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Abstract

The electroseismic model describes the coupling phenomenon of the electromagnetic waves
and seismic waves in fluid immersed porous rock. Electric parameters have better contrast than
elastic parameters while seismic waves provide better resolution because of the short wavelength.
The combination of theses two different waves is prominent in oil exploration. Under some as-
sumptions on the physical parameters, we derived a Holder stability estimate to the inverse prob-
lem of recovery of the electric parameters and the coupling coefficient from the knowledge of the
fields in a small open domain near the boundary. The proof is based on a Carleman estimate of
the electroseismic model.

AMS subject classifications. 35R30

Key words. Inverse problems, Electro-seismic model, Holder stability, Biot’s system, Carleman estimate.

1 Introduction

The traveling of seismic waves underground generates electromagnetic (EM) waves and vice versa.
This phenomena, electro-kinetic coupling, is explained by the electro-kinetic theory, which considers
that the sediment layers of the earth are porous media saturated with fluid electrolyte. The solid
grains of porous media carry extra electric charges (usually negative) on their surfaces as a result of
the chemical reactions between the ions in the fluid and the crystals that compose the solid. These
charges are balanced by ions of opposite sign in the fluid, forming thus an electrical double layer.
When seismic waves propagate through porous media, the relative solid-fluid motion induces an
electrical current which is a source of EM waves. Conversely, when EM waves pass through such
porous media, ions in the fluid are set in motion and drag the fluid as well, because of viscous traction.

Electro-kinetic coupling has been observed by geophysicist, see e.g., [21, 9, 11]. This effect rose inter-
est in the physics community, as the coupling of EM and seismic waves may provide an efficient tool
for imaging the subsoil in view of oil prospection. Such an imaging technique, and the associated
inverse problem of reconstructing the constitutive parameters of the subsoil, fall into the category
of multi-physics inverse problems, where a medium is probed using two types of waves (see for ex-
ample [1, 15] and references therein for medical imaging). One type of waves is very sensitive to the
contrast in the parameters that describe the properties of the medium (electric permittivity, mag-
netic permeability and conductivity in our case) however, these waves are usually very diffusive and
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Electro-kinetic

D electric flux B magnetic flux

u solid displacement w relative fluid displacement
T bulk stress tensor p pore pressure

o electric conductivity € electric permittivity

L magnetic permeability L electro-kinetic parameter
x  fluid flow permeability 1 fluid viscosity

A,G Lamé elastic parameters C,M Biot moduli parameters

p bulk density ps fluid density

pe equivalent density

Table 1.1: Physical meanings of variables and parameters

only scattered information arrives to the medium boundary, where the data are collected. The other
type, on the contrary, is not very sensitive to changes in the medium properties, but is able to carry
information through the medium with little distortion (seismic waves in our case).

In 1994, Pride [16] derived a macroscopic model in the frequency domain that models the coupling of
EM and seismic waves in fluid-saturated porous media by averaging microscopic properties, see also
[18, 17]. The associated system of equations is composed of the Maxwell equations, which govern
the propagation of EM waves, and of the Biot equations [4], which govern the propagation of seismic
waves in porous media.

Because the electro-kinetic coupling is very weak in practice, one usually neglects multi-conversion,
i.e., one neglects the coupling terms in either the Maxwell or the Biot equations, and thus only con-
siders transformations from either EM to seismic waves (electroseismic) or from seismic to EM waves
(seismoelectric). At low frequency, one can expand all the parameters of the model with respect to fre-
quency, and neglecting high order terms results in a time domain model. This is done for example in
[10] for the seismoelectric model. In our paper, we are interested in the electroseismic model, which
takes the form

0/D—-curl(aB)+yD = 0, 1.1
0B+curl(fD) = O, (1.2)
pd2u+ pf()%w —-divt = 0, (1.3)
pfafu+ peO%w+Vp+20,w—§D = 0, (1.4)
(Adivu+ Cdivw)I+ G(Vu+Vu’) = T, (1.5)
Cdiva+ Mdivw = -—p, (1.6)
where
a=y P=1 v=9 i=

The physical meaning of all the variables and parameters is given in Table 1. All the parameters are
real and positive. Throughout the text, we denote by d; and 0; the partial derivatives of a function
with respect to 7 and x; respectively, and by V (resp. Vy ) the gradients with respect to the variables x
(resp. x and t). By gradient of a vector-valued function, we mean the transpose of the Jacobian matrix.

