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Energy and implicit discretization of the Fokker-Planck
and Keller-Segel type equations

Luis Neves De Almeida* Federica Bubba*f Benoit Perthame** Camille Pouchol*

March 28, 2018

Abstract

The parabolic-elliptic Keller-Segel equation with sensitivity saturation, because of its pattern
formation ability, is a challenge for numerical simulations. We provide two finite-volume schemes
whose goals are to preserve, at the discrete level, the fundamental properties of the solutions, namely
energy dissipation, steady states, positivity and conservation of total mass. These requirements
happen to be critical when it comes to distinguishing between discrete steady states, Turing unstable
transient states, numerical artifacts or approximate steady states as obtained by a simple upwind
approach.

These schemes are obtained either by following closely the gradient flow structure or by a
proper exponential rewriting inspired by the Scharfetter-Gummel discretization. An interesting
feature is that upwind is also necessary for all the expected properties to be preserved at the
semi-discrete level. These schemes are extended to the fully discrete level and this leads us to
tune precisely the terms according to explicit or implicit discretizations. Using some appropriate
monotony properties (reminiscent of the maximum principle), we prove well-posedness for the
scheme as well as all the other requirements. Numerical implementations and simulations illustrate
the respective advantages of the three methods we compare.

2010 Mathematics Subject Classification. 35K55, 35Q84, 65M08, 656M22, 92C17.
Keywords and phrases. FEnergy dissipation; Numerical methods; Keller-Segel system; Scharfetter-
Gummel method; Gradient flow; Upwind schemes; Finite volume method; Mathematical biology

Introduction
Taxis-diffusion and aggregation equations are widely studied in the context of biological populations

(see [19, 14, 12, 9] for instance). They describe cell communities which react to external stimuli and
form aggregates of organisms (pattern formation), such as bacterial colonies, slime mold or cancer
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cells. The Patlak-Keller-Segel model [16] is the most famous system and we are interested in the
following generalization

%_ (@%:07 forz =0or 1, (1)
u(z,0) = u’(z) >0, xz € [0,1].

Here, u(z,t) > 0 represents the density of a given quantity (e.g., cells or bacteria population) and
the initial data u°(x) is a given nonnegative smooth function. As for the function v, which models a
molecular concentration, we choose either the case of the Fokker-Planck (FP in short) equation, where
v(z) is known
ov
v:=uv(x) >0, o € L*>°(0,1), (2)

or the case of the generalized Keller-Segel (GKS in short) equation, where
v(x,t) = /K(m, y)u(y,t)dy, K (x,y) a smooth symmetric kernel. (3)

Depending on the modeling choice for ¢(u), solutions to (1) can blow-up in finite time depending
upon a critical mass (see [20, 5]) or reach stationary profiles in the form of peaks or plateaus [22]
(pattern formation by Turing instability). The high nonlinearities due to the advection term make
problem (1) mainly untractable through analytical methods. Thus, it is important to dispose of
reliable numerical methods avoiding non-physical oscillations and numerical instabilities even when
dealing with non-smooth solutions. The main properties that one wishes to preserve in a numerical

method are
(P1) positivity property, since we are dealing with densities or concentrations,

u(zx,t) >0, (4)

(P2) mass conservation, because no-flux boundary conditions are imposed,

/0 L t) = /0 L), (5)

(P3) preservation of discretized steady states of the form

1
glw) =p+v,  g'(u)= o) (6)
where p is a parameter related to the mass of u, and
(P4) energy dissipation
%S(t) <0, £(t) = /0 ' (G(w) — wun] d, (1)



where G(u) is a primitive of g(u) and the value of x differs for the two cases we study here, namely

k=1 (FP case), K= % (GKS case). (8)

The aims of our work are first to recall two points of view for the derivation of the above energy
inequality, second to use them for the construction of conservative, finite volume numerical schemes
preserving energy dissipation to solve equation (1), third to make numerical comparisons in the case
of complex patterns in order to distinguish physical instabilities from numerical artifacts. The two
different derivations of the energy dissipation use two symmetrization strategies: the gradient flow or
the Scharfetter-Gummel approaches. It turns out that they lead to two strategies for discretization
of problem (1). We prove that the proposed schemes statisfy properties (4)—(7) and because we build
implicit schemes, there is no limitation on the time step in the fully discrete case.

