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Investigating the Potential of Computer Environments for
the Teaching and Learning of Functions: a Double
Analysis from two Research Traditions’

Jean-Baptiste Lagrange * Giorgos Psycharis

Abstract The general goal of this paper is to explore the potential of computer
environments for the teaching and learning of functions. To address this, different
theoretical frameworks and corresponding research traditions are available. In this
study, we aim to network different frameworks by following a ‘double analysis’
method to analyse two empirical studies based on the use of computational
environments offering integrated geometrical and algebraic representations. The
studies took place in different national and didactic contexts and constitute cases
of Constructionism and Theory of Didactical Situations. The analysis indicates
that ‘double analysis’ resulted in a deepened and more balanced understanding
about knowledge emerging from empirical studies as regards the nature of
learning situations for functions with computers and the process of
conceptualisation of functions by students. Main issues around the potential of
computer environments for the teaching and learning of functions concern the use
of integrated representations of functions linking geometry and algebra, the need
to address epistemological and cognitive aspects of the constructed knowledge
and the critical role of teachers in the design and evolution of students’ activity.
We also reflect on how the networking of theories influences theoretical

advancement and the followed research approaches.
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1. Introduction

The notion of function occupies a central role in a wide range of mathematical
topics studied especially at the secondary and the upper secondary level.
However, engaging students in functional thinking is known as a demanding task
(Oehrtman et al. 2008). Existing research confirms students’ difficulties in
coordinating understandings in different settings (Bloch 2003) and dealing with
representations in several registers (Duval 2000). Reform curriculum programs
adopting a functional perspective to the teaching of algebra are usually oriented
towards a less manipulation oriented algebraic content by promoting, with the use
of technological tools, screen (graphical) interpretations of functions (Kieran
2007). Clearly, algebraic formalism seems to have been placed in the background
of attention in these programs with the risk to deprive students from a direct
access to symbolic forms of mathematical ideas. However, algebraic formalism is
at the core of algebra and constitutes a powerful, inherently mathematical medium
for expressing mathematical ideas. Recently, the development of new
technological tools offering integrated representations of functions has generated
further interest as regards their potential for the teaching and learning of
functions. Yet, it seems difficult to really appreciate this potential, since it is
needed to take into account the visions provided by specific theoretical
frameworks, and because of the fragmented character of these frameworks

(Artigue 2009).

Our overall research goal in this paper is to explore the potential of computational
environments for the teaching and learning of functions. In order to address this
goal, we seek to combat fragmentation by networking different theoretical
frameworks. It is important to note that here we consider fragmentation as
resulting from the existence of different research traditions. By research tradition,
we do not mean only a reference to a theoretical framework, but also the research
practices built jointly with a framework: reflection on a practice gives theoretical
elements for a framework, and, in return, practice, that is to say design,
observation and interpretation, is affected by the framework. Taking into account
that a research tradition in the research on technology enhanced learning of
mathematics can often be identified by a technology-based learning environment,

a theoretical framework and a national educational and cultural context, we chose
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to consider two research traditions, both dealing with functions and software
offering interconnected algebraic and geometrical representations, but different in
many other aspects. One involves Turtleworlds, a piece of geometrical
construction software combining dynamic manipulation of variable values with
the symbolic notation provided by Logo programming. The design and the
research on the use of Turtleworlds are inspired by Constructionism (Harel and
Papert 1991) and have been carried out in the Greek context. The other research
tradition involves Casyopée, a piece of software that offers a dynamic geometry
window connected to a symbolic environment specifically designed to help
students to work on functions. Casyopée’s design and experimentations occurred
in the French context that is shaped by didactical theoretical frameworks and
epistemological considerations. We focus here on a framework preeminent in the
French context —the Theory of Didactical Situations (TDS, Brousseau 1997), and
on an epistemological typology of activity with functions built to make sense of
the potential of computational environments with interconnected algebraic and

geometrical representations (Lagrange and Artigue 2009).