To close the Maxwell system (1.1)-(1.2), we assume that the media do not contain any free charge, i.e.,
divD =divB = 0. 1.7

We consider the system of equations (1.1)-(1.7) in Q = Q x (=71, T) where Q € R3 is a bounded domain
with C*° boundary 0Q2. The boundary conditions are

nxD=0, n-B=0, n-t=0, p=0, ondQ, (1.8)
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where n is the outer normal vector on 6Q). As we are interested in the electroseismic model, we con-
sider 0 initial values for the solid displacement u and for the relative fluid displacement w associated
to the Biot equations

ux,0)=0, wx,0)=0, 0;ux,00=0, 0,wx,0)=0, (1.9)

while we impose electric and magnetic fluxes in Q

D(x,0) =Dy (x), B(x,0) =By (x). (1.10)

In accordance with the accepted physical properties of underground media, we assume that the ma-

trices
f ) d ( A ) 1.11
(pf ,()e an C M ( )

are symmetric positive definite and that p, > pf,p > pr. We also assume that all the parameters of
the Biot equations (1.3)-(1.6) are known, except the coupling coefficient . The main object of this pa-
per is to analyse the well-posedness of the inverse problem of determining the parameters (a, §,7,¢)
from measurements of (D,B,u,w) in Q,, where Q, = w x (=T, T) and w < Q is a fixed neighborhood
of the boundary. To the best of our knowledge, [6] and its following work [5] are the only papers
considering the inverse electroseismic problem. In those papers, the authors considered the second
inversion step in frequency domain, assuming that LE is known everywhere in Q, they focus on the
identification of (L,o0). Their method is based on the CGO solutions of frequency domain Maxwell
equations [7, 20]. Different from their work, our method treats the global inversion and is based on a
Carleman estimate to the electroseismic model [3, 14, 13]. Under some assumptions on the physical
parameters we derive a Holder stability estimate to the inverse problem of identification of the elec-
tric parameters and the coupling coefficient with only measurements near the boundary. The main
stability result is provided in Theorem (4.1).

The paper is organized as follows: Section 2 is devoted to the existence and uniqueness of solutions
to the forward problem. In Section 3, we derive a Carleman estimate for the whole electroseismic sys-
tem, from which we infer, in section 4, the Holder stability of the inverse problem with measurements
of (D, B, u,w) near the boundary.

2 Existence and uniqueness for Biot’s system

As stated before, in the electroseismic system the Maxwell equations are totally independent of the
Biot equations. Therefore, the question of existence and uniqueness of solutions to the electroseis-
mic system reduces to showing existence and uniqueness of solutions to the Biot equations. To the
author’s best knowledge, existence and uniqueness for the Biot equations in two dimension was first
proved in [19]. In [3], the 3D case is studied, but with different boundary conditions than those con-
sidered here. Although the general arguments are similar, we prove the existence and uniqueness of
solutions to our version of the Biot equations for the sake of completeness.

We first introduce some notations. For two matrices E = (E; ), F = (F;;) of the same size, we define

E:F:ZEijFij-
ij
For a given Hilbert space H, (u, v) iy denotes the inner product of u, v € H and || u||  the corresponding
norm. The dual space of H is denoted by H' and (u, f) represents the duality pairingof u€ H, f € H'.

We use [H]™ to denote the space of vector-valued functions u = (u,..., uy) such that u;e H, 1< j <
m. The inner product on this space is defined by (u,v) g = Y ; (¢4;, v;) y. We use similar definitions for
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spaces of matrix-valued functions. When we consider the space L?(Q) or [L?(Q)]™, we usually omit

all subscripts. The Sobolev space H(div, Q) is defined by
{ue [L2(Q)® : divu e L*(Q)}
and is equipped with the inner product
(W, V) g(div) = (0, V) + (divu, divv).

We use LP (- T, T; H) to denote the space of functions f: (- T, T) — H satisfying

T 1/p
I lzr 1,750 2= (f ||f||gdt) <o
-T

for 1 < p <0, and define

I fllzo~1,7;m) :=€8s sup | fllg<oo.
te(~T,T)

Denoting V = [H'(Q)]3 x H(div,Q),v; =u,v, =W,

=) =)

A=( pls  prls )’ B:(O nO )’ gv:(—dlvr ),
prls  pels 0 -I3 Vp

the Biot equations can be compactly written in the form

Ad’v+Bov+£v=F, inQx(-T,7T),

v(x,0) =0, in Q,
0,v(x,0) =0, in Q,
n-rt=0, p=0, ondQx (=T, 7).

Integration by parts and using the boundary conditions, we have

(Lv, V) fQ(—diV‘rv'1 +Vp-vh)

f (7:VV) — pdivv})
Q

where e(vy) = 3 (Vv + Vv]).

Define

(2.1)

(divvy, Adivv) + Cdivv,) + (divvy, Cdivv) + Mdivv}) + (2Ge(vy), e(v})),

B(v,V) = (divvy, Adivv, + Cdivvy) + (divvy, Cdivv) + M divv,) + (2Ge(vy), e(v})).

