (2017), pp. 707-743. 1ssn: 0218-2025. por: 10.1142/S0218202517500142.

[15] B. Cockburn, D. A. Di Pietro, and A. Ern. “Bridging the Hybrid High-Order and Hybridizable Discontinuous
Galerkin methods”. In: ESAIM: Math. Model Numer. Anal. 50.3 (2016), pp. 635-650. por: 10.1051/m2an/2015051.

[16] M. Crouzeix and P.-A. Raviart. “Conforming and nonconforming finite element methods for solving the stationary
Stokes equations. I”. In: Rev. Frangaise Automat. Informat. Recherche Opérationnelle Sér. Rouge 7.R-3 (1973),
pp. 33-75.

[17] D. A. Di Pietro and J. Droniou. “W*P -approximation properties of elliptic projectors on polynomial spaces, with
application to the error analysis of a Hybrid High-Order discretisation of Leray—Lions problems”. In: Math. Models
Methods Appl. Sci. 27.5 (2017), pp. 879-908. por: 10.1142/50218202517500191.

[18] D. A. Di Pietro and J. Droniou. “A Hybrid High-Order method for Leray-Lions elliptic equations on general
meshes”. In: Math. Comp. 86.307 (2017), pp. 2159-2191. por: 10.1090/mcom/3180.

[19] D. A. Di Pietro, J. Droniou, and A. Ern. “A discontinuous-skeletal method for advection-diffusion-reaction on gen-
eral meshes”. In: SIAM J. Numer. Anal. 53.5 (2015), pp. 2135-2157. 1ssn: 0036-1429. por: 10.1137/140993971.

[20] D. A. Di Pietro and A. Ern. “A hybrid high-order locking-free method for linear elasticity on general meshes”. In:
Comput. Meth. Appl. Mech. Engrg. 283 (2015), pp. 1-21. por: 10.1016/j.cma.2014.09.009.

[21] D. A. Di Pietro and A. Ern. “Arbitrary-order mixed methods for heterogeneous anisotropic diffusion on general
meshes”. In: IMA J. Numer. Anal. 37.1 (2017), pp. 40-63. por: 10. 1093 /imanum/drw003.

[22] D. A. Di Pietro and A. Ern. Mathematical aspects of discontinuous Galerkin methods. Vol. 69. Mathématiques &
Applications (Berlin) [Mathematics & Applications]. Springer, Heidelberg, 2012, pp. xviii+384. 1sBN: 978-3-642-
22979-4. por: 10.1007/978-3-642-22980-0.

[23] D. A. Di Pietro, A. Ern, and S. Lemaire. “An arbitrary-order and compact-stencil discretization of diffusion on
general meshes based on local reconstruction operators”. In: Comput. Meth. Appl. Math. 14.4 (2014), pp. 461-472.
por: 10.1515/cmam-2014-0018.

[24] D. A. Di Pietro, A. Ern, A. Linke, and F. Schieweck. “A discontinuous skeletal method for the viscosity-dependent
Stokes problem”. In: Comput. Meth. Appl. Mech. Engrg. 306 (2016), pp. 175-195. por1: 10.1016/j.cma.2016.03.033.

[25] D. A. Di Pietro and R. Specogna. “An a posteriori-driven adaptive Mixed High-Order method with application to
electrostatics”. In: J. Comput. Phys. 326.1 (2016), pp. 35-55. por: 10.1016/j.jcp.2016.08.041.

[26] D. A. Di Pietro and R. Tittarelli. “Lectures from the fall 2016 thematic quarter at Institut Henri Poincaré”. In: ed. by
L. Formaggia D. A. Di Pietro A. Ern. SEMA-SIMALI. To appear. Springer, 2018. Chap. An introduction to Hybrid
High-Order methods. urL: https://arxiv.org/abs/1703.05136.

[27]  J. Droniou, R. Eymard, T. Gallouét, C. Guichard, and R. Herbin. The gradient discretisation method: A framework
for the discretisation and numerical analysis of linear and nonlinear elliptic and parabolic problems. Maths &
Applications. To appear. Springer, 2017. urL: http://hal.archives-ouvertes.fr/hal-01382358.

34


https://doi.org/10.1051/m2an/2016032
https://doi.org/10.1137/16M1105943
https://doi.org/10.1007/978-1-4614-5975-0
https://doi.org/10.1016/j.cma.2010.06.034
https://doi.org/10.1090/S0025-5718-03-01579-5
https://doi.org/10.1016/j.cam.2005.11.022
https://doi.org/10.1142/S0218202517500142
https://doi.org/10.1051/m2an/2015051
https://doi.org/10.1142/S0218202517500191
https://doi.org/10.1090/mcom/3180
https://doi.org/10.1137/140993971
https://doi.org/10.1016/j.cma.2014.09.009
https://doi.org/10.1093/imanum/drw003
https://doi.org/10.1007/978-3-642-22980-0
https://doi.org/10.1515/cmam-2014-0018
https://doi.org/10.1016/j.cma.2016.03.033
https://doi.org/10.1016/j.jcp.2016.08.041
https://arxiv.org/abs/1703.05136
http://hal.archives-ouvertes.fr/hal-01382358

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

T. Dupont and R. Scott. “Polynomial approximation of functions in Sobolev spaces”. In: Math. Comp. 34.150
(1980), pp. 441-463.

