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SWEEPING PROCESSES PERTURBED BY ROUGH SIGNALS

CHARLES CASTAING*, NICOLAS MARIE**, AND PAUL RAYNAUD DE FITTE***

ABsTracT. This paper deals with the existence and the uniqueness of the
solution to sweeping processes perturbed by a continuous signal of finite p-
variation with p € [1,3]. It covers pathwise stochastic multiplicative noises
directed by a fractional Brownian motion of Hurst parameter greater than
1/3.
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1. INTRODUCTION

Consider a multifunction C : [0,7] = R®¢ with e € N*. Roughly speaking, the
Moreau sweeping process (see Moreau [20]) associated to C' is the path X, living
in C, such that when it hits the frontier of C, a minimal force is applied to X in
order to keep it inside of C. Precisely, X is the solution to the following differential
inclusion:

(1) —(ZZD);(t) S Nc(t)(Y(t)) |DY|—a.e.

Y(0) = a € C(0),

where DY is the differential measure associated with the continuous function of
bounded variation Y, |DY| is its variation measure, and N¢ () (Y (t)) is the normal
cone of C(t) at Y (¢). This problem has been deeply studied by many authors. For
instance, the reader can refer to Moreau [20], Valadier [25] or Monteiro Marques [19].

Several authors studied some perturbed versions of Problem (1), in particular by a
stochastic multiplicative noise in Itd’s calculus framework (see Revuz and Yor [22]).
For instance, the reader can refer to Bernicot and Venel [3] or Castaing et al. [5].
On reflected diffusion processes, which perturbed sweeping processes with constant
constraint set, the reader can refer to Kang and Ramanan [13].
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Consider the perturbed Skorokhod problem
X(t)=H(@t)+Y(t)
t

/0 F(X(5))dZ(s)
Ney (Y (1) |DY |-ace. with Y/(0) = a,

(2) H(t) =
dDY

apy| ) €
where Cy(t) = C(t) — H(t), t € [0,T] (thus N, ) (Y(t)) = New) (X)), Z -
[0,7] — R? is a continuous signal of finite p-variation with d € N* and p € [1, o0],
f € Lip” (R, M, 4(R)) with v > p, and the integral against Z is taken in the sense
of rough paths. On the rough integral, the reader can refer to Lyons [16], Friz and
Victoir [11] or Friz and Hairer [9]. Throughout the paper, the multifunction C
satisfies the following assumption.

Assumption 1.1. C is a convex compact valued multifunction, continuous for the
Hausdorff distance, and there exists a continuous selection vy : [0, T] — R® satisfying

Be(y(t),r) € int(C(1)) ; ¥t € [0, 77,
where Be(y(t),r) denotes the closed ball of radius r centered at y(t).

This assumption is equivalent to saying that C(¢) has nonempty interior for every
t € 10,77, see [5, Lemma 2.2].

In Falkowski and Stominski [8], when p € [1,2[ and C(¢) is a cuboid of R® for
every ¢ € [0,T], the authors proved the existence and uniqueness of the solution of
Problem (2). Furthermore, several authors studied the existence and uniqueness of
the solution for reflected rough differential equations. In [1], M. Besala et al. proved
the existence and uniqueness of the solution for delayed rough differential equations
with non-negativity constraints. Recently, S. Aida gets the existence of solutions
for a large class of reflected rough differential equations in [2] and [1]. Finally, in [6],
A. Deya et al. proved the existence and uniqueness of the solution for 1-dimensional
reflected rough differential equations. An interesting remark related to these refer-
ences is that when C' is not a cuboid, moving or not, it is a challenge to get the
uniqueness of the solution for reflected rough differential equations and sweeping
processes.

For p € [1,3], the purpose of this paper is to prove the existence of solutions
to Problem (2) when C satisfies Assumption 1.1, and a necessary and sufficient
condition for uniqueness close to the monotonicity of the normal cone which allows
to prove the uniqueness when p = 1.

Section 2 deals with some preliminaries on sweeping processes and the rough in-
tegral. Section 3 is devoted to the existence of solutions to Problem (2) when
Z is a moderately irregular signal (i.e. p € [1,2[) and when Z is a rough signal
(i.e. p € [2,3]). Section 4 deals with some uniqueness results. Finally, Section
5 deals with sweeping processes perturbed by a pathwise stochastic multiplicative
noise directed by a fractional Brownian motion of Hurst parameter greater than 1/3.

The following notations, definitions and properties are used throughout the pa-
per.

Notations and elementary properties:
1. Cp(t) := C(t) — h(¢) for every function h: [0,T] — Re.



SWEEPING PROCESSES PERTURBED BY ROUGH SIGNALS 3

. N¢(z) is the normal cone of C' at x, for any closed convex subset C' of R® and
any = € R (recall that No(z) =0 if z € C).

A = {(s,t) € [0,T)? : s < t} and Agy := {(u,v) € [s,]> : u < v} for every
(S, t) € Arp.

. For every function x from [0, 7] into R? and (s,t) € Ar, x(s,t) := 2(t) — z(s).
. Consider (s,t) € Ap. The vector space of continuous functions from [s,¢] into
R is denoted by C°([s,t],R?) and equipped with the uniform norm ||.|[sc s
defined by

[#lloc,s,6 == sup [z(u)]
u€ls,t]
for every x € C°([s, t], R?). Moreover, ||.||co.7 := ||-||0c,0,7 and

Co([s. 8], R?) := {z € C°([s,1],R?) : 2(0) = 0},

. Consider (s,t) € Ap. The set of all dissections of [s, ] is denoted by Dy, ;) and
the set of all strictly increasing sequences (s, )nen of [s,] such that sg = s and
limy, s, =t is a denoted by D 5,4

. Consider (s,t) € Ar. A continuous function x : [s, ] — R? has finite p-variation
if and only if,

1/p

|2l p-var,s,¢ = sup ;n € N and (tk)refi,n] € Dls.q]

n—1
D e trp)[1”
k=1

< o0.
Consider the vector space
C’p“’ar([s,t],Rd) ={z € C’O([s,t],Rd) ||| povar,s,e < 00}

The map ||.|[p-var,s.¢ is a semi-norm on CPV([s, ], R%).
Moreover, ||.[|p-var,r := [|-[[p-var.0.7-

Remarks :
a. For every ¢,r € [1,00[ such that ¢ > r,

Vo € C™ ([,4], R, allgvarst < 2llrovar,s.e-

In particular, any continuous function of bounded variation on [s,t] belongs
to OVt ([s,t],RY) for every q € [1, 00].
b. For every (s,t) € Ar and z € C¥V¥([s, 1], R),

t
fellanes = [ 1Dal,
S

where |Dz| is the variation measure of the differential measure Dz associated
with x.
. The vector space of Lipschitz continuous maps from R into M. 4(R) is denoted
by Lip(R¢, M. 4(R)) and equipped with the Lipschitz semi-norm ||.||rip defined
by

el i=sup { D= 10y e e and o 24

ly — =l

for every ¢ € Lip(R%, M, q4(R)).
. For every A € R,
A :=max{n €Z:n < A}

and {A\} :== X — |A].
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10. Consider v € [1,00[. A continuous map ¢ : R® — Mg (R) is v-Lipschitz in the
sense of Stein if and only if,

lellLip = 1D o]l yyma V max{|| D* ¢l ; k € [0, |7]]}
< 00.

