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GROMOV-WITTEN THEORY WITH DERIVED ALGEBRAIC
GEOMETRY

ETIENNE MANN AND MARCO ROBALO

ABSTRACT. In this survey we add two new results that are not in our paper [MR15].
Using the idea of brane actions discovered by Toén, we construct a lax associative
action of the operad of stable curves of genus zero on a smooth variety X seen as an
object in correspondences in derived stacks. This action encodes the Gromov-Witten
theory of X in purely geometrical terms.
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1. INTRODUCTION

This paper is a surveyﬂ of [MR15]. We explain without technical details the ideas of
[MR15] where we use derived algebraic geometry to redefine Gromov-Witten invariants
and highlight the hidden operad picture.

Gromov-Witten invariants were introduced by Kontsevich and Manin in algebraic ge-
ometry in [KM94, [Kon95]. The foundations were then completed by Behrend, Fantechi
and Manin in [BM96a], [BE97] and [Beh97]. In symplectic geometry, the definition is
due to Y. Ruan and G. Tian in [RT94], [Rua96] and [RT97]. Mathematicians developed
several techniques to compute them: via a localization formula proved by Graber and
Pandharipande in [GP99], via a degeneration formula proved by J. Li in [Li02] and
another one called quantum Lefschetz proved by Coates-Givental [CGO7] and Tseng
[Tsel0].

These invariants can be encoded using different mathematical structures: quantum
products, cohomological field theories (Kontsevich-Manin in [KM94]), Frobenius man-
ifolds (Dubrovin in [Dub96]), Lagrangian cones and Quantum D-modules (Givental
|Giv04]), variations of non-commutative Hodge structures (Iritani [Iri09] and Kont-
sevich, Katzarkov and Pantev in [KKP0§|) and so on, and used to express different
aspects of mirror symmetry. Another important aspect of the theory concerns the study
of the functoriality of Gromov-Witten invariants via crepant resolutions or flop tran-
sitions in terms of these structures (see [Rua06|, [Per07], [CIT09], [CCIT09], [BG09],
[Iri10], [BCR13], [BC14], [C1J14], etc).

We first recall the classical construction of these invariants. Let X be a smooth pro-
jective variety (or orbifold). The basic ingredient to define GW-invariants is the moduli
stack of stable maps to X, denoted by M, (X, 3), with a fixed degree 3 € Hy(X,Z) H
The evaluation at the marked points gives maps of stacks ev; : M, (X, 3) — X and
forgetting the morphism and stabilising the curve gives a map p : M. (X, ) — M,
(See Remark [ZT.3)).

To construct the invariants, we integrate over “the fundamental class” of the moduli
stack ﬁg,n(X ,B). For this integration to be possible, we need this moduli stack to be
proper, which was proved by Behrend-Manin [BM96a] and some form of smoothness.

In general, the stack Mg,n(x , ) is not smooth and has many components with different

1We add two new results Theorem [5.3.11] and [5.2.2]
2The (co)homology in this paper are the singular ones.
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dimensions. Nevertheless and thanks to a theorem of Kontsevich [Kon95|, it is quasi-
smooth - in the sense that locally it looks like the intersection of two smooth sub-
schemes inside an ambient smooth scheme. In genus zero however this stack is known
to be smooth under some assumptions on the geometry of X, for instance, when X is
the projective space or a Grassmaniann, or more generally when X is convex, i.e., if
for any map f : P! — X, the group H' (P!, f*(Tx)) vanishes. See [FP9T].

This quasi-smoothness has been used by Behrend-Fantechi to define in [BF97] a
“virtual fundamental class”, denoted by [M, (X, 8)]*", which is a cycle in the Chow
ring of M, (X, 3) that plays the role of the usual fundamental class.

One of the most important result of Gromov-Witten invariants is that they form a
cohomological field theory, that is, there exist a family of morphisms

(1.0.1) 15, 5 HH(X)®" — H* (M)
(1 ® ... ® an) — Stb, ([ (X, 8)]” U(Uievf(ai)))

that satisfy some properties. Another formulation of this result is that we have a mor-
phism of operads between (H . (Mg,n))neN and the endomorphism operad End(H*(X))
(see Corollary Z2]). Yet a more concise way to explain this, is to say that H*(X)
owns a structure of algebra over the operads H.,(M,.,).

The main result of [MRI5] is that it is possible to remove (co)homology from the
previous statement. The main result of [MR15] is the following

Theorem 1.0.2 (See Theorem B.1.2). Let X be a smooth projective variety.
The diagrams

Hg RMo,n11(X, )

Mo g1 X X" Mo i1 X X
give a family of morphisms
#u Mot = End™ (X)[n] := Hom™ (X", X)
that forms a lax morphism of co-operads in the category of derived stacks.

We restrict our work to genus 0 because we lack fundamental aspects for co-modular
operads.

In this survey we omit the technical details and we insist on the ideas behind the the-
orem. Nevertheless, we add some new statements with respect to [MR15] as Theorem
(.3 1T and Theorem with the proofs given in the appendices.

Acknowledgements: We want to thank Bertrand Toén for the organisation of the
Etat de la Recherche and also for some ideas to prove Theorem G311l The first author
thanks Daniel Naie who explains how to make these figures.
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2. MODULI SPACE OF STABLE MAPS, COHOMOLOGICAL FIELD THEORY AND
OPERADS

In this section, we recall some notions and ideas related to Gromov-Witten theory.
Most of them are in the book of Cox-Katz [CK99]. The mathematical story started
with the paper of Kontsevich [Kon95] (see also Kontsevich-Manin [KM96]) and was
followed by many more and interesting questions that we will skip here.

2.1. Moduli space of stable maps. Let X be a smooth projective variety over C.
Let 8 € Hy(X,Z). Let g,n € N. Denote by (Aff — sch) the category of affine scheme
and by (Grps) the category of groupoids. We define the moduli space of stable maps
by the following functor:

M, (X, B) : (Aff —sch)® —(Grps)
where M, (X, 3)(S) is the following groupoids. Objects are flat proper morphisms
m: C — S together with n-sections o; : § — € and a morphism f : € — X such that
for any geometric point s € S, we have

(1) the fiber €y is a connected nodal curve of genus ¢ with n distinct marked points
which live on the smooth locus of C..

(2) fs:Cy — X is of degree 3, meaning f.[C;] = f.

(3) the automorphism group of Aut(C, g, f) is finite where we denote ¢ = (01, ..., 0,).
This condition is called stability condition.

For any affine scheme S, the morphism in the groupoid M, ,,(X, 3)(S) ar the isomor-
phisms ¢ : € — € such that the following diagram is commutative:

Let ¢ : S — S’ be a morphism of affine schemes. Let (€ — S,a, f) be an object
in M, (X, 8)(S), then the pullback family defined by the diagram below satisfies the
three conditions above that is it is in M, (X, 5)(5’)

@

(G4 Xgr S ¢’

Wiy
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Notice that the condition (1), (2) a,d (3) are stable by pull-back.

Remark 2.1.1. Let explain the stability condition (B]) in more concrete terms (See [CK99,
§7.1.1 p. 169]). Denote by C;; the irreducible components of C; and by f,; : Cs; — X
the restrictions of the morphism. Denote by 8; = (fs.i)«[Cs.i] € Ha(X,Z) the degree
of fs on each irreducible component C;;. On the irreducible component C,;, a point
is called special if it is a nodal point or a marked point. The stability condition (B]) is
equivalent to the following condition on each irreducible component : if 3; = 0 and the
genus of Cy; is 0 (resp. 1) then C,; should have at least 3 (resp. 1) special points. So
for example if 3; # 0 or the genus is greater than 2 there is no condition on Cj .

In this text, we will never use the coarse moduli space of Mg,n(x , ), so all the
morphisms that we will use are morphisms of stacks.

Ezample 2.1.2. Let us give an example in genus 0 (see Figure[Il). Consider the following
stable map in M 5(X, 3). All the C; are isomorphic to PL. The stability condition on
this stable map imposes only that S # 0 because Cy has only 2 special points.

