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Abstract

We give an asymptotic probabilistic real Riemann-Hurwitz formula com-
puting the expected real ramification index of a random covering over the
Riemann sphere. More generally, we study the asymptotic expected number
and distribution of critical points of a random real Lefschetz pencil over a
smooth real algebraic variety.

1 Introduction

The Riemann-Hurwitz formula says that the total ramification index R of
a branched covering f : ¥ — ¥/ of degree d between two compact Riemann
surfaces is R = dx(¥') — x(2). In particular, if ¥’ = CP', R = 2d + 29 — 2,
where ¢ is the genus of Y.
More generally, if p : X --» CP! is a Lefschetz pencil on a complex manifold
X of dimension n, then

(=1)"#crit(p) = x(X) — 2x(F) + x(Y)

where F' is a smooth fiber of p and Y is the base locus of p.

The questions that motivate this paper are the following: how do these
critical points distribute on the variety? When p is defined over R, what
about the number of real critical points of a real Lefschetz pencil?

We answer these questions by computing the asymptotic expected number
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of real critical points of real Lefschetz pencils and also the asymptotic distri-
bution of such points.

The chosen random setting has already been considered by Schiffman and
Zelditch in [14] to study the integration current over the common zero locus
of k independent random global sections of a line bundle over a complex
projective manifold.

In the real case Kac [7], Kostlan [8] and Shub and Smale [15] computed

the expected number of real roots of a random real polynomial.
In higher dimensions, Podkorytov [13] and Biirgisser [1| computed the ex-
pected Euler characteristic of random real algebraic submanifolds, Gayet
and Welschinger estimated the Betti numbers [3], [5], [4]. (See also [10], [11]
and [9]).

In [12] Nicolaescu computed the expected number of critical of a random
smooth function on a Riemannian manifold have and how they distruibute.

Statements of the results

Let X be a smooth real projective manifold of dimension n, that is a

complex projective manifold equipped with an anti-holomorphic involution
Cx.
We denote by RX = Fiz(cy) its real locus. Let (L,h) be a positive real
hermitian line bundle. Then, for large d, for almost every («, 3) € H°(X; L%)?
(resp. RHO(X; L%)?) the map uqg : X --+ CP! defined by z +— [a(z) : B(z)]
is a Lefschetz pencil (resp. real Lefschetz pencil) (see Prop. 2.11).

Definition 1.1. We denote the set of critical points of u,g by crit(u.z) and
by Rerit(uas) = crit(uag) NRX the set of real critical points.

The number of real critical points of a Lefschetz pencil depends on the pair
(a, ). The main theorem of this article is the computation of the expected
value of this number.

Theorem 1.2. Let X be a smooth real projective manifold of dimension n,
let (L, h) be a positive real hermitian line bundle over X. Then

1 U er(n) T Vol (RX) if n is odd
i R ; — (n—1)! 2
dggloo \/anE[#RCTZt(Ua,ﬁ)] { "—””eR(n) Vol,(RX) if n is even.

oy

In this theorem Vol,(RX) is the volume of RX with respect to the Rie-
mannian volume dvol;, induced by the metric h. The probability we consider
is a natural Gaussian probability on RH?(X; L) (see Section 2.1) and eg(n)



is the expected value of (the absolute value) of the determinant of real sym-
metric matrices (for the explicit values of eg(n), see |5, Section 2|).

We recall that eg(1) = \/g, then we have:
Corollary 1.3. Let (X, cx) be a real Riemann surface and (L, h) a real holo-
morphic line bundle of degree 1. Then, for every pair (o, 3) € RH®(X; L?)?

without common zeros, uqg s a degree d branched covering between X and
CP'. Then the expected real total ramification index is equivalent to

\/g Voly(RX)Vd

as d tends to +o0.

Theorem 1.2 will be a consequence of a more precise equidistribution re-
sult.
We define v,3 = Z 0z (resp. Ruyp = erRcm(uaﬁ) d;) the Dirac mea-
zEcrit(uqg)
sure on the (real) critical set.

Theorem 1.4. Let X be a smooth real projective manifold of dimension n
and (L, h) be a positive real hermitian line bundle over X. Then

" . .
—=—er(n)Zdvoly, if n is odd
lim [RVQB] (nn&)u R( ) 2 h f .
d—+o0 \/_ o= 1),,6R(n)dv0lh if n is even.

weakly in the sense of distributions.

Theorem 1.4 says that for all continuous function ¢ € C°(RX)

U er(n)T L Jax wdvol, if nis odd

(7’1/ 1)”
dETOO \/_ E[Rvas)(¢) = { (nnl ier(n fRX wdvol,  if n is even.

where E[Rvqg](¢) = f[{{HO(X;Ld)2 erRarit(uaﬁ) p(z)du(a, B).
The following equidistribution result in the complex case follows along
the same lines.

Theorem 1.5. Let X be a smooth complex projective manifold of dimension
n, let (L, h) a positive hermitian line bundle over X. Then

1
lim —E[v,s] = (n + 1)ldvol,

weakly in the sens of distribution.



As before, Theorem 1.5 says that for all continuous function ¢ on X, we
have

1

1 — = |
dEToo dnE[Vag](go) (n—l—l)n./}(gpdvolh

where dvolj, is the Kéhlerian volume associated to h.

Organisation of the paper

In Section 2.1 we introduce the Gaussian measure on H°(X; L) associ-
ated to a Hermitian line bundle (L, h) over a complex manifold X (see also
141, [3], [5]):

In Section 2.2 we present some classical results about Lefschetz pencils on
complex manifolds.

In the rest of the Chapter 2 we introduce our main tools, namely the Hor-
mander peak sections (see also [5], [16]) and the incidence variety (see [15]).