It’s obvious that 28 is a symmetric bounded bilinear form. We recall the Korn inequality

(evi),e(v1) = Collvi I3, — v 1%,

where Cj is a strictly positive constant. From now on, we use Cyp to denote a general positive constant
which may take different values at different places. From the Korn inequality, we obtain

. . A C divvy .
BV, V) = fQ(dlvvl d1vv2)( c M)( divv, dx+2min{G}(e(vy),e(vy))
= Al dive[? + A4 ]l divv || +2Co min{G} vy I3, — 2min{G} vy |
= Gollvly, -0lvI?,




Electro-kinetic

where 6 is a positive constant independent of vand A, is the smallest eigenvalue of the matrix
A C
C M)
We define %y (v,V') = B(v,v') + 0(v,V'). The bilinear form %y is symmetric, bounded, and it satisfies

the following ellipticity condition %y (v,v) = C ||v||%/.

Definition 2.1. Let Fe H' (- T, T;[L?>(Q)]%). We call r € L®(-T, T; V) a generalized solution to (2.1) if
it satisfies
(Ad%r(t),V) + (BO,x(1),v) + B(r(t),v) = (F(t),v) ae.te(-T,T) (2.2)

foranyve V.

Note that the scalar products in this definition only involve the x variable. We can now state the
existence and uniqueness theorem for the Biot equations.

Theorem 2.1. Let Fe HY(—=T, T;[L2(Q)]%). Then the system (2.1) has a unique weak solution r(x, t)
such that
1, 0,r€ L®(=T,T; V(Q), and 0°r € L (-T, T; [L*()1%).

Proof. Since V is separable, there exists a sequence of linearly independent functions ) }n=1 which

form a basis of V. Let us define

Sm =span{v),v® vl

and choose

m .
l'(m)(t) — Z g]m(t)V(])
j=1

such that r' (0) — 0, 6[1'(’") (0) — 0. The functions g;; () are determined by the system of ordinary
differential equations

(A%, v) + (Ba,x™,v) + B(r'™ V) = (F,v), VESpy. (2.3)
Next we prove two a priori estimates of '’ (¢). By choosing v = 0,r"™, we obtain
(Aafﬂm),atr(m)) + (Batr(’”),atr(’")) +,98(r(’”),6tr(m)) = (F,Otr(’”)). (2.4)
Let A(1) = |AY20,x7 (1)1 + By (x™ (1), x'"™ (1)). Since %y is elliptic, A(f) can be lower bounded by
AW = G(Ie™ @1F + 10,x™ (1)117)

and from (2.4) p
A0 = Co(IFO 1% + e ()12, + 118,27 (1) 11%).

Integrating from 0 to ¢ yields
T t
At < Co f IB(T)I12dT + A(0) + Co f (Ie™ @112, + 18, () 1|?) d.
-T 0

Since A(0) = |AY28,x(0) 12 + By (r™ (0),x" (0)) and 1™ (0),0,r"™ (0) — 0, A(0) is bounded by a
constant Cy independent of m. We conclude that

t
I (112, + 110, ™ (D)1I1* < Co + Co f (I @) 12 + 10,27 (1) 11?) (2.5)
0

and by the Gronwall inequality
1= (O11% + 10,2 (D11* < Co (2.6)
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where Cy is independent of ¢ and m. Taking the time derivative of (2.3) and choosing v = 82r™, we
have
(A3, 03 ™) + (BoZr"™, 62r"™) + B (0,2, 07r"™) = (8,F, 07x"™). 2.7)

Following the same process that leads to (2.6), we obtain
10, x"™ ()13 + 1856 (0)|1* < Co. (2.8)

Therefore
™, 3,0 € L°(-T,T;V), 05" € L®(~T, T; [L*(Q)1%)
are bounded. It follows that we can extract a subsequence of {r"}, still denoted by {r"}, such that

(m)

™ S 0, - 9,r  weak-*in L°(=T, T; V)

and
02r'™ — 3%r  weak-*in L®(~T, T; [L*()15).

Since {v\"} is dense in V, we have, for anyvevV,
(07", v) — (Ad7r,v)  weak-*in L®(-T,T),
(Bo,r™ v) — (Bd,r,v)  weak-*in L®(~T,T),
,%(r(’"),v) - %(r(’”),v) weak-*in L®(-T, T).

The existence is completed by letting m — oo in (2.3). The uniqueness is obvious from (2.6) and (2.8)
by choosing F = 0. ]

3 A Carleman estimate for the electroseismic model

To derive a Carleman estimate for a system of equations, the usual process consists in diagonalizing
the system and then in applying a Carleman estimate for each scalar equation that composes the
diagonalized system [12]. We first recall a known Carleman estimate for the scalar wave equation
[13, 12].

