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Nonlinear response of inverted flags subjected to a steady flow

Mohammad Tavallaeinejad, Michael P. Paidoussis*, Mathias Legrand
Department of Mechanical Engineering, McGill University, Montréal, Québec, Canada H3A 0C3

Abstract

The nonlinear characteristics of inverted flags, otherwise known as cantilevered plates in a reverse steady
axial flow, is investigated. A Hamiltonian framework is employed to derive the nonlinear integro-differential
equation of motion in terms of the rotation angle of the mid-plane with respect to the longitudinal axis of the
flag. This allows for reliable predictions even at very large deflection amplitudes. The effect of a finite aspect
ratio as well as the presence of an initial curvature along the length of the plate are taken into account in the
modelling. The Galerkin modal decomposition technique along with various numerical schemes such as a
full Newton method as well as a shooting technique are implemented to construct the bifurcation response
diagram of the system as the flow velocity varies. As opposed to the case of flag-type cantilevered plates in
steady axial flow, the system undergoes a static divergence via a subcritical pitchfork bifurcation followed
by a saddle-node bifurcation. Extensive numerical simulations are performed to investigate the effect of the
aspect ratio and initial curvature amplitude on the nonlinear response of the system. The possibility of a
supercritical pitchfork bifurcation is also explored. The results of the current model are compared to and
validated against measurements reported in the literature.

Keywords: inverted flag, subcritical divergence, bistability, nonlinear bending, fluid—structure interactions

1. Introduction

Plates interacting with flow are present in many engineering applications ranging from energy harvesters
to design of micro air vehicles and autonomous vehicle propulsion. Such applications have motivated a
considerable amount of research [7, 19, 8, 9]. Furthermore, many researchers have employed plate-interacting-
with-flow models to explain trivial everyday phenomena such as flapping of flags or motion of tree leaves in
a gentle breeze [28, 24], as well as to analyse the in-flight or swimming motion of animals and explain the
mechanism of snoring in humans [35, 16, 3].

A cantilevered plate interacting with flow loses stability via a static divergance or growing amplitude of
oscillations, depending on its orientation to the flow. From a design point of view, this phenomenon can
be either detrimental, for structures such as papers in printing processes and aerospace systems [34, 33], or
beneficial, for energy harvesters operating based on flow-induced flutter [13]. Therefore, understanding the
dynamical behaviour of a rectangular plate interacting with flow is of significant importance; it would provide
access to accurate predictions of the fluidelastic instabilities in complex real-world fluid-structure interaction
problems.

A great deal of research has been conducted on the stability of plates interacting with flow. These studies
may be classified into three categories based on the configuration of the rectangular plate interacting with
flow. The first configuration is a wing-type cantilevered plate with a single clamped edge parallel to the
flow, which has received attention for aerospace applications. The second configuration is a cantilevered
plate with a fixed leading edge and a free trailing edge, aligned with the flow, referred to as an flag-type
configuration. Many researchers have investigated the stability of such systems theoretically [14, 10, 18, 16,
32, 2, 30] and experimentally [28, 6, 37, 36, 11, 38, 26]; a thorough recent survey of the literature on these
aspects is performed by Paidoussis [20]. A third configuration which has recently received attention due to
potential applications in small scale flutter-based energy harvesting systems, is referred to as inverted-flag-type
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configuration, or inverted flag; as opposed to the flag-type configuration, the leading edge of the inverted flag
is free while the the trailing one is fixed. In fact, energy harvesting inverted piezoelectric flags are shown to
feature various advantages compared to the conventional piezoelectric flags [27, 15, 19], such as larger amount
of harvested ambient energy and lower operating range of flow velocity, which is more expected in typical
ambient conditions. Furthermore, an inverted flag exhibits several characteristics distinct from the flag-type
configuration, such as bifurcations, response amplitude, and sensitivity to geometrical parameters.

The present study is devoted to investigating the nonlinear dynamical behaviour of systems belonging to
this third category. The number of studies in the literature on the dynamics of an inverted flag interacting
with flow is rather limited and can be grouped into two general classes, i.e., analytical studies using continuum
expressions for the aerodynamic forces and computational fluid dynamics (CFD) investigations utilizing
numerical solvers for the Navier—Stokes equations.

Starting with the first class, the first study in this field was conducted by Guo and Paidoussis [14], who
employed an inviscid potential flow model along with a linear beam structure model to study the dynamics of
plates in axial flow. They solved the perturbation pressure field in Fourier space while neglecting the wake,
and predicted the onset of flutter. Kim et al. [17] revealed experimentally that the inverted flag remains
stable in the trivial zero-deflection equilibrium configuration up to a critical flow velocity. Increasing the flow
velocity causes the flag to oscillate and finally bend in a fully deflected configuration.

Sader et al. [24] pursued the investigations of Kim et al. [17] and conducted a set of experiments to
investigate the effect of the aspect ratio (i.e. the ratio of span to chord). They showed that the dynamics
of the system is dramatically affected by the plate span and that the critical flow velocity increases as the
aspect ratio decreases: in other words, the plate with smaller aspect ratio is more stable. They employed
a two-dimensional model based on a steady fluidelastic theory introduced by Kornecki et al. [18], as well
as Prandtl’s lifting-line theory, showing that the inverted flag loses stability by divergence. Poor agreement
with experiment was reported for plates of aspect ratio less than unity. In another study, Sader et al. [23]
investigated the stability of inverted flags and rods with zero aspect ratio in a steady uniform flow. They
conducted experiments and found multiple equilibria in the response of the system within a range of the plate
aspect ratio.

