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Surface current and eddy-current 3D computation
using boundary integral equations techniques

0. Introduction

0.1. The problem of eddy-currents calculation.

In many industrial applications, the exact computation of the eddy-current distribution is a major
step of CAD operation. This can be found in electromagnetic steel heating, non-destructive testing
or electromagnetic compatibility. In a research domain this exact computation often allows to
explain some phenomena or some behaviour of a system. In some applications, when no
simplification can be found in the geometry, the computation has to be a 3D computation.

The three usual electromagnetic field computation methods can be used: finite difference, finite
elements and boundary integral equations.

Finite difference and finite elements methods require a volumic mesh for a 3D solution. In addition
of the difficulty to mesh an exterior domain (because of the limit at infinite), these methods make
appear some problems when the frequency of the eddy-currents becomes high enough to give a
very thin skin depth: a well suited mesh leads to a prohibitive number of nodes.

Instead of that, BIE method appears as performant when the skin depthbecomes small: in this case
any approximation which relates the volumic eddy-currents contribution to that of a surfacic
quantity can be accepted.

0.2. The content of this paper.

This paper is devoted to our most recent works in the domain of the high frequency eddy-currents
computation. We have in fact define two classes of frequencies: high frequency and very high (also
called infinite) frequency, this one beeing a limit case of the previous one:

- the very high or infinite frequency formulation has been presented in previous papers since 1981
(121, [31, [4], [S])- This formulation is very easy to built in, and gives approximate results with a low
computing time. - :

However the physical meaning of the results and the range of frequency in what this model could
be used were not easy to understand: we give in this paper a new idea of that, using the results of
the high frequency formulation: :

- the high frequency formulation takes into account the exponential decay of the magnetic field
inside the conducting materials and the penctration of the induction field. This model has been
validated by comparison with analytical calculations. ‘

Before to present in detail and discuss these problems, we will quickly remind the BIE formulation
used in our package PHI3D ([3], [7]).

L. Krahenbithl
Ecole Centrale de Lyon - Laboratoire d’Electrotechnique
B.P. 163 - 69131 ECULLY Cedex - France
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0.3. The boundary integral formulation used in PHI3D [3].

Consider the exterforregion on Fig. 1. The Laplace’s equation valid in this whole region is equivalent

to the BIE:

VE) = -VQ2,6,(Q) - 3V(QG(Q)ds ©
s

expfess;d on the whole surface S.

According to the type of problem, V is known a
prioriandd_ Visto be found, or vice versa, or both
functions are unknown. In that case, one has to
find a complementary relation between these
- boundary values.

For solving our eddy-currents problem with this
BIE method, we will have a scalar potential V
appear and also its values V and 3V on the
surface S,

~ 0.4. Studied configuration and notations.

0.4.1. Configuration.

The studied configuration is shown on Fig. 2: a
given inductor current i at the frequence f causes ~
eddy-currents into the conductor piecce which
surface is S.

0.42. The problem.

exterior region: -
AV =0
The exterior potential problem
-Fig.1-

\

The problem is to determine the field H in the air surrounding the conductor as the sum of:

- the field H, due to the known current i (inductor field);

- the response field H; due to the eddy-currents (induced field).
This induced field derivates (in the air-region) from a scalar potential V which Laplacian is aull:
nothing remains but to find a boundary condition to take into account these eddy-currents: we wiil
propose successively two, corresponding to the infinite frequency and high frequency models.

0.4.3. Notations.

The following conventions and notations are used in this paper:
- the vectors are printed using the bold types: H, B, j, ete,

- the modulus using the normal types:
- the differencial operators are:

H, B, ], etc. _ _

o,f: derivative of f in the direction n
grad isthe V operator

div is the V. operator

lap isthe V¥orA - operator = -

- the index S indicates a surface restriction of these operators: grad,, divg, lap,, ete.

The configuration we consider
-Fig.2-
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1. The infinite frequency formulation,

1.1. Hypothesis and method.

In that limit case, the eddy-currents are supposed to be made of a surface current density working
as a perfect magnetic screen: the field is null in the conducting volume; so the boundary condition
is: :

Ha=10 on the exterior side of S. (1)

This exterior field problem, expressed in terms of potential:

lapV=0 Laplace’s equation into the air-region
. 8 V=H.n Neuman'’s boundary condition )]
with: '
H, primary field (Biot and Savart law)
H induced field (eddy-currents)
H=H,+ H total field ( = 0 in the conductor) 3
v scalar potential of H,

is easily solved using the Boundary Integral Equation Method.

1.2. Determination of the eddy-currents.

The BIEM allows to compute the field values on any point outside of or on the conducting piece.
It would be also usefull to be able to draw the current lines on the surface of the conductor and to
compute the current densities.

1.2.1, General properties of the surface current densities.
We will first remind two basic properties of the surface current density K [1]:

(1)On a ditached conducting surface, K derivates from a current function F:
K=-(nxgradF) 4

The isovalues of F are the current lines, and the difference F(P")-F(P) represents

the current flowing between points P and P’.