Lemma 3.1. Assume that there exists a pointx, € R\ Q and a strictly positive function c(x) € C(Q)
which satisfies
Ve (x—Xy)
2c
where cy € (0,1) is a fixed constant. Then, there exist constants ¢,0,Cy > 0, such that the function
¢ = % given byy = |x—x,|> —¢|t|? satisfies p(x, T) = p(x,—T) < 1,(x,0) = 1 and

<l-cy, forallxeQ, (3.1

feZT‘P(r3|u|2+T|vx,tu|2)scof 212,
Q Q

for all T large than a positive constant Ty and for any u € CS(Q) that solves
?u-c@Au=f.
The notation | -|*> means the sum of the square of all the components of vectors or matrices.

Remark 1. For any € > 0 sufficiently small, there exists a constant § such that ¢(x, ) > 1—¢ for [¢t| <
and px,t) <1-2e¢fort>T—-6ort<—-T+06. We denote

Pox) =p(x,0), = ()r(’r})@ea)éw.
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For the Maxwell equations with o = 0, Carleman estimates can be found, for example, in [12, 2]. The
arguments in these references easily generalize to the case o # 0.

Lemma 3.2. Assume that a,8 € C*(Q) and y € C'(Q), such that a, > ag > 0 and y = 0. Assume
additionally that the wave speed c¢ := a3 satisfies (3.1). Then there exists a constant Cy such that

fQ ¢™ (v3(IDI? +BI2) + 7(|x, DI + |V, BI)) < Co fQ T (1117 + 2l + 1Vx 1+ Vx Jal),

for all T larger than a positive constant Ty and for anyD,B € CS(Q) that solve

0D —curl(aB) +yD 1,
0:B + curl(gD) = Jo, (3.2)
divD =divB =0.

Proof. By substitution, the system can be transformed into the following two equations

0D—afAD = 0.y +curl(aly) — %1,
07B—afAB = 0., —curl(fly) - %o,
where
%, = V(ap)xcurlD+curl(aVg x D) +y0d;D,
Ry, = V(ap)xcurlB+curl(fVa x B) — curl(fyD).

Applying Lemma 3.1 to each component of the equations, we have

feZT"’(r3|D|2+T|vx,tDI2)SCof e’ (F+IDI* + |Vx,DI?),
0 Q

|| 70 (2B 4 19BE) < Co [ P (F DI 4 195, DI + B + 19, BE),
Q Q

where F = [J; > + 2> + IVx J1 12+ IVx J2 2. Adding these two inequalities and taking 7 large enough to
absorb the right hand side terms completes the proof. |

Before deriving a Carleman estimate for the Biot equations, we study the property of the associated
matrix of material coefficients. Define

£o (a+6-Lc ¢
_ 2 _[an a2 |_| 5 Pr tOo—=0, _ Pe
= 0p.—p, a= —| pe Pe . c=LgG 3.3
Po=pPPe— Py (a21 ﬂzz) (0 Pe) C—%M M o (3.3)
From the positive definite of the matrices (1.11), we have py > 0. Let us denote
+
ﬁ:( c+adyi apx ) (3.4)
azy azo

which can be expanded into

2
pe _olrcy s Pec_ Pt
po(/l+2(1;) 2%}c+p0p6M pocl M
- C-EM M

a=

The two eigenvalues of a are

(c+aiy + azx) £V (c+ai) — axn)? +4apan
5 .
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Since
—Ll(c_Pia? >
ajpap) = ) (C e M) >0,

a has two real eigenvalues. The determinant of a is
2
=L M —222C\M - L(C-L2LMm)P = L(AM - C2
detd = 5-((A+2G) + Zx M =20t C)M — o-(C = L M)" = 2 (AM — C*+2GM) >0,

and its trace is
tra= - (pe(A+2G) + pM —2pC) = EL(A+2G + M -2C).

From the positive definite of the matrices (1.11), we have (1 + M)? = 4AM > 4C? and hence tra > 0.
Therefore a is similar to a diagonal matrix and it has two positive eigenvalues.

In the following, we will derive a Carleman estimate for the Biot system (1.3)-(1.6). The idea is similar
as with the Maxwell or the elastic system. We emphasize that the results from [3] do not apply directly
to our Biot system, which is different from the one treated in that reference due to the presence of the
term 0,w. We will explain in detail the difference in the proof of the following lemma.

Lemma 3.3. Assume that all the parameters in the Biot equations are in C3(Q). Assume that ¢ = %G
and two eigenvalues of the matrix a given by (3.4) satisfy the condition (3.1). Then there exists a constant
Co such that

f ¢#?(7*(juf? + | divul? +| divw® + | curluP?)
Q
4719 + [V (divi) P+, (divw) 2 + Vi (curlw)[?)