There exist other works which propose schemes for the resolution of problems in the form (1). For
instance, finite elements methods are used, see [23] and references therein. Optimal transportation
schemes for Keller-Segel systems are introduced in [1]. The papers [3] and [7] propose a finite-volume
method able to preserve the above properties, including energy dissipation, at the semi-discrete level
or with an explicit in time discretization, using the gradient flow approach. The symmetrization using
the Scharfetter-Gummel approach is used in [18] where properties similar to ours are proved. However,
the results do not include sensitivity saturation. To the best of our knowledge, our work is the first to
propose implicit in time methods, without time step limitation (CFL condition), for which we are able
to prove that, under generic conditions, the energy decreases at both semi-discrete and discrete level.
Moreover, we build an alternative to the gradient flow approach applying the Scharfetter-Gummel
strategy [24] for the discretization of drift-diffusion equations (1) with a general saturation function .

The paper is organized as follows. In Section 1, we present in more details our assumptions for
the equation (1). We also explain some modeling choices in particular for the nonlinearity o(u)
and on the choice of the kernel K. Section 2 is devoted to the introduction of the two approaches,
gradient flow or Scharfetter-Gummel, and to how we use the continuous version of energy dissipation
to derive the schemes. In Sections 3 and 4, we show how the aforementioned two approaches lead to
two different numerical methods, developed from the semi-discrete (only in space discretization) level
to the fully discretized scheme. In particular, using a general result recalled in Appendix A about
monotone schemes, we prove that the proposed schemes are well-posed and satisfy the fundamental
properties (4)—(7). These theoretical results are illustrated in Section 5 by numerical simulations: we
compare the gradient flow and the Scharfetter-Gummel schemes with the upwind approach, typically
used to solve this kind of models.

1 Assumptions and notations

The standard biological interpretation of (1) ([13, 19, 21]) provides us with some further properties of
the nonlinearities which we describe now.

Chemotactic sensitivity. The function p(u) is called chemotactic sensitivity. It determines how
the random movement of particles of density u is biased in the direction of the gradient of v. In order
to include the different choices of ¢, as ¢(u) = w as in the Keller-Segel or drift-diffusion model, or the
logistic case ¢(u) = u(1 — u), or the generalized case ¢(u) = ue ™, we use the formalism

ou) =wp(u),  with  P(u) >0,  ¢'(u) <0. (9)



More precisely, we consider two cases for the smooth function 1,
P(u) > 0, Yu > 0, (10)

or
P(u) >0 for 0<u< M, (M) = 0. (11)

In the case (11) we only consider solutions which satisfy u € [0, M].
It is convenient to introduce the notations

guo=iéu;%3du 6= [ s (12)

where a is a constant that enables to get rid of the integration constant and depends on the choice
of ¢. For instance, for the standard case ¢(u) = w, a = 1 and one obtains g(u) = In(u) and
G(u) = uln(u) — u. For functions ¢ satisfying (10), a natural hypothesis which is related to blow-up
is the following
TELMLA0),  gln) — oo, (13
(’D uU—00
an assumption which, as we see it later, appears naturally when it comes to the well-posedness of
numerical schemes.
Note that under assumption (10) and if ¢ is bounded, solutions exist globally and are uniformly
bounded [10]. Under assumption (11), if 0 < u® < M, the solution is also globally defined and satisfies
0 < wu(t,-) < M for all times [12].

Expression of the drift v. The convolution expression for v as a function of u has been widely
used in recent studies [1, 2, 3]. It also comes from the Keller-Segel model [14, 16, 21], where the
equation for the cells density in (1) is complemented with a parabolic equation for the chemoattractant
concentration v. Since the chemoattractant is supposed to diffuse much quicker than the cells density,
we can consider a simplified form of the Keller-Segel system and couple (1) with the elliptic equation
for v

2

Q

—ZY =u—w, x € (0,1),
%:0, z=0or 1.

il

This equation leads to (3) using the Green function given by the positive and symmetric kernel K (z,y)

defined as )
— € -z Yy 2—y < =
K(z,y) /\(e +e )(e +e ), <y, A IR (14)

Notations for numerical schemes. We give here our notations for discretization. We consider
a (small) space mesh size Az = %, I € N. The mesh is centered at z; = iAz, with endpoints
Tip1/9 = (i +1/2)Ax for i = 1,...,1 — 1. Therefore, our computational domain is always shifted and
takes the form (%, I+ %)Am) Finally, the mesh is formed by the intervals

1
I = <$i—%’xi+%) o T T (Z ! §> o



As for time discretization, we consider (small) time steps At > 0, and set t" = nAt. The approximation
of u(x,t), interpreted in the finite volume sense ([0, 17]), is denoted by

1
(TS Az /12 u(z, t")dx.

Integration on the interval /; yields fluxes F} 1 ~ (% — (u)%) fori =0,...,I—1 through the
2

interval interfaces.

2 Energy dissipation

Energy dissipation is the most difficult property to preserve in a discretization and methods might
require corrections [15]. Therefore, it is useful to recall how it can be derived simply for the continuous
equation. We focus on two different strategies, that lead to two different discretization approaches,
the gradient flow approach and the Scharfetter-Gummel approach.