On the computational fluid dynamics front, a two-dimensional numerical simulation on an inverted flag
was conducted by Gurugubelli and Jaiman [15], who employed a higher-order fluid-structure interaction
solver. They concluded that the plate first loses stability by divergence and then tends to flutter due to a flow
separation at the leading edge. Ryu et al. [22] contributed to the investigations by simulating the motions
of a plate in reverse flow (i.e. an inverted flag) employing a two-dimensional immersed boundary method.
In another study, Shoele and Mittal [27] investigated the energy harvesting performance of an inverted
piezoelectric flag using the immersed boundary method. They examined the effect of initial inclination of
the inverted flag to the impinging flow. The effect of aspect ratio was investigated via a three-dimensional
simulation performed by Tang et al. [29] focusing on low Reynolds number flows. They found that the wider
plates become unstable at lower critical flow velocities.

This paper aims at presenting, for the first time, an analytical stability analysis of an elastic inverted
flag immersed in axial steady flow. In particular, a two-dimensional motion (as observed and reported in the
experiments to date) is considered. However, the chord and span of the plate are considered to be of finite
length when formulating the fluid-related forces. An inverted flag model with initial curvature along its length
is developed. An integro-differential equation governing the motion of the inverted flag is derived within a
Hamiltonian framework. The Galerkin scheme along with an adequate number of modes is utilised to obtain
a compact system of nonlinear ordinary differential equations. The static response of the system is obtained
using a full Newton method together with a shooting technique. A thorough stability analysis is performed
on the branches of the solution, making use of local geometric theory. Bifurcation diagrams with respect to
the flow velocity are systematically built. The effect of the aspect ratio as well as the amplitude of the initial
curvature is investigated through performing extensive numerical simulations.

2. Model development

In this section, the dimensionless equations governing the motion of the system along with appropriate
boundary conditions are developed within a Hamiltonian framework. The potential and kinetic energies of
the inverted flag are formulated. Then, the fluid-related forces acting on the plate are formulated based on a
nonlinear steady theory. Finally, a model for initially curved inverted flags is presented.



2.1. Kinetic and potential energies

Figure 1 shows the system under consideration, which is a vertical cantilevered plate of length L, width H,
thickness h, cross-sectional area A, surface area S, and flexural rigidity D immersed in an inviscid flow. The
clamped end is located at the downstream region of the flow, while the flow impinges on the free end. The
effect of gravity is neglected. The mechanical properties of the plate, i.e., its density, Poisson ratio, and
Young’s modulus are denoted by p,, v, and E, respectively; py stands for the density of the fluid flowing with
mean flow velocity U. In the present paper, Euler-Bernoulli beam theory is employed to develop a nonlinear
model for inverted cantilevered flags in axial flow; the rationale is outlined here: measurements by Kim et
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Figure 1: An inverted flag in axial flow; free at the upstream and clamped at the downstream of the flow.

al. [17] show that the modeshapes of the flapping inverted flag can be decomposed using orthogonal beam
modes. Accordingly, the transverse displacement of the plate, i.e. w(x,t), is only a function of the axial
coordinate and time, i.e. x and t, respectively, and is symmetric with respect to the y coordinate, as depicted
in Fig. 1. Hence, the spanwise deformations are neglected due to symmetry. Furthermore, it was reported in
experimental investigations [16, 28, 6, 37] and theoretical studies [10, 18, 31, 14] on the flag-type configuration
that the one-dimensional assumption for the displacement of the plate is reasonable. In fact, the spanwise
deformation is negligible, at least at the onset of instability and for a considerable range of flow velocities
beyond the critical point. Hence, the inverted flag undergoes two motions: w(x,t), in transverse direction and
u(zx,t), in the longitudinal direction. As such, the displacement field of a generic point on the cross-section of
the plate at distance z from the mid-plane can be formulated as

u(z,t) — zsiny(z,t)
u(x,z,t) = 0 , (1)
w(z,t) — 2(1 — cosv(z, 1))

where 1(x, t) denotes the rotation angle of the mid-plane with respect to the z-axis (the slope of the mid-plane).

The relations

Ozw(z, 1)
1+ e(x,t)’

Oatp(z, 1)

14 Opu(x,t)
1+e(x,t)

siny(z,t) = cos(z,t) = The@) and k(z,t) =

(2)

hold where x(x,t) and e(z,t) are the curvature and the strain of the mid-plane, respectively. Note that d; and
0, denote the derivatives with respect to time and the axial coordinate, respectively. The plate mid-plane is
assumed to be inextensible, i.e. e(z,t) = 0, which yields: (1 + d,u(z,t))? + (O,w(z,t))? = 1. This equation
necessitates that the transverse and longitudinal motions are not independent quantities. Therefore, among
the three types of motion of the element (i.e. the transverse motion, w(z,t), the longitudinal motion, u(z,t),



and the angle of rotation, 1 (x,t)), there is only one independent variable. Application of the inextensibility
condition yields

w(z, t) = /O “lcosib(s,t) — 1)ds and  w(z,t) = /0 " sin (s, £)ds. (3)

In this study, the longitudinal and transverse displacements are expressed as functions of the rotation angle.
The model is thus constructed in terms of the angle of rotation, resulting in an integro-differential equation
that governs the motion. The limitations regarding models expressed in terms of the transverse motion of the
plate are discussed in Appendix A.