< cof e*™ (IF1|* + [Fo|* + |D|* + |VF1 |* + |VF2|* + |VDJ?),
Q

for all T larger than a positive constant Ty and for anyu,w € Cg’ (Q) that solve

pdsu+ pf()%w—divr = Fy,
pro2u+p0°W+Vp+1o,w—ED = By, 3.5
Adivu+ Cdivw)I+ G(Vu+Vvul) = T, )
Cdivu+ Mdivw = -p.
Proof. Letv=w+ %u and replace w by u, v in the above system, to obtain
%Oﬁu + pfafv— divt = Fy,
p66%v+ Vp+ g (atv— %mu) —éD = Py,
(- &) diva+Cdiv- Cu-VE )1+ GVu+vu") = 7,
(C—M%)diVU‘f’ Mdivv—Mu~V% = -p,
where I is the identity matrix of order 3. After substitution of = and p, we have
%G%u + pfaiv— GAu- (/1 +G-— %C) Vdivu-CVdivv = F;+97, (3.6)
pedtv+ 10— (C-ELM|Vdivu- MVdivy = Fp+%, 3.7)
where
P = (divwV(1- 2 M)+ divwVC+ (Vu+Vu’)- VG-V (Cu-vE),
— ; Pr : or e
P = (divwV (c - EM) +(divWVM -V (Mu- VE) +£800,u+¢D.
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Set r = divu, s = divv,m = curlu,n = curlv and

K=

p _1
p—:I pr ‘
0 pel

We multiply the equation system (3.6)-(3.7) by K to obtain

6%u—cAu—fogatv—aHVdivu—alngivv = G+, (3.8)
6%v+p%(atv—aglVdivu—agngivv = Gp+Py, (3.9

where

|2

_ G\ (F .
ST ( G2 )_K( F, ) ( Py )_K( Py )
and a is given by (3.3). Note that 23 and £, are composed of r, s,u, Vx ;u,D. The equations (3.8) and
(3.9) can be rewritten as

dﬁu—cAu = G1+2;, (3.10)
v+ -L0,v = Gy+2y, (3.11)

PeK

where 2, and 2, are fist order differential operators that involve r, s,u,D. The operator 2; also con-
tains d,v. Taking the divergence on both sides of the equations (3.8) and (3.9) and with the help of the
equality Au = Vr — curlm, we have

6§r—(c+a11)Ar—a12As = divG; + A, (3.12)
6%s—aglAr—angs = divGy + .9, (3.13)

where # and % are first order differential operators of r, s,D,u,m. Besides, they also contain d;v.
Taking the curl on both sides of the equations (3.8) and (3.9) gives

O%m—cAm = curlG; + 93, (3.14)
curlG, + 9>, (3.15)

2n+ L
oin+ pekatn

where 97 and 9 are first order differential operators of , s, D,u, m. The expression of 97 also involves
the terms 0,v,0;n and 9> also contains 0,v.

We emphasize that the presence of the terms §;v and dn in the right-hand sides 2, and 9 prevents
us from using the Carleman estimate in [3] directly. The control of £; and 97 requires an estimation
of 0;vand 0/n. This is actually why we change the variables from w to v. Applying Lemma 3.1 to (3.10)
and (3.14) yield

f eZT“’(T‘Q’IuI2 + TIVx,tulz)
Q

IA

coneZT*"(|G1|2+|D|2+|r|2+|vx,tr|2+|s|2+|vx,ts|2+|atv|2), (3.16)

f eZ“’"(T?’ImI2 + Tle,[mlz)
Q

IA

Cof e®™ (| curl Gy |* + |DI* + |[VD|? + [uf? + |Vy sul?
Q

H[r12 + Vo 7I% + [81% + [Vx 512 +10,v]% + [0,m?). (3.17)
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Further, applying Lemma 2.1 from [3] to (3.12) and (3.13), we have

f eZT"’(T?’(Irl2 + |S|2) +T(|vx,tr|2 + |vx,t3|2))
Q

I\

cof e®™(1divG, |* +|divG,|* + |D|* +|VD|?
Q
+lul® + [Vx qul® + [mf® + |Vy ;m|? +10,v?). (3.18)

Combining (3.16)-(3.18) shows that
[ 270 (232 #1512+ i 1) 4 (T 958 + 9 + 9 mi?))
Q
< Cof €™ (1G1 1> + IVG1 [* + G2 |* + VG2 | + [DI* + |[VD|* + |,vI* +|0,m[?). (3.19)
Q