Our choice to consider networking at the level of research traditions, lead us to
question the research practices rooted in the above perspectives in terms of
design, implementation and analysis of concrete research studies. Thus, we found
it relevant to put each framework into action in producing a double analysis of
teaching and learning phenomena that appear in two respective research studies
focusing on functions, one with Turtleworlds and another one with Casyopée. In
this approach, double analysis was seen by us as a means/tool to network the two
frameworks by highlighting possible connections and divergent aspects and
through this to address the potential of computer environments for the teaching
and learning of functions. Therefore, the objectives guiding our research can be
described in two levels. Firstly, we were interested in investigating the ways
students’ interactions with the provided representations may affect their
opportunities for learning about function, according to each of the two theoretical
frameworks. Taking into account the partial view provided by each framework,
we wanted to provide a more complete analysis (supported by different theoretical
and empirical components) of the same teaching and learning phenomena. This
aim is addressed in Sections 4 and 5. Secondly, our aim was to discuss the
potential of digital technologies for the teaching and learning of functions by
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linking double analysis to the existing literature. This aim is addressed in Section
6. As an agenda beyond the above aims, we expect to experience the profits and
limitations of our networking attempt for theoretical advancement and

development as well as for reflection on our own approaches.

In the next section, we outline the theoretical framework of this study. Then, the
adopted methodology is sketched. Sections 4 and 5 contain a ‘double analysis’ of
two empirical studies from a constructionist and TDS perspective, respectively. In
Section 6, we discuss the potential of digital technologies for the teaching and
learning of functions with respect to the concerns/issues raised by the double

analysis. Finally, in Section 7 we present the conclusions of the article.

2. Theoretical Framework

In this section, we first outline the theoretical traditions at stake and particular
theoretical tools and constructs through which each tradition considers the ways
students conceptualise functions, namely situated abstraction and typology of
activities for function. Then, we frame our approach to networking theoretical
frameworks and describe the tools we used for this in the present study. Next, we
provide a review of the existing literature concerning the role of computer
environments as components of learning situations about functions. Finally, we
summarise major trends identified by previous research as regards the processes

of conceptualisation of the notion of function with computer environments.

2.1. Constructionism and Situated Abstraction

Constructionism incorporates and builds upon constructivism’s connotation of
learning as ‘building knowledge structures’ through progressive internalization of
actions, in a context where students are consciously engaged in constructing (or
de/re-constructing) physical and virtual models on the computer (e.g., geometrical
figures, simulations, animations): the notion of construction refers both to the
‘external’ product of students’ activity as well as to the process by which students
come to develop more formal understandings of ideas and relationships (Papert
1980). The constructionist paradigm attributes special emphasis on students’
construction of meanings when using mathematics to construct their own models
during individual and collective ‘bricolage’ with digital artefacts, i.e. continual

reshaping of digital artefacts by the students in order to complete specific tasks. It
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is important to note at this point that our interpretation of ‘meaning’ is not related
purely to individual cognition but also to the way that students interact with
digital artifacts and the social context of the classroom to appreciate explicitly
mathematical relations and their semantics. In this perspective, a learning situation
corresponds to a meaning generation process afforded by a conjunction of
tinkering with digital representations, noticing feedback and communicating with
others (teacher, other students). There is a dualistic nature of the idea: a learning
situation indicates a process and a concrete object which represents the outcome
of learner’s activity in constructing something and communicating with others

about it.

Under a constructionist perspective, Noss and Hoyles (1996) introduced the
notion of situated abstraction to address how mathematical abstraction is
scaffolded within computational media. They describe abstraction as a meaning
generation process in which mathematical meanings are expressed as invariant
relationships, but yet remain tied up within the conceptual web of resources
provided by the available computational tool and the activity system. A critical
point in this process concerns the potential of meanings to be transformed as
students move the focus of their attention onto new objects and relationships
within the setting, while maintaining their connections with existing ones. In this
perspective, a ‘situated abstraction’ approach to students’ conceptualisation of
function within a particular computer-based setting involves meaning generation
evident in the concretion of generalized relationships by students through the use
of the available tools, linguistic conventions, and structures (e.g., expressed in the

form of programmable code).