Consider the vector space
Lip” (R, Mc,a(R)) := {p € C°(R*, Mc.a(R)) : [|]lLipr < o0}
The map ||.||rip> is a norm on Lip” (R, M, 4(R)).

Remarks:

a. If ¢ € Lip” (R®, M, 4(R)), then ¢ € Lip(R¢, M. 4(R)).

b. If ¢ € CLIFL(RE, M, 4(R)) is bounded with bounded derivatives, then ¢ €
Lip” (R®, M. 4(R)).

2. PRELIMINARIES

This section deals with some preliminaries on sweeping processes and the rough
integral. The first subsection states some fundamental results on unperturbed
sweeping processes coming from Moreau [20], Valadier [25] and Monteiro Marques
[19]. A continuity result of Castaing et al. [5], which is the cornerstone of the proofs
of Theorem 3.1 and Theorem 3.2, is also stated. The second subsection deals with
the integration along rough paths. In this paper, definitions and propositions are
stated as in Friz and Hairer [9], in accordance with M. Gubinelli’s approach (see
Gubinelli [12]).

2.1. Sweeping processes. The following theorem, due to Monteiro Marques [17,
18, 19] using an estimation due to Valadier (see [4, 25]), states a sufficient condition

of existence and uniqueness of the solution of the unperturbed sweeping process
defined by Problem (1).

Proposition 2.1. Assume that C' is a conver compact valued multifunction, con-
tinuous for the Hausdorff distance, and such that there exists (x,r) € R®x]0, 00|
satisfying -
Be(z,7) C C(t) ; YVt € [0,T).
Then Problem (1) has a unique continuous solution of finite 1-variation y : [0,T] —
R€ such that
[yll1-var, 2 < U7 fla = z]),

where [ : Ri — Ry is the map defined by
2 _ g2
I(s,8) := max{o’ } Fe>1 ys ser,.

max{0,5 —s} ife=1

See Monteiro Marques [19] for a proof.

Let h be a continuous function from [0, 7] into R® such that h(0) = 0. If it exists,
a Skorokhod decomposition of (C,a,h) is a couple (v, wp) such that:

Un(t) = h(t) + wa(t)

dD

(3) i DZ:|(75) € Ny (o (wn(t)) |Dwpl-a.e. with wy(0) = a,

where v;, and wy, are continuous, and wy, has bounded variation. Since Ne, ) () =
() when x & C,(t), the system (3) implies that, |Dwp|-a.e., wp(t) € Cp(t), that is,
vp(t) € C(t). Under Assumption 1.1, by Proposition 2.1 together with Castaing et
al. [5, Lemma 2.2], (C,a, h) has a unique Skorokhod decomposition (vj, wp,).
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Theorem 2.2. Under Assumption 1.1, if (hy)nen S a sequence of continuous
functions from [0,T] into R® which converges uniformly to h € C°([0,T],R¢), then

sup [lwp,,
neN

1-var, T < 00

and

(Vhys Why, ) —— (0n, wp).

See Castaing et al. [5, Theorem 2.3].

Under Assumption 1.1, note that there exist R > 0, N € N* and a dissection
(to,...,tn) of [0, 7] such that
(4) B.(3(t), R) € C(u)
for every k € [0, N — 1] and u € [tg, trt1]-
Proposition 2.3. Under Assumption 1.1:
(1) The map (v.,w.) is continuous from
(0, T),R®) to CO([0,T],R%) x C*¥([0, T],R°).
(2) Consider (s,t) € Ap and p €]0, R/2] where R is defined in (4). For every
h € CY([s,t],R®) such that ||h||co.s: < p/2,
Hwh”l-var,S,t < M(p)
with

N
M) =Y sup  sup -l
2p w€[0,T] z,yeC(u)

Proof. Refer to Castaing et al. [5, Lemma 5.3] for a proof of the first point.

Let us insert s and ¢ in the dissection (¢o,...,tn) of [0,T] and define k(s), k(t) €
[0,N + 2] by

le(s) =S and trt) =t
Consider k € [k(s),k(t) — 1] and u € [tx, tkt1]-

On the one hand,

Be(y(tk) = h(t), p) C Be(¥(tk) — h(u), R) C Ch(u).
So,
Be(y(tx) = vn(tr), p) C C(u) = h(ty,w) — vn(ty).
On the other hand,

vp (tr, w) = h(te, w) + wh, (u)

with
Wh,ty, (u) == wp(uw) — wp(tg)-
Moreover,
dDw
_d|DwZ| (w) € Ne(u)—nw)(wa(uw)) [Dwy|-ae.
and then,
dD'LUh’t
_m u) € Neo(u)y—h(tp,u)—vn (tx) (Wht, (1)) [Dwh g, |-a.e.

Wh, t;, (tk) = 0.
So, by Proposition 2.1:

HwhHI—vantk,tkﬂ = Hwh,tk||1—var,tk,tk+1
< Up, Iy (tk) — va(te)l)-
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Therefore,
k(t)—1
||wh||l—var,s7t - Z ||wh||1—var,tk,tk+1
k=k(s)
< Nusél[lspt] Up, Iv(u) = on(u)])
< M(p).

O

2.2. Young’s integral, rough integral. The first part of the subsection deals
with the definition and some basic properties of Young’s integral which allow to
integrate a map y € C™V([0,T], M. 4(R)) with respect to z € C+¥([0,T],R?)
when ¢,r € [1,00[ and 1/g+ 1/r > 1. The second part of the subsection deals with
the rough integral which extends Young’s integral when the condition 1/¢g+1/r > 1
is not satisfied anymore. The signal z has to be enhanced as a rough path.