Next, we estimate d;v and d,n. Since the differential operator involved in (3.11) acts only on the
variable ¢, we are able to derive the explicit expression of d;v, and obtain

t fs n _fti
0,v= ( e’ pex (G2+Qz)ds) e 70 pex
0

Multiplying both sides by e?, and using the fact that e™**) < e™?) for all |s| < | £], we get

[7] fxi _fli
|0,v]e™ < (f e™¥e’? pex |G2+£22|ds) e 0 pex,
0

Taking the square of the previous relation, integrating over Q, and using the Hélder inequality, we
finally find

fQ e’™|0,vI* < Cy fQ e’ (1Go* +1221%). (3.20)

Proceeding similarly for d;n, shows that

fe27</’|atn|25c0f ™ (lcurl Gy +1931%) (3.21)
Q Q

Therefore d;v and d;n are bounded by r, s,D,u, m and their first order derivatives. In fact, multiplying
by the weight e?’® and integrating over Q, deteriorates the stability in determining 8,v and 8,n from
r, s,D,u, m and their first order derivatives.

Considering now the obtained inequalities (3.20) and (3.21), the estimate (3.19) becomes
fQ &7 (T3(Ir P + 152+ [uf? + 1m) + 7( Ve[ + V512 + [Vl + Vo, )
< Cof ™ (1G11* + VG * +|G2|* + VG, |* + |D|* + VD[
Q
+1712 + 1512 + [al® + Im]? + [V  7[° + [V 512 + [V pul® + [Vx ml?). (3.22)

The lemma is completed by taking 7 large enough to control the zero and first order terms of r, s,u,m
on the right hand side of (3.22) and the relations between w, G, G2 and u,v, Fy,F,. [ |

Combining Lemma 3.2 and 3.3, yields a Carleman estimate for the electroseismic system.
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Theorem 3.1. Assume that all the parameters in the electroseismic system satisfy the hypotheses of
Lemma 3.2 and satisfy (3.3). Then, there exists a constant Cy such that

f e (73(IDI2 + B + Jul? + | divul? +| divwl? + | curlu[?)
Q

47|V DI+ [V B + Vs, 2 + [V (dive) P + Vi (divwn) 2+ |V (curlw) )
< G erZT"’(|Fl|Z+|F2|2+|h|2+|12|2+|v1:1|2+|VF2|2+|vx,tn|2+|vx,tlzlz),

for all T larger than a positive constant To and for any D,B € CS(Q), u,we CS(Q) that solve (3.2) and
(3.5).

4 The inverse problem

We now state our main result: a stability theorem for the inverse problem.

Theorem 4.1. Let (a1, B1,Y1,¢1) and (az, B2,Y2,¢2) denote two sets of parameters, which satisfy the
hypotheses of Theorem 3.1. Assume that these two sets of parameters coincide in a set w where w < Q
is a neighborhood of 0Q). Let (D(()D,B(()D) and (Déz),B(()z)) denote two sets of initial values, such that the
matrix M(x) defined by

e x BBD e x Bél) e3 x Bél) —DBD 0 0 0
_ 0 0 0 0 -exD)’ -e;xD{’ -e3xD
M(x) = @ ) ) @
e X BO € X BO e3 X BO _DO 0 0 0
0 0 0 0 -e;xD? -e;xD? -—e3xD{

has a nonzero7 x 7 minor on Q). Here
eg=(1 0 0), e=(01 0) e=(0 0 1).
Assuming the following regularity
D/ B @, uwl'w'ec®@ j=12

of the solutions to the system (1.1)-(1.7), wherevgcj) represents the fieldv corresponding to the parameters
(@, B, Yk €x) and the j-th initial values. Then, there exist constants Cy and cy € (0,1) such that

fAsCo(D(”+D(2))C°

Q

where
A = A+|EP+IVER
A = |aP+1BP+Iy?+IVal? + VB2 + |Vyl? + |VVal? + [VV B3,
- )2 ()2 )2 ()2

and

a=az—ai, f=PF2-P1, Y=Y2—7Y1, =& ¢,
D=D2—D1, B=B2—B1, u=u—u;, w=wz —wj.
Remark?2. If we choose B(()D =e, D(()D =ey, B(()Z) = D(()z) = e3, the matrix M (x) formed by rows (2,3,4,5,8,9,10)

and by all the columns of M(x) is nonsingular. The assumption on the regularity of the solutions is
required to apply the Carleman estimate to the electroseismic system.

Remark 3. From the structure of M(x), the existence of a nonzero 7 x 7 minor indicates that there
exists a positive constant c, such that IB(()D 12+ IB(()Z) 2> ¢, and ID(()D 12+ ID(()Z) 12> c,.