Chapter 3 is completely devoted to the proofs of the Theorems 1.2, 1.4
and 1.5. In Sections 3.1 and 3.2 we prove the equidistribution of critical
points of a (real) Lefschetz pencil over a (real) algebraic variety X. This will
be done using coarea formula and peak sections. These ideas are taken from
[5].

In Section 3.3 we will compute the universal constant by direct computation.
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2 Definitions and main tools

2.1 Notations

Let X be a smooth complex projective manifold of dimension n. Let
L — X be a holomorphic line bundle equipped with a Hermitian metric h
of positive curvature w € QY (X,R). The curvature form induces a Kéhler
metric on X and a volume form dvol;, = ‘;’1—7 Let dx = f::% be the normalized
volume form.



The Hermitian metric h induces a Hermitian metric h¢ on L? for every integer
d > 0 and also a L*Hermitian product on the space H°(X;L%) of global
holomorphic sections of L? denoted by (,) and defined by

(@.0) = [ o 5)ds

for all a, 8 in H(X; LY).
This Hermitian product induces a Gaussian measure on H°(X; L¢) defined
by

H(A) = L/Ae—ﬂds

arVa

for all open subset A C H(X; L?) where ds is the Lebesgue measure associ-
ated to (,) and Ny = dimcH(X; L9).

A Lefschetz pencil on X is a rational map p : X --» CP! having only non
degenerated critical points and defined by two sections of a holomorphic line
bundle with smooth and transverse vanishing loci.

All these definitions have a real counterpart. Let X a smooth real projec-
tive manifold of dimension n, that is a smooth complex projective manifold
equipped with an anti-holomorphic involution cx. We denote by

RX = Fix(cx) its real locus.

A real holomorphic line bundle p : L — X is a line bundle equipped with an
anti-holomorphic involution ¢, such that poc¢;, = cx op and ¢y, is complex-
antilinear in the fibers. We denote by RHY(X; L) the real vector space of
real global section of L, i.e. sections s € H°(X; L) such that socx =cpos.
A real Hermitian metric on L is a Hermitian metric hy, such that ¢j hy = hy.
If (L, hy) is a line bundle over X with positive curvature w, then w(.,.) is a
Hermitian metric over X which restricts to a Riemannian metric over RX.
With a slight abuse of notation, we denote also the Riemannian volume form
by dvoly,. The L2-Hermitian product (,) on H(X; L¢) restricts to a L?-scalar
product on RH®(X; L9), denoted also by (,). Then, as in the complex case,
also in the real case we have a natural Gaussian measure on RH°(X; L9)
defined by

_ 1 o lsll 7
u(A) = N /A d

for all open subset A C RH?(X; L¢) where ds is the Lebesgue measure asso-
ciated to (,) and Ny = dim¢ H°(X; LY) = dimg RH?(X; LY).
If (X,cx) is a smooth real projective manifold then a real Lefschetz pencil
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is a Lefschetz pencil p : X --» CP! such that p o cx = conj o p.
We conclude this section by introducing some notation on symmetric matri-
ces.

Definition 2.1. For every n € N* denote by Sym(n,R) the real vector
space of real symmetric matrices of size n x n. The vector of dimension of

these vector spaces is @ and we equip them with the basis B given by Ejj

and Eij = F;; + Ej;; for 1 <1 < j < n, where for every k,[ with 1 < k,l < n,
Ey; is the elementary matrix whose entry at the ¢-th row and j-th column
equals 1 if (i,7) = (k,1) and 0 otherwise.

We equip Sym(n,R) with the scalar product turning B into an orthonor-
mal basis. Let ugr the associated Gaussian probability measure. We then
set

en(n) = / | det A | dpn(A).
AeSym(n,R)

2.2 Lefschetz pencils

In this section, we compute the asymptotic value of the number of critical
points of a Lefschetz pencil (see also |3, Section 1]).
Recall that a Lefschetz fibration is a map X — CP! with only non degener-
ate critical points. The following proposition is a kind of Riemann-Hurwitz
formula for Lefschetz pencils, for a proof see for example Proposition 1 of [3].

Proposition 2.2. Let X be a smooth complex projective manifold of positive
dimension n equipped with a Lefschetz fibration p : X — CP! and let F be a
reqular fiber of p. Then we have the following equality:

X(X) = 2x(F) + (—1)"#crit(p).

Remark that if p : X --» CP! a Lefschetz pencil and we blow-up the base
locus Base(p) =Y, then we obtain a Lefschetz fibration p : X = Bly X —

CP'. By additivity of the Euler characteristic, we have that x(X) = x(X) +
x(Y), then by Proposition 2.2 we have

X(X) = 2x(F) = x(Y) + (=1)"#crit(p). (1)

Proposition 2.3. Let L be an ample line bundle over a complexr manifold
X of dimension n. For almost all global sections o, 3 € H°(X; L?), the map
Uap defined as © — [a(x) : B(x)] is a Lefschetz pencil (see Prop. 2.11).
Then, as d goes to infinity, we have

derit(ung) = (n+ 1) ( /X CI(L)”) "+ O(d™ ). @)



Proof. We will follow the lines of Lemma 2, Lemma 3 and Proposition 4 of
3]

We have x(F) = [, ¢p—1(F) and x(Y) = [, co—2(Y).

We remark that the base locus is the intersection of the zero locus of o and
B, that is Y = Z, N Zp.

A regular fiber F' over [a,b] € CP' is the zero locus of the section ba — af3 €
H°(X; L%, thus the normal bundle Ny, r is LfF To compute x(F') we will
use the adjunction formula. We have

then we have ¢(X)r = ¢(F) A (L) p, ie. (14 c1(X) + ... + cn(X))r =
1+ca(F)+...+ca(F) A1+ da(L)).