2.2. TDS and Typology of Activities for Function

Brousseau (1997) presents TDS as a model of learning by adaptation. The idea of
situations is fundamental in TDS. It refers to a project organized (e.g., by the
teacher) so as to cause one or some students to appropriate a certain piece of
mathematical knowledge. ‘Milieu’, a coherent part of a situation, is defined as a
system comprising material (e.g., tools) and non material (e.g., prior knowledge,
symbols, interactions with other students) elements of a situation. Student’s acting

on the ‘milieu’ provokes feedback calling for modifying or adjusting action. Thus,



the student is expected to create the targeted knowledge as response to the
requirements of an ‘antagonist’ milieu rather than on the teacher’s intentions. This
is the a-didactical situation. Teaching has to organize the situation, in order to
optimize the conditions of the interaction that is to say that progress in the
interaction should be conditioned by a progress towards the knowledge aimed at
in the situation. Thus, a learning situation in TDS involves a ‘milieu’ targeting a
particular piece of mathematical knowledge and also an account of students’
potential for learning through their interaction with the milieu. Such an account
addresses progress in relation to an epistemological analysis of the targeted
knowledge. By epistemological analysis, we mean an analysis situating a given
knowledge in a scientific field, the different forms and expressions that it can take

and its relationship with other knowledge.

The epistemological analysis favored in TDS situates functions at different levels
(1) dependencies sensually experienced in a physical system (Radford 2005); (2)
dependencies between magnitudes, enhancing the consideration of functions as
models of physical dependencies; (3) functions of one real variable, with
formulas, graphs, tables and other possible algebraic representations. Based on the
idea that students approach the notion of function by working on dependencies at
these levels, Lagrange and Artigue (2009) proposed a typology of activities for
functions. The typology connects the notion of function to the idea of covariation
or dependency in physical systems (first level) where one can observe mutual
variations of objects and also, at the second level, to the idea of input-output pairs
of two magnitudes. It also distinguishes between types of representations and
algebraic activities in each level. Particularly: iconic/enactive representations (Tall
1996); and three types of algebraic activities: generational (forming of expressions
and equations), transformational (algebraic manipulation, e.g., factoring) and
global/meta-level (not algebra-specific but related to the use of algebra, e.g.,

problem solving, modeling, looking for relationships) (Kieran 2007).

2.3. Networking of Theories Representing Different Research

Traditions

At the level of their principles, Constructionism and TDS share a common focus

on the design of learning through devices that provide affordances for interaction



and knowledge construction. For instance, the idea of ‘milieu’, emerged and
clearly defined within the TDS tradition, can also be seen by a constructionist
perspective as a device — through not described with the same terms — that
integrates teachers’/researchers’ design of artifacts (e.g., tasks, microworlds)
targeting rich meaning generation by the students. The divergence of the two
perspectives is expected to become apparent if we consider the nature of design as
activated in research practice. According to Radford (2008), there is space for

further integrative attempts between the two traditions.

Networking different theoretical frameworks around the use of digital tools for the
learning of mathematics is a current topic of research in the field (Drijvers et al.
2013). For achieving some integration amongst different traditions, Bikner-
Ahsbahs and Prediger (2010) highlight the link between theory and research
practice and adopt an approach ‘“that conceptualizes theories in their dual
character as frame and as a result of research practices” (ibid, p. 483). From a
similar perspective, networking of theories in technology enhanced mathematics
was addressed by six European research teams in the context of the project
ReMath® through collaborative engagement in a ‘cross-experimentation’
programme leading to unified comparative accounts of pairs of studies of the
same digital artifact (i.e. ‘cross-case analyses’) (Artigue 2009). ReMath indicated
the importance of including the whole cycle of design-implementation-analysis of
research studies in the networking process. This was the point of departure for our
approach. Therefore, our initial step for networking was to address the need for
mutual understanding by considering two research studies based upon the use of
computer environments for the teaching and learning of function, each one

designed and implemented within the corresponding research tradition.

Our next step in networking consists of producing a double analysis of concrete
teaching and learning phenomena under the corresponding theoretical
frameworks. As mentioned in the introduction, our first aim is to study how each
tradition considers students’ learning of function as well as to highlight possible
connections and divergent aspects. At this point networking consists of comparing

and contrasting the two approaches. The second aim of our study is to link the

? “ReMath” (Representing Mathematics with Digital Media), 6th Framework Programme,
Information Society Technologies, IST-4-26751-STP, 2005-2009 (http://remath.cti.gr).