Definition 2.4. A map w: Ap — Ry is a control function if and only if,

(1) w is continous.
(2) w(s,s) =0 for every s € [0,T].
(8) w is super-additive:
w(s,u) + wlu,t) <w(s,t)
for every s,t,u € [0, T] such that s < u < t.
Example. Let p > 1. For every z € CPV* ([0, T],R%), the map
Wp,z - (S’t) € AT — wpyz(‘%t) = ||Z||£—Var,s,t

is a control function.

Proposition 2.5. Let p > 1. Consider x € C°([0,T],R?) and a sequence (zn)nen
of elements of CPV2* ([0, T], R?) such that

lim ||z, — 2|lco,r =0 and sup ||z p-var, < 00.
n— o0 neN

Then z € CPv¥ ([0, T],R?) and

nh—>nc10 Hxn - x||(P+€)—var,T =0;Ve>0.

See Friz and Victoir [11, Lemma 5.12 and Lemma 5.27] for a proof.
Proposition 2.6. (Young’s integral) Consider q,r € [1,00[ such that 1/q+1/r > 1,
and two maps y € C™V([0,T], M¢q(R)) and z € Cr([0,T],R?). For every
n € N* and (t})reqi,ng € Djo,1, the limit
n—1
nlggo;y(tﬁz(t?»tﬁﬂ)

exists and does not depend on the dissection (t}})iei,n)- That limit is denoted by

[ vzt

and called Young’s integral of y with respect to z on [0,T)]. Moreover, there exists
a constant ¢(q,r) > 0, depending only on q and r, such that for every (s,t) € Arp,

\ | vispasts

0

< el )12l gvar, s (1Y [lr-var .6 + [1Yllso,5.0)-

r-var,s,t
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See Lyons [16, Theorem 1.16], Lejay [14, Theorem 1] or Friz and Victoir [11, The-
orem 6.8] for a proof.

Proposition 2.7. Consider q,v € [1,00[ such that 1/q + 1/r > 1, two maps
y € C™([0,T), Mc.a(R)) and z € C4V([0,T],R?), and a sequence (yn)nen of
elements of C™* ([0, T], M 4(R)) such that:

lm ||yn — Ylloo,r = 0 and sup ||yn||r-var,7 < 00.
—0 neN
Then,

=0.
oo, T

lim
n—oo

| mndets) - [ ws)az(s

0 0

See Friz and Victoir [11, Proposition 6.12] for a proof.

Consider p € [2,3] and let us define the rough integral for continuous functions
of finite p-variation.

Remark. In the sequel, the reader has to keep in mind that:

(1) M.q(R) =R ®R%

(2) Mg 1(R) = My 4(R) = R4,

(3) LRI, M, q(R)) = L(RY, L(RY,R?)) = L(R? @ RY, R€).
Definition 2.8. Consider z € C1v¥ ([0, T],R?). The step-2 signature of z is the
map Sa(2) : Ar — R x My(R) defined by

Sa(2)(s,1) := <z(5,t),/< o dz(v) ® dz(u)>
for every (s,t) € Arp.
Notation. &7(R%) := {S95(2)(0,.) ; z € C+Var([0,T],R9)}.

Definition 2.9. The geometric p-rough paths metric space GQ%T(Rd) is the closure
of &7 (R%) in CPVar ([0, T], RY) x CP/2ver ([0, T], M4(R)).
Definition 2.10. For z € CPV([0,T],R%), a map y € CPV* ([0, T], M. a(R)) is
controlled by z if and only if there exists y' € CPV2r([0,T], L(RY, M, 4(R))) such
that

y(s,t) = y'(s)z(s,t) + Ry(s,t) ; V(s,t) € Ap
with | Ry ||p/2-var,r < 00. For fived z, the pairs (y,y') as above define a vector space

denoted by ’}32/2([0,T],M6,d(R)) and equipped with the semi-norm |||, /2,7 such
that

||(y7y/)||z,p/2,T = ||y/||p-var,T + ||Rpr/2—var,T
for every (y,y') € D2/%(0, T], M. a(R)).
Theorem 2.11. (Rough integral) Consider z := (2,7Z) € GQp7(R?) and (y,y') €
@5/2([0,T],Me,d(R)). For every n € N* and (t})refi,n] € Djo,1], the limit

n—1
: n n n ! n n n
nlggo ;(y(tk)z( kotie1) Y ()2t tiy))

exists and does not depend on the dissection (1} )rei,n)- That limit is denoted by

/0 " y(s)da(s)

and called rough integral of y with respect to z on [0,T]. Moreover,
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(1) There exists a constant c(p) > 0, depending only on p, such that for every
(8, t) S AT,

(2) The map

[ tdnta — y(s)s(s.) - y’<s>z<s,t>H < cp) (<l lpmenrsne | By lp/2varees

+HZ”p/2—var,s,t ||yl||p-var,s,t)~

) ([ wts)ants)0)

is continuous from @5/2([0,T],Me,d(R)) into 92/2([0,T],Re).

See Friz and Shekhar [10, Theorem 34| for a proof with the p-variation topology,
and see Gubinelli [12, Theorem 1] or Friz and Hairer [9, Theorem 4.10] for a proof
with the 1/p-Holder topology.

Proposition 2.12. Consider z := (z,7Z) € GQ, 7(R?), a continuous map
(y?y/) : [OaT] — Me,d(R) X E(RdaMe7d(R))a
and a sequence (Yn, Yh)nen of elements of @f/z([O,T],M&d(R)) such that

doo,T

(y’l/'NRyn) —_— (y/’Ry) and Sug ||(y7hy’:1)
ne

n—oo

|z,p/2,T < 0.
Then, (y,y') € D%*([0,T), Me.4(R)) and

[ ntodats) = [ us)aats

0 0

=0.
oo, T

lim ‘
n— oo
Proof. On the one hand, since
doo,

(y’l/’L7 Ryn) ﬁ (yla Ry)a
the function y is the uniform limit of the sequence (y,)nen. Moreover, since

SUp [| (Y, yp)lz,p/2.7 < 00,

neN
by Proposition 2.5,

y € CPYr([0,T], L(RY, M, 4(R))) and R, € CP/?>V([0,T], M,qa(R)).