The kinetic energy of the system involves the two non-vanishing components of the displacement filed
given in Eq. (1) and is obtained as follows:

L
T= %pp/ / [3t (u(:c,t) — zsind)(;v,t))]2 + [8,5 (w(x,t) — 2(1 — cos w(x,t)))]z)dAdx

:%pp / ([/ Byb(s, t) sinep(s, t)d } [/ Oyb(s Cosw(s,t)dsr)dw (4)

w3008 [ ([0t sinvia )] + (200 ) cos i, 1))” .

The potential strain energy of the inverted flag reads

fEA/ (z,t)*dx + D/ (z,1)? fD/ (0p(z,1)) (5)

in which D = EI/(1 — v?) is the plane-strain flexural rigidity for plates of large aspect ratios; in case of
slender plates, the flexural rigidity becomes D = EI. The virtual work done by the fluid-related force normal
to the plate is given by

L
Wg = /0 (Fn(,t) costp(z, t)dw — Fy(z,t) siny(z, t)0u)dz, (6)

where Fin(z,t) represents the normal force acting on the plate, which is obtained in the next section.
Substituting Egs. (4)-(6) into the generalized Hamilton’s principle and making use of the following equality [25]:

/OL g() (/Om f(s)éy ds> dz = /OL f(z) (/L g(s) ds) 81 de, (7)

one can obtain the following local equation for the axial flow inverted flag transverse motion

L s L s
0wt + D0sct — ppsin v [ [ cosvinyanas) + ppacosvou( [ [ sinvnoands)
N T 0 . T 0 (8)
— Cosw/ Fn(s,t)cost(s,t)ds — sinw/ Fn(s,t)sine(s,t)ds =0,
L L

along with the associated clamped-free boundary conditions
Y(@=0,t)=0 and I, (xz=L,t)=0. (9)

2.2. Fluid-related forces

In this section, a steady flow model is employed to derive an approximate expression for the aerodynamic
loads acting on the plate. This allows us to identify the existence of the new stable equilibrium and the
amplitude of deflection. Indeed, the presence of a new equilibrium deflection is observed by Sader et al. [24]
by introducing additional damping with the aid of a slender external pole. Since the pole eliminates flapping
motion of the inverted flag, the flow reaches a steady state. Hence, the contribution of the unsteadiness in
the flow can be neglected and the behaviour of the inverted flag is governed by steady components of the



the external aerodynamic force. To this end, an expression for the normal force on a rectangular flat plate
immersed in steady flow is formulated based on the work of Bollay [5].

Bollay’s steady flow model is associated with small aspect ratio rectangular wings at high angle of attack
« which assumes a uniform distribution of bound vortices along the span of the plate. The flow separation
around the side edges trails off at some angle ¥, to the free stream. Bollay obtained the induced velocity
originating from the system of vortices at a generic point of the plate and calculated the normal force per unit
length acting on the plate with the aid of the Kutta-Joukowski theorem [4]. Hence, the normal force per unit
length can be expressed as

1

Fy 5

prHUCy, (10)
where Cn is the normal force coefficient defined as
Cn = my(9)(cos asin a + sin? atan 9(1 — g(R)y(D))), (11)

and

sina — 1y(0) (g2R) + cot D([1(C/2) + F2(6/2) — 9 F5(\/2)))
cosa+ 3y(0) (m/4+ ((f1(¢/2) + f2(£/2) =9 f5(A/2)))
where /R = H/L represents the aspect ratio. The expressions of functions g(AR), f1(¢), f2(£), and f5(A) are

given in the Appendix B. Bollay also determined the normal force mathematically for two asymptotic cases,
for zero aspect ratio (i.e. A& = 0) and infinite aspect ratio (i.e. R = c0), as

tant = (12)

Cn =27msinacosa  for R = oo, (13a)
Cy =2sin’a for A =0. (13b)

The angle of the trailing vortices, ¥(«), can only be found by solving the nonlinear expression given in
Eq. (12), numerically. Therefore, the expression for the normal force given in Egs. (10) and (11) is not explicit.
Gersten [12] employed Bollay’s flow model and assumed that the flow trails off the surface of the plate at an
angle equal to half of the plate’s angle of attack, that is J(a) = a/2. The corresponding expression for the
normal force takes on the explicit form

Cn = my(a/2)(sin(a) — v(a/2) sin®(a)g(R) tan(a/2)). (14)

This expression overestimates the normal force, especially for small aspect ratios. For instance, for the limiting
case R = 0, the normal force is equal to C'y = 4sin? a/(1 + cos ), which is considerably larger than the
force obtained without any assumption, see Eq. (13b).

