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A Separation Principle for Underactuated
Lossless Lagrangian Systems

Sofia Avila-Becerrilt

Abstract—We study under-actuated Lagrangian systems with-
out dissipative forces, augmented by a chain of integrators. For
such systems, we solve the open problem of global tracking
control via position measurements only; strictly speaking, we
establish uniform global asymptotic stability for the closed loop
system. As a corollary, we obtain an original statement for
flexible-joint robots, which closes a long-standing open problem
of output feedback nonlinear control.

I. INTRODUCTION

Ever since the early works [1], [2] on global asymptotic
(state-feedback) stabilization of robot manipulators around
a time-varying trajectory, establishing such result under the
assumption that only generalized positions are measured has
called the attention of many researchers. One of the first results
on this line was reported in [3] where it is proposed a nonlinear
observer-based controller that ensures local asymptotic stabil-
ity. Succeedingly, a large number of articles were published
in which various stability properties were established, such
as semiglobal asymptotic stability, e.g. in [4], [5] or global
asymptotic stability in part of the coordinates, e.g., in [6].
Global asymptotic stability is particularly difficult to prove;
this was done for some case-studies, such as generic one-
degree-of-freedom systems [7] and particular two-degrees of
freedom systems [8], [9], but also for systems with dissipative
forces (such as friction) [6], [10].

Lossless systems are, by definition, systems that do not
posses natural dissipative forces such as friction hence, they
constitute a fairly wide class. It is only in [11], [12], [13]
that the long-standing open problem of establishing uniform
global asymptotic stability for the closed-loop system, was
fully solved. In [11] this was established for the controller
independently proposed earlier in [5], [4] while in [12], [13]
global exponential stability is established using a nonlinear
observer and a coordinate transformation.

For underactuated systems, the output-feedback tracking
control problem is far more complex since the relative degree
with respect to link positions is augmented proportionally to
the number of added integrators. Even for the meaningful case
of flexible-joint robots (two added integrators, hence relative
degree 4) the problem remains open. In [14] the authors
presented a result based on a semi-global nonlinear observer
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for the unmeasured variables, which needs only the link
positions. In [15] it is proposed a robust output-feedback link
position tracking controller that ensures semi-global uniformly
ultimately bounded link position tracking. In the same spirit,
based on a set of filters, in [16] the need of measuring link
and actuator velocities is removed, yet at the expense of the
restrictive assumption that the system is internally damped by
viscous friction. In [17] a nonlinear observer-based certainty-
equivalence tracking controller for Euler Lagrange systems is
presented; global properties are obtained under provided that
the controller can be bounded by an affine function in the
position times a polynomial of the velocities.

In [18] is presented an output-feedback control method
that applies to Lagrangian systems augmented by a chain of
integrators (see Eq. (1) below) hence, underactuated systems.
The controller is constructed following a modified backstep-
ping design in which unavailable derivatives are replaced
by approximate differentiation filters. Yet, it is assumed that
each integrator variable is measured. In [19] we presented
a controller for flexible-joint robots which ensures uniform
global asymptotic stability for the closed-loop system under
the assumption that joint, but not link velocities, are measured.

In this paper we extend the results of [18], [19] by assuming
that the integrators’ variables are not measured. We establish
a separation principle for the same class of systems and we
prove uniform global asymptotic stability of the origin. A
significant corollary of our main result is a statement for the
particular case of flexible-joint robots, as modelled in [20],
[21]. Our controller stabilizes these systems globally using link
and motor positions only. As far as we know, this is the first
article where results of this nature are reported, even for the
particular case of flexible-joint robots. See also the preliminary
version of this paper, [22].

The rest of the paper is organized as follows. In the
following section we formulate the problem under study and
in Section III we present our main results. In Section IV
we illustrate our findings with the case-study of flexible-joint
robots, before concluding with some remarks in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

Let us consider Euler Lagrange systems in which the control
input enters through a chain of m integrators, i.e.,

D(Q)d+0(q,d)d+g(q) = & (la)
&1 = & (1b)

ém—l = fm (IC)

bm = u (1d)



where u, & € R™ for all ¢ < m, m > 1. The matrix
D(q) = D" (q) > 0 corresponds to the inertia matrix, C(q, §)q
contains the terms due to the Coriolis and centrifugal forces,
g represents the gravitational forces vectors. Then, we make
the following hypothesis on the model (1).