The gradient flow approach to energy. Using the notations (12), the equation for u can be

rewritten as (o() )
ou 0 d(g(u) —v)|
g [w(U)i&U } _o, (15)

so that

o — (g0 - ) g [ ZEI =) 2 o 2= ) {T]Q

Consequently, we find, in the Fokker-Planck case

il (6w — w(a)dr = — / o) 2t =) “ar <o,

(9(u) —v)

and in the generalized Keller-Segel case

il [G(w) ~ Suoe, ds = - / o) [%]@ <o,

because, thanks to the symmetry assumption on K and by using the definition (3) of v, we have

//K(a:,y)U(y, auwt //ny ) z,t 2dt//Kﬂ?y u(y, t)u(z,t).

The Scharfetter-Gummel approach to energy. Inspired from the case of electric forces in semi-
conductors, the equation for u can be rewritten as

ou 0| o Ded(w)=v
9t ox [6 ot )GD(U)T] =0, (16)

5



so that

ou 9 Ded(w)—v
_ — _ v—g(u)
(9(u) —v) o (9(u) —v) o [e (u) pe
0 99 (W)= ] eI~ 9 (g(u) — v)
_9 _oyev—g@) o I T ug(u) 9
o [(Q(U) v)e o(u) pe e o(u) o e

It is immediate to see that the last term has the negative sign while the time derivative term is exactly
the same as in the gradient flow approach.

At the continuous level, these two calculations are very close to each other. However, they lead
to the construction of different discretizations. The gradient flow point of view is used for numerical
schemes by [9], the Scharfetter-Gummel approach is used in [18].

3 Semi-discretization

The mass conservative form of (1) leads to a finite volume type semi-discrete scheme
du; ,
Qil—t@)_‘_ﬁ[}:’iﬁ-l/Q(t)_F’i—l/Z(t)]:07 ZZOv"'7[7 t>07
(17)
Fyjo(t) = Fryqp2(t) = 0.
We use the definition (8) for x and set for i =0,...,T
El(t) = G(u,) — RU;0;.

The semi-discrete energy is then

3.1 The gradient flow approach

Using the form (15) of equation (1), we define the semi-discrete flux as

[g(uH_l) — Vi1 — (g(ul) — Ui)], 1= 1, N ,I — 2. (18)

The precise expression of ¢; /5 is not relevant for our present purpose which is to preserve the energy
dissipation property. However, for stability considerations it is useful to upwind, an issue which we
shall tackle when we consider the full discretization.

Then, the semi-discrete energy form is obtained after multiplication by (g(u;) — v;) and yields

Pi+1/2
Fipp(t) = — sl

1 -1 I—1
d
EszEi(t) == (g(w) = vi)[Fiyry2 — Fimigol = Y Fraaye[(9(uis1) — vi1) — (9(wi) — 1))
i=0 i=1 i=1
Therefore, we find the semi-discrete form of energy dissipation
I-1 2
dEsq (9(uiz1) — vig1) — (g9(us) — v;)

1=1



3.2 The Scharfetter-Gummel approach

We choose to discretize the form (16), defining the semi-discrete flux as

(ev—g(u) C,D(U)) i+1/2

Fipyp(t) = — - [eo(uir)=vier _go(ui)=vi) G =1 . ]2, (19)

where, again, the specific form of the interpolant (e”_g(“)go(u))i 12 is not relevant here.
As above, the semi-discrete energy form follows upon multiplication by g(u;) — v; and reads

~

-1

AUUZE (9(wi) = vi) [Fip1j2 — Fi—1y2] = Z i1/2 [(9(uig1) —vigr) — (9(wi) —vi)] -

=1

Summing up, the semi-discrete form of energy dissipation here writes

<0.

dgsd _ v—g(u e(uirt)=virt — 9=V (g(uip1) —vig1) — (g9(uw;) — vi)
= Az Z z+1/2 Az Az
3.3 Discrete steady states

Steady states make the energy dissipation vanish which imposes both in the gradient flow and the
Scharfetter-Gummel approaches that (g(ui“) - vi+1) = (g(ul) - vi). In other words they are given,
up to a constant p, as the discrete version of (6),

gu))=vi+p, Yi=0,...,1. (20)
We recall from [22] that in the GKS case, there are several steady states and the constant ones can
be unstable.
4 Fully discrete schemes

To achieve the time discretization, and restricting our analysis to the Euler scheme, we write the time

. n+1 n .
duczt(t) as “i——+. Therefore, the full discretization of (17) writes

difference

urtl —gn 4 AL [F[_ﬁ}z F"ng] —0, i=0,... .1
(21)
n+1 n+1
4 1/2 = I 1/2 = = 0.