Another method for finding an explicit form of the normal force is to approximate it on the basis of the
Polhamus leading edge suction analogy [21] which states that the normal force acting on a wing at high
angle of attack a, can be expressed in the form of K, sinacosa + K, sin? & when leading-edge separation is
involved. The coefficients K, and K, can be determined via an appropriate lifting-surface theory. For a value
of the plate aspect ratio, the angle of the trailing vortices is calculated via solving the nonlinear equation (12)
for a range of angles of attack and the normal force coeflicient can then be evaluated by inserting the resultant
into the Eq. (11). Analogous to Polhamus’s work, the normal force coefficient given in Eq. (11) can be recast
in form of

Oy = K,(AR)sinacosa + K, (AR)sin’ a, (15)

with K,(&R) and K, (AR) being functions of the aspect ratio only. The normal force coefficient acting on the
plate versus the angle of attack for four different aspect ratios is illustrated in Fig. 2. The curves obtained
based on the explicit expression given in Eq. (15) with appropriate values for K,(/R) and K,(/R) are in
perfect agreement with the values obtained from solving the implicit expression given in Eq. (12). Moreover,
the expression given in Eq. (14) overestimates the normal force acting on the plate for small aspect ratios.
There is also a discrepancy between the results for wider plates at higher angles of attack.

Figure 3 shows the trend of change in the K,(&R) and K,(AR) coefficients over a wide range of aspect
ratios. It is worth mentioning that as the aspect ratio increases to very large values, K, converges to 2w
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Figure 2: Normal force coefficient Cy versus the angle of attack . (a) & = 0.01, (b) R =0.1, (¢) R = 0.5,
and (d) R =1.0. Cy calculated by solving Eq. (11) [e], Cy approximated by the «/2-method [==:], and Cn
obtained via Eq. (15) [m=]

whereas K, approaches zero. On the other hand, for the other limiting case, i.e. zero aspect ratio, we have
K, =0 and K, = 2. This is again consistent with the limiting cases examined mathematically by Bollay, and
given in Eq. (13a). For intermediate aspect ratios, 0 < R < 2, K, and K, can be extracted from figure 3(b)
and utilised in numerical simulations. The normal force coefficient given in Eq. (15) can be decomposed to lift
and drag coefficients:

Cp = K,p(R)sinacos? a + K,(R)sin® acos a,

16
Cp = K,(R)sin* acosa + K,(R)sina?. (16)

2.3. Equation of motion

Substituting the expression in Eq. (15) into Eq. (6) yields the virtual work done by the fluid-related force
normal to the plate. Implementing this expression together with expressions for kinetic and potential energies
given in Egs. (4) and (5) in Hamilton’s principle, performing the integration by parts in addition to setting
the coefficients of the variation of ¢ equal to zero, yields the following nonlinear integro-differential equation
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Figure 3: Variation of K, [@] and K, [A] with the aspect ratio of the plate, AR.

for the motion of the inverted flag subjected to axial flow:

L s L s
ppl 0wty — ppAsinipOy (/ / cos ¥ (n, t)dnds) + ppAcos POy (/ / sin ¢ (n, t)dnds) — DOy
x 0 T 0

+ —pyHU? (cosw ' (Kp(R)sin(s, t) cos® P(s, ) + K, (R)sin® ¢ (s, t) cos (s, t)) ds (17)
L

+ sinw/ (K (R) sin® (s, t) cos (s, t) + K, (R) sin® ¢(s, 1)) ds> =0,
L

along with the clamped-free boundary conditions given in Eq. (9). For ease of computation, the following
dimensionless quantities are defined and utilised in numerical simulations:
x t pfSL? 1 K, K,
= = U =, ky=-L, k,=—". 18
L’ T D B AL?2’ P 27 2 (18)
in which 7 = 4/ ppA/DLz. Substituting these dimensionless parameters into Eq. (17) and dropping the
asterisk notation in the interests of simplicity, gives the dimensionless equation of motion as

1 s 1 s
BO1h — sin) Oy (/ / cos (), t)dnds) + cos ) Oy (/ / sin(n, t)dnds)
z JO xz JO

— Ogap + 11 % [; cos /$ sin 24 (s, t) (kp(/R)| cos (s, t)| + k,(AR)| sin(s, t)|>ds (19)
1

¥ =

+siny /j (kp(AR) sin® (s, t) cos (s, t) + ky (AR) sin® P(s, )| sin (s, t)]) ds] =0.

2.4. Initial curvature

A small initial tip deflection in the rage of 0.02 < A/L < 0.04 was reported in the experiment conducted
by Kim et al. [17], originating from fabrication uncertainties: the plates were not perfectly flat. Moreover,
Sader et al. [23] observed a slight initial deformation along the length of the plate, giving rise to a small initial
break in symmetry of the system. In fact, they reported that the measured values of critical flow velocity
systematically underestimate the theoretical predictions. This was presumably be due to the presence of
initial deformations along the plate length. Therefore, an initial curvature associated with zero initial stress,
denoted vy (x), is considered in our model. Inserting this variable in the displacement field given in Eq. (1)
yields

u(z,t) — z [sin (Y(2, 1) + tho(z)) — sin o ()]
u(z, z,t) = 0 ) (20)
w(z,t) + z [cos(yp(x, 1) + o (x)) — cos o (z)]



Deriving the expressions for the kinetic and potential energies as well as the virtual work done by the
fluid-related force via Hamilton’s principle, and ignoring terms depending only on tg(z) (due to the zero
initial stress condition), one obtains

B0 — sin(W + o) O ( / 1 / " cos((n, ) + wo(n))dnd8>
+ cos(th + o) B ( / 1 / sin((, 1) + wo<n>>dnds) O (21a)
¥ H{cosw +00) [ ex cos(uls. )+ da(e)ds + sin -+ vo) [ex sin(w(s,t) + %(s))ds} 0,

and

en = kpsin(y + 1) cos( + o) + ky sin® (¥ + thg) . (21Db)

Note that the angle of attack is replaced by a(x,t) = ¢ (z,t) + ¥(z) in order to account for contribution of
the initial curvature in the aerodynamic loads. In this paper, the initial curvature is considered to be in the
form of ¥y(x) = Agg1(x), with Ay being the amplitude of the initial curvature and ¢;(x) denoting the first
mode shape of a cantilevered plate. This results in a continuous, monotonically increasing deflection along
the length of the plate, with the maximum amplitude at the tip denoted by A.