FiGURE 1. Example of a stable map

In particular, the moduli space of stable curve, denoted by Mg,n is mgm(pt, g =0).
Notice that for (g,n) € {(0,0), (0, 1), (0,2), (1,0)} the moduli space M, ,, is empty.

Remark 2.1.3. There are two kinds of natural morphisms of stacks from the moduli
space of stable maps.

(1) Foranyi € {1,...,n}, the evaluation morphism e; : M, ,,(X, ) — X is the eval-
uation at the i-th marked point i.e., it sends the geometric point (C, z1, ..., z,, f)
to f(zi).

(2) When M, is not empty, we define the morphism of stacks p : M, (X, 3) —
ﬁgm that forgets the map and stabilises the curve that is it sends (C, z1, . .., z,, f)



6 ETIENNE MANN AND MARCO ROBALO

to (C5%P zy, ..., z,) where CSt2b is obtained from C' by contracting all the un-
stable components (see [Knu83| for the techniques). On the stable map of the
example Z.T.2] forgetting the map f, the irreducible component C, become un-
stable (because it has only 2 special points). So the image by p is the following
stable curve (see Figure [2).

FI1GURE 2. The stabilisation of the stable maps of Figure [II

Theorem 2.1.4 (Deligne-Mumford [DM69], Kontsevich-Manin [KM96], Behrend-Fan-
techi [BF91]).

(1) The moduli space M, is a proper smooth Deligne-Mumford stack of dimension
39 — 3 +n.

(2) The moduli space M, ,(X, B) is a proper (not smooth in general) Deligne-Mumford
stack. It has an ezxpected dimension (see remark below for the meaning) which
is

/lgcl(TX)+(1—g)dimX+3g—3+n

(3) There exists a class, denoted by [M, (X, B)]"", in the Chow ring A,(M, (X, 3))
of degree equal to the expected dimension of M, (X, B) which satisfies some
functorial properties.

Remark 2.1.5. (1) To use standard tools of intersection on the moduli space of sta-
ble maps we need this moduli space to be proper and smooth. The smoothness
would give us the existence of a well-defined fundamental class. Nevertheless,
the moduli space of stable maps M, (X, 3), which is not smooth in general,
could have different irreducible components of different dimensions with some
very bad singularities. So the problem is to define an ersatz of a fundamental
class. This was done by Behrend-Fantechi in [BF97] where they defined the
virtual fundamental class (see § [B.6]).

(2) In some very specific case the moduli space of maps is smooth : for example
only in genus 0 for homogeneous variety like P, grassmannian or flag varieties.
In these cases, the virtual dimension is the actual dimension and the virtual
fundamental class is the fundamental class.
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(3) The computation of the expected dimension comes from deformation theory.
Namely, a deformation of a stable maps turns to be a deformation of the under-
lying curve plus a deformation of the map. As M, ,, is smooth, the deformation
functor of the curve has no obstruction and the tangent space has the dimension
of E,n which is 3¢—3-+n. For the maps, the deformation functor has a non zero
obstruction. More precisely, at a point (C, z, f) € M, (X, ), the tangent space
is HO(C, f*T'X) and an obstruction is H!(C, f*T'X). Making this in family, one
gets two quasi coherent sheaves that are not vector bundles. Nevertheless the
Euler characteristic can be computed via the Hirzebruch-Riemann-Roch theo-
rem:

X(C, F*TX) = dim HY(C, f*TX) — dim H'(C, f*'TX) = / TA(TC) ch(f*TX)
c
is constant and equals to [;c1(TX) + (1 — g) dim X.

We will now introduce another moduli space which was introduce by Costello [Cos06]
and which will play a crucial role latter. Let NE(X) be the subset of Hy(X, Z) of classes
given by the image of a curve i.e. the subset of all f,[C] for any morphism f: C — X.
Let define 9, ,,3 as the moduli space of nodal curve of genus g with n marked smooth
points where each irreducible component C; has a labelled 3; (notice that this f; is not
the degree of a map because there is no map from C' — X, it is just a labbeled. At
the end of the day, it will be related to the degree of a map but not here) such that

* > =0
e if 5; = 0 then (] is stable i.e., if C; is of genus 0 then it has at least 3 special
points and if the genus is 1 then it has at least 1 special point.

We have a natural morphism of stacks p : M, 118 — My, s which forgets the
(n+1) — th marked point and contracts the irreducible components that are not stable.

Theorem 2.1.6 ([Cos06]). (1) The stack M, ,, 5 is a smooth Artin stack.
(2) The morphism p : My i1 — My 5 is the universal curve.

Remark 2.1.7. (1) Notice that forgetting the last marked point and contracting
the unstable component gives a morphism ﬁg,nﬂ — Mg,n which is also the
universal curve (See [Knu83)|).

(2) The Artin stack of prestable@ curves, denoted by IML™™ also have a universal
curve which is not 9, ;. As there is no stability condition on the moduli
space of prestable curves, forgetting a marked point never contract a rational

curve. So forgetting a marked point 97, — INP' is not the universal curve.

Let us explain the meaning of being an universal curve of M, , 3. Let C' be a curve
of genus ¢g with 4 marked points with a label 5. This is equivalent by definition to

3where we do not ask any stability condition on irreducible components see [CK99, p.179)].
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a morphism pt — 9,45 DBeing a universal curve means that we have the C' =
M55 Xm,, , Pt that is the following diagram

(]
¢ > 931975,5

-

pt =My

is cartesian. Let explain the morphism ¢. To a smooth point y € C'\ {z1, ..., 24}, f(y)
is the curve C' where y is now z5. If y = z;, then (y) is the curve C' where we attach
a P! at z; (let’s say at 0 of this P!) with 8 = 0 and you marked z; and x5 at 1 and oo.
If y is a node which is the intersection with C; and C}, then we replace the node by a
P! with degree 0 which meet C; at 0, C; at oo and we marked the point 1 by x5 on
this P1.

Here is a picture that we hope makes this clearer (see Figure [3]). Forgetting the last
point makes the component (P!, 3 = 0) unstable so one should contract it and we get

back C.

r4@ Y
XT3 f
Caﬁ T > mg,f},ﬁ
2
Ty
Ty
xT3 )
fly) = T if y is not a marked point
o PY=Ts
1
Ty Y=Ts
I3 Pla 6 =0
f(y> = T
xy if y is the marked point x4
C,p

FI1GURE 3. Universal curve
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2.2. Gromov-Witten classes and cohomological field theory. We first define
the Gromov-Witten classes. Let aq,..., o, € H*(X). Let § € Hy(X,Z). We define
the following morphism

Vgmp H(X) x - x H(X) — H* (M)

(a1, ..y n) — Dy <H efo; N[ M, (X, 6)]“)
i=1

Theorem 2.2.1 (Kontsevich-Manin [KM96]). All these maps {@gn.3}gnen, gets(x,z)
together form a cohomological field theory.

Remark 2.2.2. (1) We refer to [KM96] for a complete definition of a cohomological
field theory.

(2) Unwindy the definition, is the so-called splitting property. Let g1, g2, n1,n2 € N.

Denote by g = g1 + g2 and n = n; +ny. Consider the gluing morphism of stacks

(2.2.3) 9 Mgynit1 X Mgy a1 = Mg,
(C1,Cy) — C1 0 Cy
that identifies the ny + 1-th marked point of Cy with the first marked point
of C';. Notice that the gluing morphism above is given by the pushout. More
precisely, let (C; — S, g) in My, n,+1(S) and (Co — S, ) in My, ,,+1(S) then
C} o Cy is the pushout] C [[¢ C5 given by the two closed immersion given by

the marking o1 : S — C and 0,11 : S — Ch.
This corresponds to the following picture

4 Lz
x
3 Ts
X2
1 Ty
g v
—_— Cl o 02
4
T3 "
1
T2
Cy
X

F1GURE 4. Gluing curves: the output of Cs, that is z3, with the first
input of C

4Notice that pushouts do not exist for any morphisms of schemes in the category of schemes but
pushout along closed immersion does exist.