If we develop this we have ¢;(X) = ¢, (F) +dci (L) and, for j € {2,....n—1},
we have CJ<X)‘F = Cj(F) + dCl(L)|F VAN Cj_l(F).

Then, summing up the term,

¢i(F) = (=D)fd ei(L)fe A cjr(X)p.

In particular, for j =n — 1 we have

n—

eno1(F) = (1) d*er(L)fp A cnipr (X))p.

Then x(F) is equal to [, Z;é(—l)kdkcl(l})k)w A Cp——1(X)|p
But, for o € H7?(X), we have that

/FaF:/Xa/\cl(Ld)

n—1

=y /X DFd* ey (L) A epg-1(X)

k=0

S0,

and asymptotically

()~ ([ e

X

For Y = Z, N Zg, the same argument gives us

J
Z kdkcl |Y AN Cj,k(Za)‘y.

k=0



But, as before,

¢ k(Za) = _ (=1)"d" ey (L) A ¢j i n(X).

.

i

and so, replacing in the above equation

e

.

(V) =Y (=Dfd (L) A Q (=D d"er (L) A cjorn(X)y)

For j = n — 2 we have

[N}
i

1§
E

ena(Y) =) (=Dfd*er(L)fy A Y (=1)"d"er(L)y A cnozor-n(X)py)

3

il

and this is equivalent to

n—2

S LR (L) = (10— D" e (L)

k=0
as d — 00.
So we have,as d — oo,

X(Y) ~ (—1)”_2(n — ].)dn_Q/ Cl(L)ﬁ/_Q =
1%
— (—1)"2n 1)d”1/ (L) A er(L) =
= (1" 2= ([ e
X

Combining this with x(X) = 2x(F) — x(Y) 4+ (—1)"#crit(u.sz) we obtain the
result. O]

2.3 Hormander’s peak sections

Here we introduce the Hormander’s peak sections, an essential tool for
our proofs of Theorems 1.4 and 1.5 (see also [6], [16], [5]). Let L be a holo-
morphic line bundle over a smooth complex projective manifold equipped
with a Hermitian metric h of positive curvature w and let dz = +“— be the

Jxwn

normalized volume form. Let x be a point of X. There exists, in the neigh-
borhood of z, a holomorphic trivialization e of L such that the associated
potential ¢ = —logh(e, e) reaches a local minimum at = with Hessian of type
(1,1). The following result was proved in [16] (see also [5]) .
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Lemma 2.4. Let (L,h) be a holomorphic Hermitian line bundle of posi-
tive curvature w over a smooth complex projective manifold X. Let x € X,
(p1y--yPn) € N and p' > py + ... + p,. There exists dy € N such that for
every d > dy, the bundle L% has a global holomorphic section o satisfying
Jx h¥(o,0)dx =1 and

1

h(o,0)dx = O(—
/ e, 000 = Ol57)

Moreover, if (x1,...,z,) are local holomorphic coordinates in the neigh-
borhood of x, we can assume that in a neighborhood of x,

1

021,y n) = AP - aP + O(| & [#)ed (1 + O<ﬁ))
where
A= [ e P e
B(w,lo\/ggd)
and e is a holomorphic trivialization of L in the neighborhood of x whose
potential ¢ = —logh(e,e) reaches a local minimum at x with Hessian equal
to mw(.,1i.).

Here is an analogue of Lemma 2.4 in the real case:

Lemma 2.5. Let (L,h) be a real holomorphic Hermitian line bundle of pos-
itiwe curvature w over a smooth rel projective manifold X. Let x € RX,
(p1y.oespn) € N" and p' > py + ... + pn. There exists dy € N such that for
every d > dy, the bundle L? has a global holomorphic section o satisfying
[x h¥(o,0)dz =1 and

1
hi(o,0)dV;, = O(—

logd)
Vd

Moreover, if (z1,...,x,) are local real holomorphic coordinates in the neigh-
borhood of x, we can assume that in a neighborhood of x,
1

0'(131, ,xn> = )\(aﬁl T xzn + O(’ z |2p/))ed<1 + O<d2p’))

where

A [ P e
B($,1%d)
and e is a real trivialization of L in the neighborhood of x whose potential
¢ = —logh(e,e) reaches a local minimum at x with Hessian ww(.,1.).

9



This real counterpart follows from Lemma 2.4 by averaging the peak
sections with the real structure.
Let o be the section given by the Lemma 2.5 with p’ = 3 and p; = 0 for
all i, o; the section given by Lemma 2.5 with p’ = 3 and p; = d;;, 0;; the
section given by Lemma 2.5 with p; = p; = 1 and p;, = 0 otherwise and oy,
the section given by the Lemma 2.5 with p, = 2 and p; = 0 for [ # k.
These sections are called peak sections. Their Taylor expansions are:

70(s) = (o + O( y [)e(1 +O(3):

5)) Vi

Q.l.-n

ai(y) = (i + Ol y 1))e’(1 + O(

&l.-n

aij(y) = (Nigyay; + O(l y [1%))e (1 + O( )) Vi # J;

owr(y) = (et + Ol [1°))e"(1 + O( =5 )) k.

The following lemma provides the asymptotic of the constants Ao, Ais Aij et
Akk-

Lemma 2.6. /5, Lemma 2.5/ Under the hypothesis of Lemma 2.4 or 2.5, we

have .
lim _n)\O =\ 6L

for the L*-product induced by dx = f—nn where 07, = fX c1(L)™ is the degree
of the line bundle L.