double analysis to the existing research concerning the use of computer
environments for the teaching and learning of functions so as to shed light on
what the double analysis may bring in the respective discussion in the field. In
order to address this aim, we argue that the constituent elements of double
analysis, i.e. the analyses carried out by each tradition, should be coordinated
according to particular dimensions underlying research approaches as regards the
design, implementation and analysis of learning situations for functions. Using
different dimensions is seen by us as a way to make the divergence of the two
perspectives come to the fore as well as to ensure a wider approach to the complex
classroom reality. For instance, as evidenced in Section 2, ‘what a learning
situation 1s’ should be answered differently by a constructionist perspective and
TDS. Both traditions emphasize design in some sense, but Constructionism
emphasizes rich meaning generation through construction activities without
precisely foresee students’ procedures, while TDS gives priority to the
development of an epistemological analysis of the aimed mathematical knowledge
as a means to ensure that students’ interaction will actually put this knowledge at
stake. This brings us to our last step in networking which consists of coordinating
(Prediger et al. 2008; Bikner-Ahsbahs and Prediger 2010) Constructionism and
TDS by coordinating the respective analyses in terms of two dimensions:

‘Economy of learning situations’ and ‘Conceptualisation of function’.

The notion of ‘economy’ of learning situations has been used by Hoyles,
Lagrange and Noss (2006) in order to describe better the role of many different
components intervening in the classroom progression of knowledge: students,
teacher, but also various artefacts, some of these material (e.g., blackboard,
disposition of the room) and the others non material (e.g., tasks, rules, systems of
notation, language). Although the term ‘situations’ refers to the work of
Brousseau, the authors adopted it without any didactic theorization. They define
the economy of a learning situation as a specific organization of the classroom
components (i.e. actors and artefacts), which encompass activities, interactions
and norms within the classroom, and suggest that “technology brings changes and
specificities in this economy” (ibid, p. 301) leading to a kind of ‘perturbation’ in
the classroom. Aspects of context are challenged, actors take different roles than
their ‘usual’ ones (e.g., the changing role of the teacher in the classroom),
students’ mathematical activity is shaped by the use of particular technological
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tools, new kinds of meanings are generated. It should be interesting, in our case,
to investigate the contribution of the two research traditions to this important

dimension of learning situations in the double analysis.

The second dimension refers to the students’ construction of knowledge when
learning about functions. The constructionist approach in this study is influenced
by situated abstraction, while the TDS approach relies upon the typology of
activities for functions. Thus, the corresponding analyses are expected to bring to
the fore a cognitive/epistemological duality in approaching students’ learning for

functions.

2.4. Functions in Computational Environments: The Economy of

Learning Situations

A first motivation is in the computer’s potential for integrating a multiplicity of
representations such as symbolic (algebraic), coordinate graphical, tabular, and
iconic. Kieran and Yerushalmy (2004) review a variety of software taking
advantage of this multiplicity and note that “intensive use of multiple
representations technology (often) define themselves as functional approaches”
(ibid., p. 103) and that “educators seek tools that will allow students to

mathematically represent personal experiences as functions” (ibid., p. 105).

As Kieran and Yerushalmy (ibid, p. 120) point out, dynamic control, that is to say
direct manipulation of representation, often complements multiple representations
of functions. With regard to algebraic representations, devices like sliders or
dragging modalities allow direct control of algebraic expressions, for instance by
animating parameters, or manipulating graphs. Also specially designed applets
provide additional opportunities for interaction with algebraic representations
through construction and use of chains or operations (e.g., arrow chains) and
options for scrolling and tracing. For instance, such an applet (called
AlgebraArrows) fostered students’ covariation understanding of functions through
construction and modification of arrow chains (Doorman et al. 2012). With regard
to non algebraic representations, authors who work with environments offering
multiple interconnected representations stress the crucial role that the use of these
representations can play in promoting students’ understanding of functional
dependencies. For instance, part of research with Dynamic Geometry Systems
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(DGS) concerns students’ conceptualisation of covariation when dragging certain
geometrical objects in a continuous manner and observing how dependent
geometrical constructions responded to this (Hazzan and Goldenberg 1997;
Falcade et al. 2007). Authors who address the economy of learning situations in
dynamic environments do so by way of a framework in the research tradition they
participate in (see for instance Theory of Semiotic Mediation in the research study

by Falcade et al. ibid.).