2.5. Discretized model

In order to obtain a reduced-order model of the system, the following series expansions for the rotation
angle, 1, can be considered:

M
b(x,t) =Y dr()ar (), (22)

where ¢,(t) are the unknown time-dependent generalized coordinates and ¢, (z) are the eigenmode shapes of
a cantilevered plate in vacuo, satisfying the geometric boundary conditions. The steady analysis is performed
by ignoring the time-derivative terms in the equation of motion; hence, the unknown variables, ¢, (), are
replaced by ¢,.. Time-derivative terms, however, are essential in performing the stability analysis on obtained
solutions. It should be remarked that all the sin and cos terms are kept intact in the discretization and
numerical simulations (they are not replaced by any order of approximations) in order to ensure reliable
results even at large rotation amplitudes.

3. Nonlinear response and stability analysis

In this section, a nonlinear static analysis is performed to obtain the critical values of the flow velocity
corresponding to static bifurcations (buckling) and to construct the post-buckling configuration of the inverted
flag. The nonlinear integro-differential equation given in Eq. (19) along with the corresponding boundary
conditions given in Eq. (9) can be solved via two different techniques. In the first, the solution for () is
obtained directly using a shooting technique for the boundary value problem at hand. The second technique
is to discretize the system with the aid of the Galerkin method, using appropriate mode shapes satisfying
the boundary conditions and to reduce the equations to a set of nonlinear algebraic equations; the resultant
set of equations is solved using a full Newton method. The response of the system is obtained using both
methods and the results are presented in Fig. 4; the bold line shows the feasible solutions for ¢(z) using the
first method and the dashed line illustrates those obtained using the second method involving four modes;
each line corresponds to a configuration of the plate (shown in subfigure (b)) and indicates the slope along
the axial coordinate (i.e. ). As seen, the difference between the two solutions is negligible demonstrating
the reliability of the second method and sufficiency of the number of modes utilized in the Galerkin scheme.
Subfigure (a) shows three possible solutions for ¥ (x) at II = 8, representing three equilibrium configurations
for the plate. These solutions can be either stable or unstable; a stability analysis is conducted based on local
geometric theory [1] and bifurcation points are identified mathematically. A pitchfork bifurcation materializes
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Figure 4: (a) Three branches of solution of a system with &R = 0.5, A/L = 0.0, and II = 8; solution obtained
by shooting [==] and Newton [==:] techniques, (b) configuration of the inverted flag associated with each
branch of the solution.

when one eigenvalue vanishes and becomes equal to zero; if the real-part of a pair of complex conjugate
eigenvalues becomes positive (it crosses the imaginary-eigenvalue axis), a Hopf bifurcation takes place.

Figure 5 shows the bifurcation diagrams for an inverted flag with & = 0.1; the flow velocity is varied
as the bifurcation parameter. Bold and dashed lines represent stable and unstable branches of the solution,
respectively. Subfigures ((a)-(c)) illustrate the of slope at the free end, the tip transverse displacement (the
maximum transverse amplitude of buckling), and tip longitudinal displacement, respectively. As seen in this
figure, the inverted flag is initially stable for relatively small flow velocities and resides at its original equilibrium
position. Two new solutions are found at point A where IIp = 28.9; these branches are initially unstable and
become stable as the flow velocity is reduced to the folding at point B via a saddle-node bifurcation where
Ilg = 8.6. This characterizes a strong subcritical pitchfork bifurcation (divergence); there are three stable
equilibrium solutions along with two unstable ones in this range of flow velocity (i.e. II = [8.6,28.9]). The
basin of attraction of the trivial solution is represented by the unstable solution; it becomes smaller as II
approaches IIp. Hence, even at flow velocities much smaller than the critical value, the inverted flag may
exhibit a jump from the trivial solution (original equilibrium configuration) to the stable bifurcated solution
(deflected equilibrium configuration) due to small perturbations. More specifically, the unstable branch is
not physically possible, meaning that if the plate is perturbed from its original equilibrium position to the
unstable position, the plate gravitates towards deflected or undeflected stable configurations.

The perturbations may be imposed externally (e.g. an external pole) or may arise from fluctuations in
the impinging flow. In the latter case, small perturbations about the static equilibrium die out, and the
system returns to the origin; perturbations of amplitude larger than the amplitude of the unstable branch, on
the other hand, lead the system away from trivial equilibrium and into the deflected configuration at a flow
velocity less than Ilp.

It should be noted that the symmetrical response of the system with respect to the horizontal axis is
the reason for buckling of the inverted flag to either side. The initial condition of the plate (such as small
amplitude of an initial inclination) determines its final configuration (it may bend to one or the other of the
deflected positions).