Assumption 1:
1) The inertia matrix D(q) is positive definite and uni-

formly bounded; more precisely, there exist positive real
numbers d,,, and d); such that

dm < |D(Q1)\ < dM Vq e R™.

2) The matrix C(w,y) is bounded in w and linear in y and,

for each 7 < n, gg is bounded in w.

3) The matrix D(q) — 2C(q, §) is skew symmetric for all

q € R™.
4) There exists k, such that function that
0
>0 ¢ || <k, )
dq

All the conditions above are commonly assumed to hold
in related literature, especially on robot manipulators. For
instance, the boundedness assumption on the inertia matrix
holds for (but it is not limited to) robot manipulators composed
of revolute joints only or prismatic joints only. See [23] for
a complete characterization. Nonetheless, it is important to
mention that the main result in [12], [24] which, however,
holds only for fully-actuated systems (m = 0, &; := u), does
not rely on uniform boundedness of D.

Furthermore, because C' is intrinsically related to D (see
item 3), item 2) implicitly implies that D has bounded partial
derivatives. In turn, a consequence of item 2) is that there
exists a saturation function sat: R — R and k. > 0 such that,
for all z,y,z € R",

‘C(xay) - C(Zay)| S kcsat(|‘r - Z|)‘y|7 (3)

where sat(s) :=
C(z, 2)y.

Under these conditions we solve the following tracking con-
trol problem: Let ¢ — ¢4 denote a given reference trajectory.
Assume that it is sufficiently smooth and its first m + 2
derivatives are uniformly bounded, i.e., there exists ks > 0
such that

sgn(s) min{1,|s|}. Moreover, C(z,y)z =

max {sup|qd(t)|7

(4)
su t < ks. @
s, suplau(t)] suplaf’ () }
It is required to design an output-feedback dynamic controller

(52)
(5b)

u = u(t7Qa€17xc)
f(t7 qa€17$0>

(that is, z. € R™ corresponds to the state of the controller)
such that the origin of the closed-loop system is uniformly
globally asymptotically stable.

Example 1 (Flexible-joint robots): According to [20], [21]
joint flexibility in robot manipulators may be modelled using
linear torsional springs; hence, if we denote by K the joint

Te =

stiffness (K = oo implying no elasticity) the Lagrangian
model is given by the equations:

(6a)
(6b)

D(qe)Ge + C(qe, de)ge + 8(qe) K(qa — q0)
Jq.a+K(Qa 7(]@) = T

where (qe, 4¢) € R2" denote the unactuated coordinates i.e.,
related to the links, while (a4, ¢,) € R?" correspond to the
actuators’ coordinates, and 7 € R" is the vector of input
torques. The model (6) may be transformed into (1) with
m = 2, by defining: ¢ := q¢, 9(q) == g(qe) + Kqe, &1 = Kqa,
& = K, and applying the preliminary feedback

T=¢& —Kq +JK tu. (7)

To the best of our knowledge, the problem of ensuring
uniform globally asymptotic stability for robot manipulators
(6) using only link and actuator positions is completely open
to date. The solution to this problem follows as a corollary
to our main result. The latter is presented next; the former is
presented in Section IV.

III. MAIN RESULT: SEPARATION PRINCIPLE
A. The rationale

In [18] is presented a dynamic output-feedback controller
for (1) that guarantees uniform global asymptotic stability of
the origin. The controller in the latter reference, however, is
not of the form (5) since it depends also on the output y ' :=
[qT £ T]; for the case of flexible-joint robots, this is tantamount
to assuming that the actuator’s velocities are measurable. Here,
we assume that the measurable output is y T := [¢' &[], that
is, no velocity is assumed to be measurable. This being said,
our control design still builds upon the method described in
[18] and, to avoid the measurement of &; for all ¢ > 1, we add
a Luenberger observer. The simplicity of our control design
leads naturally to a separation principle.