Let
={se H'(X; L% | s(z) = 0,Vs(z) = 0, VZs(z) = 0}
(resp. RHs, = {s € RH(X;L%) | s(z) =0,Vs(z) = 0,V’s(z) = 0}).
This space is formed by sections whose 2-jet vanishes at x. The sections
(0i)o<i<n (0ij)1<i<j<n provide a basis of a complement of Hy,. This basis is
not orthonormal and its spanned subspace is not orthogonal to Hy,. However,

this basis is aymptotically an orthonormal basis and its spanned subspace is
asymptotically orthonormal to Hs,, in the following sense:

10



PI‘OpOSitiOD 2.7. /16, Lemma 31/ The section (Ui>0§i§n and (Uij)lgigjgn
have L?-norm equal to 1 and their pairwise scalar product are O(Cll). Likeunse,
their scalar products with every unitary element of Ha, are O(dTl/Q)

2.4 Incidence varieties

Following [15] we define an incidence variety associated to the complex
(resp. real) manifold X and to the (real) positive line bundle L. We will
use this incidence variety to prove that, for global sections «, 8 € H°(X; L4)
(resp. «, € RH?(X;L%), the map u,s defined as = — [a(z) : B(z)] is
almost surely a Lefschetz pencil (Proposition 2.3).

Let (L, h) be a real Hermitian line bundle with positive curvature w over
a real manifold X of dimension n.

Definition 2.8. Let o, 8 € H°(X; L) (resp. RH°(X;L%)) be (resp. real)
global sections such that the map = — [a(z) : 5(z)] is a Lefschetz pencil.
We define

1. the base locus of a Lefschetz pencil as the points x such that

a(z) = B(z) = 0;

2. the critical points as the points z € X \ Base(uqz) such that
(aVp — BVa)(x) = 0 (this expression doesn’t depend on the choice of
a connexion V on L).
We denote by crit(uqs) the set of critical points of (u,s) and by
Rerit(uqp) = crit(uqz) NRX the set of real critical points)

We denote by A (resp.RA) the set of (o, 3,2) € H(X; L%)? x X (resp.
(o, B,7) € RHO(X; L%)? x RX) such that a(z) = f(z) = 0. Set

T ={(a,B,2) € (H(X;LY)? x X)\A | 2 € crit(uqp)}
(resp. RZ = {(a, 8, 7) € (RH°(X; Ld)2 x RX)\RA | z € crit(uqs)})

Proposition 2.9. Let L a (real) holomorphic line bundle over a smooth
complex (resp. real) projective manifold X. If L is 1-ample, that is if the
1-jet map

HO(X; L% x X — JH (LY

(5,2) = Ja(s) = (s(2), Vs(z))

is surjective, then T (resp. RZ) is a manifold of complex (resp. real) dimen-
sion 2Ny, where Ny = dim H°(X; LY).

11



Proof. We study the differential of the map
q: (HY(X; LY x X)\A - T*X @ L™
defined by
(o, B,7) = (aVB — fVa)(z) € TFX @ L2

defining Z. If we prove that 0 is a regular value, then, by Implicit Function
Theorem, we have the result. Now, for (o, 8, z) € Z we have

d\(,5.0)0 (¢, B,3) = (AVS—BVa+aV —LVa+aVE, \ =BV ja+V:aV -V 8Va)(z).

Let n € TX ® L?* we have to prove that there exists (d, 3,4) such that
dj(a,8,2)0 - (G, B, ) =mn. As (o, 8, z) € A, we know that at least one between

a(r) and B(r) is not zero. Without loss of generality, suppose that a(x) # 0,
then, as L? is 1-ample, there exists 3 such that 3(z) = 0 and a(2)VS(z) = 1,
then d|(a’57$)q (O ﬁ 0) =n. O

If L is ample, then, for large d, L? is 1-ample. So, in our case T
(resp. RZ ) is a smooth variety for large d, called the incidence variety. The
tangent space of Z at (a, 3, x) is

TiopnI = { (&,8,%) € H(X; L) x HO(X; L) x T, X |
(avg — BVa +aVh — fVa+aVy B — @v@.“)a) () = 0}.

(resp.  Tiapm)RT = {(&, B, &) € RH(X; L) x RH(X; L) x T,RX |
(VB — BVa +aV — BVa+aVi, )8 — BV o) (x) =0} ).

Remark 2.10. e [n the equation defining the tangent space there is also
the term
(V:aV 3 —V,;8Va)(x) but it equals zero both in the complex and real
case because on I and RZ we have the condition (V[ — Va)(z) =0
and then
(V:aVB = V;8Va) (z) = (Va2 — V;8)Va) (z) = 0.

o The incidence variety comes equipped with two natural projections

gL — HYX; L) x HY(X; L) and nx:T— X

(resp. ey :RT — RH(X;LY) x RHY(X;LY) and mpx : RT — RX)

12



Proposition 2.11. Let L an ample holomorphic line bundle (resp. real holo-

morphic) over a smooth complex projective manifold X (resp. real projective).
For every couple o, 3 € H°(X; L) (resp. € RH(X; LY)) the map

Ugp : X - cp!

z = [a(z) : B(z)].
is, for large d, almost surely a Lefschetz pencil (resp. real Lefschetz pencil).
Proof. The critical points of 7wy (resp. mry) are exactly the triples (a, 3, x)
such that (aV?8 — fV?a)(x) is degenerate. By Sard’s theorem valcrit(rg)
has zero Lebesgue and Gaussian measure. Also, for large d, the set I' com-
posed by the pairs (o, 8) € HO(X; L¢) x H(X; LY) such that {z € X, a(x) =
B(x) = 0} is not smooth has zero Lebesgue and Gaussian measure (see for
example [10, Section 2.2]).

Then (I' U valerit(my)) has zero measure and its complement is exactly the
set of couple of sections defining a Lefschetz pencil. O

3 Proof of the theorems

In this chapter we prove Theorems 1.2, 1.4 and 1.5.

3.1 Coarea formula

Here we will use the incidence variety defined in Section 2.4 and the coarea
formula to see the expected distribution of critical points of a (real) Lefschetz
pencil as an integral over X (resp. RX).