Computer programming is an alternative way of building and manipulating
representations, and a motivation for researchers: writing procedures in a specific
language allows the construction of functions providing rich experience with the
notion of function as process possibly ‘encapsulated’ in objects (Dubinsky 1999).
Programming can also be seen as means to provide a representational
infrastructure alternative to traditional symbolism, thus making the idea of
formalized functional dependency more learnable for students (Noss 2004). The
constructionist perspective has been built to make sense of situations involving

programming as means to access mathematical ideas.

A substantial body of research also exists at upper secondary level about the use
of Computer Algebra Systems (CAS) (Thomas et al. 2004). As a difference with
research on multirepresentational dynamic tools, research on CAS does not
generally focus on functions, but rather on more general algebraic ideas. For
instance, Kieran and Drijvers (2006) insist on the role that CAS can play for
supporting the understanding of algebraic equivalence and forms. Lagrange
(2005) and Weigand and Bichler (2010) represent a shift towards using CAS
embedded into environments allowing exploration of algebraic functions. The
complexity of CAS environments and the problematic classroom integration
explain why a big part of research studies about CAS use deals with questions of
classroom efficiency. These studies bring concerns about the economy of learning
situations often not addressed by research based on the use of other kinds of

computer environments (Artigue 1997).

More recently, computer environments offering both geometrical and algebraic
capabilities have been designed with the aim of providing some sort of
combination of DGS and algebraic multirepresentation, possibly including CAS
and/or spreadsheet (Mackrell 2011). The need to explore the transformative
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potential of the corresponding technologies has been related to the fact that such
systems could encourage different levels of interplay between the two powerful
mathematical worlds, different kinds of algebraic expression as well as new
opportunities for direct manipulation of dynamically linked geometric and
symbolic forms of mathematical objects. In addition, most up-to-date computer
environments allow the user to animate objects by way of a programming
language, providing alternative representational systems and reintroducing design

ideas reviewed above.

The assumptions underpinning the development of these environments are very
diverse. Designers stress the possibility for students to make the connection
between various representations in analytic geometry, for instance a figure and its
Cartesian equation, and the affordances for users to ‘act’ on these connected
representations. “It is possible to investigate the parameters of a circle’s equation
by dragging the circle with the mouse. On the other hand, students may also
manipulate the equation directly and see the changed circle in the geometry
window.” (Hohenwarter and Fuchs 2005). The nature of tasks associated with
these environments in learning situations (for instance optimization) puts the
notion of function often at stake. Researchers insist on the possibility for students
to solve tasks in various environments offering interconnected representations
(e.g., DGS, CAS, spreadsheet), and also on the complexity of these environments
that might be a problem for teachers (Artigue and Bardini 2010), converging with

the concern for the economy of learning situations raised by research about CAS.

2.5. Conceptualising the Notion of Function with the Help of

Computers

2.5.1 From Process-Object to Covariation Aspect of Functions

From early nineties most of the studies concerning students’ conception of
functions were based on the distinction between the two major stances that
students adopt towards functions: the process view and the object view (Kieran
1992; Sfard 1991). The process view of functions is characterised by students’
focus on the performance of computational actions following a sequence of

operations (i.e. computing values) while the object view is based on the
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generalisation of the dependency relationships between input-output pairs of two

quantities/magnitudes (Breidenbach et al. 1992).

Elaborating further the process—object duality in students’ understanding of
functions, mathematics educators suggested that students’ understanding of
functions can be considered as moving from an initial focus on actions and
processes to more object-oriented views characterized by a gradual focus on
structure, incorporation of properties and reification of mathematical objects
(Breidenbach et al. 1992). In this vein, from the middle nineties, a number of
approaches developed to describe object-oriented views of function emphasized
the covariation aspect of function (Thompson 1994; Confrey and Smith 1995;
Carlson et al. 2002; Oehrtman et al. 2008). The essence of a covariation view is
related to the understanding of the manner in which dependent and independent
variables change as well as the coordination between these changes. According to
Carlson et al. (2002) covariational reasoning consists of “the cognitive activities
involved in coordinating two varying quantities while attending to the ways in
which they change in relation to each other.” (ibid., p. 357). However, this
dynamic conception of variation seems to be not obvious for the students since it
is essential to take into account simultaneously variation between magnitudes in
different levels emerging in an ordered succession, and there is a need for
situations that provide students with opportunities to think about the covariational

nature of functions in modeling dynamic events.