We prove Theorem 4.1 in 3 steps in the following subsections.
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Since our Carleman estimate is applicable for functions compactly supported in Q, in the first step
we cut off the functions. The near boundary part corresponds to the measurements and the inner
part can be bounded by the Carleman estimate. The fields (D, B, u,w) satisfy the following system of
equations in Q

0D —curl(azB) +y,D = curl(aB;)-yD;y, 4.1)
0:B+curl(f;D) = —curl(fDy), 4.2)

pd%u + pfafw— divt = 0, (4.3)
pfa?,;u+pe(3%w+ Vp+§6tw—€2D = ¢Dy, (4.4)

with zero initial conditions. Define y (x, t) = y1(X) y2(#) with y; € Cg"(Q), X2 € Cgo(— 1,7),0<y1,x2=1
and
y1=1inQy, y2=1in[-T+65,T-6],

where § is chosen as in Remark 1 and Qg = Q\ @. Denote D = 1D, B= 1B, 1= yu,w = yw, then

0D —curl(a,B)+y:D = y(curl(aBy)—yD;)+2, (4.5)
0;B+curl(fD) = —ycurl(fD;)+ %, (4.6)
pdia+prdiw—divi = 9, (4.7)
prOFU+POTWH+VP+ L0, W-ED = yéDy+Py, (4.8)

where
P =0 ) D-Vy x(a2B), 2 =(0:x)B+Vy x(B2D),

223,92, first order differential operators in u,w. Let us note that 22),9%,,%%5, 27, vanish in Qy(0) =
Qo x (=T +06,T—-06). Applying Theorem 3.1 to (4.5)-(4.8), we have

J, 700D B+ 18) + (19D + 10 B+ ¥17)

< G f e’ A + C f e?™T1 + C f ?"T1 + C f e?TTI, (4.9)
Q w Qx(=T,-T+06) Qx(T-8,T)
where
I = [DP®+[BI*+ul®+Wl* + |Vy [DI* + |Vy BI* + |Vy ;ul? + |[Vy ;WI* + |VVy ;ul® + | VVy W[

Then from (4.9) and Remark 1, we have
T (3 (D% + B + [u)?) + 7(|Vx (DI + |Vx (BI? + |Vy sul?
X, X, [ X, [
Qo (6)
< G f 2TV A + Cpe?™®O + Cpe?T1 726, (4.10)
Q

Similarly, taking the derivative with respect to ¢ on both sides of (4.1)-(4.4) yields the following in-
equalities

f o e’ (r~°’(|a{D|2 +10/BI* +10ul?) + 7(|Vx,:0IDI* +|Vy, ,0/BI* + |vx,ta{u|2))

0

< G f 2PN + Cpe?™®O + Cpe?T172) 4.11)
Q

for j=1,2,3.
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Letting t goes to 0 in (4.1)-(4.4) shows that

0:D(x,0) = curl(aBy)—yDy,

0B(x,0) = —curl(8Dy),
pd7u(x,0) + pr5w(x,00 = 0,
prO7u(x,0) + pe07W(x,0) = ¢Dg.

Expanding the curl in (4.12) and (4.13) yields

VaxByg+acurlBy—yDy = 0,;D(x,0),
-VBxDg—PcurlDyp = 0,Bx,0).

Substituting (4.14) into (4.15) to eliminate w gives
Doé = —p107u(x,0),

where p; = z—;. Considering the two sets of initial values, we have

Va a
M(X)( Y )=N(X)( 6 )+b(x),
Vp

D¢ = —p10%u x,0),

where
—curlBé” 0 a,DW (x,0)
0 curlDWV 3,BV (x,0)
N(x) = 0 = ’
® —curlBéz) 0 » b 0,D? (x,0)
0 curlD(()Z) 0,B? (x,0)

Since M(x) has a 7 x 7 nonzero minor, we have
IVal® +VBI* +1y1* < Collal + 151 + Ibl*),
€17 < Co(102uW (x,0)* + |07u® (x,0)[%).
Taking the derivative with respect to the variable xj; on both sides of (4.17), shows that
D 01§ = ~(9kp0)7u (x,0) - podx0Fu (x, 0) - (9xDG")¢,
and hence

2 . .
IVEP <Co Y (107u (x,0)* + VaTu'” (x,0)%).
j=1

Therefore

2 . .
fe2’¢0(|5|2+|v5|2)scof (Y (107u) 0, 0) 2 +V0?u (x,0)2)).
Q Qo j=1

In addition, taking the derivative with respect to the variable x; on both sides of (4.16),

Vo« 5 Va
M(x)( Oky )zOkN(x)(g)+N(x)( k& )+6kb(x)—0kM(x)( y )

0P

Vorp Vg

(4.12)
(4.13)
(4.14)
(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

we obtain
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and hence
IVVal? +|VVBI2 + |Vyl? < Colal® + 181> + |bl> + |Vb|?). (4.22)

Therefore

f TP (IVVal® + |VVBI* + |Vy[?)
Q

< cof e27¢°(|a|2+|ﬁ|2)+cof ™ (|b|* +|Vb|?),
Q Qo

< cof e27¢°(|Va|2+|Vﬁ|2)+Cof €™ (|b]* +|Vb|?), (4.23)
Q Qq

because «, § are supported in Q. We recall one lemma from [8].