Definition 3.1. The normal jacobian Jacy f of a submersion f : M — N
between Riemannian manifolds is the determinant of the differential of the
map restricted to the orthogonal of its kernel. Equivalently, if df, is the

differential of f at p, then the normal jacobian is equal to ,/det(df,df;),

where df; is the adjoint of df, with respect to the scalar product on T, M
and Tf(p)N .

Let X be a smooth complex (resp. real) projective manifold of dimension
n and (L, h) be a (real) holomorphic line bundle of positive curvature w.

Definition 3.2. We define a Dirac measure for (real) critical points of a
(real) Lefschetz pencil u,s associated to a couple (o, 3) € HO(X; L)?
(resp. € RHY(X; L%)?) by

Vo = Z O (resp. Ruys = Z Oz)-

recrit(uag) zE€Rcrit(uag)

13



Let ¢ be a continuous function on RX. Then, by definition,

E[Rves)() = / S p@)du(o, 8).

0(x-1,d)2
RH®(X;L7) zEcrit(uag)

Proposition 3.3. Following the notation of Section 2.4, we have

ERvosl(s) = [

R

1
plz / = dl (Lo dVOly. (3
X ( ) WRH( )| ‘RH( ]RX( )) h ( >

rk@) | Jacn (Trx

where the measure d”lmH( is the following: first we restrict the scalar

max ()
RX

product {,) on RH(X; LY)? to mrp(mgzy(x)), that is a codimension n sub-
manifold, then we consider the Riemannian measure associated to this met-
ric, and finally we multiply it by the factor ﬂ%de_”a”Q_”ﬁH?, where Ny =

dim H°(X; L9).

Proof. We pull-back the integral

E[Rvas)(¢) = / S p@)du(a, f)

0(X:Ld)2
RHO(X;L9) xecrit(uag)

on the incidence variety RZ and we obtain

E[Rvas)(¢) = / (a0, B, 2) (mhadp) (. B, 7).

RT

Here 7y dp is well defined because mgry is (almost everywhere) a local iso-
morphism.

Now we use the coarea formula (see |2, Lemma 3.2.3] or [15, Theorem 1]) for
the map mrx and we obtain

1
E[Rv, = x / ——— (mpydp), -1 dvol
[ ﬁ](%p) /RX 90( ) L) | JaCN<7TRX> |< RH M)| RX (x) h

where the measure (7 dpu) is the following: first we restrict the (sin-

I (@)
gular) metric 75 (,) on RZ to mgy (), that is a codimension n submanifold,
then we consider the Riemannian measure associated to this metric, and fi-
nally we multiply it by the factor W%de_”a”Q_”ﬁHQ, where Ny = dim H°(X; L?).
Then another application of coarea formula gives us the result.

O

The space mry(mgx (7)) is formed by pairs (o, 8) € RH(X; L%)? such
that € Rerit(uqap). In the next section we will identify this space with an

14



intersection of some quadrics in the vector space RH?(X; L9)2,
In the complex case, the same argument gives us, for every continous function
pon X

1
Blosl(e) = | ola) /( T el (@)

1(1)) | JaCN(ﬂ'X

3.2 Computation of the normal jacobian

In this section we compute the normal jacobian that appears in (3) and
(4). We follow the notations of Sections 2.1, 2.4 and 3.1. The main result of
this section is the following proposition:

Proposition 3.4. Following the notation of Sections 2.4 and 3.1, under the
hypothesis of Theorem 1.4, we have:

ERvoslle) = | ¢(o)Rula)dvo,

where

B - | det(aobij — b()aij) |
o) = e i + O

)

S

and Q C RAHDTHY) s the product of the intersection of quadrics

Q= {(ag, bo, .y py ... by) € R2(n+1) | aph; — aibp =0 Vi=1,.. n}
(1) of coordinates a;; and by; for1 <i<j <n and

~%i,5 5%
—dvolg.

with the vector space R™
o i a2-3; b?*Ei,j a?j
n(n2+l)

d,U,Q =

7Tn+1+

The remaining part of this section is devoted to the proof of this propo-
sition. Our main tool will be the peak sections defined in Section 2.3.
We fix a point € X (resp. z € RX) and want to compute the integral

—d -1 i)
/ﬂRH(TrR)l((x)) | JaCN(WRX) | e (rie (@) ( )

that appears in (3).
We recall that the tangent space of Z (resp. RZ) at (a, 8, x) is

{(&,3, %) € H'(X; LY x H(X; L) x T, X |

15



(6VB — BVa+aV — fVa+aV, )8 — BV, a)(x) =0}

(resp. {(&, B,4) € RH(X; LY x RH(X; L) x T,RX |
(6VB — BVa +aV — fVa+aV, )8 — BV ja)(z) = 0)(z) = 0}.
We remark that dmp(a,p.2) is (almost everywhere) an isometry, because on Z
we put the (singular) metric 73, (, ). We compute Jacy(7mx) (resp. Jacy(mrx))

at (a, B, x) using the following two linear maps:

A:HYX; LY x HY(X; LY — Tr X @ L2 (6)

(resp. A:RH°(X;L%) x RH(X; L% — R(T*X ® L*),)

and
B:T,X - T:X®L* (7)
(resp. B:T,RX — R(T"X ® L*%),)
defined by _ o
A(a, B) = (aVB — BVa + oV — fVa)(z)
and

B(i) = (@V%@.)B — 5V%@_)a) (x)
On T X @ L? (resp. R(T*X ® L*%),) we have the Hermitian (resp. scalar)
product induced by h.

Proposition 3.5. Following the notation of Sections 2.4 and 3.1, we have,
for all (e, B,x) € T (resp. RT), Jacy(mx) = ‘{‘}%(g).