An initial curvature is taken into account in the modelling and simulations and the results are presented
in Fig. 6; note that the initial curvature is introduced in the form of the first mode shape of the cantilevered
plate and a small amplitude of the initial curvature is considered. The amplitude of the initial curvature, Ag
is selected in a way that the inverted plate possesses a very small initial tip deflection equal to A/L = 0.01.
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Figure 5: Bifurcation diagrams of a perfectly flat inverted flag with /R = 0.1. (a) tip slope of the plate, (b)
tip transverse displacement, and (c) tip longitudinal displacement. Pitchfork bifurcation at IIp = 28.9 and
saddle-node bifurcation at Ilg = 8.6; stable static solution (undeflected stable equilibria) [==], unstable static

solution [=m=:].

As seen, the pitchfork bifurcation is destroyed due to the presence of the initial curvature and is replaced by
a saddle-node bifurcation. Hence, the response of the inverted flag displays a continuous deformation path
incorporating two saddle-node bifurcations; the equilibrium solution becomes unstable at the first saddle-node
bifurcation (point A) and regains stability at the second one (point B). In particular, at sufficiently small flow
velocity, the system remains at its original equilibrium position. Increasing the flow velocity gives rise to an
abrupt jump at point A where IIg; = 17.8 from the trivial equilibrium position to a configuration of larger
amplitude. A reverse scenario is expected when the inverted flag is at the buckled position and the flow velocity
is decreased; i.e. the flag jumps back to the original configuration at point B where Ilgy = 8.5. Furthermore,
considering initial curvatures in the model gives rise to a significant reduction in the critical value of the
flow velocity, which is now determined by the first saddle-node bifurcation point. The second saddle-node
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Figure 6: Bifurcation diagrams of an initially curved inverted flag with A& = 0.1 and initial tip deflection,
A/L =0.01. (a) tip slope of the plate, (b) tip transverse displacement, and (c) tip longitudinal displacement.
Two saddle-node bifurcations at IIs; = 17.8 and IIg; = 8.5; stable static solution (undeflected stable equilibria)
[==], unstable static solution [==1],

bifurcation, on the other hand, is only slightly shifted to lower values of flow velocities. Remarkably, as
opposed to the prediction for a perfectly flat model, the plate of zero aspect ratio studied by Sader et al. [23]
is expected to jump to the deflected equilibrium at a finite flow velocity, even if the system is not perturbed;
note that the perfect one remains stable and resides at its undeflected configuration for considerably large
flow velocities in the absence of external perturbation.

The sensitivity of the model to initial curvature along the length of the plate is examined next, and the
results are plotted in Fig. 7. The amplitude of the initial curvature is selected in a range such that the plate
exhibits tip deflections satisfying 0.01 < A/L < 0.08. As shown, larger initial curvature amplitudes result in a
significant change in the response of the system. More specifically, the first saddle-node bifurcation shifts
substantially to smaller values of the flow velocity. In contrast, the second saddle-node bifurcation only shifts
slightly. Additionally, the general behaviour of the inverted flag incorporating an initial curvature remains
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Figure 7: Bifurcation diagram of the inverted flag with /R = 0.1 for various initial tip deflections A/L.

subcritical and the flag deformation jumps abruptly from a relatively small amplitude to a substantially larger
one with a very small increment in the flow velocity.

Figure 8 displays the sensitivity of the static response of the inverted flag to its aspect ratio. First,
the coefficients K, and K, of the fluid load on the plate are calculated for any aspect ratio. Then, the
equation of motion is solved and the stability of the response is explored. As seen in the plot, the critical flow
velocity decreases monotonically as the aspect ratio increases. This is in good agreement with experimental
observations and CFD model predictions in the literature [24, 29]. For instance, the present theory predicts
IIp = 42.5 and Ilg = 8.9 for a slender plate with &R = 0.067, whereas it predicts IIp = 4.6 and IIg = 5.2
for a square plate with /R = 1. This shows the significant effect of the finite aspect ratio on the nonlinear
behaviour of the system. Furthermore, as reported by Sader et al. [23], the subcritical behaviour of the
inverted flag becomes weaker for wider plates and the multiple equilibria merge; their measurements revealed
that these multiple equilibria occur only for &R = 1.7. Strikingly, the bistable region obtained for perfectly flat
plate of &R = 1.7 is insignificant. In fact, for this case, the velocity range of bistability (i.e. [IIs II,]) is very
narrow, resulting in (II, — II;)/II, ~ 3%. More importantly, if a very small initial curvature with an initial
tip deflection of A/L = 0.002 is considered in the model, the bistable zone disappears completely. Moreover,
this figure highlights that the critical points shift to smaller values of flow velocities, meaning that a plate
of larger aspect ratio is more vulnerable to instability. A comparison between the obtained critical values
of the flow velocity via the proposed model (i.e., the pitchfork bifurcation, ITp, as well as the saddle-node
bifurcation, IIg) and those measured by Sader et al. [23] is given in Table 1. The onset of instability IIp is

Table 1: Critical flow velocities for the pitchfork and the saddle-node bifurcations: comparison between the
current theory and measurements of Sader et al. [23]

Aspect ratio of the plate (AR) 0.067 0.13 0.5 1.0 0.067 0.13 0.5 1.0
dimensionless flow velocity [Ip  dimensionless flow velocity Ilg

Experiment (Sader et al. [23]) — 23.3 10.3 6.0 9.1 81 6.7 5.5

Current model 425 26,5 87 5.2 8.9 84 6.1 4.6

extracted from the experimental results reported in [23] in a way that the dimensionless tip deflection of
the plate is less than 0.02. The comparison shows an acceptable agreement between the current theoretical
predictions and the reported experimental measurements. A better match is found for flow velocities at which
the saddle-node bifurcations take place.