10 ETIENNE MANN AND MARCO ROBALO

The splitting formula is the following
(2.2.4)

s
g*gog,nﬂ(o‘h ce 7()571) = Z Z Pg1,m1+1,6 (ah ceey an17Ta>9092,n2+1,52 (Ta7 Opi41y-- -y Oén)
g1+92=9 a=0

B1+pP2=0

where (77,)acqo,....s} is a basis of H*(X) and (1) is its Poincaré dual basis.
Beyond this formula, the idea is that we can control the behaviour of the virtual
fondamental class when we glue curves. We will see this again later.

Restricting to genus 0, we can reformulate this equality (2.2.4]) by the following
statement.

Corollary 2.2.5. We have a morphism of operads in vector spaces
Ynp: Hi(Moni1) = End(H*(X))[n] :== Hom(H*(X)®", H*(X))

given by

wO,nﬁ(’V)(O‘la co ) = (Eng1)s <p*’7 U H e; o N [mo,n(Xa 6)]Vir>
i=1
Another way of expressing exactly the same statement is to say that the cohomology
H*(X) is an {H,(Mg,11)}n>2-algebra. The goal of this survey is to explain how to
remove the (co)homology from this corollary and doing this at the geometrical level.

2.3. Reviewed on operads. We add this section for completeness as operads are not
so well known to algebraic geometerﬁ.
An operad is the following data :

(1) A family of objects in a category (vector spaces, schemes or Deligne-Mumford
stacks) O(n) for all n € N. The example that one should have in mind for this
note is O(n) = Mo,,1. We should think that O(n) as a collection of operations,
each with n inputs and one output. In the case of My, .1, the marked points
Z1,...,%, can be thought as the inputs and the last marked points, z,.1, is
thought as the output.

(2) A collection of operations: putting the output of O(b) with the i-th input of
O(a). Let a,b € N, for any ¢ € {1,...,a}, we have

(2.3.1) 0;: 0(a) x O(b) = O(a+b—1)
satisfying some relations like associativity of the compositions.

Example 2.3.2. We give three examples of operads that we will use in the next sections.

5The first author did not know this notion before the working seminar in Montpellier where these
ideas were first discussed.
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(1) The example O(n) = My, is an operads in DM stacks where the composition
(1 o; Cy is obtained by gluing the last marked point of C5 to the i-th marked
point of C} (see (2.23) and Figure @ for an example of o; with stable curves).
Notice that here O(0) and O(1) are empty. A standard way of completing this
is to put O(0) = O(1) = pt so that O(1) is the unit.

(2) Another example of operads that we will use is Og(n) = My ,11,4. This is a
graded operad that is in the composition (2Z3.1]), we sum the grading :

O, . Oﬁ(&) X OB/(Z)) — 05+5/(a—|— b — 1)

The composition morphism for this operad is by gluing the curves as in the
previous example.
(3) Let V a vector space. Put O(n) = End(V)[n] := Hom(V x --- x V, V). This is

called the endomorphism operad in vector spaces. The composition is given by

(f 0; 9)(”17 . 7va+b71> = f(Uh e 7Uiflag<vi7 ce 7vi+b71)7 Vitp - - - 7va+b71>

Let O :={O0(n)}nen and € := {&€(n) }nen be two operads. A morphism of operads
from f : O — & is a family of morphism f,, : O(n) — &€(n) such that the following
diagram is commutative

(2.3.3) O(a) x O(b) 2% &(a) x &(b)
Oil fatb—1 lOi

Ola+b—1)—=E&(a+b—-1)

3. LAX ALGEBRA STRUCTURE ON X

In Corollary 2225, we have a collection of morphisms H, (M, 11) — End(H*(X))[n]
that form a morphism of operads. The idea is to remove the (co)homology from this
statement, that is, to construct in a purely geometrical way, a collection morphisms
Mo,ns1 — End(X)[n] in an appropriate category and then to see if these morphisms
form a morphism of operads. The correct category is the (oo, 1)-category of derived
stacks and the morphism is only a lax morphism of co-operads (see Theorem [BT.2]).

3.1. Main result. Denote by RMj_,11(X, 3) the derived enhancement of My, 1(X, 3)
(see subsection B.3)). From the two natural morphisms of Remark 213, we get the
following diagram

(3.1.1) 115 RMgpn41(X, 3)

Mo x X" Mongr x X

We prefer to state our theorem and then give explanations about it.
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Theorem 3.1.2. Let X be a smooth projective variety. The diagram BI1]) give a
family of morphisms

©n : M1 — End®(X)[n] := Hom*" (X", X)
that forms a lax morphism of co-operads in the category of derived stacks.

Remark 3.1.3. In more conceptual terms, X is lax {M,, 11 }n-algebra in the category
of correspondence in derived stack.

In the next sections, we will explain the contents of this theorem, namely

e In §3.2) we define the notion of correspondances in a cateogry.

e In §3.3 we define the natural derived enhancement of the moduli space of stable
maps M, (X, 8) and inB.3.2, we explain the underlying notation Hom** (X", X).

e In §3.4] we explain what is a lax morphism between oo-operads.

e Th notion of co-operads is a bit delicat and it is explain in In §&T.T1

3.2. Category of correspondances. Let dStc be the oo-category of derived stacks.
We denote dSts" the (oo, 2)-category of correspondences in derived stack which is
defined informally as follows (See §10 in [DK12]). To have a formal definition, we refer
to the notion of span in the website nLab.

(1) Object of dSt&" are objects of dStc.
(2) The 1-morphism of dSt&" between X and Y, denoted by X --» Y, is a diagram

U
N
X Y
There is no condition on f or g. The composition is given by fiber product

UXyV

U/ \V
PN

Notice that a morphism from X to Y is also a morphism from Y to X but the
composition is not the identity which is

X
R
X X

Hence a morphism of scheme f : X — Y induces a morphism X --» Y in
correspondances given by idx : X — X and f : X — Y. This morphism
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X --» Y is an isomorphism if and only if we have X = X xy X ie., fis a
monomorphism.

(3) The 2-morphisms are not necessarily isomorphisms, they are « : U — V that
make the diagram commutative.

U
X a Y
Vv
The diagram
(3.2.1) RMo n41(X, B)
X" X

is by definition a morphism in dSt&" between X™ --» X. Notice that the object that
makes the correspondence is a derived stack so we need to be in the category of dStS"
and not in the category of correspondence in schemes (or Deligne-Mumford stacks).

3.3. Derived enhancement.

3.3.1. Derived enhancement of RMg . +1(X, 3). Here we follow the idea of Schiirg-Toén-
Vezzosi [STV15] with a small modification. Let g,n € N and § € Ha(X, ). Recall
the definition of 9, ,, 5 the moduli space defined before Theorem [ZT.6l We denote the
relative internal hom in derived stacks by

(331) R HOmdStk/gmg’n’ﬁ (mg7n+175, X X 9319%5)

As My 1,8 — My is the universal curve, a point in R Homygg, jon, ,, , (Mg ni1,6, X X
M, n.5) is by definition a morphism from f : C' — X where [C] € M, ,, 5. Notice that
the degree f is not related for the moment to 5. The truncation of ([33.1)) is

Homgs,, jom My nt1,8 X X My p5)

g,n,ﬁ(

and inside it, we have an immersion

(332) mgm(X, B) — HOmdStk/gmg’n’ﬁ (m97n+175, X X m%nﬁ)
given by stable maps (C, g, f : € — X) such that the degree of f on each irreducible
component C; of C, the degree of f |¢, is f; i.e., we have the equality (f |e,)«[Ci] = [
This immersion is open because the degree is discrete.

Using the following result of Schuig-Toén-Vezzosi, we have
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Proposition 3.3.3 (Proposition 2.1 in [STV15]). Let X be in dStc and an open
immersion of Y — to(X) where to(X) is the truncation of X. Then there exists a
unique derived enhancement of Y, denoted by Y, such that the following diagram is
cartesian

open

YT (X)

closed closed

}/} open X
Taking Y = M,,,(X, ) and the open immersion (3.3.2)), we get a derived enhance-
ment, which we denote by RM,, (X, 3).