A. Ern and J.-L. Guermond. Theory and Practice of Finite Elements. Vol. 159. Applied Mathematical Sciences.
New York, NY: Springer-Verlag, 2004.

J. A. Evans and T. J. R. Hughes. “Isogeometric divergence-conforming B-splines for the Darcy-Stokes-Brinkman
equations”. In: Math. Models Methods Appl. Sci. 23.4 (2013), pp. 671-741.1ssn: 0218-2025. por: 10.1142/S0218202512500583.

G. N. Gatica. A simple introduction to the mixed finite element method. SpringerBriefs in Mathematics. The-
ory and applications. Springer, Cham, 2014, pp. xii+132. 1sBN: 978-3-319-03694-6; 978-3-319-03695-3. por:
10.1007/978-3-319-03695-3.

V. Girault and P.-A. Raviart. Finite element methods for Navier-Stokes equations. Vol. 5. Springer Series in
Computational Mathematics. Theory and algorithms. Berlin: Springer-Verlag, 1986, pp. x+374. 1sBN: 3-540-
15796-4.

M. Juntunen and R. Stenberg. “Analysis of finite element methods for the Brinkman problem”. In: Calcolo 47.3
(2010), pp. 129-147. 1ssn: 0008-0624. por: 10.1007/s10092-009-0017-6.

J. Konno and R. Stenberg. “H(div)-conforming finite elements for the Brinkman problem”. In: Math. Models
Methods Appl. Sci. 21.11 (2011), pp. 2227-2248. 1ssn: 0218-2025. por: 10.1142/50218202511005726.

K. A. Mardal, X.-C. Tai, and R. Winther. “A robust finite element method for Darcy-Stokes flow”. In: SIAM J.
Numer. Anal. 40.5 (2002), pp. 1605-1631. 1ssn: 0036-1429. por: 10.1137/S0036142901383910.

L. Mu, J. Wang, and X. Ye. “A stable numerical algorithm for the Brinkman equations by weak Galerkin finite ele-
ment methods”. In: J. Comput. Phys. 273 (2014), pp. 327-342.1ssNn:0021-9991. por: 10.1016/j. jcp.2014.04.017.

J.-C. Nédélec. “Mixed finite elements in R3”. In: Numer. Math. 35.3 (1980), pp. 315-341. 1ssn: 0029-599X. por:
10.1007/BF01396415.

J. R. Philips. “Issues in flow and transport in heterogeneous porous media”. In: Transport in Porous Media 1 (1986),
pp. 319-338.

P.-A. Raviart and J. M. Thomas. “A mixed finite element method for 2nd order elliptic problems”. In: Mathematical
aspects of finite element methods (Proc. Conf., Consiglio Naz. delle Ricerche (C.N.R.), Rome, 1975). Springer,
Berlin, 1977, 292-315. Lecture Notes in Math., Vol. 606.

C. Taylor and P. Hood. “A numerical solution of the Navier-Stokes equations using the finite element technique”. In:
Internat. J. Comput. & Fluids 1.1 (1973), pp. 73-100. 1ssn: 0045-7930. por: 10.1016/0045-7930(73)90027-3.

A. Tiero. “On Korn’s Inequality in the Second Case”. In: Journal of Elasticity 54.3 (1999), pp. 187-191. por:
10.1023/A:1007549427722.

G. Vacca. “An H 1-conforming virtual element for Darcy and Brinkman equations”. In: Math. Models Methods
Appl. Sci. 28.1 (2018), pp. 159-194. 1ssn: 0218-2025. por: 10.1142/S0218202518500057.

35


https://doi.org/10.1142/S0218202512500583
https://doi.org/10.1007/978-3-319-03695-3
https://doi.org/10.1007/s10092-009-0017-6
https://doi.org/10.1142/S0218202511005726
https://doi.org/10.1137/S0036142901383910
https://doi.org/10.1016/j.jcp.2014.04.017
https://doi.org/10.1007/BF01396415
https://doi.org/10.1016/0045-7930(73)90027-3
https://doi.org/10.1023/A:1007549427722
https://doi.org/10.1142/S0218202518500057

	Introduction
	Continuous problem
	Discrete setting
	Discrete problem
	Discrete unknowns
	Stokes term
	Darcy term
	Velocity-pressure coupling
	Discrete problem and main results

	Numerical examples
	Convergence for the Darcy, Brinkman, and Stokes problems with constant coefficients
	Convergence for the Darcy problem with spatially varying permeability

	Proofs
	Comparison of local seminorms
	Well-posedness
	Convergence
	Consistency of the Stokes bilinear form
	Consistency of the Darcy bilinear form
	Error estimate and convergence


	Uniform Korn inequalities with application to the study of optimal approximation properties for the strain projector
	Uniform local second Korn inequality
	Approximation properties of the strain projector