The issue here is to decide which terms (in w and v) should be discretized with implicit or explicit
schemes based on fully discrete energy dissipation. We claim that, apart from the interpolant, we
need to make the terms in w; implicit and, for the GKS case, the terms in v; explicit, a fact on which
we now elaborate.

The computation made in the semi-discrete case, db:lit(t) = d"ét(t) (g(ui(t))—v;i(t)), extends to the fully
discrete setting and leads to the following constraint on the energy

I I
So(E - E) <Yt = u)(glug) — o).
i=0

=0

7



Here, uj™ = au} + (1 — 04)11?Jrl i= Bul + (1 — B)u . The convexity of G(-) imposes the choice

of an 1mplicit discretization for u, namely a = 0, because

Gu™) — Gluf) < gluf™) (™ —ufl).

3 (3 K3

Regarding the term in wv, only the case of GKS needs to be fixed and we thus require

1

I
=37 [ww) = (o)) < =2 ol — ).

=0 i=0

It is natural to try and balance the terms by choosing a semi-explicit discretization with 5 = %, which

yields

1
Bn [, n+1 n n+l, n+l n—l—l n n n—l—l n—l—l u” n, n+l
2 E [vi (™ — ) — (uf o] E — E Kij (™ uf — uitu

i=0 =0

with the last term vanishing due to the symmetry of K.
However, implicit and explicit time discretizations for v can also be considered at the expense of
adding hypotheses on the kernel K. Indeed, for a given 0 < § < 1, we find

1

2%" [vfn (=) — (WPt =y ")} (28— 1)) Kij(uptt — u)(wth — ).
=0 ,J

As a consequence, an explicit (resp. implicit) scheme is suitable for the time discretization of v
provided that K is a non-negative (resp. non-positive) symmetric Kernel. Since K is a non-negative
symmetric Kernel for the Keller-Segel equation (3), for simplicity we choose an explicit discretization
for v.

Finally, we note that the interpolant does not play any role for energy discretization and we can
use the simplest explicit or implicit discretization (both in u and v), so as to make the analysis of the
scheme as simple as possible.

4.1 The gradient flow approach
We consider the full discretization of (18) and define the fully discrete flux in (21) as

n+1 (p(u)?:11/2 n+1 n n+1 n .
Fz+1/2 -~ T Az [(9(“i+1 ) — Ui+1) - (9(“2' ) — i )] ) i=1,.,1-2 (22)

At this level, we need to define the form of the interpolant ¢(u )":11/2 From the theorem in Ap-

pendix A, we use an upwind technique in order to ensure well-posedness and monotonicity properties
of the scheme. Thus, for i =1,...,I — 2, we define

n+1 _{ un+1¢(u?:11) when  g(u n+1) g(u ?:11)+Uz+1 — v >0,

pu)iy)g = n n " . (23)
o uli e (uf ) when  g(ul ™) — g(ulf) + ol — o <O0.

Proposition 4.1 (Fully discrete gradient flow scheme) We assume either (10) and (13), or (11)
and give the u? > 0. Then, the scheme (22)—(23) has the following properties:



(1) the solution ul exists and is unique, for alli=0,...,I, and n > 1;
(ii) it satisfies u > 0, and ul < M for the case (11), if it is initially true;
(iii) the steady states g(u;) —v; = p are preserved;

(iv) the energy dissipation inequality is satisfied
1 2
gt —gn < ——— Z‘P z+1/2 ( z+1) ,Uln-l-l) - (9<U?+ ) — ”?)]

Notice that this theorem does not state a uniform bound in the case (10) and (13).

Proof. (i) We prove that the scheme satisfies the hypotheses of the theorem in Appendix A. We set

At
n 1, ntl n+1
Az+1/2( - Uz:1 ) = (Az)? i+—|i/2'

Then, the simplest case is when ¢ satisfies (11), since clearly u"Jr1 =0 and u"Jr1 = M are respectively
a sub- and supersolution. When ¢ satisfies (10) and (13), ;“’1 = 0 is again a subsolution, while for
the supersolution we choose UZ-"Jrl = g 1(C +v?). Such a choice indeed makes the flux terms vanish:

. el R (D s
Fie = ——aa - (0O = o) = (o0 )] = == 20 - €] =0,

Thus UZ‘H is a supersolution as soon as g~ (C + v") > w}, which holds when C' is taken to be large
enough because we recall that assumption (13) ensures that g(u) tends to +00 as u tends to +oc.
Moreover, the scheme is monotone since

A1 (u; Lul) = - (A7) uf i () [g(ui) = o — (9(uf ) = o)), +
At n n n n n
- (A:E)Q w(uz—:_ll) [g(uz-:_ll) —Uiy1 — (g(uz +1) - )]_ +
At n+1

i [~g'(u}™)] >0,

where

0§[m]+:{x for >0 and 0>[m]_:{0 for azzO.