SO, (y7 y/) S 912)/2([07 T]a Me,d<R))'

On the other hand, also by Proposition 2.5, for any € > 0 such that p +¢ € [2, 3],
i ([(yn,yn) = W8z vy 2 = m(lyf = ' llgrre)-var, 7
+ nh_)ngo | Ry, — Ry||(p+s)/2-var,T
= 0.
So, by continuity of the rough integral (see Theorem 2.11),

lim ’(/ yn(s)dz(s),yn> - (/y(s)dz(s)y) =0.
meeliNJo 0 z(p+e)/2,T
Therefore, in particular:
lim ‘ / yn(s)dz(s) — / y(s)dz(s) =0.
n—oo 0 0 0o, T
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Proposition 2.13. Consider z := (2,Z) € GQ,r(RY), (z,2') € 95/2([0,T],Re)
and ¢ € Lip" ' (R®,R?). The couple of maps (¢(x), o(z)"), defined by

p(x)(t) = p(x(t)) and p(x)'(t) := Dp(x(t))’(t)
for every t € [0,T], belongs to CD’Z’/Z([O,T},MG,CI(R)).

Remark. By Theorem 2.11 and Proposition 2.13 together,

[ elatu)datu)

0
is defined. For every (s,t) € Ar, consider

[ etaant) - pla(s))z(s, 1)~ Dita(s))a’ 512, t)H |

For every (s,t) € Ar, since

Jpza(s,t) = ’

[o(@)llp-var.s.e < l@llLipr—1ll#]lp-var,s.e,
H‘P(x)/”p-var,s,t < ”‘PHLip‘*—l(Hx | p-var,s,t + ”xI”oo,SJ”x”p-var,s,t) and
1R o) llp/2var,s.t < I@llLipr—1 (12 ]5var,s,e + 1 Rallp/ovar,s,6)s
by Theorem 2.11,
Jpz,0(5,) < c(P)lllnipr—1 (12 lpvar,s,t + 12 oo, % | p-var,s.¢
2 var,s.e + 1 Rallp/owvar,s.)wpa (55 8) 7,
where wy, , : A7 — Ry is the control function defined by

Wp, Z(u U) = 2P 1(||Z||p var,u,v + ||Z|| ; V(’U;, U) € AT'

p/2-var,u, 1)) ’

Proposition 2.14. Consider z := (2,Z) € GQ,r(R?%), ¢ € Lip” ' (R*,R?), a
continuous map
(z,2') : [0,T] — R® x L(R4 R®),

and a sequence (Ty, ) )nen of elements of 92/2([O,T],Re) such that

(¢!, Ry ) 275 (o, R,) and sup (e, 2 ) st < 00

Then, (p(z), p(z)') € D2%([0,T], Mc.4(R)) and
nh—>H;o’/0 o(Tn /ng ))dz(s =0.

0, T

Proof. Since

(@, Ry,) ~=Zs (o', Ry) and sup ||(z, a2,)

n—oo ne

|z,p/2 7 < 00,

by Friz and Hairer [9, Theorem 7.5] together with Proposition 2.5,

doo,T

(gp(mn)/vRtp(a:n)) — (‘p(x)/ach(w)) and sup H(‘p(xn)a@(xn)/)”z,p/ZT < 0.

n—oo neN

So, by Proposition 2.12,

/0. P(wn(s))dz(s) — / o(x(s))dz(s)

0

=0.

n—o0
oo, T

lim ‘
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3. EXISTENCE OF SOLUTIONS

The existence of a solution to Problem (2) is established in Theorem 3.1 when
p € [1,2[, and in Theorem 3.2 when p € [2, 3].

Theorem 3.1. Under Assumption 1.1, if p € [1,2[, Problem (2) has at least one
solution which belongs to CP™V?* ([0, T, R).

Proof. Consider the discrete scheme
Xn(t) = Hp(t) + Ya(t)

= Hn(t)
(5) Hn () =/ F(Xoo1(s))dZ(s)
dDY,, 0
~d|DY,|

for Problem (2), initialized by

dDX
- ~aDx X2|(t> € Neg)(Xo(t)) [DXol-ae.

Xo(O) = a.

(t) € Ney, )(Yu(t)) [DY,|-a.e. with Y;,(0) = a

Since the map || Z||p-var,0,. is continuous from [0, 7] into R4, and since || Z||p-var,0,0 =
0, there exists 79 € [0,T] such that

m
c(p: P fllip (m + M +1)°

where m := R/4 and M :=9(R/2) (see Proposition 2.3.(2)). Let us show that for
every n € N,

1Z]lpvar,ro < 1=

[ X llp-var,r, < m+ M
(7) ”Hnllp-var,‘ro <m
||Yn|‘1-var,7'o < M.

By (6) together with Proposition 2.3,
[ Xolp-var,m, < M.

Assume that Condition (7) is satisfied for n € N arbitrarily chosen. By Proposition
2.6, and since || Z||p-var,0,. is an increasing map,

||Hn+1Hp—var,To < C(pvp)”ZHp—var,To(”Df”oo”Xn”p—var,m + ”f © Xn”w,m)
pe(p, )| flLipr (m + M + 1)

<
< m.

Since Y, 41 = wy by Proposition 2.3,

1
1Yn+1ll1-var,my < M.
Therefore,
[ Xnt1llpvar,ro < 1 Hnt1llpvar,ro + 1 Ynt1llpvar,n < m+ M.
By induction, (7) is satisfied for every n € N.
For every t € [0,T], the map ||Z||p-vart, is continuous from [¢,7] into Ry and

| Z]| p-var,t,c = 0. Moreover, the constant u depends only on p, m, M and || f||Lip~-
So, since [0,T7] is compact, there exist N € N* and (7% )refo,n] € D[r,, 17 Such that

[ Zlp-var,ri,risr < 15 VE € [0, N —1].
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Since for every n € N* the maps
(S,t) € AT — HXTL”p—var,s,ﬂ
(S,t) € AT — HHan—var,s,t and
(Sat) € AT — HYn”l—var,s,t
are control functions, recursively, the sequence (H,,, X,,, Yy, )nen+ is bounded in
et = OO, T] R x OPY(0,T] RY) x O ([0, T, ).
By Proposition 2.6, for every n € N* and (s,t) € Ar,

VHa(t) — Ho(s)] < cp.) (IIDflloo 5 X, e+ ||f||oo> {—

Since (s,t) € Ar — || Z||p-var,s,+ is a continuous map such that || Z||p-var,t,s = 0 for
every t € [0,T], (H,)nen+ is equicontinuous. Therefore, by Arzela-Ascoli’s theorem
together with Proposition 2.5, there exists an extraction ¢ : N* — N* such that
(Hy(n))nen+ converges uniformly to an element H of CP"V**([0,T7],R¢).