(2)The induction field is discontinuous through the current density K:

B -B =-p,.(nxK) : ©)
This discontinuity is tangential to S and orthogonal to K. :

Note that the field H and the surface current density K are expressed in the same unit, In like a
manner, F is expressed in [A] like a magnetic potential.
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122, Particular case: the infinite frequency.

In that case, B, is assumed to be zero in equation (5). One has on the air-side of the conductor:
B, =-p,.(nxK) <=> K=nxH, (6)

As a result, the surface current density is equal (in modulus) to the field on S. It will be determined
from the BIE solution with: ' :

H=H, . grad,V ’ N
We have now to find the current funcﬁon F which allows the draw of the current lines.
Equation (4) compared to (6) gives:

- grad F = H, | ®

It means that the total field H derivates on S from the current function F which is then confused
with the total scalar magnetic potential: one has:

F=V+V, )

where V) is the scalar potential of the inductor field H,. Although this ficld is known, the
computation of the associated potential is not trivial.

1.2.3. Computation of the potential of the primary field.

Let us consider a field I, on a surface S. We search after a potential V, on § as:
-grad.V, = H,, (10)

With this end in view, we use once more the discretization of § into finite elements. V_ will be also
discretized and its nodal values adjusted to minimize the quadratic difference:

S(Hm + grad v, )2ds
s

To remove the undefined constant, a value is arbitrary given on a particular node. The matrix of
the obtained lingar system is diagonal, symmetric and positive.

With the infinite frequency model, the eddy-current problem is reduced to an exterior potential
problem with Neuman's boundary conditions. The BIEM is well suited to solve it, We have shown
how to obtain the current densities and the current lines from this BIE solution. We will now give
some examples, :
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Eddy-currents
on the surface Coil

1.3. Examples. (HF current)

1.3.1. The inevitable cold crucible.

This example was previously explained
and published on several occasions ([3],
[4], [5] for example). We are today in a
position to show some physical meaning
values on its surface (Fig. 3).

Quadrant in copper

Water cooling

(a) Principle of the
- Fig. 3 - 7 cold crucibie
The cold crucible

(b) Isovalues of potential V {c} Isovalues of the () Modulus of the field H
without physical meaning current function F equivalent to the current
equivalent to the current
lines

1.3.2. Dodd’s test-problem (see §2.4) computed in infinite Jrequency,

{mm] xl@i

a. 1. 2.

Current lines (a) and current density as a function of r (b)
- -Fig. 4-
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Eddy-current lines on a gear-wheel (steel hardening)
for different positions of the inductor current-loop.
Computed with two symmerries.

- Fig. 5 -

2. The high frequency formulation.

2.1. Introduction.

The infinite frequency modelis a good model: every body knows that either at very high frequency
or during the first instants of a transient phenomenon the magnetic field is unable to penetrate
inside a conducting material.

On the other side, this model does not allow to reach the volumic distribution of the eddy-currents,
that always exists even if the frequency is very high. Besides the infinite frequency model ignores
the dephasing phenomena: if we look at the Maxwell’s equations, it can be seen that the current
density at the surface of the piece is not in phase with the tangential component of the field. It also
appears as difficult to compute something like a complex power or a complex impedance.

The development of the high frequency model answers to these questions: it takes into account the
variations of the physical quantities with the frequency and makes the infinite frequency model
appear as only a limit.
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2.2, Analytical solution for a constant tangential field.

In this section, we will first remind the regular exponential solution for eddy-currents, then deduce
of it a physical interpretation of the infinite frequency model. In §2.3., we will refine this analytical
solution to get the high frequency boundary condition.

2.2.1. Hypothesis and solution.

The field H is supposed to be tangential and constant on a little area on S. The eddy-currents are
supposed to flow parallel to it.
The Maxwell’s equations:

rotH = i
Totj = op oH (11)
written for a sinusoidal mode:
oH = juH (12)
leads to the well known exponential solution inside the metal:
HZ) =  Hgexpl-G+1)z/8]
i@ = s exp[-(1+j)z/8] (13)
with:
i = {(1+)/8].- nxH (19
g = (2/ewp,p)!? skin deph
2.2.2. Equivalent surface current density.
The surface current density equivalent to the volume density j(z) is:
K, = [io« .
= wxHy [ feptae/ble]  (3)
\ () /
=1
then: K = nxH

- s (16)

This expression, compared with (6) allows to explain physically the resuits of the infinite frequency
formulation: K is the integral value of j perpendicularly to the surface. It is in phase with the field:
that won’t prevent (after resolution) from restoring the solution with its-dephasing,

What to cilange for taking into account a z-component of the field, or a local variation of it? We
will show that these two phenomena are linked.
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2.3. The high frequency solution.