Remark 3.3.4. To define the derived enhancement of the moduli space of stable maps
M, (X, 3), Schiirg-Toén-Vezzosi (see [STVI5]) used the moduli space of prestable
curve denoted by 9" instead of the moduli space of Costello My, 5 in (B3T). So
they use the universal curve of MY in (B3] instead of My 1 5. As we will see in
the proof (see section M), the fact that 9, ,11 s is the universal curve is fundamental,
that is the reason why we made this little change.

Notice that their derived enhancement is the same as ours as the morphism 9, ,, g —

M, ,, is étale (See [Cos06]).

3.3.2. Definition of Hom®"(X™, X). The underling notation means the internal hom
Hom" (X", X). To be more precise, it is the sheaf

Hom“" (X", X)(U) := Hom“" (X" x U, X x U)

It turns out that this is a derived stack because Hom®" (X" x U, X x U) is the same
as the category of derived stack over X" ! x U.
By Yoneda’s lemma, the morphism ¢,, of Theorem [3.1.2]is exactly given by an object

in Hom®" (X™ x Mg pns+1, X X Mg ny1) which is the diagram (BI1T)).

3.4. Lax morphism. Recall that a classical morphism of operad is a commutative
diagram (Z33)). A lax morphism is given by a collection of 2-morphisms (qap)apen
which are not an isomorphism.

0a) x 0b) L0 g(a) x &(b)

fa+b—1

Ola+b—1)—=E&(a+b—-1)

In the following, we will explain why the Theorem is lax in geometrical term .
Let 0 € Mg o411 and 7 € My, 1. Denote by ng,aﬂ(){, ) (resp. ng,aﬂ(){, B) ) the
inverse image of p~!(o) (resp. p~1(7)).
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The composition is f,14_1 © 0; given by

(3.4.1) 115 RMo 01541 (X, B)

S

Xa+b X

The second composition morphism oy o (f,, f;) is given by the following fibered

product. Let 5, 5" such that g’ + " = .
(3.4.2)
s RMO a+l(X B) xx s RMO b+1(X B)

/ \

HS Rﬁg,aﬁ»l (X/B) X Xb H3 Rﬂg‘zﬁ»] (X7 6)
e1,....ea,id xa w\ €15esEp K
X x Xb X x Xb X
Let fix 5. Finally, the 2-morphism « is given by the gluing morphism
(3.4.3) o H RMO a—‘,—l(X B) xx RMO b+1(X B") — ng::i-b—l—l(X B3)
§vp=p

Notice that we can glue the stable maps denoted by (C, 1, . . ., Zas1, f) and (C, &1, . . ., Tp1, f)
because the fiber product is over X which means that f(z,41) = f(Z;). This morphism
« is surjective but not injective on points. To see the non injectivity, consider Figure
3.4l then the gluing curves are the same. Notice that by stability condition, we have
Ba # 0. The two couple of curves (C; o Cy, C3) and (Cy,Cy o C3) are in two different
connected components of

H RMg,a+1<X7 B/> XX RMg,bJrl(X? 6H)'

1 gl

B+p"=p

4. PROOF OF OUR MAIN RESULT

4.1. Brane action. In this section, we explain the main theorem of [Toél13]. This
theorem has a lot of prerequisites (like oo-operads, unital and coherent operads) that
are too complicated for this survey. We refer to the definition of co-operads by Lurie
[Lurldl Definition 2.1.1.8] and to the Definition 3.3.1.4 for the notion of coherent oco-
operad.

Theorem 4.1.1 (see Theorem [Toél3]). Let O be an co-operad in the co-category of
spaces such that

(1) O%(0) = O%(1) are contractible.
(2) the operad is unital and coherent

Then O(2) is a O%-algebra in the oo-category of co-correspondence.
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Ch, b Ch, b

C27B2

027/82

03753\ C37B3

FIGURE 5. Geometric reason of the lax action

Example 4.1.2. We will illustrate the hypothesis and the conclusion of this theorem for
the operad O(n) := My, 1. We choose this example because it is a well-known operad
and it is easier to explain. Notice that to prove (see §£.2.1]) our main theorem, we need
to apply to an other operad which is [I59 41, but the main ideas are the same.
Notice that we set Mo; = Mg := pt (with the usual definition they are empty). By
definition, we impose that O(1) is the unit. For the operad O, the following diagram
is cartesian (See below for an explanation).

| i

O(n) x O(m) - O(n+m—1)

This property was called of “configuration type” in [Toél3]. Notice that in the context
of [Lurl4, Definition 3.3.1.4], this notion was called “coherent”. As p is flat, we need
to prove that it is a cartesian diagram in the stack category. Let (Cy,z1,...,%,41) be
in O(n) and (Ca,y1, ..., Ym+1) be in O(m). As O(n+1) — O(n) is the universal curve,
we deduce that ¢~ *(Cy, Cy) = Oy [1,+ C2 which is exactly Cy o Cy. This implies that the
diagram above is cartesian.

Let us explain now the conclusion of this theorem. Notice that O(2) = M3 is a
point. The statement means that we have a morphism of co-operad that is a family of
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morphisms

©n: O(n) — Homcocorr(H 0(2),0(2))
i=1
where the morphism (¢,,) are compatible with the composition law. The Hom is the
same meaning that in §3.3.21 The category of co-correspondances is in the same spirit
as correspondance (See §3.2]) but with the arrows in the other directions. The morphism
©n is given by the following diagram

(4.1.3) O(n) x 1T, O(2) —= O(n + 1) <=— 0(2) x O(n)

O(n)

Let explain this diagram with O(n) = M, +1. We have

(1) The morphism O(n + 1) — O(n) is to forget the last marked point.

(2) The map o : O(n) x II}=; O(2) — O(n + 1) is given by the n possible gluings
of the third marked point of O(2) = ﬁw with one of the marked points x; for
ie{l,...,n}in O(n).

(3) The o' is the gluing of last marked point z,; of O(n) with the third of O(2).

4.2. Sketch of proof of Theorem [3.1.21 In this section, we explain how to apply
Theorem A1l to get our main theorem.

Here we take O(n) = [15Monr1,5- This is an operad in algebraic stack. One can
check that all we said before in the previous section for Mg, works as well for
s Mon+1,6-

Let X be a smooth projective variety. We apply the functor R Hom jgn, ., ,(—, X X
Mo .n+1,8) to Theorem ATl As the source curve of a stable map may not be a stable
curve, we need to use Theorem [4.1.1] with an other operad than ﬁomﬂ. That’s why
we use [13 Mo ny1,8. We deduce the following result.

Theorem 4.2.1. The variety X is an M®-algebra in the category of correspondances
in derived stacks. The algebra structure is given by the

RMo,+1(X, )

T

X" X Mo nt,p X X Mont1p

Remark 4.2.2. To apply Theorem [ T.1l we need to do several modifications

(1) Notice that in this statement, the action is strong that means that the lax mor-
phisms are equivalences (See §3.4)). The geometrical reason is the following. We
can repeat the construction of §3.4] replacing My, 11 by Mg, 5. The difference
is that the forgetting morphism ¢ : Mo ,11(X, 8) = DMo.n11,5 does not contract
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any component of the curve. More precisely, let o € Mg 4415 and 7 € Mo p41 5
Denote by

ng,a—l—l(Xa 6/) = q_l(a)'
Take care that in §3.4] we use ng@Jrl(X’ B) = p~t(c) where p : Mg ni1(X,8) =
Mo ny1. Writing the same kind of diagram as (3.4.2) we get the corresponding
« given by

N~ O0OT

a: ng,aﬂ(Xa B') xx ng,b-ﬁ-l(Xa B") = RMg o1 (X, B)

which is now an isomorphism because from the glued curve, there is a unique
possibility to cut it with respect to o and .

(2) First, Theorem ATT] apply only to operads in spaces and here we have oper-

ads in derived stacks. This can be done using non-planar rooted trees and
dendroidal sets. More precisely, one can enrich oo-operads using Segal functor
from the nerve of 2 to derived stacks. Thanks to the work of [CHH16] and
[HHM13| these two definitions coincide on topological spaces.

(3) Second, the condition O(0) = O(1) = pt is not satisfied by My, 5. So we impose

that for any 3 # 0, ML, = M5, = 0 and that MEL, = MESS, = pt is with
Sﬁfflfo being the neutral element.