The system response for various aspect ratios in the presence of a slight initial curvature is examined and
the results are plotted in Fig. 9: Ag is selected such that the initial tip deflection is A/L = 0.02. As seen, the
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Figure 8: Bifurcation diagrams of the inverted flag for various aspect ratios AR; (a) tip slope of the plate, (b)
tip transverse deflection, and (c) tip longitudinal motion.

pitchfork bifurcation is replaced by a saddle-node bifurcation at relatively lower flow velocities. Increasing the
aspect ratio results in a concurrent shift in both saddle-node bifurcations. The first one shifts to a higher tip
deflection and the second one moves toward lower tip deflections. This results in a narrower bistable zone
which weakens the subcritical behaviour of the system. In fact, at /2 = 1.0, the bistable zone disappears
completely and the response of the system becomes supercritical. In this case, the behaviour is not dependent
on the initial conditions and the inverted flag buckles at II = 4.1. For larger aspect ratios, the abrupt jump
phenomenon in the response of the system is replaced by a bending behaviour and the change in the amplitude
of the response becomes smoother.

It would be interesting to determine the aspect ratio at which the response of the initially curved system
switches from a subcritical divergence to a supercritical one. In this study, this aspect ratio is referred to as
the critical aspect ratio denoted AR... Figure 10 shows the response of several plates with different initial
curvature magnitudes and the corresponding critical values of the aspect ratio. For instance, an inverted flag
possessing an initial tip deflection equal to A/L = 0.01 exhibits subcritical behaviour if its aspect ratio is
smaller than 1.15. The response is supercritical, on the other hand, for aspect ratios exceeding 1.15. Moreover,
AR, decreases with larger initial curvatures.
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Figure 9: Bifurcation diagrams of the initially curved inverted flag for various aspect ratios & and A/L = 0.02;
(a) tip slope of the plate, (b) tip transverse deflection, and (c) tip amplitude of the longitudinal motion.

Similarly, the critical initial curvature referred to as A, is defined for a specific aspect ratio in which the
system response changes from a subcritical behaviour to a supercritical one. The critical initial curvatures for
different aspect ratios are obtained and the results are reported in Table 2. They emphasize that, for small
aspect ratios, a large initial curvature is required in order to weaken the subcritical behaviour of the plate.
For large aspect ratios, on the other hand, very small initial curvatures guarantee a supercritical response of
the system.

Table 2: Critical initial tip deflections A, /L (at which the response of the system alters from the supercritical
type to the subcritical type) for various aspect ratios AR

Aspect ratio (/R) 001 01 025 05 075 1.0 1.3 1.7
Critical initial tip deflection A.,/L 0.17 0.11 0.08 0.04 0.02 0.009 0.005 0.002
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Figure 10: Bifurcation diagrams of the initially curved inverted flags for various initial tip deflections and
AR such that the system response alters from supercritical type to subcritical type. Inverted flag response
with (a) an initially curved plate with A/L = 0.01 corresponding to &R, = 1.15, (b) an initially curved plate
with A/L = 0.02 corresponding to R, = 0.75, (c) an initially curved plate with A/L = 0.03 corresponding
to Rer = 0.65, and (d) an initially curved plate with A/L = 0.04 corresponding to R = 0.5.

4. Conclusions

The present study investigated the nonlinear behaviour of inverted flags subjected to a uniform axial
flow incorporating initial curvature along the length and taking into account the effect of plate aspect ratio.
Hamilton’s principle was used to derive a one-dimensional nonlinear partial integro-differential equation of
motion. The equation was discretized using the Galerkin method and solved with the aid of a full Newton
scheme. The bifurcation diagrams of the system were plotted selecting the flow velocity as the bifurcation
parameter. A thorough stability analysis was conducted on the branches of the solution based on local
geometric theory. The numerical results highlighted that:

1. Typically, a perfectly flat inverted flag resides at its original static equilibrium at relatively low flow
velocities and loses stability by static divergence via a subcritical or supercritical pitchfork bifurcation,
depending on the plate aspect ratio. The non-trivial attracting solution (deflected position) of the
transverse motion of the inverted flag is stable.
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2. For aspect ratios AR < 1.7, the response of the system is subcritical and is highly affected by disturbances
such as level of turbulence in the incident flow and initial curvature. The unstable branch of the solution
is bracketed by a pitchfork and a saddle-node bifurcations and determines a margin for coexisting
attractors around the equilibria.

3. The larger the span, the less stable the system. The critical flow velocities associated with the pitchfork
and saddle-node bifurcation points shift to lower magnitudes. Moreover, the subcritical behaviour of the
inverted flag becomes weaker for wider plates (flags) and the existence of multiple equilibria vanishes for
a specific aspect ratio.

4. Considering a small disturbance on the initial curvature of the flag replaces the pitchfork bifurcation
by a primary saddle-node bifurcation, at lower critical flow velocities. The response of the initially
curved system exhibits two saddle-node bifurcations associated with two jumps from the undeflected
equilibrium to the deflected one.