Since (Hy(n))nen- converges uniformly to H, by Theorem 2.2, (X, (), Yo(n))nen-
converges uniformly to (X,Y) := (vy,wg). So, for every t € [0,T],
X(t)=H(@t)+Y(¢)

Y .
_W(t) € Ney (Y (t)) | DY |-ae. with Y(0) = a,

and by Proposition 2.5,
X € CPvr([0,T),R%) and Y € C*v** ([0, T], R).

Moreover, since (X<p(n))neN* converges uniformly to X, by Proposition 2.7,

Homy — / F(X(s))dZ(s)

Therefore, since (H(,))nen- converges also to H in C°([0,T],R¢),

lim =0.
n— oo

oo, T

/f Z(s) ; vt € 10, T].
O

In the sequel, assume that there exists Z : [0, 7] — M4(R) such that Z := (Z,Z) €
GQpr(RY).

Theorem 3.2. Under Assumption 1.1, if p € [2,3[, Problem (2) has at least one
solution which belongs to CP™V?* ([0, T, R®).

Proof. Consider the discrete scheme

X( £) + Y, (t)
®) /f X, _1(s))dZ(s)

dDY,
~ DY, |( ) € Ny, 1)(Ya(t)) [DYy|-ae. with Y;,(0) =
for Problem (2), initialized by
dDX,
(9) _d|DXo|(t) € Newy(Xo(t)) |DXo|-a.e.

Xo(()) = a.
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Since the map wp, z(0, .) is continuous from [0, 7] into R, and since w, z(0,0) = 0,
there exists 79 € [0, 7] such that
mg mc
wp,z(0,70) < N
p2070) S g (e + 17 " (e v a1+ uc + Mr + 1207

1
Lt pige + My, + gt

where me := R/4, M¢ :=M(R/2), puc := me + Mc,
Mp == (e1McA'P) V (e5(p + 1)'/7)

and the positive constants c¢i, ¢z, ¢5 and ¢g, depending only on p and || f||Lip, are
defined in the sequel.

First of all, let us control the solution of the discrete scheme for n € {0, 1}:
e (n=0) By (9) together with Proposition 2.3:
HXOHI—var,TO < Me.
e (n=1) Since X, € C*([0,T],R), by Proposition 2.6:
1 [[pvar.m < e(p, Dwp,z (0, 70) 71 f Lipr (Mc + 1)
S mgc.
Since Y1 = wp,, by Proposition 2.3:
||}f1||1—var,7'0 < MC-
Therefore,
1K [pvar, o < [Hillpvar,ro + Y llpvar,ro < pic-
Let us show that for every n € N\{0,1},

(10) (Xn-1, F(Xn-2)) € DY%(0,70], RY)
and
HXan—var,‘ro < | %]
H e < mc
11 n||p-var, 7o X
D Wl < Mo
HRXT,,H;D/Q—V&r,TO < MR-

Set X1 := f(Xy). For every (s,t) € A,
Ry, (s,t) = Xq(s,t) — X1(s)Z(s,1)

= Yl(s,t)+/ f(Xo(w)dZ(u) — f(Xo(s))Z(s, 1)

By Young-Love estimate (see Friz and Victoir [11, Theorem 6.8], or [7, Section 3.6
and the interesting historical notes pages 212-213)), for every (s,t) € A,
1
1R, (5, ) < 1¥1llp2vars,0 + T—51=575 1 Lip7 12 llp-var, o [ Xollp 2-var, s,

By super-additivity of the control functions [[Y1[[] ﬁ_var_ and [ Xoll) ;;_var , there

exists a constant ¢; > 0, depending only on p and || f||Lip~, such that

2 2
1R, N j2varra < 1 UIVA1) 5y + 12115 2 | X0l )2
< ClMc(l + wnz((), 7_0)1/2)2/]0'
Thenv ||RX1 ||p/2—var,7'0 < ClMC41/p < MR and

(X1, f(Xo0)) € @%([0, 7], R®).
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So, the rough integral
e = [ X))
0
is well defined. For every (s,t) € Ar,
||H2(5 t)” X Hf”Lip”’”ZHp—vans,t + ||f||%ip”f HZHp/Z-var,S,t + jf7z7Xn(S’ t)
< (If luipr V 1 F1Eip )wp,z (55 £) /7
e fllipy LV LfllLipr ) ([ Xollpvar,s.t + | X1 llp-var,s.t
+”‘Xl H;z%—var,s,t + HRX1 ||p/2-var,s,t)wp,z(s’ t)l/p
< o1+ pic + Mg + pg)wp,z(s,t)'7,
where ¢2 > 0 is a constant depending only on p and || f||Lip»- By super-additivity
of the control function wy, z:
||H2||p—var,‘rg < 02(1 + pe + MR + M%’)wp,Z(Oa 7—0)1/10
< me.
So, by Proposition 2.3,
1Yzl p-var,m, < Mc
and
HXZHP-var,To < ||H2||p-var,'ro + HY2||p-varfro < pe-
Therefore, Conditions (10)-(11) hold true for n = 2.

Assume that Conditions (10)-(11) hold true until n € N\{0, 1} arbitrarily chosen.
Set X! := f(X,—1). For every (s,t) € A,
X (s

Ry, (s,t) = Xn(s,t) = )Z(s,1t)
= Yn(svt)+/ f(Xn1(w)dZ(u) = f(Xn-1(5))Z(s, ).

So, for every (s,t) € A,

[Rx, (s, )| < [Yu(s, )l + 1D f(Xn—1(8)) f(Xn—2(5))Z(s, 1) || + Tf,z,x,_, (s, 1)
S NYallprzvar,s,e + 1 1T 1211 p/2-var, s,
+e(p) (12 p-var,s,t | B p(x,—1) lp/2-var,s,¢
(Xn-1())f (Xn—2)l[p-var,s.t)
< Yallp/2-var,s,t + ||f‘|%ipw | Z| p/2-var,s,¢
+(p) | ILip> (1 Z | p-var, rown (5, 1)*/ + M (1, 70) | Zl| j2-var .15

where

1 (Xn—2)llp-var,ro + [[f (Xn—2)lloo,ro [ Xn—1llp-var,ro
< H.f”Lip‘f(||Xn—2Hp—var,7—0 + ||Xn—1||p—var,7—0)

M(n, 7o) :

and w, : Ay, = Ry is the control function defined by
wn(1,9) 1= 2227 (1 X1 B v+ 1R 575 )
for every (u,v) € A,,. By super-additivity of the control functions

IV l2)5 s NZI25 a0 o

p/2-var,.’ p/2-var,
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there exist three constants cs, cs,c5 > 0, depending only on p and || f||Lipv, such
that

HRX” p/2 p/2

p/2-var,mo < 63<||Y”Hp/2—var,7'0 + HZ||p/2—vz:u",‘ro
HIZ 122 7o 0n (0,70) + M (n, 70)?/|| 225 )/

p-var,To p/2-var,mo

ca(IYally + (14w (0,70) + M (n, 70)"2)?wp 2(0, 7)) /7

p/2-var,To

o5 (18 4+ (L4 1+ R, 1B gy + 18 w020, 70)) 1/

es (b 4 (1 + pb + M, + 52w, 2(0,70)) /7.