The control design method follows the rationale of classical
backstepping control. First, we consider &; as a virtual control
input to (1a) then, introducing the positive constants k,,, kq,,
ag, and by, we define the virtual control law —cf. [4], [5]

& = —kpoq — ka, Vo + D(q)da + C(q,qa)da + 9(q) (8)

where g corresponds to the dirty derivative of ¢, that is,

oo = —agl (9a)
Yo = qeo+ bog. (9b)
If & = &7, the null solution of the closed-loop system

(1a), (8)-(9) is uniformly globally asymptotically stable [18,
Theorem 4]. Then, to steer £ — & we regard & as a virtual
tracking control input for the integrator (1b) with reference
&7, Proceeding recursively for each ¢ > 2, the variable &, is
considered as a virtual control input to the ¢th equation, and
as a tracking reference in the (i + 1)th equation. After [18],
we define

€;+1 = _kplfl + kdzﬁl + 5:07

Vie[l,m—1] (10a)



Ui = qei +bi&f + G
Gei = —a;0; Vi € [1,m] (10b)
G = —(ka, — 03)& — bi&l,

u = —kp,bn + Ky Om + o (10c)

where kp;, k4, a;, b; are positive control parameters, oy := 0
and o; := b;ky, , for all i € [2,m)].

The terms §~i =& — & correspond to the “tracking errors”
for each of the integrators in (1). Note that 51* is, in general,
a function of time; this is in view of its dependence on the
reference trajectory qq(t) and the (i + 2) derivatives of the
latter. It is, in addition, a function of the states, including non-
measurable variables such as ¢ and its (i — 1) derivatives; this
is due to the recursive definition of £*. The term £, stands for
the value of fl* evaluated at the origin, that is, at (, ¢, ¥, 13 ) =
(0,0,0,0). In other words, 5;‘0 depends only on ¢, through
qa(t) and the (i + 2) derivatives of the latter. Moreover, it
verifies £ := £F, |, —see [18] for details.

Each group of equations (10b) corresponds to the imple-
mentation of (a modified) dirty derivative of £ which may be
computed using only known or measured variables. Indeed, in
the frequency domain, (10b) corresponds to

biS o bi

9 = ; V; = 11
; S+ai¢, S+ai¢ (11)

where ¢; = & + (;/b; and ¢ = ¢ and s € C is the Laplace
variable. The second representation, in terms of a low-pass
filter with input 1, is useful for the purpose of analysis since
it defines output-strictly passive map J; — ;. In the time
domain, it corresponds to

191, = —a;9; + bzé-: — (kdl. — O'i)éi - bié;(o

which has an equilibrium at the origin {z = 0}.

(12)

Let us stress that Equation (10b) does not define an ob-
server since ¥; 4 cjl however, the quotient ¥; /(j2 remains
bounded and separated from zero. Hence, one may say that,
asymptotically, ¥; ~ ¢; which implies that, for the purpose of
global stabilization, the necessary damping may be injected
through a finite-gain low-pass filter. In other words, instead of
exploiting the convergence properties of solutions estimates,
as it is commonly done in observer-based designs, we use
the input-output properties of the stable proper filter in (11).
See [18] for formal proof of this filter property. Here, it is
established that for the closed-loop system (1), (8)—(10), the
origin {z = 0}, with

= [d § 0
is uniformly globally asymptotically stable.

n 0 0]

B. Certainty-equivalence control

The obvious disadvantage of the controller (10) is that it
relies on the measurement of &; for all ¢+ < m —see [19].
For instance, in the case of flexible-joint robots, this includes
motor velocities. In order to relax this assumption we introduce
a simple reduced-order Luenberger observer for the linear &-
dynamics and we use a certainty-equivalence controller which
includes dirty derivatives of ¢ and £*.

The linear Luenberger observer, based on the measurement
of &1, is defined by

57 = G+ NE—6&), Vie[l,m—1]
€m U+ Am (&1 — &1)

with constant gains A; > 0 for all ¢ < m, chosen so as to
render the following matrix Hurwitz:

M\ 1 --- 0

L= S Y. (13)
“Am_1 0 - 1
“Am 0 -0

Then, defining g} = éz - &

*, we introduce the certainty
equivalent controller

& = —kp& ket +E&,, Vie[l,m—1] (l4a)
Ui = quit+bi&+G
dei = —aiY; Vi € [1,m)] (14b)
éi = _(kdi - O'i)gi - biéfo
u o= —kp, &+ kO + Sho (14c)

which corresponds to (10) where &; has been replaced by its
estimate fl For a detailed (non-recursive) definition of &£ see
[25].