2.3.1. Boundary condition with H_ # (

Maintaining the other hypothesis (in particular j.n=0), H, appears exclusively in the third
component of rot j:

3j,-9j, = -2/6H, (17

The penetration of the field is then linked to the local variations of the current, then also to the
variations ot the tangential field. one obtains the high frequency boundary condition:

H,.n = (15)/2.6p, . divH ‘ (18)

Theright-hand term was null for the infinite frequency boundary condition (2). Because of the delta
factor, it decreases as the square root of the frequency.

2.32. Resolution with beth integral and variationnal methods.

As we did in §1.1., we separate the field in two parts:
H = H,-gradV
what leads to the system: .

lapvV = 0 Laplace’s eq.
3.V = Hu +(1-))/2.6p, . (divH, - lap,V) Boundary cond.  (18)
. /\_. /

" infinite freq. correction for lower freq.

This boundary condition links 8,V and V through the medium of the differencial operator lap,. We
solve on the surface using the variationnal method:

lap,V = £ <=> minimize: 5[1/2. grad V + £V].ds (19)
S

and simuitaneously in the space using the BIEM.
We take note that the expressions of the equivalent current and total potential:

geq = HS.lg = Ho.tg - gradsV (20)

ViV,

continue to be valid. The same procedure will be used to compute it and to draw the current lines.

2.3.3. Power.
The power density on S will be for example computéd from the Pointing vector ExH:

2 = (ExH).(-n) = HZ.(+pfée @1
The total active power wasted by the eddy-currents in the conducting piece is:

P = 14 -J?s.:: ds | (2)

It is equal to the reactive power in the conductor and will be easily computed from the surface
solution. The reactive power in the air surrounding the condictor is not include in this term,
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2.4. Validation.

As a validation, we propose a comparison with
the analytical results of Dodd [6].

2.4.1. Test configuration.

We consider a circular current in front of a half-
infinite conducting space (Fig. 6). The analytical
solution is proposed by Dodd {6].

In particular, one can calculate for each frequen-
cy the normal field H_and the tangential field H,
(equivalent in modulus to the surface current K)
on the surface of the conducting space. These
values depend only on the frequency f and the
radius t; they have been tabulated by M. Mayos
(TRSID},

2.42. Comparative results.

For the 3D computation, we have used a geome-
trically finite conductor; its dimensions and the
surface-mesh are presented on Fig. 7. The results
for the frequency range 1kHz ... I0MHz are pre-
sented on Fig. 8 to 10.

In a general point of vue, they are excellent, but
they call for some comments.

H,=K

[A/m]  146a/m

WAL

N

analytical \

computed \ r
(mm]
10 20
(@)
H, =K (b)
{A/m]
| 235A/m 1kHz
2 7]
—— analytical\
— icomputed| % r
(mm]
10 20

Current density as a function of r
(a) f=100kH: - (b) f= IkHz
-Fig.8 -

Smm

Smm

1A
A7\

infinite conducting space
¥, = 100; conductivity = 5.10% §/m

The test-problem of Dodd
-Fig.6-

The mesh for the 3D computation
- Fig. 7 -

243. Error on the current density.

For the lower frequencies, some oscillations
appear on the H,_curves (Fig. 8b). This phenome-
non does not exist for the normal values of H,
which are perfect.

By the fact, the question is not a global degrada-
tion of the solution. Remine eq. 20 used to com-
pute the tangential field: for the lower frequen-
cies, the term H,,_ (which does not depend on f)
get balanced by the gradient of potential.

The relative error on V is very little; the corres-
ponding error on its gradient is bigger because of
the numerical derivative (< 4%) and does not
depend on {. The relative error on H depends on
the relative values of H, and grad,V and varies
between 2% and 25%,

2.4.4.Thenormal field and its asymptotic values.

The results are so good that we could be affraid
to be outside of the interesting frequency range.
The Fig. 8 proves the contrary: two asymptotes
appear, respectively for the lower frequency (H,
get constant; the limit is the static value) and for
the higher (asymptotic direction in f/?), The high
Jrequency formulation effectively allows the
description of this graduated transition.
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H,[A/m]
f=1kHz
50 \
=100kiiz
— | anaiytical
— | computed Normal field as a fuction of r
10 \ -Fig. 9 -
AN
5 =
H,[A/m] H{A/m]
100 ‘ 10 }
' asympt.
r=10 asympt. . value
[ —— irection RS DL
50 \ ! \< "
r=4 \ / r= 4
\. -

1y Z
\ ' — analytical‘ /

— computed /
10 \ ) 0.1

f f
1 108 [kHz] 1 10 {kHz}

Normal field and current as functions of the frequency (Log-Log)
- Fig. 10 -

3. Conclusion

This high frequency formulation has probably a fine future, in particular for the Non Destructive
Testing simulations. The validation presented in this paper is at the moment beeing completed with
axisymmetrical cases, comparisons with FEM techniques and so on. The research works o, to be
able to compute the electrical quantities as compleximpedances across an NDT-pick-up. For other
applications, we are looking at the similar problem of the high frequency conduction.
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