Thenv ||RXn,||p/2—var,To < C5(M% + 1)1/17 < Mg and

NN N

(X, f(Xn1)) € DY2(0, 7], ).
So, the rough integral
o= [ 10X(9)02(
is well defined. For every (s,t) € Ar,
[Hps1 (5, Ol < N Fllipr 12l pvar s, + 1 IEipo 1211 r2-var,s,e + T 1,2,x,, (55 1)
< (If lipr V 1 1Eip )p,z (55 8) /P
@ fllipy TV AflLipy ) ([ Xn—1llp-var,s,¢ £ [ Xn [ p-var,s,t
Xl var,s,t + 1R llp/2-var s, 6)p,z (55 8) /P
< eo(1+ pe + Mg + pd)wpz(s,t)'/?,
where ¢g > 0 is a constant depending only on p and || f||Lip». By super-additivity
of the control function wy, 7:
1ot [[pvar,mo < co(1+ po + M + pg)wp z(0,70) /7
< me.
So, by Proposition 2.3,
Yotallp-var,o < Mo
and
[ Xns1llpvarzo < [ Hntallpvar,mo + [[Yos1llp-var.zo < po-
By induction, Conditions (10)-(11) are satisfied for every n € N\{0,1}. As in the

proof of Theorem 3.1, the sequence (Hy, Xp, Yn)nen (0,1} is bounded in ngil. In
addition, the sequence (Rx, )nem (0,1} is bounded in CP/%V2r([0, T, R¢).

For every n € N\{0,1} and (s,?) € Ar,
[ Hn (s, )1 < (1 FllLip> V 111 ip
+e@) 1 llipr LV [l ) (S0P [ X2 lp-var, 7+ SUP [ Xt v
ne ne

+sup HX’fl—l ||127—var,T + sup HRXn—l ||p/2—var,T))wp,Z(57 t)l/p'
neN neN

Since wp z is a control function, (Hy)nemn f0,1} is equicontinuous. Therefore, by
Arzela-Ascoli’s theorem together with Proposition 2.5, there exists an extraction
@ : N\{0,1} — N\{0, 1} such that (Hy,())nen (0,1} converges uniformly to an ele-
ment H of CPv*([0,T],R®).

Since (Hy(n))nem (0,13 converges uniformly to H, by Theorem 2.2, the sequence
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(Xo(n)> Yon)Jnem fo,13 converges uniformly to (X,Y’) := (vy,wp). So, for every
t €[0,T],
X(t)=H@)+Y(%)

dDY .

and by Proposition 2.5,
X € CPY([0,T],R®) and Y € C ([0, T], R®).

Denoting X’ := f(X), X' (resp. Rx) is the uniform limit of (X[ ) )nem {01}
(resp. (Rx,,,)nem{0,1})- So, by Proposition 2.14:

nan;O“Hw(n) fA.f(X(s))dZ(s) —0.

oo,T

Therefore, since (Hy(n))nen- converges also to H in C°([0,T],R¢),

1) = [ FX(s)ize) s vee 0.7

4. SOME UNIQUENESS RESULTS

When p = 1, the uniqueness of the solution to Problem (2) is established in
Proposition 4.1 below. Proposition 4.2 and Proposition 4.3 provide necessary and
sufficient conditions for uniqueness of the solution when p € [1,2] and p € [2,3]
respectively. These conditions are close to the monotonicity of the normal cone
which allows to prove the uniqueness when p = 1 (see Proposition 4.1).

Proposition 4.1. Under Assumption 1.1, if p = 1, Problem (2) has a unique
solution which belongs to C™v2 ([0, T, R¢).

Proof. Consider two solutions (X,Y") and (X*,Y™) of Problem (2) on [0,T]. Since
(5,t) € Ar = || Z]|1-var,s,¢ is & control function, there exists n € N* and (7x)xefo,n] €
D[o,7) such that

1
(12) ‘|Z||1-Var77k,7'k+1 <SM:

= .Vke[o,n—1].
A fllip

For every t € [0, 1],

IX(#) = X1 = |H(t) - H*®)|I* + 2/0 (Y(s) =Y"(s),d(Y = Y7)(s))

2 / (H(t) — H*(1),d(Y — Y*)(5))
< m1(71)2 + 2m2(t) + 2m3(t)7
with ml(ﬁ) = ||H - H*”OOle’

and ,
mg(t) := /0 (H(t) = H(t) = (H(s) = H(s)),d(Y = Y")(s)).
Consider t € [0, 71]. By Friz and Victoir [11], Proposition 2.2:
IH &) = H* @O < [ flleip [X = X oo 12 ]1-var, 7, -
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So,

1 *
(13) m(n) < 71X = X lor,

Since the map x € C(t) — N¢()(x) is monotone, mso(t) < 0. By the integration by
parts formula,

my(t) = /0 (Y(s) =Y"(s),d(H — H")(s))
= /O (X(s) = X"(s) = (H(s) = H(s)), (f(X(s)) = F(X"(s)))dZ(5))-

So, by Friz and Victoir [11], Proposition 2.2 and Inequality (13),
mg(t) < [Dfllcoll X = X oo, (X = X loory + 1 = H[|oo,m) | Z]]1-var,m

< ”fHLip7 “Z‘ll-varﬁrl(l + ||f||Li1fY ”Z”l—var,n)HX - X*”go,‘rl
< 5/16]1X — X%,
Therefore,

00, T1 00,71 "

B
Necessarily, (X,Y) = (X*,Y*) on [0, 4]

For k € [0,n— 1], assume that (X,Y) = (X*,Y*) on [0, 7%]. By Equation (12) and
exactly the same ideas as on [0, 71]:

X - X2 <4

00, Tk, Tht1 16

||X - X*||§o,7'k,7'k+1‘
So, (X,Y) = (X*,Y™*) on [0, 7+1]. Recursively, Problem (2) has a unique solution
on [0,T7]. O

Remark. The cornerstone of the proof of Proposition 4.1 is that
t

(14) / (X(s) = X*(s),d(Y =Y™")(s)) <0; Vte[0,T].
0

Thanks to the monotonicity of the map z € C(t) = N¢)(z) (t € [0,T7]), Inequal-
ity (14) is true. When p €]1, 3], it is not possible to get inequalities involving only
the uniform norm of X — X*. In that case, the construction of the Young/rough
integral suggests to use ideas similar to those of the proof of Proposition 4.1, but
using the p-variation norm of X — X*.