Proposition 1 (Main result): Let the reference g4 satisfy
(4). Consider the system (1) under Assumption 1 and in closed
loop with the controller defined by Equations (8), (9) and
(14). Then, the origin of the closed-loop system is uniformly
globally asymptotically stable for sufficiently large control
gains. Moreover, this holds for any observer gains A\; which

render L in (13) Hurwitz, independently of the control gains.
O

The proof is constructive; we derive explicit conditions on the
control gains that imply uniform global asymptotic stability.

C. Proof of Proposition 1

The proof relies on recognizing that the closed-loop system
has a cascaded structure,

(15a)
(15b)

= filt,r) +g(t, x)z2
f2(t7x2)

where 1 € RP, 25 € RY, and the functions f;, f2, and g are
continuous and locally Lipschitz in z, uniformly in ¢, and f; is
continuously differentiable. After [26, Lemma 2], for (15), the
origin (z1,22) = (0,0) is uniformly globally asymptotically
stable if so are the respective origins of &1 = fi(t,x1)
and (15b), and the solutions of (15a) are uniformly globally
bounded.

To invoke [26, Lemma 2], we first show that the closed-loop
equations have the form (15) with z{ := z and z5 := £ — é
—see Section III-C.1 below. That is, the nominal system
%1 = f1(t,z1) represents the tracking-errors dynamics under
the measurement of [g, £], the equation (15b) defines the
state estimation errors, and ¢(t,z)xo represents the errors

Ty =



generated by the use of the certainty-equivalence controller.
Uniform global asymptotic stability for &1 = fi(¢t,z1) is
established by [18, Theorem 6]. Uniformly global exponential
stability for (15b) follows since fo(t,22) := Lo and L is
Hurwitz by design. In addition, g is actually constant since
we use a reduced-order observer. Notably, this guarantees that
there is no peaking [27] and that the solutions are uniformly
globally bounded. The formal proof of the latter is provided
in Proposition 2 (Paragraph III-C.2), following the proof-lines
of [18, Theorems 5, 6].

1) The closed-loop equations:
obtained using the identity &, = §~1 + &7, by replacing £ from
(8) in (la) and adding —C(q, 4a)d + C(g,¢)da = O to the
right-hand side of the latter. Then, we differentiate on both
sides of (9b) and we use (9a) to obtain

D(q)q + [C(q,9) + C(q.4a)] G + kpod + kayPo = &
Jo = —ago + bod.

The first error equation is

(16a)
(16b)

On the other hand, Equations (1b)—(1d) are equivalent to
51‘ = ffﬂ - f@* + 5i+17
gm = u- g:n

so0, defining e; := §; — él and using the identity 5_2 = fz —e;
with i < m, as well as (14), we obtain

iel,m—1] (17a)

(17b)

& = —kp &+ ka0i + Eivr + kpes — (6 — &) (18a)
Y = —a¥; — (kay —0)(& +e;) +b:(§7 — €F,).  (18b)
Next, to compact the notation, we define A := diag {a;} ®
I,, B = diag{b;} ® I,, K4 := diag{kq,} ® I,,, K, =
diag {k,,} ® I,,, K}, := K4 — diag{0;} ® I,,,
kp, =1 0 -+ 0
0
KZI) - ® In:
: -1
0 - o 0 Ky,
& o= (& ] &7 = [0 - &l
9 = [19]—19;] el = [el-~-em].
Then, the tracking-error-dynamics equations (18) become
§=—K){+ Kq+ Kpe — [ — &] (192)
0 =—A9 — K€+ Kje + B[¢* — €] (19b)
while the estimation-error-dynamics is
é=Le (20)

in which L is Hurwitz by design.