(4) An other issue is that 9, 5 is not a coherent operad because the inclusion of

schemes in derived stacks does not commute with pushouts even along closed
immersion. We only have a canonical morphism

dst sch
g : 01HCQ — ClHCQ
pt pt

Nevertheless, most of the proof of Theorem [£.1.1]is still valid and we know that
the functor R Hom(—, X) will see 6 as an equivalence.

The next step in order to prove Theorem [B.1.2] is to understand the morphism of
operads

H Mont1, — MO,nJrl-
B

Embedding this morphism in the oco-operads, it turns out that this morphism is a lax
morphism of operads. This is the reason why the final action in Theorem [B.1.2] is lax.

5. COMPARISON WITH OTHER DEFINITION

5.1. Quantum product in cohomology and in Gy-theory. In this section, we re-
view the definition of the quantum product in cohomology and in Gy-theory. Recall that
X is a smooth projective variety. Givental-Lee defined in [Lee04] the Gromov-Witten
invariants in Gy-theory. For that they defined a virtual structure sheaf, denoted by

vir
O, ..x.5)

, on the moduli space of stable maps. Recall the morphism e; : M, (X, §) —
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X are the evaluation morphism at the i-th marked point. For any Fy, ..., E, € Go(X),
the Gromov-Witten invariants in G-theory are

G L - * vir
<E1a R En>0,0n7ﬁ =X (@ € EZ ® OMOW(XJ?)) €z

where x(.) is the Euler characteristic.
Let NE(X) be the Neron-Severi group of X that is the subset of Hy(X,Z) generated
by image of curves in X.

Definition 5.1.1. Let v1,v2 € H*(X). The quantum product in H*(X) is defined by

(512) Y1 OH* Yo = Z QﬁeVgg* (GVT 71 U eV; Y2 N [ﬁoﬁ(X, B)]Vir) .
BENE(X)

One can see this product as a formal power series in (). Hence, the quantum product
lies in H*(X) ® A where A is the Novikov ring i.e., it is the algebra generated by Q”
for § € NE(X). '

We will recall the definition of the virtual class [ﬁom (X, ﬁ)}m (defined by Behrend-

Fantechi) and the virtual sheaf O x.8) (defined by Lee [Lee04]) in §5.4l and §5.5

In Gg-theory, we define the quantum product with the following formula.

Definition 5.1.3. Let Fi, Fy € Go(X). The quantum product in Go-theory is defined
to be the element in Go(X) ® A

G _ B * * r @vir vir vir
ne™ = Z Q"evs. Vi @ev; 5 ® Z Z (_1) Oﬁo,s(xﬂo) ® oﬁo,z(xﬁl) 9 Oﬁo‘z(xﬁr)
BENE(X) 7EN (Bg,....6r)]
> Bi=p
The term r = 0 in the formula in Definition (.13 is of the same shape (B.1.2]). One
has to understand the other terms, i.e. r > 0, are “corrections terms”.

5.2. About the associativity. The most important property of these two products
is the associativity. It is proved by Kontsevich-Manin [KM96] (See also [FP97]) that
the quantum product in cohomology is associative. Notice that the key formula for the
associativity is given in Theorem [£.3.4] which states that virtual classes behave with
respect to the morphisms a’s and the gluing morphisms. Recall that the morphisms
a’s are the one that appear in the lax action (B.4.3).

Later, when Givental and Lee (See [Lee04]) try to define a quantum product in G-
theory they want an associative product. If one put the same kind of formula as in
(512), the product is not associative. Hence the key observation of Givental and Lee
is Theorem [£.3.9 which is the analogue of Theorem [(£.3.4] in G-theory that is how the
virtual sheaves behave with respect to the morphisms a’s and the gluing morphisms.

Our contribution to this question is Theorem [B.3.T1] which is the geometric explana-
tion that explains the two Theorems [5.3.9 and [(.3.9
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Notice that Givental-Lee packed the complicated formula of in a very clever
way. Notice that Mo (X, 3) = Moo x X is empty if 3 = 0. As before put Myo = pt.
Then we put

(5.2.1) O5, =0x+ > QO  (,€CG(X)®A
ﬁeg;E)X)

Let invert the Formula above formally in Go(X) ® A. The terms in front of Q° is

(5.2.2) S (=105t x50 © Dtoaixon) @ O3ty (x0)

The Formula (5:2.1) and (5:2.2) are the reason of the “metric” (See Formula (16) in
[Lee04] for more details) because one can express in a compact form the Formula (5.1.3)
using the inverse of the metric.

5.3. Key diagram. Let us consider the following homotopical fiber product. Let
ny,n2 € Nxo. Put n =ny + no.

(5.3.1) Zy RMo, (X, B)

| &

—_ —_— g —_
Mo,n1+1 X MO,n2+1 MO,n

N~ O0OT

The fiber over a point (o, 7) is denoted by M~ (X, 3) in § B4 that is stable maps
where the curve stabilise to 0 o 7. In Figure[@l we have an example of a fiber over oot
where we have a tree of P! in the middle.

Using the universal property of the fiber product we get the morphism (see (B.4.3]))

(532) (63N H Rmomﬁl(X, ﬂ/) Xx Rm07n2+1 (X, 61/) — Zﬁ
B1B=p

where the left hand side is defined by the following homotopical fiber product

(5.3.3)
Rmo,nl—l—l(Xa B/) Xx Rmo,nz-l—l(Xa B/I) - Rmo,nl—l—l(Xa B/) X Rmomﬂ (Xa ﬁl/)

l l617en2+1

X X xX

The heart of the associativity of the quantum products in cohomology (see Theorem
(.39 for Go-theory) is the following statement.
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T
x3
X
Ch, B T2
€3
P _
coT € Mys
02,52 ’
T4
X5
C3a/63
Xyg
T, /84 x5

FIGURE 6. Example of a stable map above o o7 with a tree of P! in the
middle. The tree C o C5 o (5 is contracting by p to the node of o o 7.

Theorem 5.3.4 (Theorem 5.2 [LT98]). We have the following equality in the Chow
ring of the truncation of Zgs.

(5.3.5)
o ( > A ([l 1 (X B @ Mot (X, 6”)]“))) = g'Mon (X, )]
B+6"=p

Remark 5.3.6. In [Beh97], Behrend proves that the virtual class satisfies five properties,
called orientation (see §7 in [BM96D]), namely: mapping to a point, products, cutting

edges, forgetting tails and isogenies. The formula (5.3.5) is a combination of cutting
tails and isogenies.

The analogue statement in Gy-theory need a bit more of notations. We denote
RM,..(X,8) :=RX, .z

Let 7,n1,n9 be in N with n; + ny = n and let 8 be in NE(X). Let 5 = (8o, ..., ) be
a partition of 5. Notice that there is only a finite number of partition.
We denote by

RX0.n1,m0,8 = RXon41,80 Xx RXo28 Xx -+ Xx RXo28, Xx RXony41,5,
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We generalize the situation of (5.3.0) by the following homotopical cartesian diagram

(537) RXOJM,M@ - RXOJM-H,ﬂO X (HZQ RXO,Qﬁi) X RXO,nz-i—lﬁr
X" & (X x X)"

Gluing all the stable maps and using the universal property of Z3, we have a mor-
phism

(5.3.8) ar [T RXonmp — Zs
B=> o Bi

Notice that «; is the a of (B.43)
Finally, we can state the analogue of Theorem [5.3.4] in G-theory.

Theorem 5.3.9 (Proposition 11 in [Lee04]). We have the following equality in the
Go-group of the truncation of Zgs.

r r\! vir vir vir vir _lavir
> (=1)ay, (Z >, (A ( Koy +150 @ OXoos ® " ®0xp, @ OXO«,anrlﬁr)) = 90x,.5

reN o Bi=8

Remark 5.3.10. (1) Comparing Theorem (.34 with Theorem [5.3.9, we see that the
formulas are more complicated in Gy-theory. We see that moduli spaces of the
kind My (X, 3) appears in Go-theory. This corresponds to stable curve with
tree of P! in the middle (see Figure[f]). Notice that this is the same reason why
the action of the main Theorem is lax.