Lemma 4.1. There exists constant Ty > 0 and Cy > 0 such that, for allt > 1o andv e H(} (Q),
Tf T < Cof ™ (| curlvl? + | divv]?).
Q Q
Applying Lemma 4.1 with v = Va, we have
rf e |Val* < cof e |Aal’ < cof TP |VVal?,
Q Q Q
and hence
2T¢o 2 2 2T Qo 2 2
rf eTP(IVal*+ V%) < CO[ e (IVVal® + |VVBI7).
Q Q

Combining with (4.18) and (4.23), we finally obtain the bound

f e2TP0 < Cof eZT(po(|b|2 + IVblz) (4.24)
Q Qo

for 7 large enough.

We recall the following lemma from [3].

Lemma 4.2. There exist constants 1o > 0 and Cy > 0 such that, forallt > 19 andve C 1 (Qo(5)),

[v(x, O)I2 < C()Tf

Iv(x, O)? + Cor ! f 10,v(x, ).
Qu(0)

QO QO(6)
We recall that Qo = Q\w and Qy(6) = Qo x (T +6,T -9).

By taking v = ew‘)atD(j )(x,0) in the above estimate and invoking (4.10) to control the derivatives of
DY) (x,0), we see that

IA

f e’™10,0Y (x,0)? Cot f ™10, DV 2+ Cor ! f e’™|0?D) 2
Qo Qo(6) Qo(6)

Cor 2V,

IA

from (4.11), where
el :f Q20N 4 2T 4 2T(1-26)
Q

14
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We proceed similarly with the higher-order derivatives of DU (x,0) and with the other fields, to obtain

f ™00 DV (x,0)1> < Cor f e*™?10,0,DYV* + Cor ™! f e*™?10,07DV 2
Qo Qo (&) Qo)
< Coe(j),
f ™10,BYV(x,0))> = Cot f e*™10,BY* + Cor ! f e*™162BY 2
Qo Qo () Qo ()
< Cor eV,
f e¥10,0,BY (x,0)2 < Corf eZT"’lakatB‘f’|2+Cor‘1f e*™10,07BY
Qo Qo () Qo)
< C()@(])!
f eZT""’Iafu(j)(x,O)I2 < Corf e27¢|6§u(j)|2+C01_1/ eZ”"I(ﬁuU)I2
Qo Qo (6) Qo (0)
< Cor eV,
f e27¢0|aka§u(f)(x,0)|2 < Con e27¢|0k6%u(j)|2+cor_1f e27<ﬂ|aka§u(f)|2
Qo Qo (%) Qo(6)
< C()Qf(j).
It follows that
fQ e (Ib]* +|Vb[*) = Co (¢ + ¢@)), (4.25)
0
2 . .
f eZT‘/’O( Y (165u" x,0)[* + |Vo2u' (x, 0)|2)) < Co(eW +¢@). (4.26)
Qo j=1
From (4.21) and (4.24), we infer that
f e A - Co f TN < Coe®™ (OW + OP)) + Gt ), (4.27)
Q Q

Since ¢ — ¢ < 0 for |¢| > 0, by choosing 7 large enough we can make f_TT e?7@=%0) 50 small that for all

T>Typ,
T
fezwAzf ez“”OAf 2T @0 <<f e?TPON.
Q Q -7 Q

Combining this estimate with (4.27) and using the fact that ¢y = 1 — ¢, it follows that
f A=e 1079 f TP A < G (OW + 0P + Cre
Q o}
for all T > 7. Taking

“In (00 + @)
2(®+e€) '

T—To=
we finally obtain

Coe®™(ON + 0@ + Cpe
CO eZTOCDeZ(T—To)(IJ(D(I) + D(Z)) + Coe—ZT()Ee—Z(T—To)E

CoOW + D)7,

I\

which completes the proof.
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5 Conclusion

We presented a complete electroseismic model that describes the coupling phenomenon of the elec-
tromagnetic waves and seismic waves in fluid immersed porous rock. Under some assumptions on
the physical parameters, we derived a Holder stability estimate to the inverse problem of recovery of
the electric parameters and the coupling coefficient from interior measurements near the boundary.
How to relax the constraints on the physical parameters will be the objective of future works.
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