5. Increasing the initial curvature amplitude alters the position of the first saddle-node bifurcation
dramatically. The second saddle-node bifurcation, on the other hand, shifts only slightly to lower values
of flow velocities. For sufficiently large values of initial curvature amplitude, the bistable zone in the
response of the system becomes narrower up to the point that the response of the system switches from
a subcritical type to supercritical one.
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Appendix A. Comparison between models corrected up to different orders

The nonlinear equations governing the transverse motion of a cantilevered beam or plate can be obtained
either by Newtonian or Hamiltonian methods. Routinely, the equations are derived in terms of the transverse
displacement and are reliable up to a certain point in the derivation. In fact, in the derivation procedure, the
curvature is expressed as a function of the transverse displacement, making the implicit assumption that the
angle of the rotation is limited to the range of [—7/2,7/2]. This assumption is reliable in many studies where
the deformation amplitude is not very large. In most of the studies, the equations of motion are truncated up
to cubic order in terms of the transverse displacement, w(x,t). Supposing relatively large deformations, a
larger order of magnitude should be selected in order to obtain more reliable results. However, if the system
at hand exhibits very large deformations, even higher-order models fail to predict the response of the system
correctly.

In order to show the limitation of the mentioned model, the steady form of the equation of motion for the
inverted flag given in (19) is recast based on the transverse displacement of the plate:

attUJ(.T,t) — % [ 18_7; z; t / / att 1-— 8510 § t 2d§d8]

+£ 8 Opgw(z,1)
0z V1= 0,w(z,t)? \/1—8th) (A.1)

K,0,w(z,t)? + K,0pw(z,t)\/1 — d,w(z, t)Q}

_ # [
1—0,w(x,t)?

Orzw(x,t) ! 9
II K,0,w(s, K,O0sw(s, — Osw(s,t)?| O,w(s,t)ds = 0.
+ <(1—8zw(a;,t)2) )/ (K, D, 12 + K, Duw(s, ) /T (.17 dean(s. )ds = 0

N[

Note that the inertia terms are retained. Thereupon, three truncated models of the equation at hand are
considered, namely the third order, O(e?), the fifth order, O(€®), the seventh order, O(e”), of magnitude, where
O(e€) denotes the first order. Additionally, one model without any order of approximation (i.e., exact with
respect to w(zx,t)) is taken into account. The resultant equations are discretized with the aid of Galerkin’s
technique and solved numerically.
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Figure A.1 shows the bifurcation diagram of a plate of & = 0.1 and A/L = 0.01 for the various
approximations mentioned above. The “exact” curve is associated with the case in which the terms under the

N T T T kg
’
""" 3% order .’ .
; . .
th N ¢ e
=== 5% order R . e
h S Pad e
""" 7™ order ; . P
w . K ’O "\'
= exact with respect to w ; R Pt b

Wtip

Figure A.1: Bifurcation diagrams for an inverted flag with /& = 0.1 and A/L = 0.01; dotted line: third-order
approximation, dashed line: fifth-order approximation, dash-dotted line: seventh-order approximation, solid
line: exact with respect to w.

square-root are not replaced by a truncated Taylor series. As seen in this figure, the third-order approximation,
which is widely used in the literature, overestimates the response of the system. At a certain flow velocity, the
amplitude of the deflection is even larger than the length of the plate! Higher-order approximations (i.e. the
fifth and the seventh order) are more reliable. However, they are not capable of predicting the behaviour of
the system at high flow velocities where the plate undergoes very large deformations. It is interesting to see
that even the exact solution cannot predict the response of the system correctly. In fact, the amplitude of the
transverse tip deflection converges to 0.79. This signifies that there is a flow velocity at which the tip angle
exceeds 7/2 and that the plate tip deflection cannot exceed 0.79. Note that the tip deflection reaches the
maximum feasible value of wy;, = 0.85 and then starts to decrease as the plate bends more (see Fig. 6(b)).
Hence, it is impossible to explore the behaviour of the system at higher flow velocities based on the model
proposed in Eq. (A.1).

Remarkably, one may use the proposed model given in Eq. (19) (that is the nonlinear equation of the motion
in terms of the angle of rotation) while substituting sin and cos terms by their truncated Taylor expansions;
this results in truncated equations in terms of the angle of rotation, ¥ (x,t). In this case, a satisfactory
convergence can be achieved with relatively high truncation order. Figure A.2 shows the convergence of tip
rotation of the inverted flag with respect to the order of truncation. The solutions obtained via the proposed
model given in Eq. (19) predicts the deflection of the plate correctly even for very large flow velocities where
the plate is fully bent over one side. Indeed, the proposed model is suitable for very large deflections of the
plate and enables us to explore the existence of secondary bifurcations in the response of the system and to
obtain the configuration of the system at high flow velocities.
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Appendix B. Functions of the nonlinear fluid-related force

The functions required for the calculation of the normal force acting on the plate are presented here for
the reader’s convenience [5]:

1
9, R) = B.
YA = R T ot DA+ BE) IR By
1 3 sin(1/2 arctan ¢)
f1(¢) = 5 arctan ¢ arctan( I +cos(1)2 arctan()) (B.2)
_ 1 1cos(l/2arctanv)  sin(l/2arctanv)
RO="¢r e i itoe ®3)
fo) = 5e BN, (B.4)
PR R A2 2 —1.302 , (1302 B
9B = e T R £+2( /RH)HQGXP( R )1(/9%)’ (B-5)
+2
where ¢, n, and \ are defined as
) = 25219’ £(0) = Qtj}élﬁ’ AW) = _%m(arctan(ftanﬁ) B 1)) (B.6)

and I is the modified Bessel function of the first kind and order 1.
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