0 for <0 x for =<0

(ii) Positivity of discrete solutions and the upper bound in the logistic case follow from the subsolution
and supersolution build in step (i).

(iii) Preservation of steady states at the discrete level follows immediately from the form we have
chosen for the fully discrete fluxes.

(iv) For the energy inequality, we remark that the contribution regarding time discretization is treated
in the introduction of the present section. The space term is exactly treated as in the corresponding
subsection of Section 3. O



4.2 The Scharfetter-Gummel approach
In (21), the fully discrete Scharfetter-Gummel flux reads as

n n n+1 n n n
F::ib — (ev —g(u )(’D(un+1))i+1/2 |:eg(ui++1 )—viy eg(ui+1)_vi] , i=1,..,1—2,
with the boundary conditions

+1 _ pntl
F1n/2 —F}L—l/z—o'

As for the gradient flow approach, we need the upwind technique to get a scheme which satisfies the
hypotheses in Appendix A. So, we set for i =1,...,1 —2

( v —g(u™) ( n+1)> U?:ll (u?—l'l)evlnﬂ_g(“znﬂ)’ if e(g(u?ﬁl)—vﬁrl) _ e(g(u?ﬂ)—v?) > 07
e u = " . . .
i i+1/2 u?—l—lzﬁ(u?:ll)ev?_g(u?)’ if e(g(uijll)_vzﬂrl) _ e(g(ui = ) < 0.

Proposition 4.2 (Fully Scharfetter-Gummel scheme) We assume either (10) and (13), or (11)
and give the u? > 0. Then, the scheme (22)—(23) has the following properties:

(i) the solution u} exists and is unique, for alli=1,...,1, and n > 1;
(ii) it satisfies ul' > 0, and ul < M for the case (11), if it is initially true;
(iii) the steady states g(u;) — v; = p are preserved;

(iii) the energy dissipation inequality is satisfied
gt —gn < _% 21:—11 (ev”—g(u")(’p(un) )i+1/2
erlet )t — a0 ) =] [(g () —ofs) — (9 (™) = o)) S 0.
Proof. We argue exactly as for the gradient flow approach.

4.3 The upwinding approach

The upwind scheme is driven by simplicity and, in (21), the fluxes are defined by

1
+1 +1 +1 .
i11/2 = Az [u?ﬂ - u? - ‘P(u)?ﬂ/z (/U’ln-f-l - ’Uzn)} ) t=1,..,1—2,
with
+1 +1
(,0(’LL)”+1 L u:L w(u?—i-l ) when Uin—i-l - ,Uzn 2 07 (24)
172 ™) when ol — o <0,

as in (23), but this time depending on the sign of v, ; — v;".

Proposition 4.3 (Fully discrete upwind scheme) We assume either (10) and (13), or (11) and
give the u > 0. Then, the scheme (22)—(23) has the following properties:

(i) the solution u} exists and is unique, for alli=0,...,1, and n > 1;
i) it satisfies u* > 0, and u?* < or the case , if it is initially true.
ii) it satisfies u > 0, and ul < M for th 11), if it is initially t

10



Proof. As for the gradient flow approach, the above choice makes the scheme monotone, because

At 1 1 At 1 1 1

Ax 261F 1(u ?Jr ’u?fl):—A—ﬁ (—1_“?f1¢( A [ Vit1 — Y } —Y(u ?:1) [ z+1_Uﬂ+> = 0.
Thus, arguing as for the gradient flow approach and relying on the results in Appendix A, existence and
uniqueness of the discrete solution as well as preservation of the initial bounds follow immediately.

Thus, choice (24) enables to prove that the scheme is well-defined, satisfies u}' > 0 and preserves the
bound u} < M for the case (11), but the energy dissipation inequality is lost. Also the steady states,
in this case, are defined by the nonlinear relation u;11 — u; = @(u);i41/2(viy1 — v;) which are usually
not in the form (20).

5 Numerical simulations

5.1 The Fokker-Planck equation, ¢(u) =

We first present the numerical implementation of the Fokker-Planck equation with ¢(u) = u. We
do not consider the gradient flow approach which requires to solve a nonlinear fixed point unlike the
other methods. The Scharfetter-Gummel and upwind approaches are linear and can be compared, in
fact they only require the solution of a tri-diagonal system at each time step.

We consider a first case with /D = 24, with I = 100 and an initial density u® = 1. We take the
velocity field as

v=x(1—z)x—0.3|.