2.5.2 Understanding the Idea of Independent Variable

A particular difficulty in understanding functions deals with the idea of
independent variable. Using Tall and Vinner (1981) notion of concept image and
concept definition, Thompson (1994) reports students’ persistent “mal-formed
concept images (...) showing up in the strangest places” (ibid, p. 6). He
particularly indicates that the predominant image evoked for students by the word
‘function’ involves two disconnected/separated expressions linked by the equal
sign. Aiming to indicate students’ difficulty to develop a conceptual
understanding of the symbolic expression of functional relations and the role of

particular symbols in it, he reports an example of a formula for the sum

S =1+2°+..+n’given by a student on the blackboard as a response to the

12



n(n+1)2n+1) and none of the

teacher’s request. The student wrote f(x)=

students found something wrong with this expression since it seemed to fit their
image of function at that time. Here the student’s use of symbols for the
expression of a functional relation indicates an implicit consideration of it as a
‘template’ consisting of two distinct parts in which the first one is used as a label
for the second without linking at the conceptual level these two parts and the

existing objects/quantities.

2.5.3 The Role of Symbolism

Connecting the symbolism of functions with the above aspects is also a major
difficulty for students. Students’ view of symbolic expressions can be of a pure
input-output correspondence. In other circumstances, it can be pseudo-structural,
the expressions being understood as an object in itself, not connected to functional
understanding (Sfard 1991). Slavit (1997) indicates the critical role of symbolism
“confronted in very different forms (such as graphs and equations)” (ibid, p. 277)
in the development of the function concept and suggests the need for students’
investigation of algebraic and functional ideas in different contexts such as the
geometric one. Even when students have access to basic proficiencies in algebraic
symbolism, coordinating these proficiencies with an understanding of the
structure of the algebraic formula in a function is critical and is particularly at
stake when the function comes from a problem context. Most students fail in this
coordination. Evidence of failure is given in the context of equation. For instance,

van der Kooij (2010) notes that most students in a vocational high school were

able to do calculation on the pendulum equation 7 =27 \/z while they gave no
g

sense to an ‘abstract’ equation like y:2\/;. Kieran (2007) reports on low

achievement across countries for items of a TIMSS survey involving production
or interpretation of formulas to describe a phenomenon depending on a variable

number.

3. Methodology

The authors of this paper consist of one researcher who is experienced in using

TDS in his research (the first author) and one researcher who has a substantial
13



experience in working under a constructionist perspective (the second author).
Both of them participated in the project ReMath as members of two research
teams. The experience of the two teams in cross-analysing the same experiment
under TDS and constructionist lens brought evidence that divergent views of
functions as well as distinct theoretical orientations can produce a lot of
misunderstandings relatively to design and possible uses of a tool, to students’
activity and to the notion of function as implemented in a tool. Our method in this
study is inspired by our experience in ReMath. However, here it goes further in
terms of networking, since our aim is to provide a coordinated analysis of
different research studies as a means to tackle the potential of computational

environments for the teaching and learning of functions.

We chose two experiments to be representative of the research practices in the two
traditions but also very distinct. We mentioned in the introduction the specificities
of each software that make them very different. The contexts of use were also
very different in the two studies, the Casyopée study being for 11th grade students
in scientific stream in the French context, while the Turtleworlds study was for
7th grade mixed-ability classes in the Greek context. This diversity was chosen in
order to get a broad view of the teaching and learning of functions, going beyond
the particularities of a school level or other contextual factors. The fact that the
data of each study stem from research work carried out by the two authors
separately, was a challenge for us to share as much information on the design and
implementation in each case (e.g., educational context, method). The overall
description of the design of each study and the reported episodes in Sections 4 and

5 were written by the respective authors.