In a probabilistic setting, uniqueness up to equality almost everywhere can be
obtained for Brownian motion, with p > 2, in the frame of It6 calculus, using the
martingale property of stochastic integrals and Doob’s inequality, see [24, 15, 23]
for a fixed convex set C' and [3, 5] for a moving set.

The two following propositions show that when p €]1, 3|, there exist some con-
ditions close to Inequality (14), ensuring the uniqueness of the solution to Problem

2).

Proposition 4.2. Consider (s,t) € Ar, p € [1,2] and two solutions (X,Y) and
(X*,Y™*) to Problem (2) under Assumption 1.1. On [s,t], (X,Y) = (X*,Y™*) if
and only if X(s) = X*(s) and

(15) /U<X(u,r) C X (), d(Y = YY) <05 W(u,v) € Ay
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Proof. For the sake of simplicity, the proposition is proved on [0, T] instead of [s, ¢,
with (S,t) € AT.

First of all, if (X,Y) = (X*,Y*) on [s,t], then
/ (X (1) = X*(u,7), d(Y = Y*)(r)) = 0 ; Y(u,v) € A,

Now, let us prove that if X(s) = X*(s) and Inequality (15) is true, then (X,Y) =
(X*,Y™).

For every (s,t) € Ar,

1X(s,) = X*(s,0)* = [|H(s,t) = H"(s, )]

+2/ (Y(s,u) = Y*(s,u),dY —Y™)(u))

+2/ (H(s,t) — H*(s,t),d(Y —Y")(u))
= [1H(s,t) = H"(s,0)P

AH/XX@me%&MAWwam>

+2 /t(H(s, t) — H(s,u) — (H*(s,t) — H(s,u)),d(Y — Y™*)(u))
< IH - H|[3 var,s0 + 2m(s, )
with t
m(s,t) = / (H(u,t) — H (u,t),d(Y — Y*)(u)).

Let (s,t) € Ap be arbitrarily chosen.

On the one hand,
m(s,t) < 2¢-c(p, p)[[H = H||pvars.t[Y = Y| p-var,s.1-
So, there exists a constant ¢; > 0, not depending on s and ¢, such that
1X(5,8) = X*(s, )7 < (1H = H*|5var,s,e + 2m(s, )"
< a7 = H* [} var s ¢
H(1H = H* a0 2 UY = Y ar ) ?)-

Since 1/2+1/2 = 1, the right-hand side of the previous inequality defines a control
function (see Friz and Victoir [11], Exercice 1.9), and then there exists a constant
¢ > 0, not depending on s and ¢, such that

* £ * 2 % 2

1X = XN e < LUl H = H¥[ oo + 1 H = H P2 Y = YR L)
* * 2 * 2

(16) < (| H = H | + 1 H — HY P2 IX = X200

The right-hand side of the previous inequality defines a control function.

On the other hand, since X (0) = X*(0):
”H - H*”p—var,s,t < C(pap)HZHp—var,s,t(”f oX — foX*”p—var,s,t

+1f (X (5)) = F(X(0)) = (F(X™(5)) = F(XT(O))I)
< 2C(pzp)”Z”p—va»r,s,t fOX - fOX*||p—var,t~
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Consider (u,v) € A; and
6(u,v) = [|(f 0 X)(u,v) = (f 0 X*)(u,v)|.
Applying Taylor’s formula to the map f between X (u,v) and X*(u,v):

d(u,v) < ‘ /01 Df(X(u)+ 060X (u,v))(X (u,v) — X*(u,v))dé)”

1
[ DFCE) + 03X 0) = DI () + 0 (0, 0) X (w0)0

< Hf”LiW (HX - X*”p—var,u,v + 2||X* Hp—var,u,v”X - X*Hp—var,t)-
So, there exists a constant c3 > 0, not depending on ¢, such that

[foX — foX*pvart < c3l|X — X[ pvar s

)

and then there exists a constant ¢4 > 0, not depending on s and ¢, such that
(17) [H — H[|pvar,s,t < call Z]lp-var,s,t[| X — X [|p-var,e-

By Equation (16) and Equation (17) together, there exists a constant ¢5 > 0, not
depending on s and ¢, such that

1/2
p-var,s,t

X = X" [pvar,s.0 < 5|2 X = X lp-var, -

Since (U,U) € AT = ||Z||£—var,u,v
(Tk)ke[[o,zv]] € D|o,7) such that

is a control function, there exists N € N* and

1
||Z||p-var77'k,7'k+1 < 5 Vk € [[07]\[ — 1]]
4ct

First,
||X - X*”p—varm < 05||Z||;_/3ar,71”X - X*Hp—vann
1 ,
< §||X -X ”P-Var»ﬁ'
So, X = X* on [0, 7y]. For k € [1, N — 1], assume that X = X* on [0, 7). Then,
”X - X*“I)‘Varﬂ'k+1 = HX _X*Hp_va'r)‘rk77—k+l
1 ,
< §||X -X ||p-var,'rk+1’
So, X = X* on [0, 7+1]. Recursively, X = X* on [0, T]. O

Proposition 4.3. Consider (s,t) € Ar, p € [2,3] and two solutions (X,Y) and
(X*,Y*) to Problem (2) under Assumption 1.1. On [s,t], (X,Y) = (X*,Y™*) if
and only if X(s) = X*(s) and

(18) [ {Rxwr) = Ry (). d(Y = Y)0) <03 ¥(w0) € Au

Proof. For the sake of simplicity, the proposition is proved on [0, 7] instead of [s, ¢]
with (S,t) € Ar.