In Figure 1, we compare the approximate stationary solutions obtained with the upwind scheme (blue,
dashed line) and the Scharfetter-Gummel scheme (red line) with the exact stationary solution (black

—1
line), which in this case has the form u(x) = CeX(@)/P with C' = (fol eX”(x)/Ddaz) so that the mass

of the solution is constant in time. In this first case, the two schemes have no significant differences;
this is a major difference with the Keller-Segel equation, as we show it in the next subsection.

Cells density at t = 9.999000e+01 L*> dynamics

18 = = = Upwind - = = Upwind
: Scharfetter-Gummel

Scharfetter-Gummel
Exact solution

1.6

0

log(u;
ket K k
[ a1 Al

08r

L L L L L L L L L L L L L L
0 0.1 02 03 04 05 06 07 08 09 1 0 10 20 30 40 50 60 70 80

FIGURE 1: Left: Comparison of solutions of the Scharfetter-Gummel (red line)I and upwind (blue, dashed line)
schemes at time ¢ = 100 with the exact stationary solution (black line) for the linear Fokker-Planck equation
with @(u) = u. Right: Dynamics of discrete solutions.

5.2 The nonlinear Keller-Segel equation

We turn to the equation (1) coupled with (3) for two nonlinear forms of the chemotactic sensitivity
function: the logistic form ¢(u) = w(l — u) and the exponential form ¢(u) = we™™. The goal

11



is to compare the discrete solutions obtained with the three numerical approaches presented above
when patterns arise, namely when Turing instabilities drive the formation of spatially inhomogeneous
solutions (we refer to [19] for an introduction to this topic). To this end, we slightly modify the original
equation (1) to

G — L [DF — xp(w)PE] =0, z€(0,1), t >0,
D% - X‘P(U)% =0, forz =0or 1, (25)
u(z,0) = u’(z) > 0, z€[0,1],

in order to emphasize the coefficients driving the instabilities: D > 0, the constant diffusion coefficient
and x > 0, the chemosensitivity. The concentration of the chemoattractant v remains driven by (3).

t=1 t=10 t=1000
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= = = Gradient Flow 0.8 0.8
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= = =
0.4 0.4 0.4
0.2 0.2 0.2 u
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0 0.5 1 0 0.5 1 0 0.5 1
X X X
t =2000 t=3500 t=9999
0.8 0.8 0.8
0.6 0.6 0.6
> > >
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
X X X

FIGURE 2: EVOLUTION IN TIME OF SOLUTIONS to (25) in the logistic case ¢(u) = u(1 —u) with x/D = 40. We
solved the equation with the Scharfetter-Gummel (red line) and the gradient flow scheme (black dashed line)
with I = 100 and At = 1. There is no major difference between the solutions given by the two approaches.

We first consider the logistic case with x/D = 40. We take as initial condition a random spatial
perturbation of the constant steady state u° = 0.5 and solve the equation with 100 equidistant points
in [0, 1].

Figure 2 shows the evolution in time of the density u! obtained with the Scharfetter-Gummel (red
line) and the gradient flow approach (black, dashed line). After a rather short-time period, the initial
spatial perturbation evolves, as expected, in spatially inhomogeneous patterns: a series of “steps” arise
in the regions where the concentration of the chemoattractant is greater. After some time, a structure
with a smaller number of steps forms when the two central plateaus merge. It is worth noticing that,
even if the transitions from one structure to another happen very quickly, the time period during
which these structures remain unchanged grows with the number of transitions that occurred. In [22],
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where the inter-transitions patterns are called metastable, this peculiar phenomenon is explained in
details.

t=1 t=10 t=1000
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0 d 0 0
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FIGURE 3: EVOLUTION IN TIME OF SOLUTIONS to (25) in the logistic case ¢(u) = u(1 —u) with x/D = 40. We
solved the equation with the Scharfetter-Gummel (red line) and the upwind scheme (blue, dashed line) with
I =100 and At = 1. The upwind solution transitions faster from one metastable state to the following, while
the Scharfetter-Gummel scheme preserves discrete stationary profiles.
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FIGURE 4: STATIONARY PROFILES AND DYNAMICS. (A), (B) Comparison of the stationary profiles of solutions
to the Scharfetter-Gummel (red line) and the upwind (blue, dashed line) schemes at ¢ = 50 and ¢ = 9000. The

Scharfetter-Gummel scheme approximates the expected 0-1 plateaus better, while the solution to the upwind
n n—1
scheme has smoother edges. (C) The dynamics of solutions represented by the quantity W Peaks

correspond to transitions. The Scharfetter-Gummel and the gradient flow solutions have smaller errors when
they reach a metastable profile.