Proof. We have dr |(4,5.)= B~' oA and this implies d7 |(a,8,2)| (kera)r= B~ 0
A | (geray- It follows that Jac(dm |(a.p.0)|kera)r) = Jac(B~")Jac(A |(reray-)

Now, Jac(B™!) = Jac(B)™! and Jac(A |(era)r) = Jacy(A). O
Fix real holomorphic coordinates (z1, ..., x,) in a neighborhood of a point
x € RX such that (8%1, o a%n) is an orthonormal basis of T, X (resp. T,RX).

We want to compute the integral

(8)

—d .
/WRHMR}(@)) [ Jacy (mgx) | men (rax (@)

that appears in (3).

16



Let (o, 8) € H(X; LY)? (resp. RHY(X; L%)?) then

n

o= E a;0; + E ag Ok + T

=0 1<k<i<n
n
/
B = g bio; + g bow + T
i=0 1<k<I<n

where 7,7’ € kerJ? and o, 0y are the peak section of Lemma 2.5.

We remark that (o, 8) € 7 (7" (z)) if and only if agh;—aby =0 Vi =1, ..., n,
and also that the definition of Jacy(7x) involves only the 2-jets of sections.
With this remark in mind we define the following spaces:

o Ky = (KerJ?x KerJ?) Cc H(X; L%)? (resp. RH°(X; L9)?);
o Hy = Vect{(04,0), (04,0),(0,0:),(0,01)} C H'(X : LY)? (resp. RH(X; L9)?)
fori=0,...,nand 1 <[l <k <n;
o Q= HyNmy(ny'(n)).
We see () as the product of the intersection of quadrics:
Q = {(ao,bo, ..., Gn, by) € RV | gl —abg =0 Vi=1,...,n}

with the vector space R™™+1) of coordinates a;; and b;; for 1 <¢ < j <n.
Let my : K3 — Hy be the orthogonal projection. A consequence of Proposi-
tion 2.7 is that, for large d, 75 is invertible.

Proposition 3.6. Following the notation of Section 2./ and 3.1, let A and
B be the linear application defined in (6) and (7). Then, in the complex case,
under the hypothesis of Theorem 1.5,

1

(my Jacy (A) = det((m07d™ ) ((aia;+bibs) Eig+(| ao [* + | bo |2)1d+0(ﬁ

)

(5 ) Jac(B) =| det (o) (aghy; — boasy) Eiy + 0(%)) 2

and, in the real case, under the hypothesis of the Theorem 1.4,

1

(7T2_1)*J(1,CN(A) = \/det(wéj%d?"“)((aiaj + bzbj)El] + (CL(Q] + bg)ld + O( ))

S|
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2n+2 - 1
(m5 V)uJac(B) = det((mo,vVd ) ((aobij — boasj) Ey; + O<\_@>>>
where Eij for1 < i< j<nandE; fori,j =1,...,n are the matrices
defined in Definition 2.1.

Proof. Let e be a local trivialization of L at x as in Section 2.2 and let
(0i)i=0....n» (Okl)1<k<i<n as in Lemma 2.4 (resp. Lemma 2.5).
Let (o, B) € H(X; L%)? (resp. RH?(X; L%)?) then

n
o= E a;0; + g apogl + 7T
i=0

1<k<I<n

n
!
p= g bio; + g bpiow + T
=0 1<k<l<n

where 7,7 € ker.J?
In particular we have

a(z) = agoo(), B(z) = byoo(z),
Va(r) = Z a;Vo;(x), Vi(z) = Z b;Vo(x),
i=0 i=0
Via(r) = Z aZ-VQJZ-(m)—I—Z aVio(r), VB(x) = Z bZ-VQJZ-(x)—i—Z b V20 (7).
i=0 .l i=0 kL

As basis for T, X and T X ® L?? (resp. T,RX and R(7T7 X ® L??)) we choose
(8%1, . %) and (dr, ® e, ..., dx, ® €*?) respectively. We choose (o;,0) and
(0,0), i = 0,...,n, as a basis of a complement of kerJ! x kerJ!. Thanks
to Lemma 2.7, this basis is asymptotically orthonormal for the L2-Hermitian
product (,). By definition it is an orthonormal basis for the scalar product
(m51).(, ) restricted to Hy . Then we obtain, using Lemma 2.6,

2n

)i

5+ O™ for i=1,..m;

(A(00,0), dz; ® 1) = by /mop v +O0(Vd

2n+1

(A(04,0),dz; ® ) = —boy/To,Vd
<A(O, 00),dx; ® e2d> = —ajﬁéL\/g%H + O(\/E%);

<A<0, JZ’), d.’ﬂj ® €2d> = aoﬁéL\/EQn+15ij + O(\/82n) for 1= 1, ..Ny

0 n n
<B(%)adl‘j ® €2d> = (aoby; — boaig) T VA OV ) for i i

18



<B(i), de‘k & 62d> = \/E(aobkk — boakk)ﬂ'éL\/C_ZQnJrQ + O(\/g%L—H).

&vk

where the Hermitian (resp. scalar) product on 77X ® L2

(resp. R(T*X ® L2%)) is induced by h.

What we have just computed are the coefficients of the matrices of A and
B with respect to our choice of basis and with respect to the scalar prod-
uct (m51).(,). We recall that B is a square matrix and that Jacy(A) =
V/Jac(AA¥).