As a next step, we were engaged in identifying dimensions for analysing data
from the classroom in order to be able to coordinate our own approaches. Due to
our common focus on the learning of function, ‘conceptualisation of function’ was
one obvious dimension for both of us. Also, taking into account our ReMath
experience, we saw the need for a dimension addressing at a more general level
how each research tradition considers classroom as a system of interrelated
components (e.g., subjects, tools, activities) which affects the construction and
progression of knowledge. Joint reflection lead us to adopt the notion of

‘Economy of learning situations’ presented above. After this, we prepared a
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review of the literature about functions in computer environments according to the
chosen dimensions (see Sections 2.4 and 2.5). In Section 6, this choice will be
prove to be useful in our attempt to situate the results of the present study in the

existing research in the field.

Next, each of us wrote an outline on the Constructionism and TDS framework
respectively, explaining also the core elements of our lenses in order to address
the two dimensions (e.g., how a ‘learning situation’ may be conceived in each
framework). These outlines were the base of the theoretical perspectives we
described earlier in Sections 2.1 and 2.2. Then, each of us worked separately from
the other for carrying out the analysis of a particular piece of data from his own
experiment (e.g., an episode) according to the dimensions mentioned above.
Particularly, we agreed to analyse data in which key aspects of functions were
brought to the fore through students’ use of the available tools as well as to

provide as much information on the context of students’ activity.

Next, we exchanged these (‘original’) analyses with the detailed description of
each study (aims, method, etc.) and we started a process of making
understandable one’s own approach which involved discussion and joint
reflection on the ‘original’ analyses. In the end of this process, each one of us was
able to react on the study and the analysis of the other’s under his own (‘alien’)
perspective. This way two second analyses were produced. For more opportunities
for comparing and contrasting our approaches, we decided these second analyses
to be written in terms of concerns/issues brought by the ‘alien’ tradition to the
original analysis. In subsequent in person meetings, we worked collaboratively to
clarify these analyses for more accessible descriptions of the findings according to
claims and assumptions of the two frameworks. We note that the use of ‘we’ and
‘our’ in the constructionist and TDS analyses (i.e. Sections 4 and 5) refers to each
one of us considered as a member of the respective community of
(constructionist/TDS) researchers. In any other part of the paper the use of ‘we’
and ‘our’ signifies our common ground of interpretation built through our

collaborative work by the end of the reported study.

Finally, the process of coordinating the two approaches in terms of the chosen
dimensions and the making of links with the existing literature was carried out in
close but mainly distant collaboration (see Section 6). This process involved also
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comparing and contrasting the two approaches taking into account the
concerns/issues brought mainly by the ‘alien’ analyses mentioned above.
Conclusions on the central aim of the study and on the outcomes of double

analysis were also drawn. Overall, this process took nearly two years.

4. Turtleworlds study

4.1. Aims and Choices

This central research question in this study concerned how a computer
environment offering integrated representations could help students to understand
dependencies and express them in formal notation. The study was designed from a
constructionist inspiration and then the choice was to favor students’ meaningful
engagement in a purposeful task: enlarging-shrinking geometrical figures. As
regards the notion of function, this task presents a potential for identifying a
mutual dependence between two comparable quantities (interdependency), and
also a potential for distinguishing certain kinds of dependence (e.g., additive,
multiplicative) between two comparable quantities: proportional relations are
considered as means to concretize relationship between measures in the geometric
enlargement context. The functionalities of the computer environment were
chosen in order to prompt students to construct relationships and figures
according to the rules of proportionality. These rules were not initially explicit to
the students, the aim being to emerge through interaction with the available tools:
the environment was expected to provide feedback leading to visually-based
cognitive conflict, particularly when using additive strategies. The need of a

computer environment that allows formal expression of relationships was critical.

Turtleworlds (Kynigos 2004) consists of three interconnected components:
Canvas, Logo and Variation Tool. The elements of a geometrical construction can
be expressed in a Logo procedure with the use of variables or functional
relationships including variables. The user is able to dynamically manipulate the
geometrical figure by dragging specific pointers along the ‘number line’-like
representation of these variables using the dynamic manipulation feature of the
computer environment called ‘variation tool’. After a procedure depending on

variables is defined and executed with a specific value, clicking the mouse on the
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turtle trace activates the variation tool, which provides a slider for each variable.
For instance, the procedure ‘letterN’ (Fig. 1) creates a model of the letter ‘N’ with
two variables representing the vertical segments and the ‘tilted’ segment
respectively. The dragging of a slider results in a continual reshaping of the figure

according to the corresponding va