Note that the equations (19) consitute a linear time-invariant
system that is perturbed, on one hand, by the exponentially-
converging input e(f) and, on the other, by the “input”
[5* 50} which vanishes at the origin hence, provided that
(4, ¢, V) — (0,0,0). To see this, we remark that long but
straightforward computations (cf. [25]) lead to the identity

i—1 i—1
& = —kp G+ Y manbe — parOn + ke — > miken
k=1 k=2

- 2%161 + Hﬂg 51

where 3; = ky; + bjlcd]., j € [1,m — 1] and, for each i €
[2,m] and k € [1,7 — 1],

[T &7 I, - #

glo + 5207

Nik = - kpkkpk—lsgn(k - 1)] y
j=k+1
pin =T B kay oy, + sl
j*k+1
H/J’;i“f Tk, 0.
Therefore,
& =T+ —Tue+ 5[ - &) @D
where
0 0 0
ry=| ™ © o len, @
m4 Timo _kpm 1
0 0 0 1
_ B
r=| Y ®L, Ts=|g |l
—Hmy Hmeo 0
0 0 0
r,=| ™ + 721 kp, @1, 23)
777TL1 + 7m1 77m2 _kpm,1
Thus, replacing (21) in (19) we obtain
§=— (K, +T1)é+ (Kqg—T2)
— T3 — &1 + (K, +Th)e (24a)
0 =— (A= BT2)9 — (K — BI'1)E
+ B3 [&F — €1.] + (K — BT'1)e (24b)

which corresponds to a stable linear system perturbed by the
linear-sector non-linearity [51 — 510} Now, Assumption 1
together with (4) guarantee that there exist non-negative reals
11, N2 and n3 as well as a continuous odd saturation function
sat : R — R such that [sat(y)| < 1, and

[ - é1.]

< misat(|d]) + m2lq| + msldol.  (25)

Furthermore, if we define z := [¢T 9T]T
becomes

the system (24)

i=Ax+ B[ — &) + K'e

o]

(26)

where

—(K, + 1)

Kg—T9
— p
A=| st

—I's
—(A — BI') Bl's |’



K/, — BT,
Thus, the closed-loop dynamics is now in the convenient

cascaded form (15) with 1 = 2, xo 1= e, fa(t,x2) = Le,
and f1(t,x1) corresponds to the right-hand side of

Eq. (16)
. : : 27
{ b= Az -+ BJE - €.). 7
2) Boundedness of solutions:
Proposition 2: Let L and A be Hurwitz and let
ao m+2  [2kcks + (m+2)/2]ad
kay | — — . (28
do [450 m] 7 02 8

Assume, also, that there exist positive definite matrices P and
@ such that Q@ = —(ATP + PA) and

Q> LdiaglQ) > (1} + md)diag{ [[PBLI* ), (29)
where [PB]; is the ith n X n block of PB € R™™*™ and 1),
ns are defined in (25). Then, the solutions of the closed-loop
system (16), (20), (26) are uniformly globally bounded.

Proof. The solutions of (20) are uniformly globally bounded
since L is Hurwitz. The rest of the proof follows that of [18,
Theorem 6]. Let the Hurwitz property of L generate positive
definite matrices P;, and —Qr := (LT Py + PrL) and let
k > 0 be a real constant. Then, consider the function W :

R?M" x R™" — R, defined as
W(z,e) = k' Px+e' Pre; (30)

a direct computation shows that its total derivative along the
trajectories of (20), (26) yields

W(z) =k [mTQx +22'PB [5{ —éfo] + ZxTPK’e} —e'Qre.

Next, define ¢ := |PK’|, A := Anin(Qr); using the Cauchy—
Schwartz and the triangle inequalities, we obtain

W < —kaT Qo+ 263" PBIE — €8] + o’
€
— (X — kce)lel?

for any € > 0. Furthermore,

2T PB [g’; —g';o} - (gijlgT (PB], + 0] [PB]mH)[éf —éfo}
>
=1

v (S IGNPBLI 4103 1Pl ) + 5 (16 + 10l

<

&

N =

2 2 2 2 2, 2
[[PB];|” + 9] HPB]m+i| (3 +mn3)

Therefore, in view of the second inequality in (29) we have

W< —ka' (Q - %diag {Q} — iI) x — (A — kce)le|?

=1

42 (Z!é! B |+ 10 HPB]W-\)

+ i [[d[* + [9o?)

Next,. let V : Rzo X R3”(m+1) - RZO be defined as
V(t,q,q,9) + W(zx,e), where

K (- . - N kd,
V=5 (DG a0+ ka4 52 p00R) 02

The total derivative of V :=V + W along the trajectories of
(27) yields

V< —ka' [Q - %diag {Q} - i[} x — (N — kce)le|?

aokd,

+ 1G4k lm o+ 24 ko) i - x|

+ 2Km (Z 3

i=1

- m} 90|

[PB];] + 1] I[PB]mHI) .33

The rest of the proof of boundedness follows as for Theorem
6 in [18]. The result follows from [26, Lemma 2].