As for the schemes, Figure 2 shows that the Scharfetter-Gummel and the gradient flow approaches
give the same solution; no difference can be spotted. This is not true for the upwind approach. In
Figure 3, we compare the solutions to the Scharfetter-Gummel (red line) and the upwind (blue, dashed
line) schemes. The upwind solution transitions faster from one metastable structure to the following
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FIGURE 5: EVOLUTION IN TIME OF SOLUTIONS to (25) in the exponential case ¢(u) = ue ™ with x/D = 24.
We solved the equation with the Scharfetter-Gummel (red line) and the gradient flow schemes (black, dashed
line) with I = 100 and At = 1. As for the logistic model, the two schemes give the same solution.

than the Scharfetter-Gummel one. In fact, as proved above, the latter preserves discrete stationary
profiles which, using the no-flux boundary conditions, solve the equation

ou  x v

oz 5@(“)%-
From (26), it is clear that, in the logistic case, the expected stationary solutions are 0-1 plateaus
(or “steps”) connected by a sigmoid curve which is increasing or decreasing when v is. We refer
again to [22] and also to [11] for a detailed study of the stationary solutions and their properties for
the logistic Keller-Segel system. In Figures 4a and 4b, we compare two stationary solutions to the
Scharfetter-Gummel and upwind schemes, at time ¢ = 50 and ¢ = 9000 respectively. The Scharfetter-
Gummel scheme approximates the 0-1 plateaus better than the upwind scheme, whose solutions have
smoother edges. Moreover, in Figure 4c we compare the L°° dynamics of the three schemes, computing
the quantity ||u” — u" /oo /||u"!||se for each n. The peaks shown by this figure correspond to the
transitions from one profile to another. Observe that, for both solutions of the Scharfetter-Gummel and
the gradient flow scheme, the two peaks are further away in time than the ones from the upwind scheme:
this confirms that the upwind solution is in advance when it comes to transitioning. Nevertheless,
from t ~ 6000, the relative errors of the upwind solution are consistently greater that the ones from
the two other approaches, thus confirming that only the Scharfetter-Gummel and the gradient flow
schemes preserve the exact discrete stationary profiles. Notice however that none of the schemes
produce overshoot, due to our upwinding of the term in ¢ (u).

(26)

Next, we consider an exponentially decreasing form of the chemotactic sensitivity function with
X/D = 24. Again, we take as initial condition a random spatial perturbation of the constant steady
state u’ = 0.7 and solve the equation on 100 equidistant points. The evolution in time of discrete
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FIGURE 6: STATIONARY PROFILES AND DYNAMICS. (A), (B) Comparison of the stationary profiles obtained
with the Scharfetter-Gummel (red line) and the upwind scheme (blue, dashed line) at ¢ = 50 (left) and ¢ = 200.
(C) Dynamics of solutions to the three schemes: observe that the upwind approach, even though it is faster,

has greater errors when stationary profiles are reached.
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FIGURE 7: EVOLUTION IN TIME OF SOLUTIONS to (25) in the exponential case ¢(u) = ue ™ with x/D = 24.
We compare the solutions of the Scharfetter-Gummel (red line) and the upwind schemes (blue, dashed line)
obtained with I = 100 and At =1 for different times.

solutions obtained with the three numerical approaches are compared in Figures 5 and 7. In this
model, no initial upper bound for the solution is imposed, so that the cells aggregate “naturally”
where the chemoattractant has the greatest concentration, resulting in profiles without the plateaus
observed in the logistic model. However, solutions face the same kind of transitions observed before,
evolving from one stationary profile to another. As before, the Scharfetter-Gummel and the gradient
flow approaches give the same solutions (Figure 5), while the solution of the upwind scheme evolves
faster since we cannot expect conservation of the stationary profiles for this approach (Figure 7).
In Figures 6a and 6b, we compare stationary profiles obtained with the different approaches while
in Figure 6¢c we compare dynamics of the solutions. This last figure shows that, as for the logistic
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model, smaller errors can be expected for the Scharfetter-Gummel and gradient flow approaches when
steady states are reached.

6 Conclusion

In the context of the Generalized Keller-Segel system, we have presented constructions of numerical
schemes which extend previous works [18, 9], built on two different views of energy dissipation. Our
construction unifies these two views, the gradient flow and Scharfetter-Gummel symmetrizations.
Our schemes preserve desirable continuous properties: positivity, mass conservation, exact energy
dissipation, discrete steady states. Being correctly tuned between implicit and explicit discretization,
they can handle large time steps without CFL condition.