More precisely, as d — oo , A is equivalent to the following matrix:

b1 —bo 0 R 0 —Q ag 0 Ce 0
\/7—1_6[/\/327%1-1 b 0 —by ... 0 —ay 0 ay ... 0
bn 0 0 e —b() —ap 0 0 e Qo

and B to the following one:

\/5((10511 - boall) apbiz — boaiz cee apbin, — boaiy,
WéL\/C_f”*? apba1 — boas; \/§(a0b22 —boasga) ... apba, — boasy,
apbn1 — boan1 apbna — boan ce \/E(G'Obnn - boann)

A direct computation shows us that AA* is the matrix
- 1
(ﬁéid%“)((ai&j + blb])EU + (| ao |2 + | b() |2)Id + O(E)

The results follows. O

The last proposition implies

_1 1 . n JaCR((aobij — boaij)Eij) L
(ﬂ—2 )*JaCN(Wx) N (ﬂ—d) (det((aiaj + bJ%)EZJ + <| QAo |2 + | bo ‘Q)Id) +O<\/E))
. 1 (ST det((aobij — boaij) Eij) 1
(m2 )*JaCN(mRX) = (Vrd) Vdet ((a;a; + bibj) Eij + (a2 + b2)1d) +O(\/E))

We want to integrate this quantity over my (75" (z)). We recall that the mea-
sure dpi . ) is the following one: first we restrict the scalar product (, )

on RH(X; L4)? to mry (mzx (2)), that is a codimension n submanifold, then
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we consider the Riemannian measure associated to this metric, and finally we
multiply it by the factor ﬁe‘”aHLHﬂ"Q, where Ny = dim H°(X; L¢). Then
(8) is equal to

/ | Jac(B) | | B
ran (m k(o)) | Jacy (A) | H s (e (@) ™

RX

/ | Jac(B) | , |
B ool A 10 et @on =
K3 Nmep (g () @Ko | Jacn(A) | # (T ()

Trx (
-/ VB,
KiNmpp (r7 % (2) | JacN(A) | Ky Nmrg (T x (%))
1y | Jac(B) |
:/Q<7T2 )*m(ﬂ-Q*du |K§Q7TRH(7TD£)1((I)))' (9)

Thanks to the Proposition 2.7, the pushforward measure (m2). () on Ho
coincides with the Gaussian measure associated to the orthonormal basis
{(4,0), (6%1,0), (0,0;),(0,0k)} up to a O( =) term. As a consequence we

Zzgzlz Zl]z] Zl]ljd l
n(nF1) voiq

have that (mo.dp |1, (i) 15 equal to <

s
RX 71_n+1+

up to a O( =) term. We then have that (9) is equal to

Ly | Jac(B)| 1
L a2y e + O )

det((&obi' — boal)El) |
= Vrd' | d 1 dpg+0(—
/aivbz’»aimsz (Vm )(\/det((aiaj+bibj)Eij+(a3+b3)Id) e (\/_))

aobi — boai =0
(10)
— X ai -5 b =% 5 ag— S 5 b
where dug = FeTRICED dvolg.
Putting (10) in (3), we obtain Proposition 3.4.
3.3 Computation of the universal constant
The purpose of this section is the explicit computation of the function
R,(z) that appears in Proposition 3.4. We use the notation of Section 3.2.
To understand R4(z), we have to compute
Jad' | det((aobi; — boai) Ey) | e T i b s E"’jb?jd ]
s volg.
@ v/det((a;a; + bib;)Eij + (a3 + b2)1d) L N
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The main result of this section is the following computation:
Proposition 3.7. Let QQ be as in Proposition 3.4. Then

i / | det((aobi; — boai;) Eij) | I I - DAL S
\/det ala] + b bj )Ez] + (ao + b2)Id) n+1+n(n+1)

dvolg

15 equal to
hper(n)3Vd if nis odd "
(n"'{)nem(n)\/T if nis even.

where Eij and E;; are the matrices of Definition 2.1 and er(n) is the ex-

pected value of the determinant of (the absolute value of ) the real symmetric
matrices.

We recall that @ C R2+D+n(+1) g the product of the intersection of
quadrics:

Q = {(ao, by, ..., n, ...by) € RE™V | aoby —a;by =0 Vi=1,...,n}

with R+ of coordinates ij and b;; for 1 < ¢ < j < n. We consider the
parametrization ¢ : R"*2) — () defined by

W(a,b,ty, ..., t,) = (a,b,aty, by, ..., at,, bt,).
Lemma 3.8. We have Jac(y) = /T + 3, 12/ (a® + 0?) .

Proof. A computation gives us

~ o~
o o3 3
> Q

1 + ZZ 1 7, 0 tla tQG/
tla 1b (12 + b2 0
JacyJacy! = det taa tob 0 a® + b?
|t b 0 0 ... ... a4

We develop the last line and we obtain

1 + Zz 1 1, 0 tla tQCL e e tn_la i
1+ 2 b b ... ... tu_ib
tl(l tlb a2+62 0 0
(a2+b2) det t2a tgb 0 CL2 + b2 el e 0
tn_la tn—lb 0 0 e e (1,2 + b2_
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[1+Y" 12 ta toa ... ...  tya]
0 t1b tob tnb
thL a2+b2 0
+(—=1)"t,bdet taa 0 a+v ... L 0
th_1a 0 0 .oad?+b 0 ]
i 0 tla tQCL e tn&_
L+> " 2 b tah L. . tab
t1b a? 4+ b? 0 0
+(=1)"""t,a det tab 0 a2+ b 0
tp—1b 0 0 oal+b 0 ]
For the second matrix we have:
[1+>7" .87 ta tha ... ... tpa]
0 t1b tob tnb
tla G2+b2 0 0
det tsa 0 a’?+ b ... 0
th—1a 0 0 ooat+bnr 0 ]
t1b tah L. U Y
a’® + b? 0 0 0
n 2 2
:(1+th)det 0 a“+ b ... 0 0
= 2+ 0 0
| 0 0 a4+ 0 ]