Finally, to see that the separation principle holds, let the
control gains be given according to (28) and (29). Let the
observer gain L be any given Hurwitz matrix generating A
in (31). Then, there exists a sufficiently large € such that the
matrix @ — (1/2)diag {Q} — (¢/€)I is positive definite. On the
other hand, for any given A and e there exists « such that the
factor (A — kce) is positive. Therefore, the controller and the
observer gains are independent of each other.

IV. CASE-STUDY: FLEXIBLE-JOINT ROBOTS

We briefly present a corollary of Proposition 1 which, nev-
ertheless, solves the longstanding open problem of position-
feedback global tracking control for flexible-joint manipula-
tors, (6). Moreover, we establish a separation principle.

The problem consists in stabilizing the trajectory t +—
(qa» Ga, K165, K1, via measurement of ¢ and &; only,
which is equivalent to stabilizing (1) at (g4, ¢a, &5, &5,)- To
that end consider the reduced-order linear observer

51 =&+ M6 - &),
fo=u+ (& — &)

where A\; and A\ are positive constants. In addition, defining
& =& — &, consider the certainty-equivalence controller

(34a)
(34b)

& = —kp &+ kgt + &, (35a)
Ui = Qi +bi&+G

dei = —aiY; Vi€ [1,2] (35b)
G = —(ka, —0)& — bi&l,

u = —kpbo+ ka2 + &, (35¢)

where k,; and kg;, which denote “proportional” and “deriva-
tive” control gains respectively, are positive constants.

Proposition 3: Let g4 be given such that (4) holds. Consider
the system (6) under Assumption 1 in closed loop with the
controller defined by Equations (7)—(35). Let the controller
gains be such that: k,, = kq,;

Ky [610_2} _ (keks + D)ag

1
> | b 2o

(36)



kp,—kp,] a1 a
%21)]’ bglabggz}>[’7§+77?2>] 37
1 03

2 42
k,, —k —_— —
[ P2 pJ > max { ks ' oy

min {km,

} ,  ajag > 2b§u2 (38)

where pt = kp1(kpi1+a1), and 8 = kp, (14b1). Then, the origin
of the closed-loop system is uniformly globally asymptotically
stable for sufficiently large control gains and any positive
observer gains Aj, As.

Sketch of Proof. The key observation is that since k,, = kq,
then 727 := 0 in (22) and (23) hence, the matrix P in
Proposition 2 may be chosen as the identity. Moreover, in
view of (36) and (38) the resulting matrix

2%k,, -1 0 0
_ -1 2 [kpz - kpl] —H 0
@= 0 —u 2a1  —bap © In
0 0 7b2[£ 2(12

(defined in Proposition 2) is positive definite. Actually, (36)
implies (29) while (38) implies that Q) — (1/2)diag{Q} is pos-
itive definite. In addition, (36) corresponds to (28). Inequality
(33) becomes

V< —ka! <Q — %diag {Q} — CI> x — (N — kce) |e|?
€
K = 9 . -
+ §|§1| + 2km <|§1\ + Bl&a| + b1 |h] + bzﬁ\192|)
. k
+ k& (keks +4) q> — & [aobdo - 2] [00]?.
0

For the purpose of establishing uniform global boundedness,
note that the negative quadratic terms in |z|> dominate over
all terms involving (large) |¢;| and |¥;| while the sum of the
last two terms in the right hand side generate a sequence of
negative numbers for any increasing sequence {¢;} such that
{|g(¢;)|} is also monotonically increasing —see [18] for details.

V. CONCLUSIONS

We have presented the first position feedback controller
for flexible-joint manipulators guaranteeing uniform global
asymptotic stability of the origin for the closed-loop system.
This has been done by establishing a separation principle for
a passivity-based controller which makes use of approximate
differentiation of link positions and a reduced-order Luen-
berger observer for the motor velocities. The scheme enters
in a general framework that applies to a wide class of under-
actuated Euler-Lagrange systems of arbitrary relative degree
(with respect to the measured output).
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