(2) Also in Gy-theory, there are 5 axioms, called orientation (see Remark [5.3.0]), for

the virtual sheaf (‘)Vﬁir x.8)° They are proved by Lee in [Lee04].

Denote by

Xrgi= JI RXom+18 Xx RXoa2s Xx - Xx RXo24,_, Xx RXn,41,,
> Bi=8

We deduce a semi-simplicial object in the category of derived stacks where the r + 1-

morphisms from X,.;3 — X, 3 are given by gluing two stable maps together. We
have
—

Xop . Xip — Xog
.<7

Moreover, for any r we have a morphism of gluing all stable maps from X, 3 — Z3
hence a morphism colim X, 3 — Z3.

The following theorem was not proved in [MR15]. We will prove it in the appendix.

Theorem 5.3.11. We have that colim X, 3 = Z3.
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5.4. Virtual object from derived algebraic geometry. In this section, we explain

how derived algebraic geometry will provide a sheaf in Go(M, (X, 5)) that we will
compare to the virtual sheaf of Lee.

Lemma 5.4.1 (See for example [Toél4] p.192-193). Let X be a derived algebraic stack.
Denote by to(X) its truncation. Denote by ¢ : to(X) — X be the closed embedding.
The morphism i, : Go(to(X)) = Go(X) is an isomorphism. Moreover we have that
(1) 7 [F] = 2 (1) [m(F)]
Applying this lemma to the situation where X = RM, (X, 3), we put

_ -1

vir, DAG i
|:O— . L* [ORﬁg,n(xyﬁ)].

Mg,n(Xvﬁ)

where the DAG means Derived Algebraic Geometry. Notice that the sheaf O%’D?;’ 8)
g,n ’
depends on the derived structure that we put on the moduli space of stable maps.

The following theorem was not stated in [MR15].
Theorem 5.4.2. The DAG-virtual sheaf O%T’D?;‘B) satisfies the orientation axiom in
g,n ’
Go-theory. That is
(1) Mapping to a point. Let B =0, we have

vir,DAG P
Oﬁg,n(X,O) - Z(—l) A (R'7,0e X Tx)Y

where € is the universal curve of ﬁg,n and 7 : C — Mg,n.
(2) Product. We have

OV_ierAG . _ ﬁr,DAG ﬁr,DAG
Mgl,nl (X7BI)XMg2,n2 (X7ﬁ2) Mgl,nl (Xvﬁl) Mgg,ng (X7B2)
(3) Cutting edges. With the notation of Diagram (5.3.3)), we have
vir, DAG 1 qvir, DAG
7 — = A _ —
OM!H 1 (X761)><XM92,712 (X762) OMsn ;ny (X,Bl ) XMgQ,ng (X752)

(4) Forgetting tails. Forgetting the last marked point marked points, we get a mor-
phism 7 : My 11(X, B) = M, n(X, B). We have the following equality.
W*Oﬁr’DAG _ qvir, DAG

Mg,n(X7B) Mg,nJrl(Xvﬁ).

(5) Isogenies. The are two formulas. The morphism m above induces a morphism
bt M1 (X, B) = Mg i1 X571, Mg (X, 8). With notation of Diagram (5.3.1)),

we have
¥ vir,DAG __1qvir.DAG
* Mg,"‘Fl(XvB) Mg’n(XJ-}).

The second formula is

r vir, DAG _ _1qvir,DAG
Z< 1) Qrx Z Xo,n1+1(X,80) X x X0,2(X,1) X x X x X0,2(X,8r—1) X x X0,nq+1(X,8r) g OXo,n(Xﬁ)
reN ST, Bi=B

i=

where g is defined in the key diagram (B.3.7]).
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Before proving this theorem, we need a preliminary result. Consider a homotopical
cartesian morphisms of schemes

= X xy Y’\\
\XYY/

Denote by X x% Y’ the homotopical pullback so that we have the closed immersion
L X' — X x2 Y’ Assume that f is a regular closed immersion. We have a rafined
Gysin morphism (see [Lee04, p.4], [Ful98, ex.18.3.16] or chapter 6 in [FL85]) which
turns to be

(5.4.3) Gy’ = G(Xx"
[Fy] = () o F[Fy).
Proof of Theorem [5.4.2 (1). Strangely this proof is not easy and we postpone to the

Appendix [Bl (2). This follows from the Kiinneth formula.
(3). We have the following diagram.

XglynhBl XX Xg27n2,52 h

k

h
XglynhBl Xx Xg27n2,52 XglynhBl X X927n2752

j |

f
RXgl,mﬁl XX RX927712752 RXQlynlvﬁl x RX

g2,n2,82
lei,ej

X X xX

We deduce the following equalities

1
( ) ORXM n1.61
= (ko) 'g" (1) " ORx
= (k)" () S ORX,, 5, xEXyy ny 5, DY derived base change

= (k)" (jo) ' Orx

91.11,81
vir, DAG
X91m1,51 XXXHQJLQ,/@Q

(4). As 7 : RM,41(X, 8) = RM, (X, 3) is the universal curve (hence, it is flat)
and 7 is the truncation of 7. The derived base change formula implies the equality.

A! vir, DAG

Xg1m1,51 Xng,ngﬁg XRXHQJLQ,/BQ

YRX by definition of rafined Gysin morphism

91:n1,81 92,n2,82

X XRXQQ ,n9,B82



GROMOV-WITTEN THEORY WITH DERIVED ALGEBRAIC GEOMETRY 25
(5). We have the following diagram

_ " _ _ a _
Mg,nﬂLl(Xv 6) - Mg,n Xﬁgyn MQJL(Xv B) - MQJL(Xv B)

ng,n—f—l(Xa 6) —w> mg,n-ﬁ-l Xﬁgm ng,n(Xa 6) —b> ng,n(Xa B)

|

J— c J—

My 1 My n

Notice that as c is flat, the upper right square is also h-cartesian. We have

vir, DAG 1/ \—1m, _
CON s = () Or, L x 9)

=a"(i)” louwgn(xg)

() 1b*0O Ors, . (x,6) by derived base change
(J*) Myns1 %55 Mogm RMg,n (X,5)

On the other hand, we have

vir, DAG
w*OMq n(X,5) w*< ) RMQ n+1(X,5)
(]*) 0 RMg.ni1(X,8)
The formula follows from the equality below which is a consequence of the proof of

Proposition 9 in [Lee04].

Px ORﬁg,n_H(X,B) = Om,nx—

Mg’nﬂmg,n(x B)

To prove the second formula of (5), we use the key Diagram (£.3.])) with Theorem
B3I Let g1, 92,n1,n2 be integers. Put ¢ = ¢; + g and n = ny; + ny and denote
M Mgz ni+1-

to(Zp) <
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We have

lqvir, DAG /. \—1 _
905, xp = 9 ()7 O, L x,9)

= (k) 710" ()7 Ogay, L (x.)
= (k;l)(j*)’lc*ORﬁg’n(Xﬂ) by derived base change
= (] © k)*_loz,e

We deduce the formula by observing that Zs is the colimit of X, s (see Theorem [£.3.17))
and that the structure sheaf of a co-limit is the alternating sum of Oy, .

O
The last formula of Theorem and the third one implies the following corollary.

Corollary 5.4.4. We have the following equality in Go(to(Zg)).

r ! vir, DAG vir, DAG vir, DAG vir,DAG __livir,DAG

-EZN(il) o (Zrzﬂ B(A ) <OX0JL1+1(Xvﬂ0) ® OXOJ(X?Bl) ®-® OXU,Q(X,ﬂ,,l) ® OX0,rL2+1(X-ﬂw‘)>) -9 OXOW""(Xvﬂ)
i=0 P

5.5. Virtual object from perfect obstruction theory. Here we follow the ap-

proach of Behrend-Fantechi [BF97] to construct virtual object.

In the following, we denote by M a Deligne-Mumford stack. The reader can think
of M being My ,,(X, 3) as an example.

Definition 5.5.1. Let M be a Deligne-Mumford stack. An element E® in the derived
category D(M) in degree (—1,0) is a perfect obstruction theory for M if we have a
morphism ¢ : E* — Ly that satisfies

(1) h%(y) is an isomorphism,
(2) h=1(p) is surjective.