First of all, if (X,Y) = (X*,Y™) on [s,t], then
/ (Rx(u,r) = Rx«(u,7),d(Y = Y7)(r)) = 0; V(u,v) € Ay

Now, let us prove that if X(s) = X*(s) and Inequality (18) is true, then (X,Y) =
(X*,Y™).
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There exists a constant ¢; > 0 such that for every (s,t) € Ar,
(19) [I(X = X*, (X = X*) ) z.p/2,s.¢
:”f(X) - f(X*)”p—var,s,t + ||RX - RX* p/2-var,s,t
<ei([[Rx — Rx+|lp/2var st + 1 Zlpvars,e (X = X (X = X)) z,p/2.0)-

Let us find a suitable control function dominating

p/2

(S7t) € AT — ”RX - RX* p/2-var,s,t’

For every (s,t) € Arp,
IRx (s,t) = Rx-(s,)|I> = | Ru(s,t) — Rar- (s, 0)]?

+2/ (Y (s,u) — Y*(s,u),d(Y — Y*)(u))

+2 /t<RH(s,t) — Ry (s,1),d(Y — Y*)(w))
= [|Ru(s,t) — Ru« (s, 1)

+2/ (Rx(s,u) — Rx-(s,u),d(Y — Y*)(u))

+2/ (Rp(s,t) — Ry(s,u) — (Rg=(s,t) — Ry~(s,u)),d(Y —Y™*)(u))

< ||Rg — Ry~

12>/2—var,s,t + Qm(s7 t)
with .

m(s,t) 1= / (Rp (u,t) — Rp~(u,t),d(Y —Y™)(u)).
Let (s,t) € Ar be arbitrarily chosen.

On the one hand,

m(s,t) < 2e-c(p,p)|Ry — Ru-+
So, there exists a constant ¢y > 0, not depending on s and ¢, such that
IRx (s,t) = R+ (s, )||”/2 < (|1Rer = Rz |13 5oy, s, + 2m(s, )P/

< os(| Ry — Ry~ ||/

p/2—var,s,t||Y - Y* Hp/Q—var,s,t'

p/2-var,s,t
2 * 2
H(IRH = Rite |2 e )2 AY = Y202 YD),

Since 1/2+1/2 = 1, the right-hand side of the previous inequality defines a control
function (see Friz and Victoir [11], Exercice 1.9), and then there exists a constant
c3 > 0, not depending on s and ¢, such that

2 2
HRX — Rx- ZQ—var,s,t S c2(||RH — Ru- ZZ-var,s,t
4 * 4
+||RH - RH* ||Z?2-var,s,t||y - Y ||Z?2-var,s,t)
< C3(||RH — Ry~ zjg-var,s,t
20 Rt — Rer- 11V var o tllRx — Rx- |17/
( ) +|| H H*||p/2—var,s,t|| X X p/2—var,s7t>'

On the other hand, since X (0) = X*(0):
1F(X) (s) = F(X7) (s)]| = [IDF(X(5))f(X(s)) — Df(X(0))£(X(0))
—(Df(X7(5))f(X7(5)) = DF(X*(0)) f(X(0)]
< XY = FX) llp-var -
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Then,
[Ru(s,t) = R=(s,1)]| < jz,f(x)—f(x*)(sat) +I(FX) () = F(X7) (s))Z(s, 1) |
< C(p)(HRf(X) - .8, var,s,t
+||f X) (X*) ||p—varst||Z||p/2 varst)

(
FIFX) = FX) Npvar |2l j2-var, .t

So, with the same ideas as in P. Friz and M. Hairer [9, Theorem 8.4 p. 115], there
exists a constant ¢4 > 0, not depending on s and ¢, such that

(21) ||RH RH*||p/2 var,s,t X C4||(X X (X X ) )HZ7p/2,twp,Z(57t)1/p~

By Equations (19), (20) and (21) together, there exists a constant c¢s > 0, not
depending on s and t, such that

JX = X, (X = X))l zpyns < sl (X = X7, (X = X))z o205, 6) ).

The conclusion of the proof is the same as in Proposition 4.2. O

5. SWEEPING PROCESSES PERTURBED BY A MULTIPLICATIVE BROWNIAN
FRACTIONAL NOISE

First of all, let us recall the definition of fractional Brownian motion.

Definition 5.1. Let (B(t))c[o,r] be a d-dimensional centered Gaussian process. It
is a fractional Brownian motion of Hurst parameter H €]0,1[ if and only if,

1
cov(Bi(s), B;(s)) = §(Ilﬁ|2H + s — |t — s[*7)di

for every (i, ) € [1,d]? and (s,t) € [0, T)>.

Fore more details on fractional Brownian motion, we refer the reader to Nualart
[21, Chapter 5].

Let B := (B(t)):ejo,r) be a d-dimensional fractional Brownian motion of Hurst
parameter H €]1/3,1[, defined on a probability space (02, A, P).

By Garcia-Rodemich-Rumsey’s lemma (see Nualart [21, Lemma A.3.1]), almost
all paths of B are a-Holder continuous with a €]0, H[. So, in particular, for almost
every w € 2, B(w) is a continuous function of finite p-variation with p €]1/H, ocol.
By Friz and Victoir [11, Proposition 15.5 and Theorem 15.33], there exists an en-
hanced Gaussian process B : (2, 4) — GQ,, r(RY) such that BV = B.

Consider b € CPITL(Re), ¢ € CIPHI(R®, M, 4(R)) and the following sweeping
process, perturbed by a pathwise stochastic multiplicative noise directed by B

X(t) H+Y(t)

(22) /b d8+/t (X (s))dB(s)

dwn(> Ney oY (8) |DY ace. with Y (0) =

Let W := (W (t))¢ejo,7) be the stochastic process defined by:

d
W(t) :=tes + »_ Bi(t)ersr ; Vt € [0, T).
k=1
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By Friz and Victoir [11, Theorem 9.26], there exists an enhanced stochastic process

w

D (,A) = G (R such that W) := W. Consider also the map f :

R® = M g11(R) defined by:

So,

f(@)(u,v) := b(x)u + o(z)v ; Vo € R®, V(u,v) € RTFL
Problem (22) can be reformulated as follow:
X(w,t) = H(w,t) + Y(w,t)
¢
) = [ 10X )W) vea

dDYy .
—W(a},t) € Neywn(Y(w,t)) [DY (w)]-a.e. with Y(0) =a

Therefore, the previous results of this paper apply to Problem (22):

Theorem 5.2. (Ezistence) Assume that, for every t € [0,T], C(t) is a random
set with convex compact values with nonempty interior, and that the paths of C are
continuous for the Hausdorff distance. Then Problem (22) has at least one solution,
whose paths belong to CPV?1([0,T],R®), for p €]1/H, o0|.

Proof. This is a direct pathwise application of Theorems 3.1 and 3.2. (]
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