The present work is motivated by experiments of breast cancer cells put in a 3D structure mimicking
the conditions they meet in vivo, namely in the extracellular matrix. After a few days, confocal images
of 2D sections show that cells have organized as spheroids, a phenomenon believed to be driven by
chemotaxis. The spheroids can then be interpreted as Turing patterns for Keller-Segel type models
and it is crucial to use appropriate schemes for them to be distinguishable from actual steady states
or numerical artifacts. Comparing 2D simulations of such models with these experimental images will
be the subject of future work.

In fact, it is important to remark that the schemes we presented here in 1D could be easily extended
to rectangular domains, without loss of properties (4)—(7). However, it remains a perspective to treat
more general geometries in a multi-dimensional setting with our approach.

Acknowledment. The authors acknowledge partial funding from the ANR blanche project Kibord
ANR-13-BS01-0004 funded by the French Ministry of Research.

B.P. has received funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme (grant agreement No 740623).

A Existence and uniqueness for monotone schemes

We recall sufficient conditions for which an implicit Euler discretization in time can be solved, inde-
pendently of the step-size. This is the case for a monotone scheme. The proof relies on the existence of
sub and supersolutions, and thus also yields the preservation of positivity and other pertinent bounds
as we have used in Section 4.

We consider the problem of finding a unique solution (U?H) to the nonlinear equation arising in
Section 4 which reads

un—l—l —un 1 1 1 1
7 i n o ,n n ,n n+ n+1ly _ pn+ _ .
A T A2 F(ul,ulyq, v v, wd ™ uy) Fi_%]—O,z—l,...,I. (27)
F.nJrl
1+%

With simplified notations, we thus consider the problem of finding a solution (u;) (which stands for
ult) to
UZ+AZ+ (uuuz—i-l)_Az_%(uz—laul):fla 1= 177[7 (28)

1

2
where we assume that the f; are given (it stands for ') and that the A; are Lipschitz continuous and,
a.e.,

81Ai+%('7 ) > 0, 82141'4_%('7 ) <0, (29)
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and there are a supersolution (U;);=1 ... ; and a subsolution (U;)i=1 .1

Ui + A2+%(U27 Ui—l—l) - Ai_%(Ui—ly Ul) 2 fi7 Qz + AH.%(Qi,Qi-}-l) - Ai_%(gi—lagi) é fz (30)

We build a solution of (28) using an evolution equation
dui (t)
dt

Fui(t) + A (i), wipa (8) — A1 (wica (1), wi(t)) = fi (31)

Theorem A.1 Assume (29) and the exzistence of a subsolution and of a supersolution. Then,
. . . o . . dii;
(i) For a supersolution (resp. subsolution) initial data, the dynamics (31) satisfies “dt(t) < 0 (resp.

d%(t) > 0) for all times t > 0, and thus u;(t) is a supersolution (resp. subsolution) for all times.

(ii) A subsolution is smaller than a supersolution.
(iii) u;(t) and u,(t) converge to the same solution of (28).
Proof. (i) We prove the statement with the supersolution. We set

Zi(t) _ dﬂz(t)

dt ’
Differentiating the equation, we obtain
dzi(t)
dt

The solution cannot change sign and thus z;(¢) < 0 for all times.
(ii) Consider u, (v) sub (super) solutions. Set w = u — v and we want to prove that w < 0. We write

Zi(O) § 0.

+ zi(t) + [81Ai+% — GQAZ._ | zi(t) = —82Ai+% ziv1(t) + 81Ai_% zi—1(t).

1
2

wi + [Ag 1 (i wiga) = Agy 1 (i wig)] + [Ag 1 (03, wign) = Ay 103, 0i41)]

—[A,_1(ujm1,uy) — A1 (vie1,u4)] — [Ai_%(vi_l,ui) — A _1(vi—1,v)] <0.

7'_% ’_% 7,—%
Multiply by sgn, (w;) and add the relations to conclude that

1 I-1

I—-1
> (wi)y + ZJH% + ZKH% =0,
7

i i
with
Jipr = [Ap 1 (i i) = A1 (03, uign)] [sgny (wi) — sgny (wiga)],
Kipr = [A 1 (i uiga) — Ay (0, vig1)] [sgng (wi) — sgny (wiga)).
For each of the these terms, we show that J; 1 >0, K, 1 > 0, as follows. Only the case when the +
signs in the right brackets are different has to be considered. Assume for instance that

u; > vy, and  uiy1 < Vig1.

Then, we have by assumption (29),

[Az'_i_%(uhui-i-l) - Ai+%(vi7ui+l)] >0 = Jz-i—% > 07
[Ai+%(vi,ui+1) — Ai+%(vi,vi+1)] >0 = Ki—i—% > 0.

Therefore ), (w;)+ < 0 and this implies w; < 0 for all 1.
(iii) This is clear since the limits are solutions.
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