= (=" (14> E)tb(a® + b7
i=1
where the first equality is obtained by developping the first column and

remarking that, in the development, each time we clear the ¢-th line, the
(¢ — 1)-th column and the last column are linearly equivalent.
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Similarly,

tia toa t,a

1+Zle t1b tb ... L.ty

tl a2+b2 0 0

det tob 0 a? + b? 0
0

tn_1b 0 0 cooa*+b* 0|

=(-1)"(1+ i tHtpala® + b*)" !

i=1
Then we have
1 + Zz 1 z 0 tia toa
tl(l 1b (12 + b2 0
JacypJacy' = (a®+b%) det toa tob 0  a®+0b?
tn_10 tn—1b 0 0

(14 s (a® + 7).
=1

Continuing to develop in the same way, we obtain by induction

tn,la i

tn—1b

a® + b

JacyJacy' = 1—1—2 tH2(a®+b*)" 1+Z t3) ZtQ a’+b*)" (1—1—2 t3) (a*4b%)".

i=1 i=1
Passing to the square root we obtain the result. O]

Remark 3.9. In the following we will not write the symbols E’ij E;; to sim-
plify the notation.

After this change of variables, we have:

o [ Ll hag)| TS
™ . _
@ v/det((aa; + bib;) + (af + b3)Id) RS @
—Vrd' | det(aby; — bayj) |

X
a,b,a;;,b;5,t; ER \/det((a2 + b2)((titj) + Id))
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—(1+3, 1) (a2 4b?) =3, ;(a2;+b2))
e ror ij i
% YeREICE A2V (e 52" dadbda;;db;;dt;
)

Now det((a® + b*)((tit;) + Id)) = (1 + Y, t7)(a* + b*)™ so we obtain

e~ (14 8)(a®+6) =3, 5 (aZ;+07;)

n(n+l)

Vrd' | det(abs;—bay;)) |

a,b,a;;,bi5,t; ER

dadbdaij dbw dtl .
n+1+

It is more practical to see (a,b) as a complex number ¢ € C and also (a;j, b;;)
as e;; € C. With a slight abuse of notation, we denote dc and de;; instead of
—dcdc and = dew de;;. Then we have

e~ (I t)el? =3, jleis|?

Vrd' | det(Im (cey;)) |

CE(C,ei]' eCt;eR

n+1+n(n+1) dcdeijdti.

Now, set ¢ = (y/1+ Y, t?)c and then ¢ = re”. We obtain
_|6|2_Zij‘eij|2

Srd" = e ~
md e e | det(Im (ces;)) | v déde;;
1
X/ +1dt =
HER /14 )
n - Zz J|61]‘
Vrd | det(Im (e"e,;)) | < ey

196(0,27‘(],61']'6([: T

2
+oo rn+1€ r
X —dr x
r

1
5n+1 dt
=0 @ LER /1 4+ ) . 17

so we have to compute these three integrals. For the first term, we have

e Zzglelj‘
/ | det(Im (e cy)) | o desyd) =
9€(0,27],e;,€C T 2
e~ Zijleinl
= 27T/ | det(Im eij) ’ Wdeij =
eijE(C T2
e~ Z'L’,j b?j
= 27'('/ I det(bw) | mdb” = 27T6R(7'L>.
bi;ER T 2
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Here, eg(n) = fBESym(n B) | det B | dur(B) (see the end of Section 2.1). For

the explicit value of eg(n), see [5, Section 2].
For the second term, we consider the change of variable 72 = p and we obtain

+oo n+1,—r? 1 +oo Ze P rz4+1
/ Ldr:—/ P g, = (5+1)
T P

-0 T 2 J,—0 T 2T

where I' is the Gamma function. For the third term we use spherical coordi-
nates and we obtain

+o00 tn—l

t=0 /(14 t?)

1
/ ydt; = Vol(S" ™)
tER /1 + Zz t?

where .
272

I(3)

2

Vol(S" 1) =

is the volume of the (n — 1)-dimensional sphere. For

1
+0o0 tn_l +oo 2 1
/ T e / ! dt
t=0 (V14 t2)ntl t=0 (1+22) 1+¢

t2
142

we change = 1 — u? and we obtain

1
/ Vv1-— u2n_2du.
0

Finally, set u = sinf and we have

w/2
/ cos"10d6.
0
The formula

/cos"l(ﬁ)du = sin(9)cos"(0) 4= 2 /605”3(9)du

n—1 n—1

tells us that fW/Q

o cos"10dh is equal to

if n is even and it is equal to
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(n—2)!rm
(n—1)I2
if n is odd. Putting together all these values and using that

F(g +1) n
EI )
we obtain Proposition 3.7.
3.4 End of the proofs
From Proposition 3.4 we have
| Jacn(A) | 1
E[Rv, = ——————du(a;, b;, ag, b O(=))dvol;, =
Rrol(e) = [ o) [ldnton b ous b + Ol

)Ydpg)dvoly,

det(aobi P — boai ) 1
_ (Vad') ( L0 +0(—
/% bi, aij, by Vet ((aza; + bib;) + (a2 + 02)Id)  /d
aobi — boai =0
where dug =e” VLAV A DR LAV E bgjdvolQ.
In Section 3.3 we proved that (see Proposition 3.7 eq. 11)

’ det(aobij _ boaij) ‘ e~ > a?—Zi b?—Zi,j a?j_Zi,j b?j

\/7rdn
Q \/det((a,-aj + bzbj) + (a% + b%)]d) ﬂ"+1+w

dvolg

is equal to

(nﬁ—!i)”(iu@(n)%\/an if n is odd

(nﬁ—!i)!!elk(n)\/;ln if n is even.
Theorem 1.4 is obtained by dividing by \/En and by passing to the limit.
Theorem 1.2 is Theorem 1.4 for ¢ = 1.

The proof of Theorem 1.5 is similar to the proof of Theorem 1.4. For the
computation of the universal constant we put ¢ = 1 and use Proposition 2.3.
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