Let E* be a perfect obstruction theory. Following [BF97], we have the following
morphisms.

(1) The morphism a : Cyt — h'/h°(EY), where Cy is the intrinsic normal cone and
h'/R°(EY) is the quotient stack [EY,/FEy]. To understand how to construct
this morphism, let us simplify the situation. Assume that M is embedded in
something smooth, i.e f : M — Y is a closed embedding with ideal sheaf
J. Then the intrinsic normal cone is the quotient stack Cy = [CnY/f*TY]
where CyY := Spec ®,0J"/J""! is the normal cone of f. In this case, the
intrinsic normal sheaf is Ny = [NyY/f*TY] = h'/h°(Ly;) where NyY :=
Spec Sym J/J%. As we have a morphism from the normal cone to the normal
sheaf CvY — N)Y, we deduce a morphism from the intrinsic normal cone to
the intrinsic normal sheaf i.e., a morphism

(5.5.2) CM — Nyt
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Now the morphism of the perfect obstruction theory ¢ : E®* — Ly induces a
morphism from
(5.5.3) Ny — [EY,/E{]

The morphism a is the composition of the two morphisms (5.5.2)) and (5.5.3)).
(2) We also have a natural morphism b : M — k' /h°(E}) given by the zero section.

From these two morphisms, we can perform the homotopical fiber product

M W /RO (E)

As the standard fiber product is M, we have that M x ThO(EY) C)y is a derived enhance-
ment of M with 7 : M — M XM mo(eyy O the canonical closed embedding. Notice
that in the case M = M, (X, 3), we get a derived enhancement which is different from

RM, (X, B) (see Remark 5.6.3). We will compare these two structures in § 5.6 Hence
we can apply the Lemma (.4.1] and we denote

(5.5.5) [0307OT] = 5 O o] € Go(M)

hl/nO(EY)
where POT means Perfect Obstruction Theory. The definition of Lee for the virtual
sheaf turns to be exactly this one. Indeed, Lee consider the following (not homotopical)
la cartesian diagram

(556) M XEYI Cl Cl CM
M EY, —— W /RO(EY)

In [Lee04l p.8], Lee takes as a definition for the virtual sheaf
. . 1 0 3
O3 = 3 (=1)'Tor /™ (Oat, Ocy) = O @t o O, = O30T

where the last equality follows from Lemma G.4.T]
5.6. Comparison theorem of the two approachs. Let M := M, (X, 3). In this
section, we want to compare O3PAY with OXFOT . The first question is : what is the
perfect obstruction theory we are choosing 7

This is given by the following result.

Proposition 5.6.1 ([STV11]). Let RM be a derived Deligne-Mumford stack. Denote
by M its truncation and its truncation morphism by 7 : M — RM. Then j*Lry — Lo
is a perfect obstruction theory.

Now the original question makes perfectly sense and we have the following result
that says that they are the same sheaves.
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Theorem 5.6.2 (See Proposition 4.3.2 in [MR15]). In Go(M), we have
[OﬁnDAG] _ [Oglvi[r,POT]

Remark 5.6.3. Notice that the two enhancements RM or M x1, moeyy On are not
the same. Indeed, the second one has a retract r : M x4 JRO(EY) Cy — M given in
the diagram (5.5.4]) that is 7 o j = idy; where j is the closed immersion from M to
M x JhO(EY) Cy. From this we get the following exact triangle of cotangent complexes

(5.6.4) L:[-1] — E*LMXZIME,V)CM — L
(5.6.5) r*Lo¢ — H‘Mx’gl/ho(E.v)CM — L,
Applying 7* to the second line, we get

Ly — E*LMle/ho(Ey)CM — J'L,
This means that (5.6.4]) has a splitting that is
(5.6.6) T Lygn ox = L[=1] @ Loy

hl/nO(EY)
Comparing to the cotangent complex of RM that has no reason to split, we get a priori
two different derived enhancement of M.

Notice that in the work of Fantechi-Goéttsche [FG10, Lemma 3.5] (see also Roy
Joshua [Jos10]), they prove that for a scheme X with a perfect obstruction theory
E* :=[E~' — E], we have

(5.6.7) TX(O}irvPOT> _ Td(TXVir) N [Xvir,POT]

where TXY" € Go(X) is the class of [Ey] — [E}] where [Ey — Ey] is the dual complex
of E* and 7x : Go(X) = A.(X)g.
Notice that the Formula (5.6.7) with Theorem implies that

My (X, B)7POT = T(Omﬁg,n(x,ﬁ)) Td(TRﬁg,n(x,g))_l
APPENDIX A. PROOF OF THEOREM [5.3.11]
Theorem A.0.1. The map
f: colim™™ Xep — Zg
of IMR15, (4.2.9)] is an equivalence of derived Deligne-Mumford stacks.
Proof. 1t follows from the discussion in the proof of [MRI15, Prop. 4.2.1] that

f*

Perf(Z3) Perf(colim™ X, 5)

R

lima Perf(X, 5)
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commutes with the morphism h being an equivalence after h-descent for perfect com-
plexes [HLP14l 4.12] and the morphism g being fully faithful after the result of gluing
along closed immersions [Lurl7, 16.2.0.1]. This immediately implies that the map f*
is an equivalence of categories because we have go f* = h and g is conservative as it is
fully faithful.

As both source and target of f are perfect stacks (the first being a colimit of perfect
stacks along closed immersions and second being pullback of perfect stacks), f* induces
an equivalence

Qcoh(Z3) I Qcoh(colim®™ X, 4)

We conclude that f is an equivalence using Tannakian duality [Lurl7, 9.2.0.2 ].

APPENDIX B. PROOF OF THEOREM [5.4.2].(1)

Let X be a derived stack. We will use the linear derived stacks V(E) (See [Toél4l
p-200] ) where E is a complex of quasi-coherent sheaf on X. We have a morphism
V(E) — X and a zero section s : X — V(E). One should understand that V(E) as a
vector bundle where the fibers are E.

It is a derived generalisation of Spec Sym € for a coherent sheaf €. If E is a two
terms complex with cohomology in degree 0 and 1, then we have that ¢o(V(EY[—1])) =
[h'/h°(E)] (See §2 in [BE9T] for the definition of the quotient stacks).

Let recall some notation of §5.50l and §5.61 Let g,n € N and € Hy(X,Z). Denote
by j the closed immersion M, (X, 3) — RM, (X, 3). To simplify the notation, put
M =M, .(X,3) and RM = RM, (X, 3).

From the exact triangle

j*LRM — LM — Lj

We deduce that following cartesian diagram

(B.0.1) V(L;[~1]) —— V(L [-1])
M V(5 Lea[—1])

Recall that j*LRﬁg,n(X,ﬁ) is a two terms complex in degree —1 and 0 but in general
it is not the case for IL; and Lﬁg,n( X.8)" Comparing with Behrend-Fantechi, we have
to(V(Lat[—1])) is the intrinsic normal sheaf Ny (See §5.5]) and we have the following
cartesian diagram
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(B.0.2) M X o Lgae[-17) O Ot
| |
V(ILy[=1]) V(Lac[-1])
| |
M V(" Lex[—1])

Proposition B.0.3. Let g,n € N and f € Hy(X,Z). Denote by j the closed immersion
My (X, B) = RM, .. (X, B) and by s : M, ,(X, 8) = V(L;[—1]) be the zero section. We

have the following equality in Go(My, (X, 3))
vir, DAG | .1 o
Oﬁg,n(X,ﬁ) = ORﬁg,n(Xﬁ) = 5 (OV(LJ)[—H)

Proof. From Gaitsgory (see Proposition 2.3.6 p 18 Chapter IV.5 [Gail7]), we can con-
struct an derived stack Ygeqeq such that the following diagram has two homotopical
fiber products

RM yscaled - VGL][_l])

T

M x {0} 2 M x Al < M x {1}
We have

(5:) " Oy, m1)) = (80) 0 Oy,
= i’{<a*>7loyscaled

= ZS (U* ) - Oyscaled

The last equality follows from the A!- invariance of the G-theory. That is, we have
that Go(M x Al) — Go(M) and 4 = (7*)~! = i} where 7 is the projection. Applying
the same computation as above with the other homotopical fiber product, we get
Formula. O]

Remark B.0.4. This statement is a first step in proving Theorem (.6.21 The last step
is to prove that the inclusion C¢ — Ny induces an equality of the structure sheaf in
Go-theory.

Corollary B.0.5. For stable maps of degree 0, we have that

O3 i = (1) A (TX K R'm.O¢)
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Remark B.0.6. Notice that in the case of 3 = 0, we have that mgm(X,B =0) =
M, x X which is smooth. Nevertheless, it has a derived enhancement, given by the
R Map which has a retract given by the projection and the evaluation. For § # 0, this
retract does not exist.

Proof. For = 0, the smoothness of M implies that the intrinsic normal cone is the
intrinsic normal sheaf that is we have the Cy = V(Ly[—1]) in the diagram (B.0.2).
The second thing which is different is that j : M — RM has a retract. This implies
that L;[—1] ~ Ly[—1] ® j*Lry. Hence the Proposition [B.0.3] implies that we need to
compput s; 'Oy, [—1j) which is by standard computation 3;(—1)" A" (TX X R'7,O¢)
where € is the universal curve of M, ,,.

O

From the proof, we see that the RHS of the formula is the structure sheaf of
V(L;[—1]). In fact, we think that RM,_, (X, 0) is isomorphic to V(IL;[—1]). This should
follow from a general argument that we will detail in the next section for the affine
case.

ApPPENDIX C. ALTERNATIVE PROOF OF COROLLARY [B.0.5] IN THE AFFINE CASE.

Proposition C.0.1. Let F' = Spec A be an affine quasi-smooth algebraic derived stack.
Let Fy = Specmo(A) its truncation and denote j : Fy — F its closed immersion.
Assume that Fy is smooth and that F' admit a retract r : F' — Fy. Then F' = V(LL;[—1]).

This proposition is a way of proving Corollary [B.0.8 in the affine case without us-
ing the deformation argument of Gaitsgory. We believe that we can drop the affine
assumption in the previous proposition.

Notice that we can drop the existence of the retract in the hypothesis because when
FO0 is smooth, there always exists a retract (see the Remark [C.0.6)).

Lemma C.0.2. With the previous hypothesis, we have
mo(Ly;) = m(Ly) =0
mo(ILy) = m(jLr) = ma(Lny(ay/reya) = m1(A)
Lj[—1] ~ m (A)[1]
Proof. We have the triangle
j*LF — LF@ — Lj.
Applying the hypothesis, we get
(1) As F is quasi-smooth, we have that m(j*Lg) = 0.
(2) As Fy is smooth, we have that mo(LLg,) = m(Lg) = 0.
(3) As j*Lp — Lp, is a perfect obstruction theory, we deduce my(j*Lr) ~ mo(Lg,)
and m1(j*Lg) — m (ILg,) is onto.

Applying the three properties above to the associated long exact sequence, we get
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(1) As F is quasi-smooth, we have that my(j*Lr) = 0.

(2) As Fj is smooth, we have that mo(Lg,) = m(Lg,) = 0.

(3) As j*Lp — Lp, is a perfect obstruction theory, we deduce my(j*Lr) ~ mo(Lg,)
and 7 (j*Lp) — m(Lp,) is onto.

0 0 (L,

m(j* L) 0 0
ﬂo(]*LF) — WO(LFO) —0
We conclude that

(1) mo(Ly) = m (57 L)
(2) L; is 2-connective.

To prove the second equality of the lemma, we use the Postnikov tower that is we
consider the closed immersion j; : Fy — F; and j, : Fy — F where F} is Spec 1< A.
We deduce the exact triangle

JiLkj, = Ly = Ly,

As we have j and j; are 1-connected and js is 2-connected, we deduce from connective
estimates that L; and L;, are 2-connective and L;, is 3-connective (See Corollary 5.5
in [PV13]). We deduce from the long exact sequence that mo(L;) = ma(Lj, ). How we
apply Lemma 2.2.2.8 in [TV0§| that implies that mo(Lj,) = m1(A).

As we have that m,(L;) = 0 for all £ # 2 and m(L;) = m(A), we deduce that
L;[—1] ~ m (A)[1]. O

Proof of Proposition[C.0.1. To prove the proposition, we will show that
(C.0.3) B = Sym, 4 (m(A)[1]) ~ A

First, we will construct a morphism f : B — A. Notice that m(A) is a free mo(A)
module by the last statement of Lemma[C.0.2l Then we get an inclusion m(A)[1] — A
of mo(A)-modules which induces f : B — A. Moreover f is an equivalence on m and
m that is 7«1 B >~ 71 A.

Then we construct an inverse from A — B using the Postnikov tower. We have
¢:A— 171A~7B. As B is the colimit of its Postnikov tower, we will proceed by
induction on the Postnikov tower. First, we want to lift the morphism ¢ : A — 7«1 B
to A — 7«2 B. We use the following cartesian diagram (See Remark 4.3 in [PV13])

(C.0.4) T<2B T B

R

id,0

Tng —,> Tng ) 7T2(B)[3]
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Hence, we need to construct a commutative diagram

(005) A Tng

id,0

Tng I Tng EB WQ(B)[?)]

As L4 has a tor-amplitude in [—1, 0], we have that

mo(Map(ILa, m5(B)[3]))

0
m1(Map(ILa, m2(B)[3])) = 0

Hence we deduce a morphism from ¢ : A — A @4, m(B)[3]. Hence we get the
morphism from A — B

TSQ’

S T

B’T‘Sl

L

oy —> B, ® m3(B)[3]

©
p,id
0

A @ ma(B)[3]

Hence by induction, we get a morphism from g : A — B. The composition g o f :
B — A — B is the identity on 71 (B) and by the universal property of Sym, we deduce
that g o f = idg. This implies that m;(B) = Am(A) — m;(A) is injective. To finish
the proof, we will prove that these morphisms are surjective.

For this purpose we use another characterization of afffine quasi-smooth derived
scheme. Let us fix generators of mg(A). This choice is determined a surjective map
of commutative k-algebras k[zy,..,z,] — mo(A). As the polynomial ring is smooth,
we proceed by induction on the Postnikov tower of A to construct a morphism from
klxy,...,x,] = 7<nA. We use the same idea as above for constructing the morphism
A — B. We get a map of cdga’s k[zy, .., x,] — A which remains a closed immersion.
Moreover, one can now choose generators for the kernel I of k[xy, ..., z,] — m(A), say,
fi, -, fm whose image in I/I? form a basis. The fact that k[yi, .., ¥, is smooth allows
us to extend the zero composition map

B[t o Y] — K[, 2] = 7o(A)
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to map

Elyt, oo, Ym] = k[z1, . 20m]) — A

together with a null-homotopy. This puts A in a commutative square of cdga’s

Elyi, - Ym] — K[z, ..., 2]

| |

k A

which we is a pushout square. Indeed, it suffices to show that the canonical map
L
k ®k‘[y1,--,ym} k[l’l, ey xn] — A

induces an isomorphism between the cotangent complexes. But as Spec(A) is quasi-
smooth, its cotangent complex is perfect in tor-amplitudes —1, 0, meaning that it can
be written as

AT — A"
and this identifies with the standard description of the cotangent complex of the derived

tensor product k ®],%[y17“7ym] k[x1, ..., z,]. This implies that surjectivity of the morphisms

Remark C.0.6. As F' = Spec A is a derived scheme (not necessarily quasi-smooth) and
its truncation is Fjy is smooth, we have that Fy — F' admits a retract. We proceed by
induction on the Postnikov tower of A to construct a lift

A

e

mo(A) —L> 7(A)

We use the same kind of diagrams as (C.0.4) and (C.0.5) Indeed, as Ly, is concentrated
in degree 0, all the groups

mo(Map(Lg,, m(A)[n + 1])) = m (Map(Lg,, 7 (A)[n + 1])) = 0

vanish for n > 1 saying that the liftings exist at each level of the Postnikov tower the
space of choices of such liftings is connected.
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